Elgersburg Lectures — March 2010

Lecture Il

LATENT VARIABLES




First-principles models invariably contain latent (auxiliary)
variables in addition to the (manifest) variables the model

aims at.

In this lecture we study the emergence of latent variables ah
their elimination for LTIDSs.
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vV vy vVvyVvyy

The emergence of latent variables in physical models
The elimination theorem

The three theorems

State models

State construction for discrete-time LTIDSs
State construction for continuous-time LTIDSs
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Springs in series and in paralle|
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Interconnected springs
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Il Model the relation betweenlL and F !
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Interconnected springs

L
F = = F
Il Model the relation betweenL and F !!
Typical force/length characteristic for a simple spring.
AL
, Ly
e | *
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0 = F
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Springs in series

Model for (L,F) (assume that for the individual springs
the length is a function of the forcg:

L1 = p1(Fr), Lo = po(F),
F=F=F, L=L+L

(L,F): ‘manifest’, (L1,F1,L2,F): ‘latent’ variables.
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Springs in series

< F

Model for (L,F) (assume that for the individual springs

the length is a function of the forcg:

L1 = p1(Fr), Lo = po(F),
F=F=F, L=L+L

(L,F): ‘manifest’, (L1,F1,L2,F): ‘latent’ variables.

After elimination of the latent variables:

L = p1(F) +p2(F)|.

Latent variables are easily eliminated in this case.
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Springs in series

< F

Model for (L,F) (assume that for the individual springs
the length is a function of the forcg:

L1 = p1(Fr), Lo = po(F),
F=F=F, L=L+L

(L,F): ‘manifest’, (L1,F1,L2,F): ‘latent’ variables.
After elimination of the latent variables: |L = p1(F) + p2(F) |
Latent variables are easily eliminated in this case.

Linear springs: Ly =L} + p1F1, Lo = LS + pob,
~  L=L1+L+(p1+p2)F
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Springs in parallel

Model for (L,F) (assume that for the individual springs
the length is a function of the force:

L]_:,O(Fl)a LZZP(F2)7
F=F+F, L=L;=Lo.
(L,F): ‘manifest’, (L1,F1,L2,F): ‘latent’ variables.
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Springs in parallel

Model for (L,F) (assume that for the individual springs
the length is a function of the force:

L1 = p(Fp), Lo = p(F2),
F=F+F, L=L;=Lo.

(L,F): ‘manifest’, (L1,F1,L2,F): ‘latent’ variables.
After elimination of the latent variables:

#={(L,F)|3a:L=pia)=pa(F —a)}]
Latent variables are not easily eliminated in this case.
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Springs in parallel

Model for (L,F) (assume that for the individual springs
the length is a function of the force:

L1 =p(F), Lo =p(R),

F=F+F, L=L1=Lo.
(L,F): ‘manifest’, (L1,F1,Lo,F): ‘latent’ variables.
After elimination of the latent variables:
Z={(LF)|Ja:L=pi(a)=p(F—a)}|
Latent variables are not easily eliminated in this case.
Linear springs: Ly = L3+ p1F1, Lo = L5 4 pob,

__ _P2 | * P11 x P1P2
~ L=tz oe
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What springs teach us

» First principles models invariably contain latent
variables, in addition the manifest variables the model

aims at.

» It may be impossible to eliminate latent variables, even
for simple models.

» Be careful about claiming what variable ‘causes’ what.
For a simple spring we may think of the force as causing
the length, but this situation is already not robust under
parallel connection of two such springs.
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What springs teach us

» First principles models invariably contain latent
variables, in addition the manifest variables the model

aims at.

» It may be impossible to eliminate latent variables, even
for simple models.

» Be careful about claiming what variable ‘causes’ what.
For a simple spring we may think of the force as causing
the length, but this situation is already not robust under
parallel connection of two such springs.

We now illustrate the emergence and elimination of latent
variables for dynamical systems.
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A mass-spring systen

L
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Two masses connected by a sprin

e -
A + equilibrium length

Il Model the behavior of Al
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Two masses connected by a sprin

NN
i

e -
A + equilibrium length

Il Model the behavior of Al

View as interconnection of 3 systems.

mass mass

spring
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Behavioral equations
Now interconnect:

TR

1 A + L* 1
G q; @ C:
Constitutive equations
d2 d2 / / / /
S =F, m—p@=FR, q-g=L"-pF, F=F;,

dt dt

with my and mp the massesp the elasticity coefficient of the
spring, and L* is equilibrium length.
Assume that the spring operates in its linear regime.
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Behavioral equations
Now interconnect:

eSS
KRR

1 A + L* 1
G q; @ C:
Constitutive equations
d? d?
M o0 = F1, Momte =P, 01— =L"—pF, F{=F;

Interconnection equations
Fl=F, R+F=0 =0 G=0
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Behavioral equations
Now interconnect:

My my

: A + L* :
qu Eqa EQ’Z ®
Constitutive equations
ml(;j—tzzch = Fy, lngl—tZZCIz =k, q1—Q=L"—pF, F=F;

Interconnection equations
Fl=F, R+F=0 =0 G=0

Manifest variable:

A=qg;—go—L".
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Manifest behavior

A+L*

G q @ C:

After elimination of the latent variables
Fi, R, F,F, 01,02, 07, 05, the following equation is obtained for
the manifest variable A

m d? 1
M & A Za—o.
my + mp dt? o
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An RLC circulit




RLC circuit

Model the port behavior of this circuit!
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Manifest variables: V, the port voltage, andl, the port

current.

RLC circuit

Model the port behavior of this circuit!

T=R,W=R? w=

V
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Choice of latent variables

To model this circuit, we use nodal analysis.
Associate a digraph with the circuit:

Latent variables: potentials of vertices, currents in edges:
(V17V27V37V4)7 (|8.7 Ib7 IC) Id7 |67 I f)-
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Behavioral equations

KCL: vertex 1: la+lc+1g= 0,
vertex 2: lc+1le= 0,
vertex 3. lg+ 1 = 0,

|
O

vertex 4: b+ le+ |+
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Behavioral equations

KCL: vertex 1. la+lc+1g= 0,
vertex 2: lc+1le= 0,
vertex 3. lg+ 1 = 0,
vertex 4: b+ 1le+1f = 0.
Constitutive edge c: Vo —Vi = Rele,
IoNS: d
equations edge d: Vo—Vi= Lla
d
edge e: ca(vz — V) = g,

edge f: V3—Vi= R I+.
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KCL:

Constitutive
equations:

Manifest
variables:

Behavioral equations

vertex 1: la+1lc+1g= 0,
vertex 2: lc+1le= 0,
vertex 3. lg+ 1 = 0,
vertex 4. b+ 1le+1f = 0.
edge c: Vo — V1 = Relg,
d
edge d.: V3 -V = L—Iqg,
dt
d
edge e: ca(vz—v4) = lg,
edge f: V3—Vi= R I+.
port voltage: V = V) —Vg,

port current: | = I;.
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Behavioral equations

In total, 10 latent variables: (V1,V2,V3,Vy, g, lp,lc, lq,le, 1),
2 manifest variables: (V,1),

and 10 equations.
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Behavioral equations

In total, 10 latent variables: (V1,V2,V3,Vy, g, lp,lc, lq,le, 1),
2 manifest variables: (V,1),

and 10 equations.

Which equations govern(V, 1) ?

A straightforward calculation (left as an exercise) leads® the
following answer.
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The port behavior

The port behavior is described by the following ODE:

Case 1 CRc # &

Rc Rc d L d?
(W (H@ CRe +C )

Case 2 CRc ==

Rc d B d
(ﬁ -I-CRCE> V = (1—|—CRCE> Re |

—n. 18/6¢



The port behavior

» The behavioral equations after elimination tellexactly
what the port behavior is.
There are no hidden assumptions.

» Next, we prove that complete elimination of the latent
variables is always possible in the class of linear constant
coefficient differential equations.

It Is a theorem!
The RLC circult illustrates this in a particular example.

» The different cases show that elimination is not a trivial
matter. The order of the differential equation may
chance with the element values, etc.
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The elimination theorem
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Elimination problem

Assume that the (equations specifying the) extended behavi
BextendedN@S a Certain structure.

Does the manifest behaviorZ retain this structure?
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Elimination problem

Assume that the (equations specifying the) extended behavi
BextendedN@S a Certain structure.

Does the manifest behaviorZ retain this structure?

‘Structure’: linearity, open, closed, (semi-)algebraic \ariety,
polyhedron, solution set of ODEs, behavior of LTIDS, ...
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Elimination problem

Assume that the (equations specifying the) extended behavi
BextendedN@S a Certain structure.

Does the manifest behaviorZ retain this structure?

‘Structure’: linearity, open, closed, (semi-)algebraic \ariety,
polyhedron, solution set of ODEs, behavior of LTIDS, ...

We have lillustrate the emergence of latent variables,
and their elimination in a few examples.
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Consider the dynamical systen® = (T, W1 x W5, ).
Define the projection %1 = (T, W1, %1) with
PB1={w1:T — Wy | Iwy: T — W, such that (wg,w,) € A}

In the LTIDS case, # € L1172, B C €~ (R, R"11v2)
Therefore, 41 C € (R,R"1).
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Consider the dynamical systen® = (T, W1 x W5, ).
Define the projection %1 = (T, W1, %1) with
PB1={w1:T — Wy | Iwy: T — W, such that (wg,w,) € A}

In the LTIDS case, # € L1172, B C €~ (R, R"11v2)
Therefore, 41 C € (R,R"1).

The question which we consider is if, wherk is a LTIDS,
21 Is also a LTIDS. In other words,

(% € L"11%2] = [B € L] ?
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In a picture

 [R¥2

R¥1

L

v

[% € L"17V2] = [HB1 € L] ?

projection
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Elimination theorem

Theorem

Z* Is closed under projection, that is,

[% € L"11%2] = [B1 € LM].
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Elimination theorem

Theorem

Z* Is closed under projection, that is,

[% € L"11%2] = [B1 € LM].

With J q
(a) (@)

a kernel representation of4, and

d

a kernel representation of%41, we think of this theorem as
‘elimination’ of the variablesw, from the equations.
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Proof in telegram-style

Let Ry (&) wi = Ry (&) w2 be a kernel representation of

B.

Note that it can be assumed, without loss of generality,

that Ry Is in Smith form,

_ _RIZ- _
Ry = 2| =

with dy.dy, ,....d, # 0.

di ag(dy,dp,. .., dy)

O(nl—r) XT

Or (no—r)
Ony—x)x (nz—x)
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Proof in telegram-style

Let Ry (&) wi = Ry (&) w2 be a kernel representation of
A.

Note that it can be assumed, without loss of generality,
that Ry Is in Smith form,

R, — R/Z _ di ag (dl,dz, e ,dr) Orx(nz—r)

Ry Ony —r)xr Ong 1) (np—1)

with dy.dy, ,....d, # 0.

Observe thatR, (&) is a surjective operator (see
Proposition 4 of the section on differential operators).
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Proof in telegram-style

Let Ry (&) wi = Ry (&) w2 be a kernel representation of
A.

Note that it can be assumed, without loss of generality,
that Ry Is in Smith form,

R, — R/Z _ di ag (dl,dz, e ,dr) Orx(nz—r)

Ry Ony —r)xr Ong 1) (np—1)

with dy.dy, ,....d, # 0.

Observe thatR, (&) is a surjective operator (see
Proposition 4 of the section on differential operators).

_Rll_ _RIZ
R al

Then R/ (%) wi = 0is a kernel representat_ion of 4.

Partition Ry = conformably to Ry =
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Applications of the elimination theorem

» Elimination of state variables (X) in input/state/output
systems:

d d d
aX—AX—F Buy=Cx+Du, ~ P (&) y = Q(&) u.

» Elimination of nuisance variables ) in DAES:

d d
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Applications of the elimination theorem

Elimination of state variables (X) in input/state/output
systems:

d d d
aX—AX—F Buy=Cx+Du, ~ P (&) y = Q(&) u.

Elimination of nuisance variables ) in DAES:

d d

Elimination of latent variables (¥):
d
R(a)w_a

() (@)
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>

Applications of the elimination theorem

Elimination of state variables (X) in input/state/output
systems:

d

d d
aX—AX—F Buy=Cx+Du, ~ P (&) y= Q(&) u.

Elimination of nuisance variables ) in DAES:

d d

Elimination of latent variables (¥):
d
N(a>w_0

() (@)

Z* Is closed under

Intersection, addition (see Exercise 111.3), and projecton .
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Applications of the elimination theorem

For the RLC circuit, KCL, the constitutive equations, and the
manifest variable assignment: all linear constant-coeffient
differential equations — most of them algebraic equations
(zero-th order), but linear constant-coefficient differertial
equations nevertheless.

Elimination theorem = the latent variables (the potentials of
the vertices and the currents in the edges) can be completely
eliminated. = the port behavior is described by linear
constant-coefficient differential equations.

Since there are 2 real port variables, there could be 0, 1, or 2
differential equations that govern the port behavior. We
derived that the behavior is described byone the differential

equation. To prove that there is exactly one for a minimal

kernel representation for the port behavior requires use ofthe
passivity properties of the circuit elements.
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Applications of the elimination theorem

Some of this is readily generalized to any linear RLC circuit
The external terminal behavior will be always be described ig
a system of linear constant-coefficient differential equabns,
since all the equations that describe the extended behavior
(KCL, the constitutive equations, and the manifest variabé
assignment) are linear constant-coefficient differential
equations.
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The three theorems




For LTIDSs

The following are the three main theorems for LTIDSs.

1. Theorem 1. There existsa 1+« 1 relation between "
and the R [§]-submodules ofR [&]".

2. Theorem 2 A LTIDS is controllable if and only if its
behavior is the Image of a linear constant-coefficient
differential operator.

3. Theorem 3 Elimination. .Z* is closed under projection:

[ € 2] = [M1B € 2.

[y, defines the projection onto the firstw; components.
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For discrete-time LTIDSs

These theorems remain valid for discrete-systems.

The relevant ring for the caseT = Z isR[&, & 1.
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These theorems also remain valid for systems described by
linear constant-coefficient PDEs with

» therelevantring R |[¢1,&o,. .., &,
» the appropriate notion of controllability.
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n-D controllabilty

[(R*,RY, #) is controllable | ;< [V wy, W, € £, and V open
subsets01, 0o C R® with non-intersecting closuresdw € %
such that

W|01 :W1|01 and W‘Oz :W1‘02H°
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n-D controllabilty

[(R*RY %) is controllable | ;< [V wy,w, € £, and V open
subsets01, 0o C R® with non-intersecting closuresdw € %
such that

Wlo, =Wi|o, and Wwjo, = Wi|o,].

This definition is illustrated in the picture below.




State representations
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The ubiquitous input/output/state systems

» Are input/state/output state representations

%x: f(y’u)7 y = h(X,U); %X:AX—I— Bu, y=Cx+ Du

a ‘natural’ starting point for modeling?
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The ubiquitous input/output/state systems

Are input/state/output state representations

%x: f(y’u)7 y = h(X,U); %X:AX—I— Bu, y=Cx+ Du

a ‘natural’ starting point for modeling?

Mechanics~» 2nd order differential equations.
SYSID, transfer functions ~» high-order equations.

First principles modeling and
‘tearing, zooming, and linking’ (see Lecture V)
~ |atent variables,

Invariably, there are algebraic constraints among
variables.
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The ubiquitous input/output/state systems

» Are input/state/output state representations a ‘natural’
starting point for modeling?

No Way!
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The ubiquitous input/output/state systems

» Are state representations important?
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\ 4

The ubiquitous input/output/state systems

Are state representations important?

1st-order, i/o partition ~» initial condition, simulation.
1st-order ~» algorithms based on linear algebra.

Sometimes, ‘state’s natural: think charges on
capacitors & fluxes in inductors in electric circuits,
positions & momenta in mechanics, Markov processes,
state in QM, etc.
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The ubiquitous input/output/state systems

» Are state representations important?

You bet!
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» Whatis a first principles definition of ‘state?

» What does that imply for the equations?
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What is a first principles definition of ‘state?
What does that imply for the equations?

IS it possible to derive a state variable from the
equations?

Give algorithms for state representation.
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The notion of state
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State and concatenatior

Notation:

A dynamical system is denoted asT, W, %).

A dynamical system with latent variables is denoted as
(T,W,L, @full)

with IL the space of latent variables,
P the ‘full’ behavior.

After projection (elimination) ~» (T, W, %)
% = the ‘manifest behavior'.

For state models, however, we denoté by X instead.
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State and concatenatior

> = (T,W,X, %), Bl € (W xX)", is astate system if
[(W1,X1), (Wo,X2) € PBrun and Xq(t) = Xo(t)]
|
[(wq,X1) A (W2,X2) € B |

/t\ denotesconcatenation at t:

fi(t') fort’ <t
fo(t") for t’ >t

(fun f2)(t) = {
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State in a picture

(W17X1)7 (W27X2) < c%}full and Xl(t) — X2(t)

4

(W1,X1) A (W2, X2) € SBruil
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State In a picture

(W17X1)7 (W27X2) < %full and Xl(t) — X2(t)

4

(W1,X1) A (W2, X2) € SBruil

W

v

//// time
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State In a picture

(W17X1)7 (W27X2) < %full and Xl(t) — X2(t)

4

(W1,X1) A (W2, X2) € SBruil

(X1,W1) \—'\>& —\_/ /
WV
)\ X

//// time

/ /W
time
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Discrete-time first-order representations

Theorem: A ‘complete’ latent variable system

(Za W7 Xa ’-%’full )

IS a state system if and only if %5, can be described by

fo(ox,x,w)=0

O-th order in w, 1st order in X.
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Discrete-time first-order representations

Theorem: A ‘complete’ latent variable system

(Z7W7 Xa ’-%’full)
IS a state system if and only if %5, can be described by

fo(ox,x,w)=0

O-th order in w, 1st order in X.

Linear case:
Eox+Fx+Gw=0 E.F, G matrices.

1st order in x is the essence of the state property!
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State maps




State construction for discrete-time systems: basic ide

Problem: Given a kernel (or image or other) representation of
P e L7, find a state representation

Eox+Fx+Gw=0

with manifest behavior £4.
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State construction for discrete-time systems: basic ide

Problem: Given a kernel (or image or other) representation of
P e L7, find a state representation

Eox+Fx+Gw=0

with manifest behavior £4.

Strategy: First compute polynomial operator in the shift
acting on the system variables, inducing a state variable:

X=X(ag)w.
X(0o) is called astate map

Then use the original equations andX to obtain 1st order
representation.
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State maps for discrete-time kernel representation

X e R**¥[£] induces a state map X(a) for ker nel (R(o)) if

the behavior %, with latent variable x, consisting of all (w; X)
such that

Riojw = 0
X(oOw = X

satisfies the state property.
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State maps for discrete-time kernel representation

X e R**¥[£] induces a state map X(a) for ker nel (R(o)) if

the behavior %, with latent variable x, consisting of all (w; X)
such that

Riojw = 0
X(o)w X

satisfies the state property.

» State maps exist.

» Minimality (dimension of state space as small as
possible).

» State map~- state representation.
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Minimal state maps

State system R, R", R", &) is (state)-minimal if every other
state system R, R¥,R™ , %} ) with same external behavior is
such thatn’ > n

Minimal state dimension: n(%),
the ‘McMillan degree’ of % (see Exercise Il1.6).
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Minimal state maps

State system R, R", R", &) is (state)-minimal if every other
state system R, R¥,R™ , %} ) with same external behavior is
such thatn’ > n

Minimal state dimension: n(%),
the ‘McMillan degree’ of % (see Exercise Il1.6).

Minimal state map ~» minimal state variable
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Minimal state maps

State system R, R", R", &) is (state)-minimal if every other
state system R, R¥,R™ , %} ) with same external behavior is
such thatn’ > n

Minimal state dimension: n(%),
the ‘McMillan degree’ of % (see Exercise Il1.6).

Minimal state map ~» minimal state variable
Minimality of (R,R",R® %¢) equivalent with:

» Trimness: for every Xp € R® exists (W,X) € Hs
such thatx(0) = Xo;
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Minimal state maps

State system R, R", R", &) is (state)-minimal if every other
state system R, R¥,R™ , %} ) with same external behavior is
such thatn’ > n

Minimal state dimension: n(%),
the ‘McMillan degree’ of % (see Exercise Il1.6).

Minimal state map ~» minimal state variable
Minimality of (R,R",R® %¢) equivalent with:

» Trimness: for every Xg € R® exists(w,X) € Ay
such thatx(0) = Xo;

» Observability of x from w < existsX € R**¥[£]
s.t. x= X(o)w.
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The shift-and-cut map




The state property revisited

A linear systemZ = (T, W, X, % ) with latent variable xis a
state system if

(W, X) € SBru and x(t) =0

Y
(O, O) /t\ (W, X) e LBl

» Time-invariance = can chooséel = O;

» Concatenability with O trajectory is key;
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When isw € &4 concatenable with 0%

RoW-+Riow+...+R otw=0

k=— k=0 k=1 k=2 k=3
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When isw € &4 concatenable with 0%

Row+ Riow+ ...+ R atw =0

0 0 Ro Ry Ro R3
0 0 |[w) | w(l) | w2 | w3
k=—2 | k=—1| k=0 | k=1 | k=2 | k=3
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When isw € &4 concatenable with 0%

Row+ Riow+ ...+ R atw =0

0 R R R R R
0 0 |[w) | w(l) | w2 | w3
k=—2 | k=—1| k=0 | k=1 | k=2 | k=3

Row(0) + Riw(1) 4 ...+ Row(L)
Riw(0) + Row(1) +... + Rew(L — 1)
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When isw € &4 concatenable with 0%

Row+ Riow+ ...+ R atw =0

Ro R Ro R3 R4 Rs
0 0 |[w) | w(l) | w2 | w3
k=—2 | k=—1| k=0 | k=1 | k=2 | k=3

Row(0) + Riw(1) 4 ...+ Row(L)
Riw(0) + Row(1) +...+ Rew(L — 1)
RzW(O) -+ R3W(1) +...+ RLW(L — 2)
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When isw € &4 concatenable with 0%

Row+ Riow+ ...+ R atw =0

R—2 R-1 R 0 0 O
0 0 |[w) | w(l) | w2 | w3
k=—2 | k=—1| k=0 | k=1 | k=2 | k=3

Row(0) + Riw(1) 4 ...+ Row(L)
Riw(0) + Row(1) +...+ Rew(L — 1)
RzW(O) -+ R3W(1) +...+ RLW(L — 2)

R w(0)
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The shift-and-cut map

o R[] — R[¢]

0y (Topi') =35 pisaé’

‘Divide by ¢ and keep the polynomial part’

Extend componentwise to vectors and matrices.
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RE)=Ry+Rié+...+ R _1EV 1+ R &L
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RE)=Ry+Rié+...+ R _1EV 1+ R &L

» 0. (RE)=Ri+...4+R _1E-24+ R EHT

—n. 48/6¢



RE)=Ry+Rié+...+ R _1EV 1+ R &L

» 0 (RE)=Ri+...+R 1" 24 R EVD

> 02(RE)=Ro+...+ R 1V 3+ R EV?2
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RE)=Ry+Rié+...+ R _1EV 1+ R &L

0L (RE)) = Ry+... +R_1E-2 4 R gL
O-—ZF(R(E)) =Ro+...+ RL—lEL_B—I—RLfL_Z
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Shift-and-cut and concatenability with O

Wi (0+(R)(o)w)(0) =0
concatenable (02(R)(o)w)(0) =0
with O
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Shift-and-cut and concatenabillity with O

W IS ,
concatenable (0£(R)(o)w)(0) =0
with O
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Shift-and-cut and concatenabillity with O

W IS ,
concatenable (0£(R)(o)w)(0) =0
with O

.....
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Shift-and-cut and concatenabillity with O

W IS ,
concatenable (0£(R)(o)w)(0) =0
with O

.....
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From kernel representation to state map
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From kernel/image representation to state may

Denote col((a' (R)))i-1...

Theorem: Let # = ker nel (R(g)). Then

X
o
=
|

0
X

M

N

=)
=
|

IS astate representationof £ with state variablex.
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Nonunigueness of state map

Ways of expressing concatenability with 0: compare for
roW+riow-+...+o0"w=0
the two systems of equations

W W
'—1W+ OW ow

rAW-+...+ o™ tw o1
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Nonunigueness of state map

Ways of expressing concatenability with 0. compare for
roW+riow-+...+o0"w=0

the two systems of equations

W W
M 1W+ OW ow
rAW-...+o" tw o™ lw

= different state maps are possible!
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Nonunigueness of state map

Ways of expressing concatenability with 0. compare for
roW+riow-+...+o0"w=0

the two systems of equations

W W
M 1W+ OW ow
rAW-...+o" tw o™ lw

= different state maps are possible!

¢, How to characterize this nonunigueness ?

—n. 52/6¢



Algebraic characterization

Theorem: Let £ = ker nel (R(0)), and defineZr as above.
Define

R = {f ERlXW[E] | 1 a ERlX. S.t. f = GZR}
R = {f eRV¥[§]|Tge R[] st f = gR}
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Algebraic characterization

Theorem: Let £ = ker nel (R(0)), and defineZr as above.

Define
R = {f < Rlxw[f] | da e Rlx. S.t. f = GZR}
(R = {feRV¥[¢]|IgeR™*[&]st. f =gR)

X € R**¥[&] is state map for
ker nel (R(o))

If and only if

rowspang(X)® (R) = =r+ (R)
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Algebraic characterization

Theorem: Let £ = ker nel (R(0)), and defineZr as above.
Define

R = {f ERlXW[E] | 1 a ERlX. S.t. f = GZR}
R = {f eRV¥[§]|Tge R[] st f = gR}

X € R**¥[&] is state map for
ker nel (R(o))

If and only if

rowspang(X)® (R) = =r+ (R)

X minimal iff its rows are a basisfor complementary
subspace of R) in =r+ (R).

—n. 53/6¢



State maps for other representations

It is possible to generalize all this to image representatius
and to latent variable representations.
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State maps for continuous-time LTIDSs
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Continuous-time systems: solution spac

The state property is defined in terms of concatenation.
Concatenation is not compatible withe™®. We therefore need
to enlarge the solution set for the ODESs that define LTIDSs.

Loc={f:R—R"| [ |f|dxfinite V compactK C R}
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Continuous-time systems: solution spac

The state property is defined in terms of concatenation.
Concatenation is not compatible withe™®. We therefore need
to enlarge the solution set for the ODESs that define LTIDSs.

Loc={f:R—R"| [ |f|dxfinite V compactK C R}
Equality in the sense of distributions:

o JSSwWO TR H(t)dt=0

R(4)w=0 |
for all testing functions f.
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Continuous-time systems: solution spac

The state property is defined in terms of concatenation.
Concatenation is not compatible withe™®. We therefore need
to enlarge the solution set for the ODESs that define LTIDSs.

Loc={f:R—R"| [ |f|dxfinite V compactK C R}
Equality in the sense of distributions:

o JSSwWO TR H(t)dt=0

R(4)w=0 |
for all testing functions f.

Testing functions:
% ~-functions with compact support (‘blips’)
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Continuous-time systems: solution spac

The state property is defined in terms of concatenation.
Concatenation is not compatible withe™®. We therefore need
to enlarge the solution set for the ODESs that define LTIDSs.

Loc={f:R—R"| [ |f|dxfinite V compactK C R}
Equality in the sense of distributions:

o JSSwWO TR H(t)dt=0

R(4)w=0 |
for all testing functions f.

In the remainder of this lecture,

ker nel (R(%)) = {WE (R, RY) | R(%)w: 0

In the sense of distributiong
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The state property revisited

2 = (T,W,X, %) is a state system for a LTIDS if

(W17X1)7 (W27X2) < t%fuﬂ and Xl(t) — XZ(t)
and X1, X2 continuous att

4

(Wq,Xq) A (W2,X2) € Bruil
‘ : d
State map’ ~» X (&)
Equivalently, V (wy,X1), (W2, X2) € Sy that are €, and ...
(Wq,X1) A (Wa,X2) € gy ©' 05U e,

where ¢ 0sUre denotes the closure in the #>-topology.
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From kernel representation to state map

Denote co((0' (R)))i=1..L =: 2R .

Theorem: Let % = ker nel (R(&)). Then

d
R(a>w =

d
ZR<a>W = X

IS a state representation of#Z with state variable x.

¢, How to prove it?
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When isw € &4 concatenable with 0%

for all testing functions f.
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When isw € &4 concatenable with 0%

for all testing functions f.

Integrating repeatedly by parts on f yields:

5 oSR5SR (kL P w) (0) TR (S 1)(0)

+Jo "(R(F)W)(t) T f(t)dt =0
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When isw € &4 concatenable with 0%

for all testing functions f.

Integrating repeatedly by parts on f yields:

5 ICIR S 1R (1) 1 L ow) (0)TR] (S £)(0)

+/O+OO(R (%) w) () (t)dt = 0

\ J
-~

=0

—n. 59/6¢



The state map

et Sk (CDSHEmw) ) TR (§exf)(0) =0

0

d
(G

- | degR)—1
(—1)% IR (Lgegmz 1) (0)

()
(Zr(§)W)(0) =0

The shift-and-cut state map!
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» Algebraic characterization, minimality : as in
discrete-time case

» State equations also first order in state variable and
zeroth order in w.
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From state map
to state representation
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From kernel to state representation

R € R&<¥[£] ~» state mapX € R**¥[&]
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From kernel to state representation

R € R&<¥[£] ~» state mapX € R**¥[&]
Find:

» EFe R(n—l—g)Xn’ Ge R(n—l—g)xw
» T eRE@FTeIxe[g] with rankKT(A)) =gVA €C

satisfying
EEX(E)+FX(E)+G=T(&)R(E)
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From kernel to state representation

R € R&<¥[£] ~» state mapX € R**¥[&]
Find:

» EFe R(n—l—g)Xn’ Ge R(n—l—g)xw
» T eRE@FTeIxe[g] with rankKT(A)) =gVA €C

satisfying
EEX(E)+FX(E)+G=T(&)R(E)

Linear equations!

—n. 63/6¢



From I/O representation to I/S/O representation

/O representation state map

b q % %

Find:
» AcR¥® Be R¥™® C e RP*P D g RP*®
» T eREFPXP[E] with rankT(A)) =g VA € C

satisfying
EX(E) EXu(E)| A B [x(&) xu(&)
| Iyp o |~lco _yo ) _+T<€)R(€)
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State map

+ ~

system equations

state-space
equations
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State map

+ ~

system equations

state-space
equations
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State map

+ ~>

system equations

state-space
equations

(& +23+3)y=(E+3)u 82426 +3 —5—3]
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State map state-space

+ ~

. equations
system equations
(dt2_|_2 +3)y = (dt‘|‘3) E2428+3 —E—B]
Take X(¢) = K 0 (‘reverse shift-and-cut’). Then
|E+2 -1 '
A -2 1 B —1
-3 0 -3

c=[1 0 D=|o

‘observer canonical form’
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State map state-space

+ >

. equations
system equations
(dt2+2 + 3)y = (dt+3) E24284+3 ¢ —E—B]
_1 O_
Take X — . Then
O=1;
0 1 1
A: B:
-3 -2 1

c=[10 p=|o

‘observable canonical form’

—n. 65/6¢



\ 4

vV v v V¥V

The state Is constructed!

State property. concatenability with O is key.

State maps: from manifest variable to state variable.

State maps~ state-space equations.

Algorithms based on standard polynomial algebra
computations.

—D. 66/6¢



Recapitulation

—n. 67/6¢



» First principles models invariably contain latent
variables.
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» First principles models invariably contain latent
variables.

» For LTIDSs latent variables can be eliminated.
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» First principles models invariably contain latent
variables.

» For LTIDSs latent variables can be eliminated.

» The three main theorems for LTIDSs: thel < 1 relation
with submodules, the equivalence of controllability and
Image representations, and the elimination theorem
generalize,mutatis mutandis, to PDEs.
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with submodules, the equivalence of controllability and
Image representations, and the elimination theorem
generalize,mutatis mutandis, to PDEs.

State property < concatenability, assuming same value
of the state.
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First principles models invariably contain latent
variables.

For LTIDSs latent variables can be eliminated.

The three main theorems for LTIDSs: thel < 1 relation
with submodules, the equivalence of controllability and
Image representations, and the elimination theorem
generalize,mutatis mutandis, to PDEs.

State property < concatenability, assuming same value
of the state.

State equations: first order inx, zeroth-order in w.
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First principles models invariably contain latent
variables.

For LTIDSs latent variables can be eliminated.

The three main theorems for LTIDSs: thel < 1 relation
with submodules, the equivalence of controllability and
Image representations, and the elimination theorem
generalize,mutatis mutandis, to PDEs.

State property < concatenability, assuming same value
of the state.

State equations: first order inx, zeroth-order in w.
Construction of state using shift-and-cut map.
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End of Lecture Il
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