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Two-dimensional compressible magnetohydrodynamic simulations of the coalescence instability in
a low-beta plasma are presented in which anomalous resistivity is permitted to occur. The instability
is considered in a uniform current sheet configuration, initially perturbed by an infinite chain of
spots of anomalous resistivity. The two phases of the instability known from simulations based on
the Fadeev equilibrium—ideal and resistive—can clearly be distinguished also in this configuration.
It is found that the conversion of magnetic energy into kinetic energy dominates Ohmic heating. The
main energy release occurs within a few Alfve´n transit times. The scaling of several key parameters
in the current layer formed between the coalescing islands is compared to the scalings obtained with
uniform resistivity. The numerical results indicate that the peak reconnection rate decreases toward
large Lundquist numbers (S@104) asS2a with a5 1

5– 1
3 and that a transition to slow reconnection

(a; 1
2) may occur atS*107, whereS is based on the background resistivity. ©1997 American

Institute of Physics.@S1070-664X~97!01110-5#
fo
y
c

ity
ili
ilit
in
ns
th
ion
nd
n
s

a

th

d
e
e

ha
e
ty
d-
e
om

o

th
-
ly

r-
heet
nd
ig

les
re-
ut
nd
-
y re-
s of

en-

e

-
-
bil-

et
ds
ve-
sis-
ter
-
in

stro-
ni-

pro-
ce,
f
at
ther
nd-
I. INTRODUCTION

The dynamics of current sheets is an important key
the understanding of eruptive energy releases in astroph
cal and laboratory plasmas. The stored magnetic energy
be converted by a variety of magnetohydrodynamic~MHD!
and kinetic plasma instabilities, e.g., the tearing instabil
the coalescence instability, current-driven kinetic instab
ties, and the radiative instability. The coalescence instab
of magnetic islands, or current filaments, an ideal MHD
stability, is of particular interest for at least two reaso
First, it develops more rapidly and releases more energy
the tearing instability and, second, it involves the format
of a new current sheet between the approaching isla
where magnetic reconnection can be studied free of bou
ary conditions with prescribed inflow. The instability ha
been studied analytically by Finn and Kaw1 and numerically
in a series of MHD and particle simulations. Its nonline
development was first investigated by Prichett and Wu,2 who
numerically determined the growth rate as a function of
Lundquist number,S5m0LVA /h0 , and found strong pileups
of the current density between the coalescing islan
Biskamp and Welter3 ~BW! divided the development of th
coalescence into an ideal phase, during which the magn
islands approach each other as a whole, and a resistive p
during which reconnection of magnetic field lines betwe
the attracting islands permits completion of the instabili
They empirically deduced scaling laws for varying Lun
quist number of certain key parameters of the newly form
current sheet between the coalescing islands in the inc
pressible case. These parameters include its half-widthd, its
lengthD, and the upstream magnetic fieldBy . Their scaling
laws predict high reconnection rates,R;S0, exceeding those
of Petschek-type reconnection, for relatively large values
S(;103– 104). At much higher values ofS, however, BW
expect much lower reconnection rates of the order of
Sweet–Parker scaling,RSP;S21/2, unless anomalous resis
tivity occurs, which is, in fact, expected due to their rapid
decreasing current layer width,d;S22/3. Bhattacharjee
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et al.4 found indications for a transition from Sweet–Parke
type to Petschek-type reconnection rates at this current s
for more strongly peaked initial current density profiles a
increasing compressibility of the plasma. Rickard and Cra5

~RC!, using moderately peaked initial current density profi
similar to Biskamp and Welter, also found a rise of the
connection rate with the inclusion of compressibility, b
scalings with the Lundquist number identical to Biskamp a
Welter. Tajimaet al.6 compared particle and MHD simula
tions of coalescence. They observed an explosive energ
lease during the coalescence and subsequent oscillation
kinetic energy by both methods. Scholer7 found that the en-
ergy release during coalescence of islands exceeds the
ergy release during island formation by tearing~similar to
Leboeuf et al.8! and that there is little influence of th
Lundquist number on the amount of released energy~in a
range of relatively small Lundquist numbers!. On the other
hand, Matthaeus and Lamkin9 obtained higher kinetic ener
gies for higherS in a similar system, where turbulent fluc
tuations were amplified by the evolving coalescence insta
ity.

Most of these investigations1–6,8 used the Fadeev
equilibrium,10 a generalization of the Harris current she
equilibrium containing an infinite chain of magnetic islan
with current density maxima located at the O points, a
locity perturbation to initiate coalescence, and constant re
tivity h0 . The Fadeev equilibrium contains a free parame
~e in the notation of Pritchett and Wu! describing the peaked
ness of the current density profile; the majority of results
the literature was obtained fore50.2– 0.3. An alternative
approach, which appears more natural for space and a
physical plasmas, uses a tearing mode instability in a u
form current sheet to create the island chain and an ap
priate small additional perturbation to initiate coalescen
which may be broadband noise7,9 or a weak tearing mode o
double wavelength.11 Although the current density peaks
the X points in this case, coalescence occurs also, toge
with acceleration of the islands as a whole and a correspo
ingly rapid rise of the kinetic energy.
3533/11/$10.00 © 1997 American Institute of Physics
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In the present paper a third dynamical path to coa
cence is considered. It is supposed that the excitation
anomalous resistivity at several locations in an extended
form current sheet creates the island chain and initiates
coalescence. This is particularly relevant for plasmas at h
Lundquist numbers, where tearing mode growth rates
small and spontaneous tearing can easily be suppressed
by flows.12 Then, a current sheet driven by extern
motions13 or formed through the loss of equilibrium14

shrinks to a width where effects not contained in class
MHD become important. As discussed below, for lo
plasma beta (b!1) a kinetic current-driven instability giv
ing rise to localized anomalous resistivity is the first relev
effect. Anomalous resistivity is permitted to occur also
later times in the evolution of the coalescence instabil
which takes into account the high current density pileup t
occurs between the coalescing islands for high values of
Lundquist number.2,3 If a current sheet is perturbed by
finite or irregular chain of anomalous resistivity spots,
complex sequence of island formation and dynamics occ
including tearing, coalescence, and acceleration and the
tion of islands.15 Here we consider an infinite regular cha
of anomalous resistivity spots in a simulation box with pe
odic boundaries along the current sheet, in order to conc
trate on the coalescence instability. As a further difference
most of the previous coalescence simulations, natural for
trophysical plasmas, open boundaries are used in the per
dicular direction. Only Richardet al.16 have previously dis-
cussed the coalescence in current sheets with o
boundaries~in thex andy directions!, observing higher flow
velocities and correspondingly higher kinetic energy incre
than in systems with closed or periodic boundaries.

Which kinetic instability has the lowest threshold d
pends on the current sheet structure and the plasma pa
eters. The lower-hybrid-drift~LHD! instability, the ion
acoustic instability, and the ion cyclotron instability appe
to be the most important ones.17 For small and intermediate
values of the plasma beta, the LHD instability has the low
threshold,18 j cr&nev t i for b&1, wherev t i5(Ti /mi)

1/2. Ac-
cordingly, it has been considered as the primary candid
for triggering substorm energy release in the geomagn
tail.19,20 Increasingb suppresses the instability, the criticalb
value depending onTe /Ti and j /nev t i , being of orderb
;1 – 5 in a relatively broad range of these parameters.21,20

Also, increasing magnetic shear reduces the LHD gro
rate but the instability appears to be robust against a con
erable amount of shear if the density gradient scale is m
smaller than the ion cyclotron radius, which is the case
b!1.22 If the LHD instability is suppressed, then the io
acoustic instability is relevant in the rangeTe*10Ti with a
threshold23 j cr*4nev t i . For Te&10Ti the ion cyclotron in-
stability will occur; its threshold is24 j cr'12(Ti /Te)nev t i .

The critical current density corresponds to a critic
current sheet half-widthl cr5B/m0 j cr . This has to be com-
pared to the characteristic scales of those terms that are
ally considered small in generalized Ohm’s law. These sc
are LH;d i5c/vpi , Lp;(b/4)d i , and Lin;de5c/vpe for
the Hall, pressure gradient, and inertial terms, respectiv
The inertial term must be compared with the resistive te
3534 Phys. Plasmas, Vol. 4, No. 10, October 1997
-
of
i-

he
h

re
.g.,

l

l

t
t
,
t
e

s,
ec-

-
n-
to
s-
en-

en

e

m-

r

st

te
ic

h
id-
h
r

l

su-
es

y.

h j , since, in general, these two support a parallel elec
field. Their ratio is (de / l cr)

2San. Here the Lundquist numbe
San is based on the anomalous resistivityhan. Using j cr

5nev t i ~and Te5Ti for simplicity!, we find l cr54b21r ci ,
where r ci is the ion cyclotron radius, and (de / l cr)

2

5(me/4mi)b. Let us use the anomalous resistivity produc
by the LHD instability,17 hanLHD52pvLH /vpe

2 5(v t i /c)
3(L/ ln L)b21/2h0 , in estimating the ratio of the inertial an
resistive terms. HerevLH is the lower hybrid frequency,L is
the number of particles per Debye sphere, andh0 is the
background resistivity. It is seen that in hot but nonrelativ
tic plasmashan/h0;104– 105 so that the inertial term re
mains small forS&108 and b&1. A similar result is ob-
tained for the ion acoustic instability~using han/h0

;1022vpe /ncoll!. The ratio of the Hall and pressure gradie
terms to the convective term in Ohm’s law at the threshold
kinetic instability is, respectively,d i / l cr and (b/4)d i / l cr .
Using againl cr54b21r ci , we see thatd i / l cr5b1/2/2 and
that both terms remain small at the threshold of kinetic
stability for b!1. We confirma posterioriusing the simu-
lation results that the diffusion region built up by anomalo
resistivity, although being pushed to scales smaller thanl cr

during the most dynamical phases of coalescence, rem
sufficiently broad to keep the Hall and pressure gradi
terms smaller than the convective term over most of the
gion for b!1 ~Sec. III C 3!. For b*1 the ion and the elec
tron fluid motions decouple (l cr&d i) and both terms should
be retained in the description that is then based on elec
magnetohydrodynamics and its generalizations. In th
equations the Hall term introduces the dispersive whis
mode that permits high reconnection rates in spite of l
resistivity.25,26 Using parameters of the lower solar coro
prior to flares for illustration~B05200 G, n051010 cm23,
T052.53106 K!, we find S(L5 l cr)573108 and b54
31023.

In the following we study the dynamical evolution of th
coalescence instability under the action of anomalous re
tivity in two-dimensional, compressible current sheets. T
evolution turns out to be similar in several basic properties
the cases investigated previously. The conversion of m
netic energy into kinetic energy and heat will be studied
detail. We examine the scaling laws of several quantit
with the Lundquist number, such as the maximum curr
densities and maximum reconnection rates of the wh
simulation domain. Further, the key quantities of the curr
layer formed between the coalescing islands are consid
for varying S. We compare these scaling laws with the
counterparts from simulations with constant resistivity in o
der to see whether high reconnection rates at largeS occur
here, too.

II. SIMULATION MODEL

The compressible plasma is modeled by the followi
equations:

] tr1“–~ru!50, ~1!

r ] tu1r~u–“ !u52“p1 j3B, ~2!

] tB5“3~u3B!2“3~h j !, ~3!
J. Schumacher and B. Kliem
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] tU1“–S50, ~4!

where the current densityj , the total energy densityU, and
the flux vectorS are given by

j5
1

m0
“3B,

U5re1
r

2
u21

B2

2m0
,

S5S U1p1
B2

2m0
Du2~u–B!

B

m0
1h j3

B

m0
,

ande is the internal energy per unit mass, which is related
the pressure through the equation of state,p5(g21)re. In
the two-dimensional model adopted here,]/]z50 for all
quantities andBz5uz50; hence the current density and th
electric field possess onlyz components; further, the ratio o
specific heatsg52. The electric field is given byE5
2u3B1h j .

A two-step Lax–Wendroff scheme with artificia
smoothing and an adaptive time step is used.27,15 The vari-
ables are normalized in the conventional manner27 by quan-
tities derived from the current sheet half-widthl CS and the
asymptotic (y→`) Alfvén velocity VA05B0 /(m0r0)1/2 of
the configuration att50. Thus the background resistivity i
given by h05S21. Henceforth we use only normalize
quantities. The box dimensions areLx521 and Ly53. A
high spatial resolution is taken withDx5Dy5 1

48 up to Dx
5Dy5 1

70. The following magnetostatic equilibrium with
uniform density is chosen as the initial condition:

Bx5 H 2sin~py/2!: 0<y<1,
21: y.1,

By5ux5uy50,

r51,

p511b2B2~y!,

where the plasma beta is defined asb52m0p(uyu→`)/B0
2.

The plasma beta isb50.1 for all runs presented in Sec. I
so that compressibility effects can be expected to play a
~comparison runs withb5102321 are discussed in Sec
III C 3!.

Symmetrical boundary conditions are chosen at
lower boundary (y50). At y5Ly open boundary condition
are realized by the requirement that the normal derivative
all variables vanishes, except for the normal component oB,
which is determined from the solenoidal condition. Perio
boundary conditions are used in thex direction.

The magnetostatic equilibrium is initially perturbed b
an anomalous resistivity profile. Two spots of enhanced
sistivity are introduced into the simulation domain for 0<t
<t0 ~with t054 in all cases presented!:

h~x,y,t<t0!5maxS h0 ;(
i 51

2

Ai exp@2~r i /r 0!3# D ,

wherer i is the distance to thei th spot at position (xi ,0). The
positions of the resistivity maxima arex150 ~5Lx due to
Phys. Plasmas, Vol. 4, No. 10, October 1997
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periodicity inx! andx25Lx/2. The parameterr 0 , taken to be
unity, characterizes the width of the spots, and theAi denote
their amplitudes, which were set toA150.03 andA250.02
in the majority of runs. Choosing unequal amplitudes lea
to both island formation and island coalescence without f
ther perturbations. Some scatter of the amplitudes can
expected in natural systems due to variation of the plas
parameters along the current sheet. Fort.t0 the resistivity is
determined self-consistently from the local value of the c
rent density for every time step: an ‘‘anomalous’’ valuehan

is set if a threshold,j cr , is exceeded. Employing two differ
ent models of the anomalous resistivity, we confirm the
pectation that the dynamic evolution and the scaling of
reconnection rate do not sensitively depend on the partic
choice of that model. The first, linear, model is given by

h1~x,y,t.t0!5 Hh0 : u j u< j cr,
Ch0~ u j u2 j cr!1h0 : u j u. j cr .

~5!

The second model uses a quadratic dependence of
anomalous resistivity on the local current density oversho

h2~x,y,t.t0!5 Hh0 : u j u< j cr,
Ch0~ u j u2 j cr!

21h0 : u j u. j cr ,
~6!

where j cr525(4/p) j (x,0,0) andC510 for all runs and
both models. The parameterC is chosen such that th
anomalous resistivity rises rapidly once the threshold is
ceeded, while retaining numerical stability over a bro
range of Lundquist numbers. A linear dependence of
anomalous resistivity on the current density is expected
case of the ion acoustic instability and a quadratic dep
dence is expected in case of the lower-hybrid-d
instability.17

III. RESULTS OF THE SIMULATIONS

A. Time development

A detailed description of the dynamic evolution is give
for the representative caseS51000, A1 /A251.5, and the
linear anomalous resistivity model. The evolution turns o
to be nearly identical for the quadratichan model. Figure 1
shows a time sequence of the magnetic field and the velo
field. The initial perturbation causes a chain of magnetic
lands, which we refer to as ‘‘induced tearing.’’ The typic
flow pattern known from simulations with a single resistivi
spot27 develops in this period: the Lorentz force leads
outflows in thex direction from thehan spots, which drags
inflows in they direction into these areas. This is connect
with a recovery of the current density fort.t0 ; a short cur-
rent sheet-like structure with current density maxima at the
points develops subsequently. Att'10 anomalous resistivity
is switched on at both X points, which tends to stabilize t
reconnection flow pattern at the X points.27 However, the
flow gradually changes to a near-uniform bulk flow of th
whole island toward the inner, weaker X point, characteris
of the coalescence instability,2–8,11,15,16 and reverses the
original reconnection flow at the inner X point@seet541 in
Fig. 1~b!#.

The phase of island approach starts right after the ini
perturbation, as is evident from Fig. 2, which shows the p
3535J. Schumacher and B. Kliem



FIG. 1. Development of the coalescence instability forS51000,b50.1, andj cr52 using the linear resistivity model.~a! Magnetic field lines.~b! Velocity
field. Maximum velocities are, in order of increasing time, 0.16, 0.36, 0.6, and 0.21.
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sition of the O points as a function of time. A displaceme
of the O points with a nearly constant velocity of 0.16
observed in this first phase of coalescence (t'4 – 35). The
O-point velocity is independent of the Lundquist numb
over the full range of values studied here, hence, this ph
represents an ideal phase of the coalescence instability
remind that the initial anomalous resistivity perturbationt
,t0) does not depend onS, while the anomalous resistivity
occurring later@Eqs.~5! and~6!# is proportional toS21. This
suggests that the difference between the fluxes reconne
at the stronger and the weaker X point, respectively, i.e.,
existence of field lines enclosing both islands, is the m
driver of the approach, since it is created by the initial p
turbation to a large extent. On the other hand, the accel
tion of the jet-like outflows from the stronger X point by th
Lorentz forcejBy , which also drives the coalescence, do
depend onS, as evident from Table I, where the peak valu
of these outflows are listed. Their contribution to the bu
flow leads to small differences in the O-point velocity se
3536 Phys. Plasmas, Vol. 4, No. 10, October 1997
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in Fig. 2 in the intervalt'35– 50, in which a transition be
tween the ideal phase and the resistive phase takes plac

The island approach is connected with the slow destr
tion of the current density enhancement atx5Lx/2 during t
'15– 30. Fort.30 a pileup to negative values ofj develops
at x5Lx/2, reaching a minimum ofj (Lx/2,0)522.1 at
t541 ~as seen in the lower panel of Fig. 2!. The structure of
the newly formed current layer is shown in Fig. 3, where t
magnetic field, the velocity field, the current density, and
anomalous resistivity are plotted around (Lx/2,0) at t541.
The plasma is streaming toward this sheet and is decelera
accompanied by a strong pileup ofBy . It is ejected in they
direction withuy'0.13. Anomalous resistivity is excited in
thin region around the current density minimum. The qu
dratic han model leads to an identical shape of this curre
layer.

The coalescence is driven to completion and the cen
current layer is slowly destroyed in the time periodt
557– 140. This second, resistive, phase is accompanied
J. Schumacher and B. Kliem
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oscillations of the newly formed island with periods of se
eral tens of Alve´n times. Such oscillations have also be
observed in previous simulations that had taken the Fad
equilibrium as the initial condition. Strong jets from th
outer X point with maximum velocitiesux,max50.8 support
the coalescence in this phase and form a plasmoid~i.e., a
high-pressure region! by pumping plasma into the island
The resistive phase of completion of island merging slo
down with increasing Lundquist number, as is visible in t
upper panel of Fig. 2. The reconnection outflows from
outer X point decay with the growing size of the plasmo
and the expanding plasmoid eventually fills the whole bo

FIG. 2. Position of the O points in the upper panel and the current densj
at (Lx/2,0) in the lower panel versus time for the simulations withS5750
~thin solid line!, S51000 ~thick solid line!, andS52500 ~dashed line! and
the linear resistivity model.

TABLE I. Maximum ratios of the global energy conversion rates and of
time-averaged global energy conversion rates, and the global maximu
ux ~taken fromt0 to the time at which maximum flux pileup between th
coalescing islands is observed! for the linear anomalous resistivity mode
Eq. ~5!.

S max@WL(t)/em(t)# max@^WL& t /^em& t# max@ux#

500 0.5 ,1.0 0.2
750 4.2 2.0 0.3

1000 7.2 2.2 0.4
1500 6.8 2.7 0.6
2500 7.3 2.7 0.8
5000 7.0 2.8 0.8

10 000 7.3 3.1 0.9
Phys. Plasmas, Vol. 4, No. 10, October 1997
ev
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e
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Varying the ratio of the initialhan amplitudes by choos-
ing A250.015 andA250.025 ~with S51000! does not
qualitatively change the evolution of the instability. Th
main effect consists of a stretching of the ideal phase of t
island approach with decreasingA1 /A2 since the flow
around the weaker X point then resists the coalescence fl
over a longer period. The energy conversion rates and
peak reconnection rates discussed below are only weakly
fected. All subsequent results are given forA250.02.

Also, the influence of the upper boundary condition o
the results was found to be weak by comparing two runs w
open~closed! boundary atLy53 ~5! and otherwise identical
setup~at S52500!. The current density maxima and minima
occurred at the same time and differed by less than 4%.

of

FIG. 3. Detailed structure of the magnetic field, velocity field, current de
sity, and anomalous resistivity at the time of maximum current dens
pileup between the coalescing islands (t541) for the simulation shown in
Fig. 1.
3537J. Schumacher and B. Kliem
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B. Energy conversion

The time histories of the magnetic energyEmag

5*FB2 dF, the kinetic energyEkin5*Fru2 dF, and the en-
strophy V5*Fu“3uu2 dF, where F denotes the whole
simulation domain, are shown in Fig. 4 forS5750, 1000,
2500, and theh1 model. Two peaks in the kinetic energy a
clearly visible. The first one corresponds to the developm
of the typical bulk flow pattern of coalescence during
ideal phase. The second peak is caused by the strong pl
jets from the outer X point. The magnetic energy is contin
ously decreasing for the first 50 Alfve´n times. The coales
cence instability transforms a certain amount of the sto
magnetic energy into kinetic energy. At later times, the m
netic energy density in the box is increasing again, due
inflows driven by the dominant X point.

The enstrophyV(t), a measure of the strength of th
vorticity in the fluid, behaves very similarly to the kinet
energy. The development of coherent large vortex structu
leads to an increase of the vorticity. The bulk flow patte
with the return flows in the first coalescence phase@t541 in
Fig. 1~b!# represents such a structure and gives the m
contribution toV(t). It is found that the maxima ofEkin and
V increase with increasingS. Scholer7 observed the sam
behavior forV in his simulations by comparing the enstr
phy for runs withS5118 andS5294, but did not obtain a
corresponding increase ofEkin . This difference is due to the

FIG. 4. Development of the kinetic energy, magnetic energy, and enstro
in the simulations withS5750 ~thin solid line!, S51000 ~thick solid line!,
andS52500 ~dashed line! using the linear resistivity model.
3538 Phys. Plasmas, Vol. 4, No. 10, October 1997
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jet acceleration by the outer X point in our calculation
which does depend onS. The growth time up to max(Ekin)
and max(V) decreases with increasingS, i.e., the energy
conversion becomes more rapid for higher Lundquist nu
bers.

Let us now study the conversion of magnetic energy
more detail and quantitatively by considering the elect
magnetic energy balance, given in dimensionless form b

] tB
2522h j 222u–~ j3B!22“–~E3B!. ~7!

The first term on the right-hand side of Eq.~7! gives the
conversion of magnetic into thermal energy by Ohmic dis
pation. The second term measures that part of the magn
energy that is directly exchanged with the kinetic energy
it is positive, the Lorentz force densityfL5 j3B transfers
energy to the fluid. We consider two measures of theglobal
energy conversion, the dissipation rate, and the conver
rate of magnetic into kinetic energy, integrated over t
simulation domainF, and given by, respectively,

em~ t !5E
F
h j 2 dF,

WL~ t !5E
F
u–~ j3B!dF.

It is also of interest to compare the following averages:

^em& t5
1

t2t0
E

t0

t

em~t!dt,

^WL& t5
1

t2t0
E

t0

t

WL~t!dt.

They denote the mean conversion rates evaluated fromt0 ,
the time when the initial perturbation is switched off, up to
time t of the dynamic development. Their ratio indicat
which energy conversion process dominates up to this ti
These four functions are shown in Fig. 5 for the run withS
51000. It is seen that while conversion into kinetic ener
dominates over large parts of the evolution, Ohmic heatin
nearly equally important if the coalescence process is c
sidered as a whole. The maximum ratio of both time av
ages is given in Table I; it is slowly increasing with increa
ing Lundquist number. For comparison, the maximum ra
of the two conversion rates is also listed. The nearly unifo
acceleration of the islands as a whole is apparent in the
of ^WL& t by nearly two orders of magnitude duringt
520– 60, i.e., during only'4 Alfvén transit times based on
the initial O-point separation. The functionWL(t) best re-
flects the oscillations of the flow during coalescence, d
cussed above. The figure shows that the energy conversi
nearly independent of the choice of the anomalous resisti
model.

The coalescence instability provides a period of dynam
current sheet development during which the conversion
Emag into Ekin dominates in comparison to Ohmic dissip
tion. Table I shows that this is the case for Lundquist nu
bersS>750. The main contribution to the Ohmic dissipatio
comes from the anomalous resistivity area at the oute
point.
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C. Scaling laws
1. Linear anomalous resistivity model

First we are interested in the scaling of the maximu
current densityj and the maximum reconnection rateR1

o

FIG. 5. Conversion rate between the magnetic and kinetic energy,WL(t),
and Ohmic heating rate,em(t) ~upper panel!, and the corresponding time
averged conversion rates~lower panel! for S51000. Thick lines correspond
to the linearhan model @Eq. ~5!#; thin lines correspond to the quadratichan

model @Eq. ~6!#.
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5max@h1j(0,0)#, which occur at the driving outer X point
with the Lundquist number. In this and subsequent scalin
the Lundquist number refers to the background resistiv
S5m0l CS(t50)VA0 /h0 . Only the interval t0,t,tmin is
considered, wheretmin is the time at which the current den
sity between the coalescing islands becomes minimal~cf.
Fig. 2!. As Fig. 6 shows, the following power law fits th
numerical results for the maximum current density very we

j 50.27S0.35. ~8!

The system develops higher current density overshoots
j cr for increasing Lundquist number. Inserting~8! into ~5!,
the reconnection rate becomes

R1
o50.73S20.325.1S20.65. ~9!

Although smaller than the Petschek reconnection rate28 RP

5p/(8 ln S), the rate R1
o exceeds the Sweet–Parker ra

RSP5S21/2 in the range of astrophysical interest and may
this sense be regarded as ‘‘fast.’’

We now turn to the consideration of the dynamics in t
inner current sheet between the coalescing islands. We
pect scaling laws at this current sheet not to be indepen
of the scaling laws at the outer X point, or outer curre
sheet, since the latter is an active element in the system~in
contrast to constant resistivity simulations! and is dynami-
cally coupled to the inner current sheet by the flow. Quan
ties to examine are the current sheet half-widthd, the current
sheet lengthD, the current density minimum at the coale
cence point j (Lx/2,0), the reconnection rateR1

i

5umin@h1j(Lx/2,0)#u, the maximum magnetic fieldBy at this
current sheet, the inflow speedux , and the maximum out-
flow speeduy . The current sheet half-width is determined b
fitting the current density profile with a cosh22(x/d) function,
and the inflow speed is taken at the point of maximumBy .
All values are determined att5tmin . Thus, in the following
we discuss the peak reconnection rates during coalesce
resistivity

s

FIG. 6. Dependence of the maximum current density and the maximum reconnection rate at the outer X point on the Lundquist number for both
models. Left panel:h5h1 ; dashed lines show the fits according to Eqs.~8! and ~9!, and the dotted line is the asymptotic scaling,R1

o;S20.3. Right panel:
h5h2 ; dashed lines are the fit results given in Eqs.~17! and~18!, and the dotted line is the asymptotic scalingR2

o;S20.34. Diamonds represent simulation

with Dx5Dy5
1

48; asterisks show comparison runs withDx5Dy5
1

70 .
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FIG. 7. Scaling of several key parameters in the current sheet between the coalescing islands att5tmin for the linearhan model~left panels! and the quadratic
han model ~right panels!; d—half-width; By—maximum field;ux , uy—inflow and outflow velocities. The dashed lines show the fits~12!, ~14! and ~21!,
~23!, and the dotted lines are the corresponding asymptotic scalings of the reconnection rate,R1

i ;S20.2 andR2
i ;S20.28. The meaning of symbols is equal t

Fig. 6.
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not the rates characteristic of the instability as a who
Therefore, the reversals of the bulk flow during the resist
phase are of no concern for the scalings obtained here.
values are plotted in Fig. 7. While considering reconnect
at the inner current sheet, we have to distinguish betw
current layer formation without anomalous resistivityS
<750) and with anomalous resistivity (S>1000). The cur-
rent sheet lengthD is determined by the width of the coa
lescing islands and is independent ofS in our simulations, as
is typical of the coalescence instability. However, as
pected, the current sheet half-widthd, the maximum mag-
netic field By , and the current density minimumj (Lx/2,0)
scale in a manner different from simulations with const
resistivity,

d;S20.25; S>5000, ~10!

By;S0.14; S>5000, ~11!
3540 Phys. Plasmas, Vol. 4, No. 10, October 1997
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j 520.13S0.4; S>1000, ~12!

uy;S0.19; S>5000. ~13!

Equations~5! and ~12! yield the reconnection rateR1
i :

R1
i 50.17S20.222.5S20.6. ~14!

The peak current density minima show nearly the same s
ing behavior as the current density maxima at the oute
point for S>1000, i.e., in the range where anomalous res
tivity occurs. Consequently, the ‘‘inner’’ reconnection ra
R1

i varies in a manner similar to the ‘‘outer’’ reconnectio
rateR1

o, i.e., asymptotically it is also ‘‘fast,’’ but no longe
‘‘ultrafast’’ ( ;S0) as in BW and RC.

With the scaling laws ford, j , andRi , the upper bound
ēm,CS of the Ohmic heating rate in the current she
em,CS5*CSh j 2 dF, is determined as
J. Schumacher and B. Kliem
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ēm,CS52 jRidD;S20.05. ~15!

The Ohmic heating is thus expected to decrease only v
slowly for large S(@104). In comparison, an increase
ēm,CS;S1/3, was found in simulations with constan
resistivity.3,5 At the same level of approximation, using lin
ear profiles ofBx,y and ux,y in the inner current sheet, th
local kinetic energy conversion rateWL,CS5*CSu–( j3B)dF
is obtained asWL,CS'(2/3)j dD(uyBx1uxBy), where j
'By /d and the maximum values of the variables at t
edges of the inner current sheet have been used. Using
numerically obtained scalings forB and u at S>5000 ~cf.
Fig. 7!, the termuyBx is seen to dominate for largeS, and
the ratio of thelocal energy conversion rates is found
increase withS like

WL,CS

ēm,CS
'

uyBx

3Ri ;S0.39. ~16!

2. Quadratic anomalous resistivity model

A similar analysis of the scaling behavior is done for t
h2 model. Again, a power law gives an excellent fit to t
maximum current density at the outer X point~Fig. 6!:

j 50.64S0.22. ~17!

With the quadratic resistivity model, the current dens
overshoots overj cr at largeS and, equivalently, the scalin
exponent ofj remain somewhat smaller. With~17! and ~6!
the outer reconnection rate is obtained as

R2
o52.6S20.34216S20.56126S20.78, ~18!

which is very similar to Eq.~9! over the range of Lundquis
numbers used~Fig. 6!. At the inner current sheet the follow
ing fits are obtained:

d;S20.13; S>5000, ~19!

By;S0.11; S>5000, ~20!

j 520.41S0.24; S>1000, ~21!

uy;S0.15; S>5000, ~22!

and with ~21! and ~6! the inner reconnection rate become

R2
i 50.69S20.2826.7S20.52117S20.76. ~23!

Again, this is similar to the result for the linear resistivi
model ~see Fig. 7!. The upper bound of the Ohmic heatin
rate in the inner current sheet scales for largeS as

ēm,CS;S20.17, ~24!

which decreases more rapidly than in the linear resistiv
case due to the smaller current density overshoots. Howe
the scaling of the local ratio,

WL,CS

ēm,CS
;S0.43, ~25!

at largeS turns out to be nearly identical to the linear res
tivity case.
Phys. Plasmas, Vol. 4, No. 10, October 1997
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3. Discussion

The obtained reconnection rates are nearly indepen
of the choice of the anomalous resistivity model. Thus,
reconnection rate is the basic parameter of the inner cur
layer during the coalescence instability. Other parame
like the current density pileup and the Ohmic heating r
adjust themselves according to the reconnection rate and
resistivity model. We attribute small differences in th
asymptotic scaling laws of the reconnection rates mainly
their sensitive dependence on the scaling index ofj , particu-
larly for the quadratic resistivity model~where thej expo-
nent enters the exponent ofR with a factor 3!.

The reconnection in the inner current layer is driven
the attraction of the coalescing islands, which does not
pend on the Lundquist number in the ‘‘ideal’’ phase. Sin
the current density and the resistivity can rise freely in
current layer, the rate of reconnection may be expected to
independent of the Lundquist number. Indeed, our d
points for the reconnection rate in Fig. 7 are consistent w
this conjecture atS*5000.~The scalingR;S0 was also ob-
tained by BW and RC.! However, the quality of the obtaine
power law fits to the current density at the coalescence p
suggests that the reconnection rate in fact decreases fS
.105. This may be due to the increasing flux pileup at t
current layer for increasingS, which resists the coalescenc
driven inflow, or due to a limitation of the current densi
pileup by the Ohmic heating. The latter effect should
stronger for the linear resistivity model, which shows high
current density pileups. But the reconnection rate is nea
identical ~or even slightly higher! with this model, which
rules out an important influence of Ohmic heating. T
pileup of By , on the other hand, increases over the wh
range of Lundquist numbers used, its scaling does
strongly depend on the resistivity model, and valuesBy

'0.3 are reached. Although the magnetic pressure still
mains an order of magnitude below the external magn
pressure (B0

251) in the considered range ofS, the repelling
force “By

2 appears to be the dominant factor that limits t
reconnection rate~as discussed by BW! and may explain an
asymptotic decrease. This argument is further supported
the nearly similar variation of the inflow velocityux and the
reconnection rateRi with the Lundquist number~for
S>1000, where anomalous resistivity is excited; see Fig.!.
Hence, the decrease of the reconnection rate, which was
pected by BW to occur atBy;0.75B0 in a relatively narrow
range of Lundquist numbers, appears to take place ov
broad range of Lundquist numbers when anomalous resis
ity is included. At sufficiently largeS values,By;0.75B0

will be reached and the reconnection rate will drop furth
below the values given by~14! and ~23! to a scalingR
;S21/2. With the small scaling exponents forBy obtained in
~11! and~20!, this region is not sharply determined but lies
S.107 for both resistivity models used in this paper.

The weaker decrease of the current layer half-widthd
with S in comparison to its scaling for constant resistivi
~whered;S22/3! is the consequence of a resistivity that ris
with j . The outflow velocityuy is of the order of the Alfve´n
velocity taken at the point of maximum flux pileup in th
inflow region, in agreement with BW. It rises slowly withS,
3541J. Schumacher and B. Kliem
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different from the RC result, which is due to the driving fro
the outer X point in our system~cf. the last column in Table
I!.

The obtained scalings are practically insensitive aga
the variation of beta. We have found nearly constant rec
nection rateR1

i , current density minimum, and outflow
maximum uy for beta values in the range 102321 and S
51000 ~although the compression ratiormax/rmin varies
from 3.8 forb51023 to 1.3 forb51 at t5tmin!.

Figure 7 shows thatd! l CS(t50)5(4/p) l cr(t50)51.
Therefore, the estimates of the magnitude of the Hall a
pressure terms at the onset of kinetic instability given in
Introduction do not necessarily apply to the central curr
layer during maximum pileup (t5tmin). Numerical evalua-
tion of these terms along the inflow and outflow directions
the central current layer shows, however, that both te
remain smaller than the convective term for sufficien
smallb (&1023). An exception is the immediate vicinity o
the X point, whereu→0 and j Þ0. Sufficiently close to the
X point, the electron fluid and the ion fluid always decoup
and collisionless effects become important. We have s
however, that the inclusion of anomalous resistivity in
low-b plasma leads to diffusive layer widths larger than t
scales at which the Hall and pressure gradient terms are
negligible.

Since the current layer half-widthd approaches smal
values and since the validity range of our scaling la
for the reconnection rate depends sensitively on the sca
exponent ofBy , it is necessary to guarantee that numeri
diffusion does not significantly influence the exponen
This is attempted in our numerical scheme by carefu
choosing both the time step and the amount of smooth
required for numerical stability.15 Moreover, comparison
runs with reduced grid spacing gave practically identi
results~Figs. 6, 7!.

IV. SUMMARY

In this paper we have investigated the coalescence in
bility in a current sheet with an antiparallel external field
which anomalous resistivity is permitted to occur. The c
rent sheet was initially perturbed by anomalous resistiv
spots with nonuniform amplitudes. This form of the coale
cence instability is expected to occur in extended curr
sheets at high Lundquist numbers and low plasma beta.
main results can be summarized as follows.

~1! The dynamic development of the coalescence in
bility can be divided into two phases. The first, ideal, pha
is the approach of the islands with a constant velocity in
pendent ofS. The second, resistive, phase is the complet
of the coalescence due to magnetic reconnection. This p
is accompanied by plasma jets emanating from the ac
outer X point and relaxation oscillations of the coalesc
island structure. The inclusion of anomalous resistivity in
the dynamics does not change the qualitative behavior of
magnetic field and the velocity field during the coalesce
process in comparison to simulations with constant resis
ity.

~2! A rapid and efficient conversion of magnetic ener
3542 Phys. Plasmas, Vol. 4, No. 10, October 1997
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into kinetic energy takes place during the coalescence.
considering time-averaged conversion rates, we have sh
that the main part of the energy goes directly into the plas
flow. The main kinetic energy rise occurs within only a fe
Alfvén transit times~based on the initial O-point separation!.
Strong maxima of the enstrophy are associated with the
tex flow pattern in the first and second phases of the coa
cence.

~3! The scaling behavior of the key quantities in th
current layer between the coalescing islands differs from
in simulations with constant resistivity. The flux pileu
shows a smaller power law exponent. The peak reconnec
rate between the coalescing islands remains nearly con
in the range of Lundquist numbersS'53103– 53104 but is
expected to decrease slowly atS@104, where its scaling is
given byR;S2a with a in the range1

5– 1
3, being faster than

in the constant resistivity case. In these scalings,S is based
on the background resistivity. Following the arguments
Biskamp and Welter3 regarding the scaling ofBy with re-
spect toS, a decrease of the reconnection rate to slow rec
nection is expected atS*107. Nearly identical behavior of
the reconnection rate was found for two different models
the anomalous resistivity. For small values of the plas
beta (&1023), the width of the resistive layer exceeds th
scales at which the Hall and pressure gradient terms bec
important. Nevertheless, consideration of the Hall term
necessary in future work, even if anomalous resistivity o
curs, to describe the fluid dynamics in the vicinity of the
point correctly.
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