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Abstract

For m~-input, m-output, finite-dimensional, linear systems satisfying the classical assumptions
of adaptive control (i.e., (i) minimum phase, (ii) relative degree one and (iii) “positive” high-
frequency gain), it is well known that the adaptive A-tracker ‘u = —ke, k = max{0, |e|—\}|e|’
achieves A-tracking of the tracking error e if applied to such a system: all states of the closed-
loop system are bounded and |e] is ultimately bounded by A, where A > 0 is prespecified and
may be arbitrarily small.

Invoking the conceptual framework of nonlinear gap metric, we show that the A-tracker is
robust. In the present setup this means in particular that the A-tracker copes with bounded
input and output disturbances and, more importantly, it may even be applied to a system
not satisfying one of the classical conditions (i)-(iii) as long as the initial conditions and the
disturbances are “small” and the system is “close” (in terms of “small” gap) to a system
satisfying (i)-(iii).

Nomenclature

Cy, C_ = {s € C|Res > 0}, {s € C|Res < 0}, respectively

A>0 if, and only if, 27 Az > 0 for all z € R™\ {0}, where A = AT € R"*"

|z| = V2T z, the Euclidean norm of z € R"

|A| = max {|Az||z € R™, |z| = 1}, the induced matrix norm for A € R"*™

lvllv the norm of v € V, for any normed vector space V

LP(R>¢ — RZ) the space of p-integrable functions y : R>g — R, 1 < p < 0o, with norm

e e CIOE

LY (I - R the space of locally p-integrable functions y : I — R, with [} |y(¢)[P dt <
oo for all compact K C I, where 1 < p < oo and I C R>¢ is an interval

L®(R>q — RY) the space of essentially bounded functions y : R>o — R, with norm

19l Lo ooorey = ess sup ly(®)]

L (Rso — RY) the space of locally bounded functions y : I — R’ with ess S}?p ly(t)| < oo
te
for all compact K C I, I C R>¢ is an interval

WH2(Rsg — Rf)  the Sobolev space of absolutely continuous functions y : Rsg — R’ with
Y, 9 € L®(R>o — RY) and norm

[yllwroo@soore)y = 1UllLoc®oo—re) + 1]l Lo (R20—RE)

VV&)COO(I — RY) the space of absolutely continuous functions y : I — R’ with y,y €
L (I — RY), I C R an interval

dist(e,[-A,\]) = max{0,|e| — A} for e € R™ and A > 0

dy(e) = max{0, |e| — A} for e € R™ and A > 0.
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1 Introduction

In this paper we show robustness of A-stabilization and A-tracking (i.e. stabilization and tracking

with a final accuracy of prespecified A > 0) for linear n-dimensional, m-input, m-output systems

of the form

(1.1)
y1(t) = Cx(t),

where A € R**" B, CT € R™™ 20 € R™, subject to additive input/output disturbances ug, yo,

respectively,

i(t) = Ax(t) + Buy(t),  x(0) =2°, }

uy = uj + ug, Yo = Y1 +y2, (1.2)

as depicted in Figure 1, where the plant P maps the interior input signal u; to the interior
output signal y; and the controller C' maps the interior output-signal yo to the interior input
signal uy. In our setup P will always be a linear initial value problem of the form (1.1) and the
controller C' will be a dynamical system, specified in due course.

u
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Figure 1: The closed-loop system [P, C].

Note that the state space dimension n € N needs not to be known but the input/output dimen-
sion m € N must be known.

It is well known that (1.1) can be stabilized, in case of zero disturbances ug = yo = 0, by
proportional high-gain (k£ > 0) output feedback

ug(t) = —kya(t), (1.3)
provided (1.1) is minimum phase, i.e.

VseCs : det [SI(;A ﬁ] £0,

and its transfer function C(sI — A)~!'B has strict relative degree one with “positive” high-
frequency gain, i.e. CB + (CB)T > 0.

If only these structural assumptions but no system entries are known, i.e. we study, for n,m € N
with n > m, the system class

CB+(CB)T >0,

sl,—A B

Mvnm — A,B,O c Rnxn Rnxm RmXTL o ’
: ( ) % % VsG(CJr:det[ . 0};&0

then any (A, B,C) € Mn can be stabilized adaptively, in the presence of L? input/output
disturbances, by the controller (ubiquitous in the adaptive control literature)

k(t) = [ya(t)], k(0) =k €R } (1.4)



in the sense that all states of the closed-loop system (1.1), (1.2), (1.4) are bounded and
tlim y1(t) = 0. This approach has been introduced by the seminal work of [14, 15, 18], see
—00

also the survey [7].

The surprising property of the controller (1.4) is not only its simplicity but also its robustness: it
is also applicable in the presence of additive L? input/output disturbances and it may stabilize

¢ 999

systems (1.1) not belonging to Mvnm but sufficiently ”‘close”’ — in terms of the gap metric
defined in Section 3 — to some (A, B, C) in normal form and belonging to Mnm This has been
proved in [4].

However, the controller (1.4) has the shortcomings that, if tracking is the control objective,
it needs to be combined with an internal model (thus becoming more involved) and, more
importantly, fails for stabilizing non-linear systems or in the presence of additive arbitrarily

small input or output disturbances. To overcome these shortcomings, the so called A-tracker

k(t) = dist (y2(1), [-X,A]) - y2(8)], k(0) = &°, }
us(t) = —k(t)ya(t) ,

for A > 0, kY € R, has been introduced by [10].

(1.5)

The application of the A-tracker (1.5) to any system (1.1) belonging to Mvn,m, via (1.2), satisfies,
in the presence of arbitrary input/output disturbances ug, yo which are bounded with essentially
bounded derivative, arbitrary initial conditions z° € R”, k* € R and any arbitrarily small design
parameter A > 0, the control objectives of A-tracking:

e all signals and their derivatives of the closed-loop system (1.1), (1.2), (1.5) are bounded;
e limsup dist(y2(t),[-A, A]) = 0.

t—o00

This result has been generalized to nonlinear and infinite dimensional systems [11] and applied,
to name but a few, to regulate biogas tower reactors [9], chemical reactors [12], insulin delivery
for diabetic patients [2] by preserving the simplicity of the control strategy.

Note also that it is a tracking result without invoking an internal model: set yo(-) = yref(+) as a
prespecified reference signal.

The purpose of the present paper is to show robustness properties of the A-tracker in terms of
the gap metric. For example, we consider

i:§x+gul’ z(0) 2550} (1.6)
yp=c¢cx,
with 20 € R3 and where, for a, N, M > 0,
N 0 1 0 B 0
A= 0 0 1 , b:=10|, ¢:=[M,-1,0].
aNM —NM+aN+aM o—N-M N
Th?s system does not ‘F)elong to the class /K/lvg‘,l, it§ transfe}f function (S_a)jzfs(ﬁv_)z 0 does not
satisfy any of the classical structural assumptions in adaptive control:
e it is not minimum phase;
e it has relative degree two; (1.7)

[13

e and its high frequency-gain —N < 0 has the “wrong” sign.



However, defining, for n,m € N with n > m, the system class
Prm = {(A4,B,C) e R™™ x R™™ x R™™ | (A, B,C) is stabilizable and detectable } ,

(1.6) belongs to P31 and we will show in Sub-section 3.5 and Example 4.6 that (1.6) is close
(in terms of the gap metric) to a system belonging to M ; for N, M sufficiently large and Z0
sufficiently small, and thus (1.5) applied to (1.6) achieves A-tracking.

Instead of systems (A, B,C) € Mvnm we restrict our attention to systems in Byrnes-Isidori
normal form, for example see [13, Section 4]. That is, for each (A, B,C) € M,, , the matrix

T=[B(CB)V],

where V' € R"*("=™) satisfies im V' = ker C' and rank V = n—m, converts (1.1) via the coordinate

transformation <yzl> =T 1z into

I = A+ Ayz+CBuy, 0) = )} €R, ?
y1 Y1+ A2z + uy y1(0) y(1] ) (y(l]> — T 140, (1.8)
Z = Ay + Asz, 2(0) = 2" eR"™, o
where
Al A2 =1 Bl o CB _ -1 —

By the minimum-phase property, A4 has spectrum in the open left half complex plane C_.
Therefore, we introduce, for n,m € N with n > m, the system class

A1 A | B
A=l &) 2= (o]
C=[I, 0], Bi,4 € R™™,
spec(A4) CC_, B+ Bf >0

Mo = { (A, B,C) € RV x R™™ x R™X™

)

We will study properties of the closed-loop system generated by the application of the -
tracker (1.5) to systems (1.1) of class M,, ., or of class P, ., in the presence of disturbances
(u0,yo) € WH®(Rsg — R™) x WL°(Rso — R™) satisfying the interconnection equations (1.2).
The closed-loop system (1.8), (1.5), (1.2) is depicted in Figure 2.

+ W | g = Ajyy + Az + CBuy, y1(0) =10 | %
0
V4

u —
| E z = Asy1 + Az, 20) =
k= dist(yz, [FAN) el RO =K | L
- +

1
2 | uz = —kyo Y2

Figure 2: The adaptive closed-loop system.

The paper is organized as follows. In Section 2 we show that A-tracking is possible for all
linear systems (1.1) belonging to class M, ,, in the presence of W1 (R>q — R™) input/output
disturbances, see Figure 2. In Section 3 we collect the basics of the framework of gap metric



and graph topology necessary for our setup. The final Section 4 contains our main result, i.e.
robustness of A\-tracking. We show that if the initial conditions, input/output-disturbances and,
for m,q,n € N with ¢,n > m, the gap between a nominal system belonging to class P, ,
and a system belonging to class M,, ,,,, are sufficiently small, then the controller (1.5) achieves
A-tracking for the nominal system.

2  A-tracking

In this section we show that the control strategy given by (1.5) applied to any linear system of
class M,, ,,, achieves A-tracking in the presence of WI’OO(RZO — R™) input/output disturbances,
see Figure 2. Set, for n,m € N with n > m,

Dpm = Mpm X (R™ x R"™™ x R) x WH®(Rsg — R™) x WH™(R5o — R™) .
Proposition 2.1 Let m,n € N with n > m and A > 0. Then there exists a continuous map

v: Dy m — R such that, for all d = <[ﬁ; ﬁi} ,B,C, (y?, 20, k9), ug, yo) € Dy, m, the associated
closed-loop initial value problem (1.8), (1.2), (1.5) satisfies

|(u2, ya, 2, k‘)||W1,oo(RZO_)Rm+n+1) < v(d) (2.1)
and
limsup |y2(t)] < A. (2.2)
t—oo

The result that A-tracking works for the class of systems M,, goes back to [10] and input
disturbances are also considered in [8]. However, to prove robustness of the A-tracker in Section 4,
the existence of a continuous function v(-) satisfying (2.1) is crucial. Therefore, we had to find
a new proof showing (2.1) which easily shows 2.2.

Proof of Proposition 2.1. Let d = ([ﬁ; ﬁj] ,B,C, (y?,zo,ko),uo,yo> € Dy,m and set, for
notational convenience,

h(-) = go(-) = A1yo(-) — CBuo(),
e() = va().

The closed-loop initial value problem (1.8), (1.2), (1.5) is then given by

¢ = Aje—Ayz—kCBe+h, e(0) = € := yo(0) — ¢?
£ = —Ase+ Ay z+ Asyo, 2(0) = 29 (2.3)
ko= dx(e)lel, k(0) = &2,

where d), is defined in the Nomenclature. We divide the proof into ten steps.

Step 1: Since the right hand side of (2.3) is continuous and locally Lipschitz, it follows from the
theory of ordinary differential equations that (2.3) has a solution

(e,2,k): [0,w) = R"™™ x R™ x Rxg

on a maximal interval of existence [0,w) for some w € (0, 00]. This solution is unique.

Step 2: We define some constants that are used in the following steps of the proof.
Since spec(A4) C C_ we have

AM,p>0 Vt>0 : |exp(Ast)] < My exp(—put). (2.4)



Set

o1 := minspec (CB + (CB)T) /2
My == My + M| As| (Ilyoll oo yg—rm) + A+ 1)/
My := My (1+ [2°) /A + Mz (1 + 1/p)
My = |Ay| + |A2| + HhHLOO(RZO—Rm)/)‘
Ms = |K°| + 2 (Mg + MsMy + 1) Joy
Mg := Ms + [K°] + |€°]/2 .
My := (da(e%)? + 2(Ms + [K°]) [o1 (Mg + [K°]) /2 + My + MzMy])2 + A
Mg = M, (1 + |2° + M7 /p) .

Step 3: We estimate the z-dynamics in the form
Vite] / dx(e T)|dr < My [k(t) — k°] . (2.5)

Applying Variation of Constants to the second equation in (2.3) and invoking (2.4) gives, for all
te0,w),

t
00)] <M 0+ [ My e Ay (1) + o))
0
t
< My e M0 + M| Az / e~H(t=T) <d)\(e(7')) + 1Yol Lo (Reg—Rm) + A) dr
; >
t
< My e 20 +M1’A3‘/ e M|y | Lo (s g —Rem) AT
; >
t t
+ M| As| / e M N AT + M| As| / e M= dy (e(r)) dr
0 0

Mi|A
< M; ’20‘4-71‘ 3’ (
1

t
|’y0HL°°(RZO—>Rm) + )\) + M| As] /0 e_u(t_T)d)\(e(T)) dr

< M, [1+]20\+/0t e_u(t_T)d)\(e(T))dT] : (2.6)

Let
t
Vite[0,00)Vype L%OC(RZO —R) : (Lxp)(t):= / e_“(t_T)gp(T) dr.
0

Invoking the well known inequality, see for example [17, p. 298],

VE>0 1 [Lxellon-r) < le™ i@ llelzqon—r) = £llellz@o—r)

and the fact that
VeecR : dy(e)? <dy(e)lel.

yields, by (2.3), (2.6) and the Cauchy-Schwarz inequality, for all ¢ € [0,w)
/dA D l2(r |d7-<M2/ dr(e(r)) [1 4 2°] + (L * dr(e))(r)] dr
< [1412] 5 [ et el ar
+ My [llda(@)l32o-z) + I1E* OB 00-m)]

<My (14100 2 [y emlar+ 3 (142) [ ayetr? ar.
A Jo w/ Jo



This proves (2.5).
Step 4: We estimate the e-dynamics in the form

Vie0w) : %d,\(e(t))Q < () — (k1) — %) [ 22 (ko) + K%)= My — Mshs) . (2.7

N =

By (2.3) and Step 2 we have, omitting the argument ¢,
G (300P) =@ et
=dy(e)|e|tel [Aye — Ayz —kCBe+h)
< dx(e) el [Ar] + dx(e) |z] |A2| 4 dx(e) Al Lo Ry g —Rrm)
—kdy(e)le| ™t e” (3(CB+(CB)")e
< — (ko1 — [A1])da(e) e] + [Az] dx(e) |2] + da(e) [|h]| oo (Rs g —Rm)

(&
< —(ko1 — |Au])da(e) le] + [A2] dx(e) 2| + dx(e)% 12| Loo (R 5.0 —Rm)

S —(k g1 — M4)d>\(e) ’6‘ + M4 d)\(e) ‘Z’ s

and hence, by integration and invoking (2.5) we arrive at

Vite0,w) : %d;&e(t))2 < —dy(e%)? - /Ot(k‘(T) o1 — My)k(r)dr + MMy [k(t) — k:o]

N =

which yields (2.7).
Step 5: We show boundedness of k£ in the form

Vitel0w) : k(t) < Mg. (2.8)

Suppose there exists T' € [0,w) such that k(T) = Ms, otherwise (2.8) is obvious. Then, by
monotonicity of k, it follows from (2.7) that, for all ¢t € [T,w),

1 1 [ 2
0 < Sdx(e(t))® < gda(e")* = % (R(t) = K°) |R(t) + kO — — (M + M3M4>}
L 1
1 0y2 _ 91 o | o 2
< id,\(e ) — 5 (k(t) — k°) | M5+ k° — U—(M4 + M3My)
L 1
1 0y2 _ 91 oy [17.0 0o, 2
= — PR — t) — _
2d,\(e) 2(1{:() k:)|k:|—|—k: +01
1
< §d,\(€0)2 — (k(t) = £°),
and thus 1 ]
Vite[T,w) : k(t)—k° < §d)\(eo)2 < §ye0\2
and
Vitel0,T) : k(t)—k° < Ms—k°,
whence (2.8).
Step 6: We show boundedness of e in the form
Vie[0w) : le(t)] < M;. (2.9)



An application of (2.8) to (2.7) gives, for all ¢ € [0,w),

e(t)] < da(e(t) + A < (da(€")? =2 (k(t) = k) |5 (k(8) + k) — My — MM, )7

1
< (2 + 2000+ 1) [ (o4 ) + M+ s3] ) 4.

Note that the argument of the root in the second line is nonnegative, see Step 5. Now (2.9)
follows from Step 2.

Step 7: Boundedness of z in the form
¢
Vie0,w) : |z(t)] < M, [1 + |27 +/ e =T My dT] < Mg (2.10)
0

follows from applying (2.9) to (2.6).
Step 8: We show w = oo.

Since w was chosen maximal, (2.8)—(2.10) yield w = oc.

Step 9: We show (2.1).
It follows from Step 5-8 that (ug2,y2,2,k) is uniformly bounded in terms of

d= ([ﬁ; ﬁﬂ ,B,C, (49, 2°, ko),uo,y()). Moreover, applying Step 5-8 again and invoking (2.3)

yields uniform boundedness of (ug,y'g,z’, k> in terms of d. Now the existence of a continuous

function v: D,, ,;, — R>¢ such that (2.1) holds is straightforward by invoking the constants from
Step 2.

Step 10: We show (2.2).
Since k € L™(R>g — R) by (2.1) it follows from ||dx(y2) [v2lllp1(jo.—r) = Kk(t) — kO that

da(y2) ly2| € L'(R>o — R).
Since y2 € W1®°(Rs¢g — R™) there exists M > 0 such that esssup |(92);(t)] < M, for all
t>0

i € {1....,m}, which gives

(y2);(5) — (y2);(¢)

s—t

Vs >0Vie{l....,m}Vte0,s)In € (t,s) : (y2);(1) = <M

and so
Vie{l.....m} Vte[0,s) : |(y2);(s) — (y2);(t)] < M(s —1t).

For 0 = §; we arrive at
Vie{l.....m}Ve>036>0Vt,s€Rxowith [t —s| <& : [(y2),(t) — (v2),(s)] <e,

i.e., yo is uniformly continuous. Boundedness and uniform continuity of yo and the continuity
of e — dy(e) |e| gives uniform continuity of ¢ — dy(y2(t)) |y2(t)|. So Barbalat’s Lemma, see [1],
gives

Jim dx (y2(t)) [y2(4)] = 0,

which yields (2.2), and completes the proof. O
3 The concept of gap metric

The material in this section is based on [6, Section II], [4, Section 2] and [3, Section 2] and
contains the fundamental results necessary for proving robustness in Section 4.



3.1 Terminology

Let X be a nonempty set and, for 0 < w < oo, let S, denote the set of locally integrable maps
[0,w) — X. For simplicity, we write S := So. For 0 < 7 < w < 00, T, : S, — S denotes the
operator given by

[ o), telo,T)
Trv = { 0, t € [r,00).

With ¥V C § we associate spaces as follows:
Ve = {v es ‘ Vr>0:Twe V} , the extended space;
Vw:{UESWWTG(O,w) : TTUEV}, 0<w<oo;
Ve, = U V., the ambient space.

w€(0,00]
If v,w € V, with v|r = w|; on I = dom(v) Ndom(w), then we write v = w. For (u,y) € V, X Vg,
the domains of u and y may be different; we adopt the convention

dom(u,y) := dom(u) N dom(y).

We say V C S is a signal space if, and only if, it is a vector space and has the property that
sup, > || Trv|ly < oo implies v € V. In our applications, frequently V will be the normed signal
space Wh®(Rsg — R™), in which case, V, = W2 (Rso — R™), V,, = W22([0,w) — R™)

loc loc
for w € (0,00] and V, = U0<w§OOVV1})’C°O([0,w) — R™). It is important to note that V, 2
whee([0,w) — R™).

For a normed signal space U and the Euclidean space R!, I € N, we will also consider subsets of
V = R! x U, which, on identifying each # € R! with the constant signal t — 6, can be thought

of as a normed signal space with norm given by [|(6,z)|v = /0] + ||z]|%-

3.2 Well posedness

A mapping Q: X1 — Xy between signal spaces is said to be causal if, and only if, for all
>0, 2,y € X1, Trx = Try implies T-Qx = T,Qy. Let U and Y be normed signal spaces
and let P: U, — Y, and C: ), — U, be causal mappings representing a plant and controller,
respectively. Our central concern is the system of equations

[P,C] : y1=Pui, us=Cys, up=ui+u, Yo="uy1+y2 (3.1)

corresponding to the closed-loop feedback configuration as depicted in Figure 1, see Section 1.
By a solution of (3.1) we mean the following. For wy = (ug,y0) € W := U x Y, a pair
(w1, wy) = ((ul,yl), (ug,y2)) € Wy X Way, Wy := U, X Ve, is a solution of (3.1) if, and only if,
(3.1) holds on dom(wy,ws). The (possibly empty) set of all solutions is denoted by

Xy = {(wl,wg) eWw, x Wa‘ (w1, wq) solves (3.1)}.
The closed-loop system [P, C], given by (3.1), is said to have:
e the existence property if, and only if, X, # 0;
e the uniqueness property if, and only if,

YwgeW : [(12)1,1212), (1[)1,’[2)2) c Xwo —

(@1,’[2)2) = (12)1,1[12) on dom(lz)l,lbg) N dom (12)1,1[12)] .



Assume that [P, C|] has the existence and uniqueness properties. For each wy € W, define wy,,
0 < Wy, < 00, by the property
[0, wwo) = Uty i) e, dOm (1, W2) ,
and define (w1, wz2) € Wa xW,, with dom(wy, w2) = [0, wy, ), by the property (w1, w2)|(0,1) € Xuwg
for all ¢t € [0, wy,). This construction induces the operator
HP,C W — Wa X Wa, wo — (wl,wg) .
The closed-loop system [P, C], given by (3.1), is said to be:

e locally well posed if, and only if, it has the existence and uniqueness properties and the
operator Hpc: W — Wy X W, , wg — (w1, w2), is causal;

e globally well posed if, and only if, it is locally well posed and Hpc(W) C We X W ;
e W-stable if, and only if, it is locally well posed and Hpc(W) C W x W;
o reqularly well posed if, and only if, it is locally well posed and

Vwg €W @ [wy, <o = Ty Hpo(wo) € W ¥ w. (3.2)

If [P, C] is globally well posed, then for each wy € W the solution Hpc(wp) exists on the half
line R>¢. Regular well posedness means that if the closed-loop system has a finite escape time
w > 0 for some disturbance (ug,yo) € W, then at least one of the components uy, ug or yi, yo is
not a restriction to [0,w) of a function in U or Y, respectively. If [P, C] is regularly well posed
and satisfies

Ywyg €W : [wwo <o — TwwOHRC(wO) €W x W] ,

there does not exist a solution of [P, C] with a finite escape time, and therefore [P, C] is globally
well posed. However, global well posedness does not guarantee that each solution belongs to
W x W, the latter is ensured by W-stability of [P, C]. Note also that neither regular nor global
well posedness implies the other.

3.3 Graphs and gain-function stability

In our investigation of robustness of stability properties of a closed-loop system, the concept of
graphs and gain-function stability will play a central role. Corresponding to a plant operator
P (respectively, the controller operator C) is a subset of W, called the graph of the plant Gp
(respectively, the controller G¢), defined as

=1 (5

Note that we identify Gp > <

uel, Puey}CW, gc:{@y) ‘ C’yeu,yey}CW.

U
Pu

A causal operator F': X — V,, where X,V are subsets of normed signal spaces, is said to be
gain-function stable if, and only if, F/(X) C V and the following nonlinear so-called gain-function
is well defined:

> = (u, Pu) € W, and analogously for G¢.

g[F] : (rg,00) = R>p, 7 g[F|(r) = sup{||TTFxHV ‘ re X, [|Tr-x|x € (ro,7], 7> 0}, (3.3)
where 79 := infyex ||z]|x < co. Observe that | T Fz|ly < ¢g[F](||Trz|x). A closed-loop system

[P, C] is said to be gain-function stable if, and only if, it is globally well posed and Hpc: W —
W, X W, is gain-function stable.

10



Note the following facts:
(i) global well posedness of [P, C| implies that im Hpc C We X W;
(ii) gain function stability of [P, C| implies W-stability of [P, C];

(iii) if [P,C] is W-stable, then Hpc : W — Gp x G¢ is a bijective operator with inverse
HIZIC s (wy, we) — wy + wa.

To see (iii), note that Hpc(W) C W x W implies that Hp (W) C Gp x G¢, and since for any
w; € Gp CW, wy € Go C W we have w; +wy € W, it follows that Hpc(W) D Gp x Ge.
Therefore, we can think of a gain-function stable Hp¢c as a surjective operator Hpc: W —
Gp x Gc. The inverse of Hpc : W — Gp x G is obviously HISIC s (w1, wg) — wi + wa.

Finally, with a closed-loop system [P,C], we associate the following two parallel projection
operators: Ilp, /o : W — W,, wg — wi, and eyp - W — Wy, wy — wa. Clearly, Hpc =
(HP//C, HC//P) and Ilp,/c + lgy/p = I. Therefore, gain-function stability of one of the
operators llp,,c and I/, p implies the gain-function stability of the other, and so gain-function
stability of either operator implies gain-function stability of the closed-loop system [P, C].

3.4 The nonlinear gap

The essence of the paper is a study of robust stability in a specific adaptive control context.
Robust stability is the property that the stability properties of a globally well-posed closed-loop
system [P, C] persists under “sufficiently small” perturbations of the plant. In other words,
robust stability is the property that [P, C| inherits the stability properties of [P, C], when the
plant P is replaced by any plant P, sufficiently “close” to P. In the context of this paper, plants
P and P; are deemed to be close if, and only if, their respective graphs are close in the gap
sense of [6]. The nonlinear gap is defined as follows:

Let, for signal spaces U and ),
I':= {P U, — Yy ‘ Pis causal}
and, for P, P, € T', define the (possibly empty) set
Op,,p, :={®: Gp, — Gp, | ® is causal, surjective, and ®(0) =0} .

The directed nonlinear gap is given by

§: T xT —[0,00], (P1,P) — §(P1, P3) == inf sup I7(® = D (@) luxy ,
®EOP, Py 2eGp, \{0}, 7>0 1T7]fuxy

with the convention that 6(Py, Py) := oo if Op,.p, = 0, and the nonlinear gap § is

- -

0: I'xI'— [0, OO] s (Pl,Pg) = (5(P1,P2) = max{5(P1,P2),5(P2,P1)} .

3.5 Example

In this sub-section we illustrate the previous graph and gap concepts by two operators P, Py o
induced by state space systems

L _ .0
P, @ =axr+up, z(0) =z } (3.4)
Yy =2
. . A 7 _ 0
Pnyo @00 & —ilzn+bu1, z(0) == } (3.5)
Y1 =cx

11



for « > 0, 2 € R and (g,g, E) as in (1.6), 2° € R3. Throughout this example assume that
20 =0, 2% = 0. The second purpose of this example is to show that P, is close to Py Mo in the
sense

lim sup g(Pa, Poyiva) =0. (3.6)

M—o0
First, recall that (Z,Z, E) € P31 \M&l and (a,1,1) € My ;.
Secondly, recall that the graphs of P, and Py s, are given, respectively, by

1,00 N
o (0 FE i O [

y1 solves (3.4) Y1
To determine an upper bound for the gap between P, and Py s, consider the bijective mapping
® from graph Gp, to graph Gp, ,, , given by

ui,y1 € WH(Rxo — R)
y1 solves (3.5) '

U U
o gPa - gPN,M,OM / ea('_s) U(S) ds = E/ eg(-—s)’gu(s) ds
0 0
By the definition of the nonlinear gap, see Section 3.4, we obtain
- o1
5(Poy Pynia) < sup I( )(w)\|w7
w e Gp, \{0} l|w|lw

where W := Wh®(Rsg — R) x WH®(Rs¢ — R) and, for w = (u,y) € W, the norm is defined
by
[(w,y)[lw = HUHWLW(RZO—R) + H?J”WLOO(RZO—R) .

To estimate
U

(@ — I)(w)(t)] for w:= <f0 ¢2C=9) y(s) ds> edp,
we calculate that the output y; of (3.5) is given, for all ¢ > 0, by
t e ~
y1(t) = E/ eA=pu(s) ds
0

[t NWM-aq) =) 1 (s) ds ' NN+ M) o N=5) 1 (6 ds
- [ (s + [ ¢ (s)d

a+ N)(a+ M) N —-M)(a+N)
t —2NM e~ Mt=3) 4 (s) ds
+/0 (N — M)(a+ M) 1(s)d

and thus, for all ¢t > 0,
N(M—a) e
(@ = D)(w)()] < ‘(m - 1) /0 %) y(s) ds
t
N(N+M —N(t—s
+ ‘7<N_(M>(OC+)N)/0 e N u(s) ds

t
N(M—a) ;- 1‘ / ea(t—s) U(S) ds
0

t
+‘%/{) e M(t=s) u(s)ds

@t N)(at M)
t
N(N+M) —N(t—s
+<'m /0 e V=) ds

t
— —M(t—s
| iy [ e as
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et y(s) ds

(@ = D(w)®)] < | b=
Wl’oo(Rzo—JR)

N+M
+ (| 1+\<N Ny |) el s m) -
Hence

N(M — «)
(a+ N)(a+ M)

2N
(N—M)(a+ M)

N+ M
(N —M)(a+ N)

X(POHPN,M,&) S

1+ N

which yields (3.6).

4 Robustness of the A-tracker

4.1 Well posedness of the closed-loop systems

For m,n € N with n > m, consider P, ,, as a subspace of the Euclidean space Rn?+2mn by
identifying a plant 6 = (A, B, C') with a vector € consisting of the elements of the plant matrices,
ordered lexicographically. With normed signal spaces U and ) and (6,2°) € Ppnm x R"™, where
20 € R™ is the initial value of a linear system (1.1), we associate the causal plant operator

P,2°) : Uy — Vo, 1 — P0,2°)(uy) :=y1, (4.1)

where, for u; € U, with dom(u;) = [0,w), we have y; = cz, x being the unique solution of (1.1)
on [0,w). Note that Pisa map from Un>m( n,m X R™) to the space of maps U, — V. Consider,
for A > 0, the adaptive strategy (1.5) and associate the causal control operator, parameterized
by A and the initial value k0 € R, i.e.

COMEY) © Voo U, yo— CON K (y2) i= us. (4.2)

Note that C is a map from Ry X R to the space of causal maps ), — U,.

In this Sub-section we show that, for Y =) = WI’OO(RZO — R™), that the closed-loop system
[P(0,2°), C(\, k°)] of any plant of the form (1.1) (with associated operator P(6,z°)) and adaptive
controller (1.5) (with associated operator C/(A, k%)), where (6,1°) € Prm x R™ and (X, k%) €
Rso x R, is regularly well posed. Furthermore we show that, for § € M,, ,,, the closed-loop
system [ﬁ(@,xo), 6(/\, k9] is globally well posed and (Z/I X y)-stable.

Proposition 4.1 Let m,n € N with n > m, A > 0, (,2°, k%) € M, ,,, x R™ x R and g, yo €
W (Rsy — R™). Then, for plant operator ]5(9,330) and control operator 5()\,k0), given
by (4.1) and (4.2), respectively, the closed-loop initial value problem [P(8,2°), C(X, k°)], given
by (1.8), (1.2), (1.5), is globally well posed and (W (R>g — R™) x Wh*(R>q — R™))-stable.

Proof. The proposition is a direct consequence of Proposition 2.1 O

Note that, for (A, B,C) € Py m, 20 € R*, A > 0 and k° € R, the closed-loop initial value
problem (1.1), (1.2), (1.5) may be written as

@(t) = Awx(t)+ Bluo(t) —ua(t)],  x(0) =2 € R",

B0 = da0) )], KO) = K € R, (4.3
ya(t) = wo(t) — Cu(t),

ug(t) = —k(t)ya(t),

where d) is defined in the Nomenclature.
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Proposition 4.2 Let m,n € N with n > m, A > 0, (0,2° k%) € Py x R" x R and ug, yo €
WL®(Rsg — R™). Then, for plant operator ﬁ(@,:ro) and control operator 5()\,]430), given
by (4.1) and (4.2), respectively, the closed-loop initial value problem [ﬁ(@,:ﬂo),é (A, k2)], given
by (4.3), has the following properties:

(i) there exists a unique maximal solution (x,k) : [0,w) — R™ x R, for some w € (0, o];
(ii) if & € W°([0,w) — R), then w = oo;
(iii) if yo € W1°([0,w) — R™), then w = oo;
) [P(8,2°),C(\, k°)] is regularly well posed.

(iv

Proof. (i): Since the right hand side of (4.3) is continuous and locally Lipschitz, the statement
follows from the theory of ordinary differential equations.

(ii): Suppose k € W ([0,w) — R) and, for contradiction, w < oco. Since dy(y2)? < da(y2) |y2| =
ke L*([0,w) — Rx>g), we have dx(y2) € L>®([0,w) — R>¢) and dy(y2) + A € L>([0,w) — Rxp).
Thus ys € L*°([0,w) — R™).

Since k € L*°([0,w) — R), Variation of Constants applied to (4.3) yields the existence of
constants cg, c; > 0 such that

Vite0,w) : |z(t)| <co <ecl“’ + /Ow ec1(w=s) (luo(s)| + |y2(s)|) ds> ) (4.4)

Since yo € L>([0,w) — R™) and uy € L>®(R>¢ — R™), it follows from the convolution in (4.4)
that the right hand side of (4.4) is bounded on [0,w) which contradicts the maximality of the
solution z. Hence w = o0.

(iii): Suppose yo € W1®([0,w) — R™) and, for contradiction, w < co. Then k = dy(y2) |ya| €
L>([0,w) — R) and, combined with

t t
VEE W) 1 KA = [ daa(s) )]s < [ Il ey A5 = @ 2l oy

we arrive at k € WH*°([0,w) — R). Now (ii) yields that w = oo. This is a contradiction and so
w = 00.

(iv): Let W = Wh™(Rsq — R™)xW1°(R5¢ — R™). By (i), the closed-loop [P(0,2°),C(\, k°)]
is locally well posed. To prove that [P(6,x°),C(),k%)] is regularly well posed, it suffices to
show that (3.2) holds. Let wo = (uo,y0) € W. Consider (wi,w2) = Hp B(0.429), C(/\’ko)(wo)
where dom(wq,ws) = [0,w) is maximal. Suppose that T, (w1, ws) € W x W. Then we have
Yo € WH°([0,w) — R™), which, in view of (iii), yields w = oo. Hence the closed-loop system is
regularly well posed. O

4.2 Robustness

In Propositions 4.1 and 4.2 we have established that, for (6,29, k%) € My, ,, xR" xR and m,n € N
with n > m, A\ > 0, up,yo € WH>*(R>¢ — R™), the closed-loop system [ﬁ(@,xo),a()\,k‘o)] is
globally well posed and has certain stability properties. Furthermore, in Proposition 2.1 \-
tracking is shown for linear systems belonging to class M, ,.

The purpose of this sub-section is to determine conditions under which these properties are
maintained when the plant P(6,2°) is perturbed to a plant P(0,z°) where (6,7°) € Py m x R
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for some g € N, in particular when 0 ¢ Mg m. The main result Theorem 4.5 shows that the
stability properties and A-tracking persist if (a) the plants P(6,0) and P(6,0) are sufficiently
close (in the gap sense) and (b) the initial data 7% and disturbance wg = (ug, yo) are sufficiently
small.

To establish gap margin results, we will need to construct the augmented plant and controller
operators as in [4]. Note that 0 ¢ M,, ,,,. Define U = RV x WHe(Rsg — R™) and
let W = U x Wl’OO(RZO — R™), which can be considered as signal spaces by identifying
§ € RV T2mn with the constant function t — 6 and endowing U with the norm 1(0,w)

gz -
\/|0|2 + [Jull3, %0 (Rag—R™)" For given P(0,0) as in (4.1), we define the (augmented) plant oper-

ator as
P Uy — WheRsg = R™),  (0,u1) =01 = y1 = P(iny) == P(0,0)(u1).  (4.5)
Fix A > 0, k° € R and define, for C(\, k%) as in (4.2), the (augmented) controller operator as
C i WS (Rog = R™) = Ta, yo T2 = Cl) = (0,COK)(w2)) - (46)
For each non-empty Q@ C M,, ,,,, define
W = (@ x WH®(Rsg — R™)) x WH®(Rsg — R™) and HPe = Hpclye.  (4.7)

It follows from Proposition 4.1 that HIQC © W2 — W x W is a causal operator for any
1 C My, . We now establish gain- function stability.

Proposition 4.3 Let m,n € N with n > m, k* € R, A > 0 and assume Q C M, , is closed.
Then, for the closed-loop system [P, C] given by (3.1), (4.5) and (4.6), the operator H%C, given
by (4.7) is gain-function stable.

Proof. For v : D,,, — R>¢ as in Proposition 2.1 and W given by (4.7), we have
YV ((0,u0),50) € W = [HP((0,10), %0) 5555 < 11((0,u0), wo)lly5 + 201((0, u2), y2) I35
< [I(uo, yo)lw + 3161 + 2v(8, (0, k%), uo, o) ,

and so, for ro := inf,cppe |lw|;; and 7 € (ro, 00), closedness of 2 yields

Q
(9,u0,y0)6W ) }<OO

g [Hg,c] (r) :=sup {H(UO,ZJO)HW + 310 +2v(0, (0, ko)aUanO) H(9 uo yO)”N <
M b W _—

Thus, a gain-function for H 1(9270 exists, and the proof is complete. O

The following proposition establishes (W1(R>o — Rm) x W (R>o — R™))-stability of the
closed-loop system [P(6,7°), C (), k:o)] for a system 6 belonging to the system class Py, if, for

a system 0 belonging to M, ,, and z° € R™, the gap between P(H,a: ) and P(H,a: ), the initial
value 2° € R? and the input/output disturbances wg = (ug, yo) are sufficiently small.
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Proposition 4.4 Let m,n,q € N with n,q > m, U =Y = WL ([R5 — Rm) W=UxYy
and 0 € M, . For (0,7°, k%) € Pym x RT x R and A > 0, consider P(0,7%): U, — Y.,
and C(\,k0): Yy — U, defined by (4.1) and (4.2), respectively. Then there exist a continuous
function 7: (0,00) — (0,00) and a function ¢: Py, — (0,00) such that the following holds:

\ (5,%0,11)0,7‘) € Pym X RT x W x (0,00) :
()2 + [[wollw < r

0 (P(H,O),P(e,o)) < n(r) = Hpgz0) 000 (wo) € WXW. (4.8)

Proof. We need to show how the gain-function stability of the augmented closed loop [P, C],
given by (4.5) and (4.6), yields the robustness property (4.8) for the unaugmented closed-loop
(P(6,70), C (A K.

By Proposition 4.2 the closed-loop [P(6,7°), C(A, k°)] is regularly well-posed for all 6 € Pym-
Consider the augmented operators defined by (4.5) and (4.6), i.e.

P: Pn,m XUy — Va, (57 ul) = P(g, ul) = ﬁ(é:vvo)(ul)
C: Vo — n,m X Ua, Y2 = C(yQ) = (070(/\7 ko)(y2))

For § € M,, , set Q = {#}. By Proposition 4.3, H]Q’C = Hpc|yye, given by (4.7), is gain-function
stable. By, for example, the proof of Theorem 4.D in [20], TTH13(9 0)//C (A k) is continuous for
all 7> 0, and so T;11p,/c|yye is continuous for all 7 > 0.

Then [3, Theorem 5.2] gives the existence of a continuous function u: (0,00) x Q — (0, 00) such
that

VY (0,0, wo,7) € Q x Pym X W x (0,00) :
[Hwouw <r A 5’(13(9,0),15(5,0)> gu(r,e)} = Hp g coum(wo) € WxW.
Note that the proof of [3, Theorem 5.2] holds also for the signal space W1 (R>q — R™)

although it is proved in [3] for Y =Y = LP(R>9 — R™), 1 < p < 0.

To prove (4.8) we will use [3, Theorem 5.3]. The statement of [3, Theorem 5.3] has been proved
forf =Y = LP(R>p — R™), 1 < p < co. Adding the simple fact that for any Hurwitz matrix
M € R™" it is (t — exp(M 1)), (t — % exp(Mt)) € L®(R>o — R"*™) the proof also holds
fortd =Y = WH®(R5o — R™)

The statement of [3, Theorem 5.3] for U = ¥ = WL (Rsq — R™) yields the existence of a
continuous function p: (0,00) x 2 — (0,00) and a function 1 : Py, — (0, 00) such that
\ (5,6’,5:0,11)0,7‘) € Pym X My m x REx W x (0,00) :
$O)Z] + Jwolbw <7

s _ — Hp g0 a0 (o) €W X W, (4.9)
5 (P(@,O),P(G,O)) < u(r,0) PO.82),0(0.k)

Finally, statement (4.8) follows on setting n(-) = u(-,0). O

Note that [3, Theorem 5.3] requires stabilizability of system 6 € Pym-

Finally, we are in the position to state and prove the main result of the present paper. Loosely
speaking, we show that the A-tracker also works for systems (A B C) € Pym which are not
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necessarily minimum phase, may have higher relative degree and negative high-frequency gain.
However (A, B, C’) has to be sufficiently close — in the terms of the gap metric — to a system

(A,B,C) € ./K/lvmm and the initial value 29 € R for (g, E, 5) and the input/output disturbances
(up, yo) have to be sufficiently small.

Theorem 4.5 Let m,n,q € N with n,g > m, U =Y = WH*Rsg — R™), W = U x Y,
EeR, A >0andd ¢ My . For (5,50) € Pym x R? consider the associated operators
P0,7%): U, — YV, and C(\,k%): Y, — U, defined by (4.1) and (4.2), respectively, and the
closed-loop initial value problem (1.1), (1.2), (1.5). Then there exist a continuous function
n: (0,00) — (0,00) and a function ¢: Py, — (0,00) such that the following holds:

\ (5,%0,11)0,7‘) € Pym X RT x W x (0,00) :
SO + wollw < r keWhe([Rzo — R),
o~ -~ — limsup |y2(t)| < A, (4.10)
5 (P(6.0), P(.0)) <n(r) oo s R)
x ’ >0 — )

where (z, k) and yo satisfy (4.3).

Proof. Step 1: We show
((u1,91), (u2,92)) = Hpg 70y 5x 40y (W) € W X W (4.11)

Choose functions 7: (0,00) — (0,00) and ©: Py, — (0,00) from Proposition 4.4. Let
(.3% w0,7) € Pym x RIx W (0,00) + (@) + llwollw < v A & (P(6,0), P(6,0)) < n(r).

Then Proposition 4.4 gives (4.11).
Step 2: By Proposition 4.2 it follows that (4.3) has a unique solution

(x,k): 0,w) - R xR

on a maximal interval of existence [0,w) for some w € (0, c0]. Proposition 4.2(iii) yields w = oco.

Step 3: We show k € L®(Rsg — R). Suppose, for contradiction, that k¢ L°(Rso — R), i.e.
there exists a sequence (t;) € (R>o)Y with ¢; > t;11 and lim k(#;) = co. Then

Lim dx(y2(t:)) [y2(t:)| = oo

and thus
1— 00
a contradiction to Step 1.

Step 4: We show k € L*(R>¢o — R). Suppose, for contradiction, that k ¢ L*(R>o — R), i.e.
tlim k(t) = co. Since uz € WH®(Rsg — R™), the forth equation in (4.3) yields tlim ya(t) =0,
and thus ‘

AT >0 V=T : k(t) =da(y2(t)) [y2(t)| = 0
which contradicts the assumption on k.

Step 5: By Step 3 and 4 we obtain k € WH* (R — R).
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Step 6: By Proposition 4.4 we have in particular ya, 92 € L (R>¢ — R™). Similar as in Step

10 of the proof of Proposition 2.1, we may establish that yo is uniformly continuous.

Step 7: By Step 6 and continuity of e — dj(e)|e| we obtain that ¢ — dx(ya(t)) |y2(t)| is uniformly

continuous. Hence, in view of k = dy(y2)|ya] € L'(R>9 — R), which is equivalent to k €

L*®(R>p — R), and Barbalat’s Lemma, see [1], tlim dx(y2(t)) |y2(t)| = 0 holds. This gives
> .

limsup |y2(t)| < A.

t—oo

Step 8: Tt remains to show that x € WL (Rsq — RY). Let (ﬁ,é,é) € Pym associated

with (1.1). Detectability of (g, B, 5) yields the existence of F' € R"*! such that spec(A+FC) C
C_. Setting g := — [F + k‘é} (Yo — y2) + Bug + Ek:yo gives

:t:[Z—k§5}$+§uo+§ky0:[Z—I—F@]x%—g. (4.12)

By Proposition 4.4 and Step 5 we have yo € W1 (R>q — R™) and k € WH°(R>o — R) and
since wy = (ug,yo) € WH™®(Rsg — R™) x Wh*(Rsq — R™) it follows that g € WH®°(Rsq —
R7). Hence, by (4.12) we obtain z € L*(R>9 — RY). The first equation in (4.3) then gives
i € L°(R>p — R?) which shows z € WH*(Rx>q — R?) and the proof is complete. O

Example 4.6 Finally, we revisit example (1.6).

In Sub-section 3.5 we have already shown that for zero initial conditions the gap between the
system (ﬁ, b,E) € P31\ M3 and (a,1,1) € My tends to zero as N = 2M and M tends to
infinity, see (3.6). Now, in view of Theorem 4.5 there exist a continuous function 7: (0,00) —
(0,00) and a function ¢ : P31 — (0,00) such that

V(2% wg, ) € R3 x W x (0,00) :
(A5, + llwollw < r |
= limsup [yo(t) — y1(t)| < A,

5 (Pi((:1.1).0). Bo((A5.8).0)) < n(0) o € TSRy — B

k e Wl’OO(RZQ — R),

where W = Wl’OO(RZo — R) x Wl’oo(Rzo — R).

This means in particular that A-tracking is achieved by the adaptive control strategy (1.4)
applied to system (1.6) despite the fact that it has unstable zero dynamics, has relative degree
two and negative high-frequency gain. The only restrictions are that the zero is “far” in the right
half complex plane, the initial condition z° is “small” and the W1 input/output disturbances
ug and yo are “small”, too.
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