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Abstract

We introduce the concept of “stabilization by rotation” for deterministic linear systems with nega-
tive trace. This concept encompasses the well-known concept of “vibrational stabilization™ introduced by
Meerkov in the 1970s and is a deterministic version of ‘stabilization by noise’ for stochastic systems as
introduced by Arnold and coworkers in the 1980s. It is shown that a linear system with negative trace can
be stabilized by adding a skew-symmetric matrix, multiplied by a suitable scalar so-called “gain function”
(possibly a constant) which is sufficiently large. To overcome the problem of what is “sufficiently large”, we
also present a servo mechanism which tunes the gain function by learning from the trajectory until finally
the trajectory tends to zero. This approach allows to show that one of Meerkov’s assumptions for vibra-
tional stabilization is superfluous. Moreover, while Meerkov as well as Arnold and coworkers assume that
a stabilizing periodic function or the noise has sufficiently large frequency and amplitude, we also provide
a servo mechanism to determine this function dynamically in a deterministic setup.
© 2006 Elsevier Inc. All rights reserved.

MSC: primary 34D05; secondary 34D23, 15A22, 93D15

1. Introduction

The problem of stabilization by vibration or by oscillatory inputs goes back to the 1930s
if not earlier and is a longstanding problem. See the survey article “Open-loop control using
oscillatory inputs” by Baillieul and Lehman [3], where both theoretical results and applications
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are discussed. In the present paper, we consider a system of the form
x=Ax+u forAeR"" with trA <0, (1.1

and study the problem of stabilizing (1.1) by state feedback u(¢) = S(¢)x(t) where S(¢) is
constrained to be skew-symmetric. Since the fundamental matrix of the system x = S(#)x is
confined to the group of orthogonal matrices, which can be rephrased colloquially by saying
that the system basically produces rotations of the state space, this concept is called stabiliza-
tion by rotation. It can be regarded as a method of stabilization without introducing dissipation.
More precisely, if the norm x — V(x) = x|? is regarded as an energy functional, then sta-
bilization by rotation does not affect the change of energy along the trajectories of (1.1), i.e.
LV @ () lu=s@)x = 5V (x (1)) |lu=o. The intuition behind this method of stabilization is that S(r)
mixes stable and unstable modes which, together with the assumption that tr A < 0, implies that
the stable modes dominate as soon as the mixing is strong enough.

The concept of stabilization by vibration, which goes back to Meerkov [12] (see also [11]),
has some parallels with the present approach. Under an additional observability assumption,
Meerkov proves that the system x = (A + B(f))x can be stabilized by a zero mean periodic
function B(-) if, and only if, tr A < 0. Here, the frequency and the amplitude have to be suffi-
ciently large. In general B(7) is not assumed to be skew-symmetric. We introduce the concept of
stabilization by vibration in Definition 2.8 and compare it with stabilization by rotation.

The idea of stabilization by rotation has been investigated in the context of stabilization by
noise for random and for stochastic linear differential equations by Arnold, Crauel and Wihstutz
in [1] (see also [2]). They show that the system x = (A + S(¢))x can be stabilized by zero mean
random parameter vibrations S(-) if, and only if, tr A < 0. In their approach, S(-) is a stochastic
“noise” process taking values in the space of skew-symmetric matrices. An essential assumption
is sufficient intensity and “richness” of the noise in the sense that enough rotations have to be
excited.

Our approach interpolates — in a sense — between these two. We investigate deterministic
systems

x=(A+k@®)Z)x (1.2)

with tr A <0, time-varying k: R — R, and X'y = —Eg. First, we show the existence of a skew-
symmetric matrix X4, such that A + kX4 is stable for all constant £ with |k| sufficiently large.
Then we give sufficient stability criteria for the time-varying system x = (A + k(t) ¥'4)x and,
moreover, provide a servo mechanism to determine a stabilizing parameter function k(-) tuned
by ||x(-)||. Finally, we generalize Meerkov’s result by showing that there exist periodic functions
p(-) with zero-mean such that x = (A+kp(t) X 4)x is stable for sufficiently large constant k. This
shows that the observability assumption in Meerkov’s existence result is superfluous. Moreover,
we provide a servo mechanism x(-) — k(-) to determine a stabilizing function k£ so that the
solution of x = (A + k() p(t) X 4)x tends to zero for ¢ tending to oco. In this sense, the concepts
of stabilization by random vibrations and by deterministic vibrations are encompassed in the
concept of stabilization by rotation.

Contributions related to the present paper are by Morgan and Narendra [13] and Celikovs-
ky [6], who analyze stability of systems x = (A 4+ S(¢))x with a particular skew-symmetric
function S(-).
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Baxendale and Hennig [5] consider linear stochastic differential equations in R? of the form

a O 0 -1 0 -1
dx_(|:0 b]+u[l O])x—l—a[l O:|xodW,

with a control # bounded by K, and show that for K big enough the system can be stabilized in
an almost sure as well as in an L? sense.

Another approach goes back to Kao and Wihstutz [9,10], who investigate stabilization of
linear systems in companion form by noise. Roughly speaking, they consider the scalar equation
y® 4 oa,_1y®D 44 a1y 4 agy = 0 with real coefficients a j» which are perturbed by
mean zero noise. A simplified formulation of their result is the existence of a stationary and
ergodic R"-valued stochastic process (§) = (§x)1<k<n such that the differential equation with
coefficients (ax + &k (/€))1<i<n 15 stable for ¢ sufficiently small if, and only if, a,_; < 0 (note
that a,,_ is the trace of the associated companion form matrix). This result is not so closely
related to the present approach since a system in companion form does not allow for stabilization
by rotation due to the fact that one cannot add a skew-symmetric matrix without destroying the
structure of the system.

Stability of stochastic and random linear systems is characterized by Lyapunov exponents. For
a survey on asymptotic methods for Lyapunov exponents see Wihstutz [15], in particular with
respect to the fact that the impact of noise can result in stabilization as well as in destabilization.

In order to describe the present approach in some more detail, we stress that the only
knowledge of the nominal system x = Ax needed in order to construct the stabilization by
rotation device are the eigenvectors of the symmetric part of A. This information yields a skew-
symmetric matrix X4 which, when multiplied by a sufficiently large real valued function k
(possibly a constant), yields stabilization of (1.2).

The skew-symmetric matrix

0 —1 07 i:]’
S = = (Oiigij<n ER oy =1-1, i<}, (1.3)
1 0 1, > ],

plays a central role in this approach. If, for A € R"*", the eigenvectors of A + AT are collected
in a matrix U, then U is orthogonal,

D = UT(A + AT)U is diagonal, (1.4)
and throughout the paper we write
Zo=Ux,U" and Ay=A+kX¥, forkeR. (1.5)

Note that X4 is not uniquely defined by A, since the columns of U may be reordered; however,
for a given matrix A, we will assume X 4 to be fixed.

The paper is organized as follows. Section 2 states the main results on stability properties
of (1.2); the proofs are relegated to Section 6, where we make use of some technical results
derived in Sections 3 and 4. In Section 5, dynamic stabilization is illustrated by a numerical
example.

We close the introduction with some remarks on notation.
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trA trace of a square matrix A = (q;;) e R"*", trA := Z?:l a;

o(A) spectrum of A € R"*"

AT transpose of A = (a;;) € R"*", AT = (aji)

Amax (A) :=maxo (A + AT) for A e R"*"

Omin(P), omax(P) smallest, largest singular value of P € R"*", respectively

ky(P) := 0max (P)/0min(P), condition number of nonsingular P € R"*"

xT, x* transpose of x € C", complex conjugate of x € C", respectively

x|l := /x*x for x € C"

Al ;= max{||Ax]|: ||x|| <1} for A € C"*"

N; ={j,j+1,...},forje{0,1,2,...}

N = N1

so(n, R) skew-symmetric matrices in R”*", characterized by X7 = — %
for X € so(n, R)

C_ ={se€C: Res <0}

fk)=0O(kP) for p > 0, the function f: (0, 00) — [0, c0) satisfies that k — f(k)/kP is
bounded if k — 0, or k — oo, respectively.

We will often make use of the following technical constants

2M —1
2M +1

2n
M=Ms:=1+——|A|l and y=ys:=
—trA

for A € R with tr A # 0, skipping dependence on A notationally in case no confusion occurs.
2. Stabilization by rotation

The following result is fundamental for the present approach. It exhibits the central role played
by the skew-symmetric matrix X, in stabilizing a matrix A with negative trace.

Theorem 2.1. For any A € R™*" with tr A < O there exists k* > 0 such that, for all k € R with
|k| > k*, the zero solution of

¥=(A+kXZa)x 2.1)

is exponentially stable, i.e. 0 (Ar) C C_.
Moreover, the transient bound T (k) := max; > lle! A% || satisfies limg| o0 T (k) = 1.

The proof of Theorem 2.1 (which is given in Section 6) makes use of a careful inspection of
the eigenvalues of X, in conjunction with perturbation results on matrices, which is presented in
Section 3.

It may be worthwhile to point out that Theorem 2.1 does not yield existence of k* such that
the time-varying system

x=(A+k(t)Zp)x (2.2)

is asymptotically stable for every ¢ — k(t) with k(¢) > k*, and not even that (2.2) is asymptoti-
cally stable for every k with lim;_, o k(#) = 0o. This is shown in the following example.
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Destabilisation by periodic switching between k=10 and k=90 Destabilisation with unbounded k
2.2 T T T r T :
x(t) solution
* k=10<90 2 % switching points |
— — —cont.: k=10
- — - — cont.: k=90
25 . . A L . . . ) \ . A . A A ) \
-2 -1 0 1 2 3 4 5 06 08 1 1.2 14 1.6 1.8 2 22

Fig. 1. Destabilization by switching the gain parameter k. The left figure corresponds to Example 2.2(i): the points
marked by an asterisk denote the switches between k = 10 and k = 90. The dashed and dash-dotted curves extrapolate
the (asymptotically stable) solutions starting in the switching points, if switching is not applied further, i.e. k is kept
constant. The right figure illustrates (ii), where k() tends to oo as + — oco. All curves are traversed counter-clockwise,
starting in [1, I]T. Both solutions are plotted over the same time interval [0, 0.9].

Example 2.2. For the system (2.2) with specific entries

—4 0 . 0 -1
a=[ ] wnma=[0 2] o

the following hold (compare Fig. 1).

(i) For any k* € R, there exist £, m > k* and h, h > 0 such that the periodic gain function

k:[0,00) — {£, m},

m, tel[jh+h),jh+h)+h),

AR - 2.4)
¢ teljth+h)+h, (j+Dh+h),

tl—)k(l‘):{

for j =0, 1,2, ... applied to (2.2) yields, for initial condition x(0) = x° = (1, 1)7 and some
u > 1, a solution x with

VjeN: x(jh+m)| = pl|°].

(i1) There exists a piecewise constant gain function k : [0, co) — [0, oo) with lim;_, 5 k(¢) = 00
such that (2.2) has an initial condition x(0) = x° € R? for which the corresponding solution
1s unbounded.

A proof of the assertions (i) and (ii) is given in Section 6. Note that the gain in (2.4) is
stabilizing if k is replaced by k for sufficiently large k; this is an immediate consequence of
Theorem 2.9.

Instead of the piecewise constant functions k in Example 2.2 one might construct smooth func-
tions which destabilize the system as well; nonsmoothness is not the important feature. Instead,
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important for a stabilizing effect is the interplay of the following properties of k: (i) monotonic-
ity, (ii) bounded variation, and (iii) high gain. To be more precise, we show that u = k(t) X4 x
stabilizes the system if (i) k() is nondecreasing and sufficiently high (Theorem 2.3), (ii) k(-) has
a bounded variation property and is unbounded (Theorem 2.4), (iii) k(¢) = kp(t) with bounded
piecewise monotone p and sufficiently high k (Theorem 2.9). The proofs of these results, given
in Section 6, rely heavily on estimates for the solutions of the parameterized Lyapunov equa-
tion (3.7).

Theorem 2.3. For any A € R™*" with tr A < 0 there exists k* = k*(A) > 0 such that, for every
measurable and nondecreasing k : [0, 00) — [k*, 00), the zero solution of (2.2) is asymptotically
stable.

Note that the scalar k* in Theorem 2.3 depends on A, which may be considered as a drawback.
However, this problem can be resolved by determining k(-) by a servo mechanism. Loosely
speaking, k(-) is tuned adaptively such that k(¢) increases as long as ||x(¢)] is “too large”, and
settles to a finite limit as soon as it is stabilizing.

As a prerequisite we need a variation of Theorem 2.3, where the monotonicity assumption is
replaced by a boundedness condition on the derivative of k. In this case, even exponential decay
of ||x|| is obtained.

Theorem 2.4. Let A € R"*" withtr A < Qandk : [0, 00) — Rwithk(t) — ocoast — 00. Assume
that k is essentially Lipschitz continuous for t — oo, i.e.

lim sup (2.5)

t—00

sup
h>0 h

( k(& +h) —k(t)l) oo

Then there exist A > 0 and, for every to > 0, a number M((ty) > 0, such that the solution of the
initial value problem (2.2) with x(0) = x0 satisfies

Ve > to: | x(0)| < M(tg)e 0 1.
Application of Theorems 2.3 or 2.4 requires either knowledge of a sufficiently large k* or

k(t) — oo, respectively. The following theorem provides a servo mechanism which finds a
bounded stabilizing high-gain parameter function k(-) to ensure stability.

Theorem 2.5. Suppose that A € R"™" has tr A < 0 and let r € (0,00], p > 1. Then the gain
adaptation

k=min{r, [x®|"}, k) =k, (2.6)
in conjunction with

X =(A+k(t)Z4)x, x(0) = x°, (2.7)

defines, for any x° € R", k® > 0, an initial value problem which has a unique solution (x, k) on
the whole of [0, 00), and this solution satisfies
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(1) lim; 00 k(1) = koo € R,
(1) lim;_ o0 x(2) =0.

Remark 2.6.

(i) If r = oo, then (2.6) reduces to k = lx(¢)]|”. It may, however, be advantageous to choose
r > 0 small in order to avoid an overshoot of the gain value. The gain adaptation k(1) =
||lx(£)]|? is ubiquitous in the area of adaptive high-gain stabilization of input—output systems,
see for example the seminal work by Morse [14] and Willems and Byrnes [16]. The gain
adaptation (2.6) with 0 < r < oo is due to I[lchmann and Ryan [8].

(i) Note that Theorem 2.5 does not say that the system x = (A + k(t) ¥4 )x becomes asymp-
totically stable, nor is the so-called “limit system” X = (A + koo X 4)x necessarily stable.
The dynamic gain adaptation (2.6) ensures only that the specific trajectory (x, k) converges:
lim; _, 5o x(2; xY, ko) = 0 and lim;_, oo k(7; xo,ko) = koo € R. We conjecture that for any
nonzero initial value x° and k° arbitrary the limit system is asymptotically stable (the initial
value x0 =0 gives k(-) = k(0), so the assertion does not hold for x0=0).

The dynamic stabilization provided by Theorem 2.5 is robust with respect to arbitrary bounded
skew-symmetric perturbations of A.

Corollary 2.7. Assume the situation of Theorem 2.5, but instead of (2.7) consider
i=(A+ 21 +kZy)x, x(0) = x?,

with bounded and measurable X : [0, 00) — so(n, R). Then the assertions of Theorem 2.5 remain
valid.

We are now in a position to relate the above approach to the concept of stabilization by vibra-
tion as it has been introduced by Meerkov [12].

Definition 2.8. [12, Definition 1] The system x = Ax is called vibrationally stabilizable if, and
only if, there exists a periodic matrix B(-) with zero mean value such that the zero solution of
the system x = (A + B(t))x is asymptotically stable.

Under the assumption that A is “observable in principle”, Meerkov proves that x = Ax is
vibrationally stabilizable if, and only if, tr A < 0. Observable in principle means that there
exists ¢ € R such that (A, c) is observable; the latter is equivalent to rk[cT, ATl
(AT)"=1¢T] = n; and this implies that each eigenvalue of A has geometric multiplicity equal
to 1.

To see that Meerkov’s observability assumption is superfluous, apply u(¢) = B(t)x(t) with
B(-) =kp(-) ¥4 and periodic and piecewise monotone p:R — R to (1.1). (Piecewise monotone
means that every finite interval can be partitioned into a union of finitely many points and finitely
many sub-intervals in such a way that p is monotone on every of the sub-intervals.)

Theorem 2.9. Let A € R with tr A < 0, and suppose that p:R — R is a bounded piecewise
monotone periodic function with discrete zeros. Then there exists k* > 0, such that for all k with
|k| > k* the system x = (A + kp(t) X 4)x is asymptotically stable.
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For example, the functions ¢ — cos(ct) or ¢ — sgn(cos(ct)), where ¢ € R\ {0}, are periodic
and piecewise monotone, and they have zero mean. We thus obtain the following corollary.

Corollary 2.10. The system x = Ax is vibrationally stabilizable if, and only if, tr A < Q.

Meerkov’s method proceeds by choosing ¢ — B(t) periodic with sufficiently high frequency
and sufficiently large amplitude. Theorem 2.9 shows that one may use a periodic function with
arbitrary length of the period, one only needs sufficiently large amplitude. The following theorem
shows that one does not even have to know how large the amplitude has to be, but choose a
dynamic servo mechanism to determine the gain.

Theorem 2.11. Suppose that A € R**" has trA <0, and let r > 0, p > 1. Then the gain adap-
tation

x|’} k) =k, (2.8)

k= min{r,
in conjunction with
i=(A+k@®sin@)Za)x,  x(0)=x", (2.9)

defines, for any x° e R", k > 0, an initial value problem which has a unique solution (x, k) on
the whole of [0, 00), and this solution satisfies

(1) limy 00 k(1) = ko € R,
(11) lim;_ o x(2) =0.

3. Parameterized matrices

In the present section a detailed investigation of the eigenvalues of the skew-symmetric ma-
trix X, as defined in (1.3), is used in connection with matrix perturbation theory in order to
obtain knowledge about the spectrum of A +k X' 4 for large |k|, where A € R"*", and X4 is given
by (1.5). We will make essential use of the following well-known general result in matrix pertur-
bation theory; see, for example, Hinrichsen and Pritchard [7, Corollary 4.2.3, Proposition 4.2.12,
Corollary 4.2.25].

Theorem 3.1. Let A, B € R"™" and assume that B has distinct eigenvalues A (B), ..., 1,(B)
with corresponding eigenvectors vi(B), ..., v,(B). Then there exists ey > 0 such that, for all
€ € (—e&g, &9), the matrix € A + B has n distinct eigenvalues and

v;(B)*Av;(B)
vj(B)*v;(B)

Li(eA+B)=A;(B)+¢ +O(82) as e — 0.

For appropriate enumeration, the functions
er>Lj(eA+B) and e vj(eA+ B) areanalytic on (—&, &o).

In particular, limg_,ov;(eA+ B) =v;(B), for j=1,...,n.
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Recalling the definitions of X, ¥4, and Ay = A+ kX4 in (1.3)—(1.5), we have the following.

Lemma 3.2. The matrix X, has n distinct eigenvalues iwj, where w; is given by

sing; ) T+2(j— D
wj=——"—-, Withg;= ,
cosgj — 1 n

with corresponding normalized eigenvector

1 [ iwj+1 jw; + 1)\
vj(En):—(l,’.‘”’+ ,...,(f‘“f+ ) ) TN
v\ iwj—1 iwj—1

Consequently,

(1) X, =Vi2,V*and V*V =1 for V .= [vi(Xy), ..., v,(X,)] and §2,, = diag(wy, ..

n, n even,

n—1, nodd,

(iii) all entries of the eigenvectors in (3.2) have the same modulus, namely 1//n;
(iv) for any A =diaglay,...,a,] e R* " and all j =1, ...,n one has

(i) 1k X, = {

X trA
vj(Zn) AUj(En) = 7

Proof. Assertion (i) is immediate since X, is skew symmetric.
We proceed in several steps.
Step 1: We show (3.2) and assertion (iii).
Suppose that

Y,v=iwv forsomeweRandv=(,...,&)T eC"\{0)}.

Then, forall £ =1, ...,n — 1, we have

[wEpy1 —iwép =(Zpv) ey — (Zyv)g
V4 n —1 n
= (Zgj - > sj) — (Zéj - > Sj) =&+ 5041,
j=1 j=0+2 j=1 j=t+1
and so

iw+1
Eop1 =+
iw—1

&o.

3.1)

(3.2)

L) wl’l);

(3.3)

(3.4)

Since &1 = 0 yields v = 0, this proves that every eigenvector of X, is of the form (3.2). Obviously,
all entries of v; (X)) have modulus 1/./n, which proves assertion (iii). Moreover, ||v;(X,)|l = 1.

Step 2: We show that the eigenvalues are pairwise distinct. If one of the eigenvalues had
multiplicity larger than one, then, by (3.4), any two eigenvectors associated with this eigenvalue
would be linearly dependent, contradicting the fact that X, being a skew-symmetric matrix and

therefore diagonalizable, has n linearly independent eigenvectors.
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Step 3: We show that whenever iw is an eigenvalue of X, for some w € R, then

(’:“’“) —_1 (3.5)
iw—1

Substituting (3.4) in assertion (i) yields

Cfio+ I\ e+ 1)\¢!
(Env(zn))”:lw<ia)—l> :Z<iw—1>

and thus

‘ ~1

- ()" (i1

- =1lw s
I =1

from which (3.5) follows by straightforward calculation.
Step 4: Finally, straightforward calculation shows that, for ¢ € R\ 2N,

. ] 1 1
b =T i andonlyif, @=—f
iw—1 cosp — 1
Since €% = —1 if, and only if, ¢ = ”tlﬂ for some ¢ € {0, ...,n — 1}, (3.1) follows from (3.5),

which proves the claim and completes the proof of the lemma. O
Lemma 3.3. For any A € R™" with tr A < 0 there exists k* > 0 such that
S:{keR: k| >k*} —> [Se€C™": detS#0}, k> Sp=[vi(Ap),..., va(AD]

is analytic, where vi(Ag),...,v,(Ar) denote the eigenvectors of Ay in appropriate ordering.
Moreover, we have the following.

(1) Sk_lAkSk =ik, + %I +diag(81(k), ..., 8,(k)), where § (k) = O(1/|k|) as |k| — oo for
j=1,...,n.

(i) For U asin (1.4)and V as in Lemma 3.2(i), we have Sy = UTV + O(1/|k|) as |k| — oo.
Consequently, Soo := UV satisfies

S Seo=1 and Si XsSec=182.
(i) SySk =1+ O(1/|k|) as |k| — oo.
Proof. We show assertion (i). By (1.5), X4 and X, are similar, and so X4 has eigenvalues
iw; with corresponding eigenvectors v;(X'4) = Uv;(X),) as defined in (3.1) and (3.2). Thus, by

Theorem 3.1 with € = 1/k, there exists k; > 0 so that, for all £k € R with |k| > k1, the matrix
A = k(%A + X4) has n distinct eigenvalues A j (Ay) satisfying
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Aj(AR) =kiowj +v;(Z)*UT AUv; (Z,) + O(1/1k|)
1
=kioj + 5vj(zn)*UT(A + AT)Uv;(Z,) + O(1/[k])
1
= kie; + Zv;(Z)" Dvj(Zy) + O(1/1k])
tr A
= ki) + — +O(1/ k).

where D is defined in (1.4), and the last equality follows from Lemma 3.2(iv). Since Ay =
A+ kX, and %A + X4 have the same eigenvectors — we write v; (Ag) = vj(%A + X4) — we
may, invoking Theorem 3.1, choose k* > k1, such that

1 1
z — vj<;A+ EA) is analyticon (—1/k*,1/k*),for j =1,...,n,

and

1
lim v;(A¢) = lim vj(—A—I—EA):vj(EA):UTUj forj=1,...,n, (3.6
k|—o00 k

|k|—00 Ik

proving assertion (i).

We show assertion (ii). By (3.6) and the definition of X4=U X, U’ we have, for every j
with 1 < j <1, limj o0 v (Ag) = v (Z4) = UTv;(Z,), and thus limx|— s Sk = Seo- Since V
and U are orthogonal, so is S. The assertion S X4 Soc = vivs,utv=vTx,v =i,
follows from Lemma 3.2(1).

We show assertion (iii). Applying Theorem 3.1, fore = 1/k,to v (Ax) = vj(%A + X, yields
analyticity of k — Sy at k = 00, and thus Sy = S + O(1/]k|) for |k| — oo, whence

SESk = (Soo + O(1/1K1))* (Soo + O(1/1k1))
= Si.Sec + O(1/1kl) =1+ O(1/]k])  for |k| — oo.

This completes the proof of the lemma. O

If A e R"™" with tr A < 0, then Lemma 3.3(i) ensures the existence of some k* > 0 so that
o0 (Ax) C C_ holds for all k € R with |k| > k*. Therefore (see, for example, Hinrichsen and
Pritchard [7, Corollary 3.3.46])

0
Py ::feAl{seAks ds (3.7)
0

is the unique positive definite solution of

Al P+ P A =—1. (3.8)
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Lemma 3.4. For any A € R"™" with tr A < 0, the matrix Py as defined in (3.7) satisfies

n
—2trA

P, = 1+ O(1/1kl)  for k with |k| — oco. (3.9)

Proof. Let k* > 0 be given as in Lemma 3.3 and set, for k € R with |k| > k¥,
Dy = Sk_lAkSk, Er = S;:Sk—l.

Then

o0

0
n * 2tr
Pk—i——I:fS,:l*eDksS,z"SkeD"sS,:] ds—/e w5 g
0

2trA

2trA

0
(0.)
— Sk—l*'/‘(eD;:SEkeDks _ Eke 3 .S') ds Sk—l
0

=

(0]
+ 8 /(eDZSeDkS —e ) ds S (3.10)
0

By Lemma 3.3(iii), it remains to show that the integrals in (3.10) are of order 1/|k| as |k| — oc.
Invoking Lemma 3.3(i) yields, for all s > 0,

eDks _ gstrA/n diag(e(ikwl—i-(Sl(k))s’ L e(ikwn+8,,(k))s)
with
8j(k)=0(1/lk|) asl|k|>ooforj=1,...,n.
Thus,
;> 0Vs >0 Vk e Rwith k] > ki: [P | = el A/ O/ 505

Hence, by Lemma 3.3(iii),

o

* 2trA
/(eDksEkeDks — Eren S) ds
0

(0, ]
< [P+ e s
0

o0
LI
<2 [ en ds|Ekl
0
n

_ 2 | Exll
T —trA k

= O(1/Ikl),
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where the latter equality follows from Lemma 3.3(ii1). Furthermore, there exists k > kj so that,
for all k € R with |k| > k; and for all j =1, ..., n, we have trA + 38 (k) <0, and therefore

o
/eD;gseDks ds — diag(ez(%JrResl(k))s’m’ez(%JrResn(k))s)ds
0

\8

trA . -1
2—1 + Rediag(8; (k), ..., 8, (k))
n

I
/N @

205 Tds +O(1/k|) as [k| — oc.

This completes the proof of the lemma. O

We also obtain an estimate for the growth of the condition number «2(Px) = omax (Pr)/
Omin(Pr) of Py, which plays an important role in the proof of Theorem 2.3.

Corollary 3.5. For any A with tr A < 0 there exist numbers a, k* > 0 such that

Vk e R with |k| > k™:  rkp(Pr) <1+ m (3.11)

Proof. Theorem 3.1, applied for B = _z’iml and ¢ = 1/|k|, yields the existence of «, k1 > 0
such that
n o n

— — < Ai(P -
owa kg SMPOS 2tA+|k|

Vke Rwith |k| > k1, Vj=1,...,n

With k* := max{ky, 1 + (—2atr A)/n} we thus obtain

Umax(Pk)< tA+|% 1+_ 0
n ~

Vk e Rwith |k| > k1:  ko(Py) =
Omin (Pr) wrA % k|

Lemma 3. 6 Suppose that A € R"™*" has tr A < 0. Then there exists m* > 0 such that, with
M = ALl
A

|k —ml|
|m|

Vm € R with |m| > m*, Vk e R: Ak P, + PuAr < (1— M)I. (3.12)

Proof. By (3.8) and (1.5), we have, for all m with |m| > k*,
~I=AT Py + PuA+m(Z] Py + PuZa),

or, equivalently,

1
2P+ PaZa= —E(I + AT Py + Py A).
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Consequently, for all K > 0 and all m > 0,

|AL P+ PuAr — (AL P + PuAn) | = | (Ak — An)™ Poy + Pu(Ax — An) |
= |k —m)Z} Py + (k —m)PuZ4|
=k —m||| Z} Pu + PuZal
_ k—m|

- |1+ A" Py + PuA|.

By Lemma 3.4 there exists m* > 0 such that, for all m € R with |m| > m*, we have | + AT P, +
P, A| < M, which proves (3.12). O

4. Time-varying linear systems

Suppose that t — k() is some real-valued function. Then Lemma 3.6 implies that for m with
|m| > m™*, where m* is specified in the lemma, the matrix P, given by (3.7) defines a Lyapunov
function for the time-varying system x = (A + k(¢) ¥'4)x, provided that k(¢) is confined to a
certain neighborhood of m. The following lemma shows that the length of this neighborhood can
be chosen proportional to the size of |m|. This will be an important technical ingredient for the
proofs of the results of Section 2.

Lemma 4.1. Suppose that A € R"*" has tr A < 0, and let k : [0, 00) — R be measurable. Choose
m* > 0 so that (3.12) holds, where again M = 1 + _Zt?A |A]l. If, for some tog > 0 and t; € (tg, 0],
we have

|m|

Im € R with |m| > m*, Yt € [to,11):  |k(1) —m]| <m, 4.1)
then every solution x : [ty, o0) — R" of
x=(A+k@)Z)x 4.2)
satisfies, for B, = m,
Vielin,n):  x@)| <ra(Pr)e 0| x (10 |7, (4.3)

Proof. Differentiating y +— yIP,y along the solution of (4.2), invoking (3.12), (4.1), and
Vy eR": omin(P) VI < 3" Puy < omax (Pu)lly 12 (4.4)

yields

d
3 (O Pux(®) =x(0)" (A Pn + P Ak x(®)
< _<1 _ V‘(t)—_m'M> lx)]?
|m|
x(O)T P,x(t) forallz e[t ). (4.5)

< —
20max (Pm)
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Integrating and applying (4.4) again, we obtain (4.3). O

It is interesting to note that the estimate (4.3) is robust with respect to arbitrary bounded
skew-symmetric perturbations of A.

Corollary 4.2. Assume the situation of Lemma 4.1, but instead of (4.2) consider
Xx=(A+ 2@ +kZs)x,

where X [0, 00) — so(n, R) is measurable and bounded. Then inequality (4.3) holds, for suffi-
ciently large m* > 0, for all m € R with |m| > m* and B,, = m.

Proof. By Lemma 3.4, there exist 1, @ > 0 such that, for all # > 0 and m € R with |m| > m,

|EOT P+ a2 )] = | EOTO(1/Iml) + O(1/Im) E0)| < %

Hence, differentiation along (4.5) gives, for all r > 0,

d k(t) —m o
LT Pax@) < (=14 K= 2 Y2
dr |m | |m|
and since, for sufficiently large m* > m, we have
k(t) — 1
Vm € R with |m| > m™: —1+MM+i < —-,
|m| |m| 4

the claim follows as in the proof of Lemma 4.1. O

Remark 4.3. The following straightforward bound on the growth of ¢ — ||x(¢)|| holds regardless
of the values of k(-). It will be used below to obtain estimates for those times during the evolution
of the system where k(-) is not (yet) good enough. Let A € R"*" and let X' : R — so(n, R) be
measurable and locally integrable. Then for any solution ¢ — x(t) of

X=(A+Z®)x
one has for Lebesgue almost all ¢ € R, with A1 (A) =maxo (A + AT),
%Hx(t) IP=x@0" (AT + 207 + A+ Z0)x() =x@O) (AT + A)x (1) < dmax (A) x|
This implies, for #y < ¢,

|x(@) || < =0 | ¢ 1) |2 (4.6)



H. Crauel et al. / J. Differential Equations 234 (2007) 412438 427

5:0 6220

— Xl
~— - In(k()

— Ixl
= In(k(t) _ ]

0 5 10 15 20 0 5 10 15 20 0 5 10 15 20

Fig. 2. Dynamic gain adaptation (2.6) for the time-varying system X = (A + § X'(¢) + k(t) X' 4 )x for different values of §.

5. Numerical example

To illustrate the gain adaptation (2.6) in Theorem 2.5, consider a system of the form
Xx=(A+8X(1)+k(t)Xs)x,
b= x].
with
I 1 1 0 1.1401 —1.2988
A:|:O 1 1 i| which gives EA:|:—1.1401 0 —0.1154i|,
1.2988  0.1154 0
and
(1) = sin(t) Zo — cos(v21) Za, 1 =0.

We plot, in Fig. 2, the norm of the solution and the size of the adaptation parameter, i.e. ||x(#)]|
and k(¢), for the values § = 0, 10, 20. Analogous numerical results have been obtained for matri-
ces with different entries and for higher dimensions. One should note the fast oscillations in the
solution as k increases.

6. Proofs

Proof of Theorem 2.1. The assertion o (A + kX4) C C_ for k > k* follows readily from
Lemma 3.3(i) and the assumption that tr A < 0. For constant k(-) = m with |m| > k*, condi-
tion (4.1) of Lemma 4.1 is trivially satisfied. Hence the estimate (4.3) yields

Yt > to: HeA'”t | < \//Q(Pm)exp( ) <V (P).

B
4omax (Pm)

Now the claim follows from Corollary 3.5. O

Proof of assertion (i), Example 2.2. Consider the matrices in (2.3). Then, for k > 3 and oy, :=
Vk? — 9, the eigenvalues of A; are —1 % iay with corresponding eigenvectors (—3 £ iay, k)7 .
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Setting

and invoking e *% = +; gives

ekl — g~k [(_3 +iog)e! (=3 - iak)e_i“ktk} [—3 +iop =3 —iog

keiaktk ke—iaktk

k k

_ e M T 3+4im 3+io|[ K 3+ie |_eF[—6 —2%
~ 2kay k —k |-k —3+iox| 204 |2k 6

and, for £, m > 3, we calculate

At At _ e letm) [ m—9 30— m):|
oy, |[30—m) em—=9 |’
with eigenvalue
e_(tﬁ'i_tm)
Am, ) =————[tm =943 —m)]
(072097

corresponding to the eigenvector (1, 1)7. Setting, in (2.4),
h=t,, h=t,, and x°=(1,D7T,
yields a solution of (2.2), (2.4) which satisfies
VjieNo: x(jh+h)= (e ern™) xO=m, )/ (1,1)T.
It remains to prove that, for suitable m, £ > 0,
W= ‘k(m,@)| > 1.

Invoking the convexity of the exponential function in the form

e—ln) > 1 _ (to+1,)=1— T _ T 2000, — Ty, — O
2000 206, 2000y
gives
20000y, — Ty — T
p> S (= 3)(m + 3)
200,

2V —9Vm2 =9 — a2 =9 —m/m? =9

a 2(¢ 4 3)(m —3)
2/ —9m?2 —9 — (£ 4 m)

>

2(£+3)(m —3)

|

r

6.1
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B /£—3m+3_ T +m)
Ne+3m—=3 2004+3)(m—3)

_ |y, Se-m  me+m
B (L+3)(m—3) 2(£+3)(m—23)
S 20-m)  m(+m) 62)
L+3)(m—-3) 20+3)(m—23)
1 T
>1+4+ @1 3)m =3 |:2(€ —m) — E(f + m)], (6.3)

where the inequality in (6.2) follows, for £ > m > 9, 6 = % < 1 and hence /146 >

1 4+ 6/3; the second term in (6.3) is positive if, e.g. £ = 9m. This proves [A(10,90)| > 1. O

1

Proof of assertion (ii), Example 2.2. Choose a sequence (m ) in N with Zj’ozl mJ_ = o0 and

set, for j € N, £; =9m, and 1, oy as in the proof of assertion (i), and

Ap.tp. Am.tm: .
@j=¢""i"ie"mi™i, jeN.

Then the function & : [0, o) — [0, 00), given by

Cj, teljlte +tm),jte; +1tm;) +1g;),

k0= {mj, teljte; +tmy) +ie;, G+ Dte; +1m))),

for j =0,1,2,...,inserted into (2.2) yields, for the initial condition x (0) = x0 = %(1, I)T, i.e.
the normalized eigenvector of @, a solution x satisfying

VieN: x(jte, +tm))=®; - ®1x°.

Finally, using (6.3) and Z?‘;l mJTl = 00, we arrive at

oy o> T] (14 10=5 1 -
j 1X H}H 1+ 9 — oo for j — oo. O
=1 >

Proof of Theorem 2.3. Fix A € R"*" with tr A < 0. Choose k*, a > 0 so that (3.11) and (3.12),
with k* taking the role of m*, hold. Given k : [0, c0) — [k*, 00) measurable and non-decreasing,
let x : [0, 00) — R" be a solution of (2.2).

If k is bounded, then m := lim;_, o k(¢) exists by monotonicity of &, so there exists 7y > 0 such
that (4.1) holds with ¢ € [ty, 00). We thus may apply (4.3) to conclude that lim;_, o, x(#) = 0. The
case of unbounded k, i.e. k(1) — o0 as t — 00, is more subtle. Now we cannot find a common
uniform static quadratic Lyapunov function for all k() > k*. Therefore, we first define disjoint
intervals of k-values, on each of which we are going to use one fixed Lyapunov function. For
M=1+-2|A| putto=0and, for j €N,

M+ 1Y/ m;
mj::<m> k), kji=mj— 20, and tj :=supf{t >0: k(t) <kj}.
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By construction, ¢ € [¢;, f;41) implies k(¢) € [k, k;11), 1.e.
. m
VjeNoVteltj, tjt1): |k(t)—mj|<w. (6.4)

Invoking Corollaries 4.1 and 3.5 gives, forall 1 € [#;,1;11),

2 —1
t < P, . _ t
01 < b exp( 57— )nxmu
fi g G Jeolamn ol o
< — — exp[ ————— .
ko\2m+1) |7 max(Pm) /
In view of the equivalence of opax(Py) < — 4’; + and 2<rma_x% Pm) tr A Lemma 3.4 yields:
Jjo = k* Vi > j BN L B 6.6)
.]0 = m = .]0: X < VU. .
20max (Pm)
With y = 2M+1 <land B = —M > () we obtain by inserting (6.6) into (6.5)
S 2 N 2
Vizjor x| < (H—my ) P | x @) (6.7)

Since 1; — oo for j — oo by construction, the right-hand side of the following chain of inequal-
ities

j j
1n< I1 (1 + @y ) '3(““‘%)) => ln<1 + wy ) — Bt —1jy)

£=jo £=jo

J

a
X Zk(o) IB(tj—H_tj())
t=jo
a Y
< KO T—y — B(tj41 — 1)
tends to —oo for j — 00, and so (6.7) yields lim;_, o, x(¢;) = 0. Since for all j > jo and all
t€ltj, tj41] we have

ol < (14 155 Il

continuity of 7 > x(¢) yields lim; , oo x(#) =0. O

Proof of Theorem 2.4. By assumption (2.5) there exist 7 > 0, Ky > O such that |k(t + h) —
k()| < Koh forallt > T andall h > 0. Put $ := =LA and M :=
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and Lemma 3.4 the inequalities k > k* > 41In2- M Ko/ B imply k> (Py) < 2 and —m < —B.

Writing h := 2]/;‘2 we have

21n2 K k(@)
Ko< — < —2
B XM S 2M

Vi>TVrelt,t+hl: |k(r)—k(t)| <hKo=

Hence we may apply Lemma 4.1 on the interval [z, t + k] to obtain, for any solution x of (2.2)
andallt > T,

[x@+m|* <267 [x0)]* =267 [x(0)]* =

whence

j
VjeNVte[T,T +h): Hx(t-l—jh)”2 < (%)

or, equivalently,

1\/
VjeNVte [T + jh, T+ (j+ Dh): Hx(t)H2<<§) |x = jm]|>.

Fort € [T + jh, T 4+ (j + 1)h) and 19 € [0, T') we have, by Remark 4.3,

)uanmw

=T
) T (AT +h—1) (o) |

Sl
( ) max Hx(s)”
se[T,T+h)
< 2e

hmax (A)(T +h—19)+1n2 7510 —1n2% Hx(to)Hz-

It remains to consider the case T € [0, tp). Invoking Remark 4.3 again gives, for t € [t9 + jh,
to+ (j + Dh),

j j -
P <(5) e —imP< (5) @< (5) " @ fxa]
2 2 2

This completes the proof of the theorem. O

It is quite instructive to see how both Theorems 2.3 and 2.4 are crucial in step 2 of the follow-
ing proof.

Proof of Theorem 2.5. Consider, forr € (0,00], p > 1, x0 e R kY > 0, the system (2.6), (2.7).
Note that & = ||x()||? if r =
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Step 1: Since the right-hand side of (2.6), (2.7) is locally Lipschitz, the initial value problem
has a unique solution (x, k) : [0, w) — R" x R for some w € (0, oo], the latter is assumed to be
maximal. By Remark 4.3, ||x(-)|| grows at most exponentially and therefore x(-) cannot escape
in finite time. Hence k(¢) < kY + fot lx(7)||” dt < oo for all t < oo, whence w = 0.

Step 2: We show that k is bounded, whence assertion (i). Seeking a contradiction, suppose
that k is unbounded, i.e., by (2.6), k(¢) tends monotonically to oo as t — oo. Suppose that r is
finite. Theorem 2.3 ensures that x(¢) tends to O for t — oo. By the gain-adaptation law (2.6),
there exists 7o > 0 such that 0 < k(7) < r for all t > . Therefore, Theorem 2.4 yields that x (¢)
tends to O exponentially, and, invoking (2.6) again, we obtain that k, being the integral of an ex-
ponentially decaying function, is bounded. This contradicts the assumption that k is unbounded.
It remains to consider the case r = co. Since x(¢) tends to 0 as 7 — 0o, k is bounded and so k
satisfies (2.5), which gives exponential decay of x(¢) for 1 — oo. However, the latter entails that
[lx]|? is integrable, and so k has to be bounded, which again contradicts the assumption.

Step 3: We show that x is bounded. Seeking a contradiction, suppose that x is unbounded.
Observe that by boundedness of k£ and (2.7), there exists ¢; > 0 so that

d
Vi>0: - lx@®| < cr|x®].

Choose g > 0 such that

x| > =°].
and set, for arbitrary R > 0,
TR 1= inf{t > 10: Hx(t) ” —ef Hx(to)H}, OR = sup{t € [to, TR): Hx(t) ” = ”x(to) ” }
Then
Vielor. il x| < x| <ef|xto)| = |x@)| <eTTFR |x(t0)].

whence, by monotonicity of k,

TR
k(tR)zk(aR)—i—fmin{r, |lx(0)]| "} dr

>k + (tgr — GR)min{r,

17},

x(10) |

R
> KO+ = min{r,
C1

Since R is arbitrary, the latter contradicts boundedness of k. Therefore, x is bounded.

Step 4: We show assertion (ii). Since x and k are bounded, it follows that (%Hxllp is
bounded, and so ||x||” is uniformly continuous. Consequently, also ¢ — min{r, |x(¢)|”} is
uniformly continuous. Thus we may apply Barbilat’s lemma [4] to conclude that ko, — k¥ =
fooo min{r, ||x(¢)||”}dt € R yields min{r, ||x(¢)||’} — 0 as t — oo, which is assertion (ii)). O
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Proof of Corollary 2.7. The key tool in proving Theorems 2.3, 2.4 and 2.5 is Lemma 4.1. To
derive Corollary 2.7, repeat the arguments exploiting the assertion of Corollary 4.2. We omit the
details for brevity. O

Proof of Theorem 2.9. Consider a piecewise monotone periodic function p with period @ > 0,
and with discrete zeros. By piecewise monotonicity ¢ — p(¢) is measurable, hence the initial
value problem

x=(A+kp®)Za)x,  x(0)=x" (6.8)

has, for any XY e R, a unique solution on R. Linearity of (6.8) implies that the zero solution is
asymptotically stable if it is attractive. It therefore remains to determine some k* > O such that,
for every k with k > k*, the zero solution of x = (A + kp(t) X'4)x is globally attractive. This
follows, by invoking (4.6) again, if there exists some p € (0, 1) such that, for all k£ with k > k*
and all xO € R" \ {0}, the solution of (6.8) satisfies

[x @] <ol 6.9)
With M =1+ E”tﬂ(AA'g and y = %%;} put, for j € Ny,
po:sup{|p(t)|'te[0 a))} p‘:yjpo and m; = 2M pi
' o / ’ oM 41"

as well as

T;={t€l0,0l: |p®)| € (pj+1.p;1} and T ={r€[0,w]: p(t)=0}.

Note that pyp < oo by assumption, so that lim; . pj =lim; ,oom; = 0 by virtue of y < 1.
Furthermore, T, is a finite set by assumption, and the time interval [0, @] can be written as
the disjoint union [0, w] = U?io T; U T. We partition each T further as follows. Since p is
piecewise monotone, for each j € Ny there exist L; € Ny (set L ; =0 if 7; = ) disjoint intervals
Tj¢= (gjg, fjg) C T such that p(-) is monotone and has constant signon Tj¢, £ =1, ..., L;, and

such that 7; = Ué; (& it t j¢) except for finitely many points (in fact, consisting of ¢ j ¢). Writing
VieNoVe=1,...,L;: h;:=|Tjl, hje:=1Tjel,

gives

Lj Lj Lj
VjieNo: |Tjl=Y ITl=Y Gje—t;)=Y hje.
=1 (=1 =1

By Lemmas 3.6 and 3.4 together with Theorem 3.1, we may choose m™*, 8 > 0 such that

|k —m|
|m|

Vm € R with |m| > m™*, Vk e R: A,{Pm—l—PmAké—(l— M)I (6.10)
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and

1
Vm € R with |I’l’l|>l’l’l>x< < —m7FM—. (6.11)
Omax (Prm)

Define the strictly increasing and unbounded N-valued sequences (¥ (j)) jen, and (j (¥))yeN 4O
by

Y (j)=min{p eN: pm; >m*}, jeNy,
j)=max{j eN: ¥y (j)<v¥}, ¥ eNyq).

Since ) 72 hj = o implies
o0
u@)= > hj—>0 asy — oo, (6.12)
J=j(¥)+1

we may choose ¥ € N so large that

ghmax () =h @@= W) —. 1. (6.13)
Put
tjie+t :
mje(k) :=sgn| p — kmj;, jeNy, £e{l,...,L;}, k>0.
Then

VjieNoVee(l,...,Li}Vieltije)Yk=>p()):

1’ m j[l_lp(t)l]
m; m;

Pj—H} _ kmj  |mje(k)]|

kp(t) —m ¢ (k)| = km

— : (6.14)

Skmj 1—
2M 2M

m;j

Now (6.10) and (6.14) ensure that the assumptions of Lemma 4.1 are fulfilled, and so apply-
ing (4.3) to the solution x of the initial value problem (6.8) gives, by invoking (6.11),

VjieNoVee (... LYk >y () |xG ;0] <kaPujae ™ |x@;p >, (6.15)

In view of (4.6) and (6.15), we have, for any x? # 0,

(@) Banlk

X0 rgiu@aw
_ ﬁ:fiw@mﬁ f%nnﬁmw
Ik Ik

j=jk)+1 =1 =1¢=1
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j@) Lj
< PR TT [ k2(Porjea)e e
j=1¢=1

jo) 1 Lj
< e)\max(A)//«(l//) 1_[ ( 1_[ K2(ijg(k))> e_lghj A (616)

j=1 \t=1

By Corollary 3.5, we may choose a, k = k(1) > 0 such that

- a a
Vk>kVjell,...,j veell,...,L;}: P, <l +—=14+—,
J { ](w)} { it Kl mjz(k)) + m e (0] + km;
and hence
B Lj a Lj
and furthermore, we may choose k* = k* () > k such that
Lj
Ve ke ll, i@} ] [ka(Pujw) <&,
=1
which, when inserted into (6.16) and invoking (6.9), yields
Jx (@) i
Vi > K Xw < elmax (D) H e Phil2 < rmax (A W)= (@—p () _ 0.
EE i

This shows (6.9). O

Proof of Theorem 2.11. Letr >0, p > 1, xY e R”, kY > 0. Existence and uniqueness of the so-
lution x : [0, co) — R” to the initial value problem (2.9), (2.9) follows as in step 1 of the proof of
Theorem 2.5. If k is bounded, then it follows as in steps 3 and 4 of the proof of Theorem 2.5 that x
is bounded, and that assertion (ii) holds. Therefore, it remains to show boundedness of k, whence
assertion (1). Seeking a contradiction, suppose that k is unbounded, i.e. k() tends monotonically
to oo as ¢ tends to oo. If @(-,-) denotes the transition matrix of (2.9), then in view of (4.6) it
remains to show that

pe(0,1)Ii eNVjeN;: ||@tj41,1)x@))| <pllx@)p]. (6.17)

For N € N3 put

14
tj=jm, l‘ngjJT—l—NJT, jeNp, £e€{0,...,N},

P tio+1+1je

je=+=5—". jeNo, Le(0.... N~ 1),
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hj=tj1 —tj, hje=tjer1 —tie=m/N, jeNg, £e{l,...,N—1},
mj =k(tj1)|sin(x/N)|, je€No,
mngk(lTjg)Sin(lrj(), jeNp, Lef{l,...,N—2}.

In passing, note that 7;o = 7; and #;y =t;1 for all j € Ny and, since k is assumed to be un-
bounded,

HiENVjENl’,VEE{l,...,N—Z}I mj§|mjg|.

By Lemmas 3.6 and 3.4 we may choose m™, B > 0 such that for every real m with [m| > m™* and
for every k € R

k —
A,{Pm+PmAk<—(1—| m'M)I and f<—, (6.18)
|m| Omax (Pm)
where again M =1+ E”tﬂ(AA'g . Next choose N € N and i € N, both sufficiently large, and, in view

of Corollary 3.5, a > 0 such that

exp(2Aimax(A) — B(N —2)) =: py < 1, (6.19)

k(tje) + 5% |sint| <1+L (6.20)
k(tje) |sin(tje)| oM’ '

VieN;Vee(l,...,N =2} Vt € (tjg,tje41):

N-2
3p e (0. 1)Vj eN;: pN(1+|“—|) <p. (6.21)
m;
VieN;Vee(l,....N =2} (Pn,) <1+ <1+ (6.22)
|m ¢l mj
In view of k(7) < r and (6.20), we have
VjEN,'VEE{1,...,N—2}Vl‘E(l‘jg,l‘j,g+1):
|k(t)sint —mjel ~ k(t)|sint| 1<k(fj€)+% | sint| < 1
|m j| k(@o)lsin@e)l —  k(fe)  Isin@e)| 0 2M

and together with (6.18) we may apply Lemma 4.1 to conclude, by invoking (4.6) again,

VjieN;Veell,...,N -2}

| @@ tx@p| < @GN, tin—1) - Pj1,tj0)x (1)
N-=-2
< ekmax(A)zn'/N 1_[ K2(Pmﬂ)e_/3hj£ ”.X(IJ)”
=1
(6.22)

N—2
2 exmax(mzn/N(H a ) e BTN | (1|
[m jel
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(6.19),(6.22) a N-2

S (14 ) )
Im |

6.21)

&l

This proves (6.17). O
7. Conclusions
We have derived several stabilization results of linear systems by rotation:

(a) For any A with tr A < 0, there exists a skew-symmetric matrix X4, such that A + kX4 is
stable for k with |k| large enough. The transient bound of the system x = (A + kX)x ap-
proaches the optimal value 1 as |k| — oco. The matrix X4 depends only on the symmetric
part A+ AT of A. This, in particular, implies that A + AT alone does not yield any informa-
tion on the transient bound.

(b) The system x = (A + k(1) X 4)x is stable, if r > k(¢) becomes sufficiently large and k grows
monotonically. If k£ is not monotone, then the system may be unstable, even if k tends to oc.

(c) A stabilizing controller gain function k£ can be determined by a servo mechanism so that
u(t) =k(t)X4x(t) is stabilizing.

(d) The dynamic state feedback controller is robust with respect to bounded skew-symmetric
perturbations.

(e) A system x = Ax is vibrationally stabilizable in the sense of Meerkov if, and only if,
trA <O0.

(f) A stabilizing controller gain function k£ can be determined by a servo mechanism so that
u(t) =k()p(t) X ax(t) is vibrationally stabilizing.
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