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Abstract

A control strategy for stabilizing multi-input multi-output (MIMO) linear systems via feed-
back of the output and its derivatives is introduced. The feedback law is only based on
structural properties of the system such as vector relative degree, stable zero dynamics and
a positive definite high frequency gain matrix.

Keywords: linear systems, MIMO systems, vector relative degree, normal form, high
gain output stabilization

Mathematical Subject Classification (2000): 93D15, 34D05

1 Introduction

The present note deals with stabilization by output derivative feedback of linear systems with
m inputs and m outputs of the form
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where n,m € N and A € R™", B CT € R™™, System (1.1) has vector relative degree
r = (r1,...,7m) € NY™ if and only if, r; is, for i = 1,...,m, the least number one has to
differentiate the i-th output y; so that at least one of the m inputs uq, ..., u,, appears explicitly

and the rows c%n)A”_lB, e C?}Z)Arm_lB are linearly independent, see Definition 2.1(a).

Isidori [Isi95] gives a local definition of the vector relative degree for nonlinear multi-input multi-
output (MIMO) systems and in [Isi99] he presents a normal form for nonlinear MIMO systems
with given vector relative degree. Furthermore, this normal form is used to show the existence
of feedback laws which achieve asymptotic stabilization. To design these feedback laws the
system’s data must be known explicitly. To the author’s best knowledge, other stabilization
results for linear MIMO systems with vector relative degree are not available in the literature.
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In the present paper, it is shown that, in case of strict relative degree, see Definition 2.1(c), for
suitable design parameters ki,..., Lk, € R, independent of the system’s data, and sufficiently
large £ > 0, the simple high-gain controller

r—1
u(t) = -k Y K ki y () (1.2)
=0

yields an exponentially stable closed-loop system (1.1), (1.2); the only structural assumptions —
note that no system’s data are required — are: (1.1) has stable zero dynamics and CA" !B is
positive definite. (In the recent paper a matrix M € C™*" is called positive definite if, and only
if, its Hermitian part 1/2(M + M*) is positive definite. Thus it is not necessarily assumed that
M is Hermitian.) In case of non-strict relative degree, the controller is more involved but still
simple, see Theorem 3.2.

Similar stabilization results are well-known for the linear and nonlinear single-input single-output
(SISO) system (1.1), i.e. m = 1: First, (1.1) with relative degree r € N may be converted in the
normal form
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where Ri,...,R, € R, § € R P ¢ R* 7 and Q € R "> may be presented
explicitly in terms of the system matrices A, b and ¢, see [Isi95] and [IRT07]. An application of
the feedback wu(t) = Z;:& kiy1y@(t) to (1.3) yields the closed-loop system

0 1 0 0
<£>— 0 ... 0 1 0 <£>:
dt \n —1 -1 n

Ri+cA" “bky ... R, +cA" bk, | S
I P 0 ... 0 Q]

and if (1.3) has stable zero dynamics, that is @ is stable, a Lyapunov-function argument shows
that, for suitable kq,..., k,, the above system is exponentially stable. Here the high frequency
gain cA"'b € R must be known. Isidori shows the existence of design parameters &, k1,. .., k,
for a the stabilizing feedback u(t) = — Z;:ol K" ki 1y@ (t) for nonlinear SISO systems with
known lower bound for the high frequency gain [Isi95, Th. 9.3.1.], [Isi99, Th. 12.1.1.]. If the
high frequency gain is unknown but only the sign of cA"'b is known, the present proof that
the feedback law (1.2) is stabilizing for sufficiently large x > 0 becomes much more involved.

In the present paper, the above described SISO result will be generalized to MIMO systems of
the form (1.1). Although the stabilizing feedback strategies preserve the simplicity of (1.2), see
the main results Theorems 3.1 and 3.2, the proof is much more subtle. On the one hand the
proof is based on a generalization of normal form (1.3) for linear MIMO systems, see Proposi-
tion 2.2, which is implicitly contained in the nonlinear normal form [Isi99] and explicitly derived
in [Mue08] and has similar structural properties as (1.3); on the other hand the proof is based
on a root locus results on a sum of polynomials, see Lemma 4.1; finally, these findings allow for
the design of a Lyapunov-function and an appropriate scaling of the states leads to the desired



results. To the author’s best knowledge, these results are even for linear SISO systems still not
available in the literature.

The present paper is structured as follows. In Section 2 the normal form for linear MIMO systems
is presented shortly and the system’s zero dynamics are characterized. Section 3 contains the
control strategies and in Section 4 all proofs are given. The introduction is closed with remarks

on notation:

Nomenclature

[z@, . ,zfﬁ)} — [ e Crem,

/o /1| =L € Cem,

egl) = [le(k—l)’ 1701><(n—k:)
e](gm) = [le(k—l)’ 1,01><(m—k)]7

Opxcm € R2X™
I, € Rnxn’

C™(]0,00) — R™),

i

|z] ;== max{n € Z|n <z},

[l == lll2,

A1 = [[Alls = may

ax

Azl
Tzfl2

diag(A1, ..., Ay) € CPx7,

spec(A):={\eC|det(A,—A) =0},
wu(A):=max{Res|s € spec(A)},
):={s€C|p(s)=0},
p(p()):=max{Res|s € Z(p)},

Z(p

]T

RY[s] := {p € R[s]| u(p) < 0},

Bs(so) :={s € C||s — so| < 6},

I

where lgn) € C" denotes the i-th column of L and the
superscript (n) remarks the dimension of the vector,

where l{m) € C'*™ denotes the j-th row of L and the

subscript (m) remarks the dimension of the row-vector,
moreover the skew lines denote that the matrix is a
column matrix,

the k-th column unit vector in R”,

the k-th row unit vector in R*™,

the 0-matrix of dimension n x m,

the identity matrix of dimension n x n,

the set of m-times continuously differentiable maps
from [0, c0) to R™,

the maximum integer less or equal x € R,

the euclidian norm of x € C",

the matrix norm of A € C"*™ induced by the euclidian
norm,

a matrix with A; € C/*Ji_j =1,...,m, on the diagonal
and zeros otherwise,

the spectrum of the matrix A € C™"*",

the largest real part of the eigenvalues of A € C"*",
the set of zeros of p € C[s],

the largest real part of the zeros of p € Cls],

the set of all Hurwitz polynomials,

the ball in C of radius ¢ around sy € C.

2 Normal form and zero dynamics

Consider, for n,m € N and A € R™", B,CT € R™™, a linear MIMO-system (A, B,C) of
form (1.1). The (vector) relative degree of a such a system is defined as follows.

Definition 2.1 A linear system (4, B, C) of form (1.1) with A € R™*", B,CT € R"™™ has

(a) (vector) relative degree r = (r1,. ..

,7m) € NP> if and only if,

(i) Vie{l,....m}VEke{0,....,r; =2} : ¢ A*B = O1xm,

(ii) rk [C

1
(n)

ANTIB [ g APTIB [ [ R AT T B = m,
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(b) ordered (vector) relative degree r = (11, ...,7m) € NYX™ if and only if, (1.1) has (vector)
relative degree r = (r1,...,ry) with r1 > ro > ... > 1y,

(c) strict relative degree p € Nif, and only if, (1.1) has (vector) relative degree r = (r1,...,7y,) €
N> with p =11 =719 = ... = rp,.
Note that for any linear system (A, B,C) of form (1.1) with relative degree r = (r1,...,7m) €

N it follows that m = 1k el ANTUB /. [ ey AmTUB| < 1k B < minfn,m}. Thus
m < n.

Next a normal form for linear systems (A, B, C') with ordered vector relative degree is presented.

Proposition 2.2 [Mue08] Consider a linear system (A, B, C') of form (1.1) with ordered vector
Sy Tm) € NIXm o Get ps 1= > j—y7j. Then there exists an invertible

matrix U € R™*" such that the coordinate transformation

(-

converts (A, B,C) into

relative degree r = (rq,..

s

vz, €)= (@, o] o)D) € R n) e R

Z (2.1)
n
where
[0 1 0o 0 0 0 |Oixpory| | [ O1txm ]
0 0 1 0 0 0 0 |O1x(n_re) 01xm
Ry, Ri,, | Ry, R;,, RhLi... RL,. St el A B
0 0 0 1 0 0 0 01><(n7r5) O15m
0 0|0 ..0 1 0 0 [ Opy(nore) 01xm
Ry BBy B, |Ra.. R, 5 |||d,47B
A|B
e[ e [ e [ ] 2
0 0|0 ... 0 0 0 1 |Oix(nor 015m
R RM\RY, ... RE, Rv, ... Rm,_ | Sm A B
| P 0 | P 0 P, 0 ... 0 Q ||| Om-re)xm |
[ 1 0] o0 0 0 0 T
0 0 |1 0 : :
: : 0 0 Omx(nfv's) 0
: : 0
Lo 0|0 0 1 0... 0 | |

and Rfk €R, fori,j € {l,...,m}and k € {1,...,7;}, S*,..., 8™ c R*=") P .. P, c
R and Q € RO-7)X(n-r),



Note that input v and output y of the original system (A, B,C) and in normal form are the
same. The coordinate transformation does not affect v and y.

The zero dynamics of a linear system (A, B, C) of form (1.1) are defined as the real vector space
of trajectories

ZD(A,B,C) := {(x,u,y) € C([0,00) — R™) X Cpw ([0, 00) — R™) x C1([0, 00) — R™) )
(z,u,y) solves (1.1) with y = 0 on [0,00)} .
Using the normal form (2.1), (2.2) one can read off the zero dynamics of (1.1) very easily:
ZD(A,B,C) =
{(Vn,~T5m,0) € C1([0,00) — R") x €1([0,00) — R™) x C'([0,00) — R™) | 7y = Qn} .

1 gri—1 2 Ara—1 m Arm—1 1T mT] "
where T = [cb A8 [ @ A1B [ . [ pAmniB, s = S $mT] Q and
S1,...,8™ are given by (2.2) and V € R"*("~"°) is chosen such that

1 2 m
n) €n) “(n)
1 ri—1 2 ro—1 m rm—1
CmA” €A™ “mA

A linear system & = Az, for A € R™*" is called exponentially stable if, and only if|
IMA>0VE>0 : |lz(t)] < Me M|z (0)],

for all solutions z of z = Az.

With the above characterization of the zero dynamics of linear MIMO systems (A, B,C'), one
can show, see [Mue08], that the zero dynamics are ezponentially stable, i.e.

IM, A >0V (2,u) € ZD(A,B,C)Vt >0 : ||(z(t), u(®))]| < Me=||z(0)]],

if, and only if, the linear system 7 = Q7 is an exponentially stable linear system.

3 Stabilization

In the following an output derivative feedback controller is designed for linear systems (A, B, C)
of form (1.1) with (vector) relative degree r = (r1,...,7rn) € R1™ stable zero dynamics and
unknown but positive definite high frequency gain I' € R™*™.

First it is assumed that the MIMO systems has strict relative degree » € N. Note that in case
of strict relative degree it follows that I' = CA™'B.

Theorem 3.1 Suppose that system (A, B,C) of form (1.1) has strict relative degree r € N,
positive definite CA"~! B and exponentially stable zero dynamics. Then for any monic Hurwitz

polynomial <s — Z;ﬂ:—(} kit1 si) € R[s], there exists k* > 1 such that, for all kK > x*, the feedback

r—1
u(t) = -k Y K ki y () (3.1)
=0

applied to (1.1) yields an exponentially stable closed-loop system.



Next a feedback is given for MIMO systems with non-strict relative degree.

Theorem 3.2 Suppose that system (A, B,C) of form (1.1) has vector relative degree
r = (r,...,rm) € NY™  exponentially stable zero dynamics and positive definite

[c%n)A”’lB / c%n)A’”TlB / / CE’:L)A”"’lB}. Then for any m Hurwitz polynomials

ri—1

<S'—>Z]€j,i+18i>€R[S], i=1....m,
1=0

there exists k* > 1 such that, for all k > k*, the feedback

ri—1

r1—1 X (7')
w(®) z e
u(t) = : =K : (3:2)
rm—1 ) .
um(t) ZO K™ e i1 Yo ()

applied to (1.1) yields an exponentially stable closed-loop system.

4 Proofs

First some useful properties of Hurwitz polynomials are shown. For a polynomial p € R[s] write
¢
p(s) =pn H(S — ;)™ , can. fact.
j=1

for the canonical factorization of p with si1,...,s, € C pairwise distinct and my,...,my € N.
For the proof of Theorems 3.2 and 3.1, a root-locus result on a special sum of polynomials is
required. This result is an generalization of [HP05, Th. 4.1.2].

Lemma 4.1 For § >0, d € N let
(s = pi(s) = Pin—is" " + Pim—i18" T+ +pirs+pio) €R[s], i=0,....d

such that
Pdn—d >0, pon >0, p(pa(-)) < =6

and

(F»' — (k) = ponk? + pra1k? 4 + Pd—1,n—d+1K +pd,n—d) € R[sk] with pu(p(-)) < —6.
Then

d
ko >0VK> Ko : M(Zﬁkpk(-)> < —0/2. (4.1)
k=0

Proof. Write

141
Pa(s) = Pdn—d H(S — ()™, can. fact.
j=1



and

L2
p(k) = pon H(H — &)™, can. fact.
j=1
and, for v > 0,
d n
d(s) =Y 7 Fpils) = vpon [[(s —si0)),  with sif],...,saly] €C.
k=0 j=1

Suppose it is shown that, for a := max;c; . ¢,3{|(;|} +  and suitable numbering of the zeros
s,

39 > 0Vy € (0,7) :

{31["}/], SRR Sn*dh]} - U 86/2<<j) cC_ ) (4.2&)
je{1,....01}
{sn—a+1[7],---,snl7]} C{s € C|Res < —a} C C_. (4.2b)

Then there exists 79 > 0 such that for all v € (0,79) all zeros of g[y] are in C_5/5. Setting
k = 1 yields p[k] = k%[r™1] = k[y]. Hence, for all x,7 > 0 and s € C, p[x](s) = 0 if, and
only if, ¢[y](s) = 0. Thus setting ro = 7, yields (4.1).

In the remainder of the proof (4.2) is shown. One may choose €* > 0 such that

Vi,je{l,....;0a},i#7 + Ber(G)NBex(¢) =0,
Vi,jG{l,...,fg},i;ﬁj : Bg*(fi)ﬂBg*(fj):Q).

Then, an application of [HP05, Th. 4.1.2] to ¢[y]() = Zi;(l) Y4 Fpr () 4 pa(-) and suitable
numbering of the zeros s;[y] of ¢[v] implies

Ve € (0,min{e*,0/2}) Iv* =~"(e) >0V~ € (0,7") :
{si)-osna} € | Be(&y)s {sn—ar1il)s - salh]} © €\ Byje(0).
je{1,....01 }
Now u(pg(+)) < —¢ yields (4.2a).
For v > 0 setting = = s yields

al(s) = al](y ')

=7 (posy 2" + Pon—17v
e (pl,nfﬂ_nﬂiﬂn_l +

7n+1xn*1 4o +p071’yil$ +p0,0)

S Pl,ﬂ_lx + Pl,o)

7n+d71$n7d+1 +

+v (pd—l,n—d+1’)’ e +pd—1,1’Y*13? +Pd—1,0>

—n+dl,n—d + e —|- pd’l’}/_lx +pd,0)

+ <pd,n—d7
= "t (wnfd (po,nxd + pl,n—lxdil + o+ Pd-1p—dy1T + pd,nfd>
+ ’Y[ (Pon—12" " 4+ 9" pog) + (Pra22" 2+ +9"p1o)

+-+ (pd,nfdflwn_d_l +oot ’Yn_d_lpd,o) D .



Write

d
ahl(@) =" abl0 M) = 2" @)+ Y 3 (7 pkaat) = pon [ (@ - s10).

n—k—1 n
k=0 =0

J=1

Thus, by [HP05, Th. 4.1.2] and suitable numbering of the zeros z;[v] of g[v],

Ve € (0, min{e*,§/2}) 349 € (0, min {7*,504_1,1}) Vv € (0,7) :

{xl['y]?""xn—d[ﬂ} CBE(O)v {xn—dﬂ—lh]?"'axnh]} C U Be(fj)-
je{l, b}

Hence p(p(-)) < —0 yields, for suitable numbering of the zeros x;[7],

Vye(0,) : {znanihl-mahlle |J  Bsp)cCo. (4.3)
je{l,....l2}

Furthermore, pu(p(+)) < —6 and o < 1 yields

Vv e (0,7) Vao € U Bsa(&5) - v tao| > g two| > e ad /2 > @,
je{1,...02}

thus
Vye(O)Vaoe | Bsp) r v 'wo¢ |J Bspl)

Je{l,...t2} je{1,...,00}

and by (4.3), for suitable numbering of the zeros x;[v],

Vv e (0,7%) : {fy_lzvn_dﬂ[’y], ... ,7_130”[7]} € {s € C| Re(s) < —a},

whence, noting that for every v > 0 and zo € C, g[y](zo) = 0 if, and only if, ¢[y](y tzo) = 0,

(4.2b), which completes the proof. O

Next some properties of matrices, which are required to prove Theorem 3.2, are derived. The
principal minors of a matrix A = [a; j]; j=1,..n € R™*" are defined as follows: for a set of indices
{il,...,ik} withl1 < <--- <y <n, ke {O,...,n}, let

Qiyip Qiy g s iy ig
. ) ) Win iy Qioi : .
minor(A; {ir,...,ig}) :=det | 2" T ) minor(A; 0) :=1.
: ’ Qg1 i
Qi i s Qi i1 iy, igy

Lemma 4.2 Let A = [a; i j=1,.,m € R™*™ and b1, ..., by € R. Then

det(A + tdiag(by, ... ,bm)) = Y > minor (A; {ir,...,i}) [ wift™F. (44)
k=0 | 1<i1<-<ip<m ie{l,...,m}
i¢{i1,...,ix }
Proof. Write, for t € C,

det(A + tdiag(b, ..., bm)) = Pimt™ + pm_1t™F + -« + p1t + po



and define the function f: R™ — R by

flt1, ... tm) = det(A + diag(bity, . .., bmtm))
a1+ bitq a1 a1,m
— det as1 az.2 + bato
; . Am—1,m
am,1 Umm—1 Omm + bntm
= Z sgn(o) H (a’i,o(i) + bi,a(i)ti) ;
g€Sm i=1
where
b, ifi=o()
bio(i) == . .
0, ifi#o(i)

and S, is the set of all permutations of {1,...,m}. Then

f(t, ..., t) = det(A + tdiag(by,. ..

b))

po = f(0,...,0) = det(A) = minor(A; {1,...,m}).
Furthermore, the coefficients p; are given via the partial derivatives of f, that is
ak
= — F(t1, .. tm ke{l,....m}.
D DI vy o (R0 N RS
1<i << <m 1=--=lm
Moreover, it follows that
ak
———f(t1,.. ., tm)
8ti1 o '8tik t1=...=t;n=0
ok e
= ool Z sgn(o) H (@i0() + io(iti)
‘ " \oeSn i=1 t1=..=tm=0
> I [ )
= sgn(o) 5 ——— Qi o(i) + bio(i)ti
ol Otiy - O, i1 (@) () et
(0, if o (ix) # ix
bi, H1 (as,001) + i o(i)ti)
9! iZ;ik
= sgn(o) —————
O'EZSm Oty -+ atik‘—l + (aaikﬂ'k + biktik)
: ot Zl;ll (ai,a(i) + bi,a(i)ti)7 if o(ix) = i
iin
\ =0 t1=..=tm=0
0, 1f33:1,,ka(z])7éz]
— k m
B gs: Sgn(a) H bij H (ai,a(i) + bi,a(i)ti) y lij = 17 v 7k : U(ij) = ij
7Eom j=t = i=1
TFUL ek t1=...=t;m=0
k m k
= Z sgn(U)Hbij H Ui (i) = Hbii minor(A; {1,...,m}\ {i1,...,i}).
0ESm, j=1 =1 j=1
{i1,...,ik}CU (E S ST



Hence, for £k =1,...,m,

and thus

k
Pk = Z Hbijminor(A;{1,...,m}\{i1,...,ik}),

1<i1 <<, <m j=1

Pm—k = Z H b; minor(A; {i1,...,ix}),

1<ip < <ip<m ie{l,...,m}

1¢{i1,...,ik }

which shows (4.4) and completes the proof.

Lemma 4.3 Suppose A: (ko,00) — R™*™ kg € R, satisfies

Jo0>0VEt>ty : p(Alt) < —9.

Then the unique symmetric, positive definite matrix

satisfies

P(t) € R™™ . P(r)A(r) + A(r)T P(k) = =1,

Visry : [P < % (1+ (2’")!) .

Proof. For every x > ko choose

o) 0
Nk = - with (k) € {0,1}, i=1,...,m—1,
0 0
such that
A(r) = U(r) " [A(k) + N()] U (%)
=:J(k)
and
Vie {1, e, m — 1} : )\z(IQ) 75 )\Z'Jrl(/i) = wz(l-{) =0.
Then
Ve>rkoVie{l,...,m—1} : N(r)¥i(K) = Nit1(k)¢i(k),
and thus
VK> Ky :
0 )\1(5_)%(5) . 0 0 >\2(f€_)¢ (k) . 0
AMINE =1 T e ®| T A ()
0 0 0 0
= N(x)A(r),
h
whenee Vi > Ko eA(n)JrN(n) _ eA(n)eN(/i)

U(k) € C™™ invertible with ||U(k)|| =1
A(k) = diag(A1(K), ..., Am(k)) € C™*™

(4.5)



Then

|P(r)|| = H /OO eA(R) s AR) s g g H
0

v e e

S/ HeJ(m)s”QdS
0

S/O HeA(n)s”Q”eN(m)sH2ds
RN ACEAN
[ (%) e

7=0
00 m 1 m 1 2
—20s m
[ (Saeas)
=0 =0

<e(l4sm)2 =e(1+2s™+s2m)

IN

IN

o0
4e e 205(1 4+ s¥™)ds
0

2m

( [ e s} + /000 e 208 g2m ds>
( 268 ( 1)2mi(26);mi+1 (2?)' Si] )
i=0 0

(())

which shows (4.5) and completes the proof. O

&\H

Proof of Theorem 3.1. Let z(-) be a solution of (1.1).
Step 1: Representation of (1.1) in normal form.

By e.g. [IRT07, Lemma 3.5] or [Isi95, Section 4] there exists an invertible V' € R™*™ such that
the coordinate transformation
(i) (t) = Va(t)

converts (1.1) into (A4, B, C) with

0 I, O . 0 0
i(nzo...OImo 2l o |
Ry ... R. S CA™'B
PO..0Q 0
i ] (4.6)
= A=V AV-1 =:B=VB
v =& = (In,0,....0) <5)
~—\"
= C=Ccv-1
P e R(n—rm)Xm7 Qe R(n—rm)x(n—rm)’ = Rmx(n—rm)’ Ri,...,R, € Rmxm

In the following let T' := CA"™ ! B.

11



Step 2: Scaling of the state vector.
Setting ¢; = kg, fori =1,...,r, yields

. gl it .
Ci:IiH_éi:IiH_fH_l:KQ_i_l, forZ:l,...,r—l,
and

. Iy
Gr=kK T+£r

=k ((R1 — k1R T)E 4+ (Reo1 — Kk 1521 + (R, — /ikml“)fr) +rTHSy
1 1 .
=K <<K,TR1 - Hle) Cl + o+ (KQRTl - HkrlF) CT‘fl + <,{RT _ Iikirr> Cr> + Ii_T_‘—lSn ‘

Thus, for £ > 1, additional scaling

(7<7> = diag (Im, I{_IIm, ceey K_T+IIM7 Infrm) (i)

=:Ug
leads to
i 0 Im 0 ]
K
#(5) o= 0 ol o ()
Br gl Bt gk, gD B — gk, T | kTTHLS
K K K (4.7)
] P 0 0 Q |
= Ar k.
)= (10....,0) (6] 0

Step 3: Design of positive definite solutions of two Lyapunov-equations.

Similar to showing that the last row of the companion matrix contains the negative coefficients
of its characteristic polynomial, it follows that

0 I,

r—1
det | sI,, — R - =det | s, + kkip1st | T

=0
—kk I ... —kk.—1I' —kk.I

and, by Lemma 4.2,

r—1
det <sr[m + (Z Hki+18i> F>
i=0

r—1
= det (sTF_l + <Z K,ki+18i_[m>> det(T")

1=0

m r—1 m—j
= det(I") Z Z minor (T4 {i1,...,4;}) | €777 [ &7 (Z ki+15i>
=0

J=0 \1<i;<-<i;<m

12



Let {71,...,vm} = spec(I') C C and J € C™™ be a Jordan canonical form of IT'~!. Then
Lemma 4.2 yields

Z Z minor (I‘_l; {i1,... ,ij}) k™I = det (F_l + /‘&Im)

§=0 \1<i;<--<i;<m m

= det (J + L) = [[(v; ' + &)
=1

Since I' and I'"! are positive definite, spec(I'™1) C Cy, thus (k — p(k) == [[ (v ' + K)) €
R [k], and since (s = p(s) = Y20 ki si) € R¥[s] by assumption, setting

6 := —max {u(p(-)), u(p(-))} > 0,
and Lemma 4.1 yields

r—1
A" >0Ve>K" : p (s — det <sr m + <kai+1si> F)) < —0/2.

i=0
Thus, and since spec(Q) C C_, one may choose, for all K > k*, positive definite matrices
N¢(k) = Ne(k)T € Rm™>mr and N, = NUT e Rv=—mr)x(n=mr) guch that

N, (/{) O(T—l)me I(r—l)'m + O(r—l)mxm I(r—l)'m TN (/{) = I
¢ —kk1I' ... —kk,I —kk1I' ... —kk,D ¢ - mr o (48)
NnQ + QTNn = —Lmr-

Moreover, by Lemma 4.3 for all x > *

4 2mr)!
Vel < coi= 5 (1+ 5.

Step 4: Design of a Lyapunov-function to show exponential stability.

The derivative of
t= V(t) = 5 ) Ne(r)C() + §n(t) Nyn(t)

G () o=am ()0

yields, for all ¢ > 0, and omitting the argument ¢ for brevity,

along the solution of

V) = & (5N + 5" Ny
0 In 0
= (INe(w) | & ; I o ST o
B gkl Bt gk, T B gk, T KIS
+1" Ny (Qn + P(1)
(4.8)

K Om T— xmr 1
< B¢ + RCN(R) [RJ - R,}<+ IS gl el
Ll + NPl G

=5lICI? + 1N () 1Ry, ., RIS + = N () IS IS
+t NS TN = 1m0 + Zlnll* + 41N, PG

(5 ~ NI IRa, -, R = [N 1S]] = 413, P12

— (i _ IINclgf:EIIIIISII) ]2

13
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Setting
K™ := max {i +2(Co||(R1,..., Ry)|| — Co||S|| — 4| Ny PJ)), (8 Co |S])~" 1, n*} )
{5 wmon)
a:=min{—,—— o,
8Co’ 8| Nyl
yields, for all ¢ > 0 and k > k™,

V(t) < =glICOI? = slIn®1? < —gigans (O Ne(w)C(0) = gampn(®) Non(t) < —aV (1),

whence, since the initial value z(tg) = 2" for (1.1) leads to the initial value (f}) (to) = U Va®
for (4.7),

¢ maxspec "5 3 | ) ¢t
Vit >to Vg >0 : H( )ngxp(—a(t—to)) s H( 0) :
n(t) min spec [ CO(”) Nn} n(to)
which completes the proof of the theorem. O

Proof of Theorem 3.2. Without loss of generality suppose that (1.1) has ordered relative
degree 7 = (11,...,7m) € N'*™ otherwise note that for a linear system (A, B, C) of form (1.1)
with vector relative degree r = (rq,...,7r,) € N there exists a permutation matrix P €
R™*™ guch that the system (A, B, PC') has ordered vector relative degree rP = (71,...,7m).
Thus it is sufficient to prove the statement of Theorem 3.2 for systems with ordered vector
relative degree.

Step 1: Next it is shown that, for

rtoryo.. Tk A" T'B
rz r2 ... rz e ety AT 1B
re e Im cmA™ B

R{vk €R, fori,je€{l,...,m}and k € {1,...,r}, S',...,8" e R*»="") p .. P, cR*""
and Q € R")x(=") a5 in (2.1) and

AF,k,H =
[ 0 1 0 0 0 0 1
K : R R : : K :
0 .0 1 0 ... 0 0
Rl Ri, Ry, Rb.»
L —Tikki ... =1 Tk ki, el — T K km1 “rm — Tk ki, 51
M

0 0 0 1 0 0
K : : .k : .o k| -
0 0 0 .0 1 0

}:%-;1 — Ik ki L TRk, i’lﬁ# —Ihkkma ... L’”Jm — Ik kg, =S
[ anﬂ-mpl 0 ... 0 ] . [ K*V’mﬂ‘mpm 0 ... 0 ] Q

14



the closed-loop system (1.1), (3.2) is equivalent to

% (g) = Ar .k (g) (4.9)

AW e R™™ . <C> =Wzx.

in the sense that

v

By Proposition 2.2 there exists an invertible V' € R™*™ such that the coordinate transformation

(§) = Va converts (1.1) into normal form (2.1), (2.2). Thus the closed-loop system (1.1), (3.2)

is equivalent to (2.1), (2.2), (3.2).
Split ¢ as follows:
3 st
E=| : and =1 1eRY, je{l,....,m}.
e
For ease of notation define vectors

R, .= |R}

. . .
7 #71,...,Ri7T!L]€RXT“, Jypef{l,...,m},

where, for i € {1,...,r,}, Rfm” is defined by (2.2).

Setting Cf = /i”j_”_”lfg, for j e {1,...,m} and i € {1,...,7;}, yields

g = gt for j e {1,...,m}and i € {1,...,r;},
J +ri+1-1 7 R 0 0 J
—TrjTr1 -
) 51 k Cl 0 Hrl—rj+1 . : 1
g=1:1= z = )
J —rj+ritrj—1,sJ : . - 0 J
Tj KTy CT]' 0 0 K/""l_l HT/J_/
for j€{1,...,m},
and
rjo_ ri—ri—i+1EJ
G =r"7T1 &
_ L ri—r1—i+1le]
=K i1
_ori—ri—itl =it l=1 s sd - :
— il =it ZJ+1_/<;C3+1, for je{l,...,m}andie{1,...,r; — 1},
fjoo il Eg
T K é-Tj
m .
= tl ZR&{“ + S7n —I—cgn)ATj_lBu , for j e {1,...,m}.
k=1

Thus by (3.2) and y](-i_l) = ﬁf, for all j € {1,...,m} and 7 € {1,...,7;}, it follows that, for

15



je{l,...,m},

KT 0 0
m
.. _r . 0 ,{Tl_ri+1 . _ .
) A L Gt STy
i=1 : . . 0
0 0 kM1

ri—1 ri—i 1
‘ Zi:() K" kl,i+1 §¢+1
—kk ¢ AYTIB :
(n)

rTm—1 _rp,,—i m
doile K™ ki1 €1
m
=K kTR TTitIRI k1R Ch4 k™SI
= i1 0,20 i n
i=1

ri—1  ri—i ri—ri+ig. . 1
doito KMTURTT R g Gy
—r [1j 1 j .
. [FI,FQ,...,an

ol

Setting ¢ = k"™~ yields

Z:;n(;l KTm =1 —Tm+i

R, RI, R ‘ o
/i:z"/-;mil"“’ 2 =Tk ki, ki ki ¢S

myi+1 G

K

§ = Ry = e (z e+ Qn>

i=1
m m
— RImTT <Z erfripicil + Rﬁ?ﬁ@ﬁ) _ Z Hrmfripigil + Q0.
i=1 i=1
Thus, in view of the coordinate transformation

¢ = /{Tj—rl_i"‘lgg, for j e {1,....,m}, ie{1,...,r;},
v=r""Tn,

and setting ¢ = [¢'/¢?/ ... /¢™] the closed-loop system (2.1), (2.2), (3.2) is equivalent to (4.9).
Step 2: For r® := 3 " r; and

B 0 1 0 0 0 I 0 0 1 T
0 ... 0 1 0 ... 0 0 ... 0
—kT{[k1y ... k1] —k T [kap .. ko] =68 [kt - K] |
0 ... 0 0o 1 ... 0 I 0 ... 0 ]
A i 0 o o0 1 0 . o
7 —HF%[}CLl li'l] —HF%[kQ’l kaJ-z] _—Iil_‘gn[k:mJ km,'rm]_
0 0 0 0 0 1 . 0
0 .. 0 0 ... 0 0 0 1
L _K/FT[kl,1~~~ kl,rl} —Krgl[lﬁgyl... kgym} —&Fﬁ[k’m?l... km;fm] .
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it is shown that

39>03R">0VR>K" + p(Arp.) < —0/2. (4.10)
Set, fori =1,...,r1, m; := #{rj|rj >1i,j € {1,...,m}}, the number of r;’s, j € {1,...,m},
such that r; > ¢. Define the permutation matrices

— e o ) ) () ) ) (") )
Hp:=|e; "epfr--nen s €y '€ o s €y €ry s Cry s v+ Cony )
Z ri+1 Z r;+2 Z Ti+7r1
L i=1 =1 i=1
i 1 . m o2 [ ri—1 i o ]
o) o) “e) o)
eritl er1t2 e7’14-7“2—1 el T2
(r®) (r®) (r®) (r®)
HL = : : : : )
mo—1 mg—1 mrl—l mq
Zl ri+1 '21 ri+2 Zl 7‘ri—(7"1—1) 1;1 T
i= i= i= =
Lo sy [ C0re) | L€y ]
and
—_ | ) ()| () (r*) (r®) (r*)
Ip := |e} ",eq 7, <5 €ms" | Emy y Cmi4ms €. o ) )€y o
> mi+l > mytmey
i=1 =1
S S
el
1 1 1
(r*) (r*) (r*) (r*)
67"1—2 7" 76r1—1 erl—rl rrtty erlf(rlfl)
mi;+my m; MMy —(r1—2 m;
Eommnt 8 5 eyt
1= 1= 1= i=1
Then, for s € C,
HDHL (SITS — Ql[\’k’/i) ]___[R =
[ _Imfs
SImg Omz Xy 0771,2 XMy
O(m2fm3)><ms !
_Im4
Omg X1ma Slmg 0 0m3 Xms
(m3—m4)xmy
0m4><m3 51’m4
[ I
O(mr1 —1= My ) Xy
Omr1 Xma Omrl xXms3 Omrl XMy —1 SImrl
Hklyl 0 Hklyg 0 Kklyg 0 /‘ikl,rl—l 0
T| 0 Kkmya I'| 0 Kkmyo I'| 0 Kkmy3 T|0 H]Cm,.l =1
L {0(7n1—7n2)xm2J \‘O(ml—mg)xng [O(ml—m4)x7n4J 0(m1 — MMy ) XMy
0 ) -
0m2><m,.] |: nfx(mz mg):| OTVLQX(TVLlfNLQ)
mo—ms
0 0m7.1><(mrl,1fmr1) (4 11)
My —1 XMy I —m 3 .
1= ™
[71771,7»1} Omr1 X (mrl,l —mry ) O'mr1 X (ma—ms3) Omr1 X (mi—m2)
5[m1 +T diag (ffkl,r]a ceey I{kmrl<’f‘1~,’<’kmrl+1,’l‘1*17 ’ikmrlqm—h -~~~,f{km2+1,la ceey ’{krm,l)
=: 8k ]
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and

det(ILpIly, (sIys — Ar k) IIR)

= det(slp,)
i -1 0 _
817713 |:O N :| 0m3><m4 |:m}><(m3 m4):| Om3><(m1fm3)
(ma—my4)xmy m3—ma4
0/r
(7_;147711) Xms
. 0. _
det kkio+ %,‘i k11 0 kkiz 0 mg X (ma—ms3)
. r K kms+11 0
) ’ L, + TRy + — ) 0
0 Kkms2+ %/ﬁkms’l 0 Kkmy3 Fma i T 0 %
K Kma,1
|_ 0<m177n3>><m3 J Lo(mlfrn4)><m4J e
L 0(771,1 —ma) X (ma—ms3)
r1—1
> mi
=s=  det(sly,,)
T1 . 71 .
- det [s[ml + I'diag <Z Kky s M S K km,., as (),
i=1 i=1
7‘1—1 1—i 7‘1—1 1—i
> Kk, 18T S K, s (T,
i=1 i=1
.
! 1—1i ! 1—1
E ’k‘;ka-‘rl,isi( 7Z)7 R Z '%kml,isi( l)):|
=1 =1
T1 . T2 . Tmq .
= det |diag (s",...,s"™) 4+ I"diag <Z Kk1isTU S kkeustT 0D /{kml,i,sl*)] )
i=1 i=1 i=1

Recall that m = mq. Setting, for j € {1,...,m}, k/(s) :

Lemma 4.2 leads to

det(I") det(IIplly, (slps — ™Ar k) HR)

[ (T71) ) + mk(s) s (T71),
= det s (F‘_I)Q,l 5™ (F_I)Q,Z + Kk k%(s)
L s" (F_l)m 1

- s'm (F_l)m—lm
Srm—l (I‘\—l)

m,m—1

s'm (F_l)mm + /f’k:m(s)_

Z:]:1 kjis'~1 an application of

m .
= Z Z s(Zi=174) minor (T {i1, ... 451) H Ei(s) | k™7 (4.12)
J=0 | 1<i1<-<z;<m ie{l,....,m}
it{in,i5}
Observe that for fixed j = 0,...,m every summand in (4.12) is a polynomial in R[s] with degree

r® —m + j. Moreover, for j = 0, the summand in (4.12) equals p(s) := [[/~; k%(s) which is the

product of m Hurwitz polynomials and thus p € R [s], hence

35" >0 : ulp(-) < —0".

Let {v1,...,Ym} = spec(I') C C and J € C™*™ be a Jordan canonical form of I'"!.

Since

det(I'~! + kl,;,) = det(J + kl,) = [T (s + Wj_l) and T' and thus I'"! are positive definite,

18



whence spec(I'™!) C C, Lemma 4.2 yields
30 >0 : p| Kk Z
7=0 \1<i1<---<i;<m
Setting § = min{d*, §**} and since
det(sIrs — er,k,n) = det(HD) det(HL) det(HR) det(HDHL (Sfrs - ank’,f) HR) ,

e{-1,+1}

Lemma 4.1 and (4.12) yield (4.10).

minor (F_l s {i1, .., 45)) KM < =0

seC,

Step 3: Tt is shown that, for any initial value z(to) = 2° for (1.1) or, equivalently, (g) (to) =

Wz for (4.9),

Ja>03Ir™>0VE>K™IM=M(k) >0Vt >ty Vig >0 :

‘(%;)H < exp (—a(t —t)) M H (%g;)” . (4.13)

By Step 2 and Lemma 4.3 and since system (1.1) has stable zero dynamics, i.e. spec(Q) C C_,
one may choose symmetric positive definite matrices N¢(k) = N¢(r)T € R™*™ for all k > k¥,

and Ny = Ng e RO=r")x(n=r°) gych that

Ne(R) Ur g + AL Ne(k) = —Irs, Ny Q+ QT Ny = —L_ys,

and moreover A or\!
Ve>kK : ||Ne(r)| < Co ::€<1+( i )> .

5 g2

where ¢ = [CI/CZ/.../C"L].
Let (¢T,97)T be an arbitrary solution of the closed system (2.1), (2.2), (3.2). Set

0 1 ... 0 0 ... 0 (01 (n—re)

0 ... 0 1 || 0 ... 0 01 (n—r*)

Ri, Rin Ria R g1
K1 K K'm K KTm i

Ri =K , S. =k

0 ... 0 0 1 .. 0 —le(@#s)_

0 ... 0 o ...0 1 01 (n—re)

R R R4 R v 1 gm
L KL K K™m K J L L k™m a

Then differentiation of

e V() = 0T NG + 500 Nad(1)
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along (¢T,97)T yields, for all t > 0, and omitting the argument ¢ for brevity,

Vo = g (56N 5N
= % (ETNe(R)C + CTNC(R)C) + ! (19TN1919 + 07Ny
— % ([anrkHC-l-fRnCﬁ-G 19} c(m )C—FCTNC( )[Hﬂp7k7ﬁg+%mg+65ﬁ]]

T
1 mop. . np .
+§ (Qﬁ + Z Krljrm C{) Nov + ﬁTNﬂ (Qﬁ + Z KT’lj’f‘m C{)
j=1

=1
= %("5 CT (UL o Ne(K) + Ne(8)™Ar k) ¢+ CTRENe (1)¢ + ¢TNe (k)R

+ TSI (R)C + TN (1) &)

% (ﬁT (Q"Ny +NoQ) 0 + >

‘ pr P ‘
hH” LNyl + 97T Ny pr— C{] )

rL—nr
j=1

4.14 1 i j

e —5#IC 4 (TN (R)ReC + N (1) S 19—*|19!2+ZQ9T1\@9 prrSE

7j=1
and since ry > -+ > 1, > 1 and k > 1 it follows that

1
< = SRl + INCEIHIRATICH + [N IS HICH ]

Noll \Psll o
e+ Z” LB e oy

KT1—Tm

V(t)

1
< — I + NG IR I + 2N () IS IICI + S o1
1 - ; 1
= 31017+ 3 (2Nl IR + 917
=1 m
1 m
< — SRICI + INC IRl €17 + 21N () I SIICI? + 2milNol? D 1P

j=1
1 1 1

77292 7192 7192
LI+ L1+ m L)

J=1

1 Ui 1
< - (25 — [INc(R) [ 11l = 2[| Ne(5) 12| &1 — 2m]| Ny ? Z Pj2> I<I? - leﬁlﬂ

where R, &1 are defined setting x = 1 in (4.15). Setting

kk 1 < *
K= maX{4 +2 (009‘{1 ~2C3|&4]? QmNﬁQZPjQ) K } ;

j=1

, { 1 1 }
a:=ming —,——— ¢ ,
8Co’ 8[| Ny

maxspec[NC(“) 0 }
Mo 0 Ny

min spec [NCO(”) ]\(f)ﬂ }
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yields, for all t > 0 and all K > k™,

. 1 1 1 1
V(t) < =K@ = 190 < = o7 SO Ne(r)C(8) = I(t)T Ngd(t) < —aV (1),
8 8 BINc(m)> 8|
hence (4.13) which shows the exponential stability of the closed-loop system and the proof is
complete. O
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