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A biotechnological aerobic process is modelled as
an ordinary differential equation which, under mild
assumptions, ensures invariance of the positive orthant
and boundedness of the concentrations. An adaptive
controller is designed for this general class of processes
50 that the external substrate can be regulated by the
dilution rate into a prespecified arbitrarily small neigh-
bourhood of a constant setpoint reference. The adaptive
controller is robust, simple in its design without invok-

ing any identification mechanisms, and is based on’

output data only. It is shown that the prominent exam-
ple of a baker’s yeast fermentation belongs to this setup,
and adaptive tracking is illustrated by simulations.
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1. Introduction

The purpose of the paper is threefold. First, it is a
contribution to the general modelling of biotechno-
logical aerobic processes including proofs which show
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that the intuitive assumptions ensure mathematically
what is expected from a real process. Secondly, we .
introduce a simple adaptive controller with saturation
which, under mild assumptions, is proved to achieve
tracking of an external-substrate within a prespecified
neighbourhood of a setpoint. Thirdly, a well-known
example of baker’s yeast fermentation is further inves-
tigated and shown to be a special case of the proposed
general model. Finally, adaptive tracking is illustrated
for this example.

We consider general biotechnological aerobic pro-
cesses modelled by ordinary differential equations of
the form '

x(2) = Kp(x(1),0(1)) — D(1)x(t) — Ox(t)
+ D(1)x" (1),

O(1) = Kop(x(1),0(1)) = D(1)O(r)
+ kLa[0% = O(1)),

(1.1)

where, for n€N and n>meN, the constants and
variables denote

x(D) = (x1(8), ..., x,(£))T  concentrations of the n pro-
cess variables at time ¢,
o) concentration of dissolved
oxygen at time 1,
stoichiometric matrix,

K=[ky,... kn) € R™™
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Ko = [kot,-- -, kom) € R™  stoichiometric oxygen
vector,
Q = diag{qi,...,g.} € RYY" proportional gaseous

outflow rates,

oxygen transfer rate
O(1) with equilibrium
concentration of dis-
solved oxygen O* and
oxygen mass transfer
constant xy, >0,
reaction rate vector,
where

are locally Lipschitz
continuous functions,

KLa [0% — O(1)]

(Pz(lpl)" '7SDHI)T

0i(-) : R — Rxo

.j:: 19 cee,m,
xP() Ry — R, piecewise continuous
x%(f) = (¥(2),...,x"(#))”  and bounded function

of n feed concentra-
tions at time ¢,
piecewise continuous
function of dilution
rate with Dy, > 0.

D('):RZO_’ [Os Dmax]

Furthermore, the following structural assumptions
of (1.1) are assumed.

(Al) There exists y € RZ, such that y'k;<0 for
all columns ki,...,k, of the stoichiometric
matrix K.

(A2) Forj=1,...,m we have:

©i(x,0) = o(x,0) - H X;

iEAUt_iULj

for locally Lipschitz continuous functions
()t REED — Ry if ox, 0) =0, then at least
one of the components of (x,0) is 0;
- Kowp(x,0)=0.

Aut; and L; are the autocatalysts and the reactants
of the jth reaction, respectively; they are defined in
Section 2. Assumptions (Al)-(A2) are discussed in
detail in Section 2.

(A1) ensures that x(f) = K ¢(x(¢), O(t)) is dissi-
pative. This replaces the classical assumption of
Conservation of Mass. We do not suppose that the
matrix K contains exact stoichiometric coefficients.
Our approach should encompass models which con-
tain only the essential reactions and essential sub-
strates, and we also allow for uncertainty of the
stoichiometric coefficients.

The term D(£)x'(¢) in (1.1) ensures that the inflow
rate is proportional to the dilution rate. This assump-
tion is essential for proving that all concentrations
within the reactor remain bounded.
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The decomposition of the reaction rate ; into a
specific reaction rate a; and a product of autocata-
lysts Aut; and reactants L; in assumption (A2) is
essential for proving that if the process is initialized
with positive concentrations, then they stay positive.
The remaining conditions are justified by the physical

‘fact that a reaction can only take place if all its acti-

vators are present in the reactor.

The control objective is to regulate an external
substrate x(7), /€{l,...,n}, towards a prespecified
neighbourhood of a given constant reference setpoint
Xref- This will be achieved by the so-called A-tracker
(and variations thereof), that is,

e(t) = xl(t) — Xref,

D(t) = satp, p,,) (—k(D)e(t) + D),
v JUeI =N, if le(f)]>A
0= 5{0, | if fe(r)| <,

(1.2)

where r>1, A\, §>0, Dpa>D*>0, k(0)>0 are
design parameters, and

0, ifn<0
sati p,.) (M) =< 0, if 7 € [0, Denax]
Dpax, if 1> Dpay.

These design parameters influence the transient
behaviour of the closed-loop system crucially. Their
role is discussed in detail in Remark (3.4) and illu-
strated in the simulations of the baker’s yeast process
in Section 5.

The A-tracker (1.2) seems in particular suitable for
biotechnological processes since despite their non-
linearity, uncertainties, disturbances and possible
unstable multiple equilibria, this controller is only
based on structural system data, that is, (Al)—(A2).
It consists of a proportional error feedback with
saturation, and the time-varying proportional gain
k() is determined adaptively by the error measure-
ment only. The idea is that the gain increases as long
as the error is outside the A-strip. Once the gain is
sufficiently large, under appropriate assumptions, the
error e(t) will converge towards the A-strip and the
gain k(z) is kept constant. That means the control
objective is met. The upper bound of the saturation
has to meet a feasibility condition which will be made
precise below.

The present paper is based on several contributions
in different fields. Modelling of the general reactor
model has been established by Bastin and Dochain [1],
a sufficient condition for dissipativity of mass in terms
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of the stoichiometric matrix has been developed in
Ilchmann and Weirig [11], see also the contribution by
Bogaerts et al. [3].

Various control objectives and several industrial
implementations are reviewed in Chen et al. [4]. The
wide application of adaptive nonlinear techniques for
biological reactors lies in the fact that the models
include highly nonlinear and slow time-varying kinetic
parameters (see Bastin and Van Impe [2]). Most of
the control strategies proposed in the literature use
algorithms to identify the process kinetics and/or
reconstruct the non-measured state variables (see for
example Pomerleau and Perrier [15] or Ferreira and
Feyo de Azevedo [7].

The adaptive A-tracker discussed in this paper is in
the spirit of Ilchmann and Ryan [10], where it is
introduced for linear systems and without any input
saturations. In Ilchmann et al. [12] adaptive A-track-
ing of an external substrate of a general reactor
model was achieved by using the feed rate as the input
variable; it also was assumed that the dilution rate is
bounded away from zero. However, if aerobic con-
tinuous stirred tank reactors are modelled by lump-
ing together the reaction equations in (1.1) to some
4 (x,0)T = Ky(x, 0), then in this general form one
cannot derive boundedness of the concentrations of
the general model. This is exactly the reason why the
oxygen dynamics have to be separated as in (1.1), and
a new proof for A-tracking has to be developed. A first
approach in this direction can be found in Weirig [18].

The paper is organised as follows. In Section 2 we
introduce and motivate assumptions of the general
model (1.1) so that it is sufficiently general to encom-
pass relevant biochemical processes, and sufficiently
strict to derive mathematically the properties of the
process which are intuitively expected. In Section 3
the adaptive feedback strategy to regulate an external
substrate to a prespecified neighbourhood of the
setpoint reference is introduced and proved to meet
the control objective under certain assumptions. In
Section 4 a well-known model for baker’s yeast fer-
mentation is further investigated and shown that it
falls into our general setup. This example is also used
to illustrate the adaptive controller by some simula-
tions in Section 5.

2. General modelling of biochemical aerobic
processes

Aerobic biotechnological processes consist of a set of
m reactions ¢, . . ., @, involving n + 1 concentrations
X1,..-, Xy 41 In the liquid phase of the reactor. Such
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a process is commonly specified by the following
reaction scheme for each jth reaction:

¥ ..
E c,_-,-x,--———>§ cixi, j=1,...,m.

ieL; i€R;

2.1)

Here
Ljé{l,...,"‘l‘l}, Lj#@

denotes the set of indices of the components x;
which are the reactants of the jth reaction,

R C{l,...,n+1}, R#0

is the set of indices of the components x; which are
the reaction products of the jth reaction.

The quantities of each component involved in the
reaction are specified by the non-negative stoichio-
metric coefficients c;, sometimes also called yield
coefficients. The rate of consumption of the reactants,
which is equal to the rate of formation of the reaction
products, is called the reaction rate and is denoted by
@, For a comprehensive list of reaction rates see
for instance the Appendix in Bastin and Dochain [1].

The reaction scheme (2.1) gives rise to the process
as an ordinary differential equation, see (1.1). The
coefficients of the matrix K are given by =c;. Models
of the form (1.1) have been used throughout the last
thirty years in a more or less formal way, and the
above formalism was established in the monograph
by Bastin and Dochain [1].

In the present paper, we are more specific and
divide the substrates of L; and R; further as follows
(see also Fig. 1 for illustration):

Cat;=L,NR; catalysts, that is, set of the
indices of those components
which are involved in the jth
reaction but maintained by the
reaction,

substrates, that is, the set of
those components that are
consumed by the jth reaction,
they are assumed to be empty,
products, that is, set of the
indices of those components
that are produced by the jth
reaction, v
autocatalysts, that is, set of
the indices of those compo-
nents that are accumulated
by the jth reaction,

Subj = LJ\(LJ N R/) # 0

Aut;=RA\(L;,NR))
UProd)
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Restj

=4

(x4

Fig. 1. Reaction component sets.

Rest; = {1,...,n+ 1}\(L; U R)) set of the process

components that
are not involved in
the jth reaction.

Note that, for all j=1,...,m
Aut; UProd; = R)\(R; N L;),
and {1,...
union
{1,...,n+1}
= Cat; U Sub; U Aut; U Prod; U Rest;.

,n+1} can be represented as the disjoint

(2.2)

The following characterizations of the catalysts, sub-
strates and products will be useful in the sequel:

Catj = {l S Lj n R,]ky = 0}

Subj = {iE {1,...,n+ 1}]/(,] < 0}
Prod; UAut; = {i € {1,...,n+ 1}k; > 0}.
The reaction rate ¢; is often assumed to be propor-
tional to the microbial specific growth rate ;. The
most prominent growth rates are the models of
Monod or Haldane. Reaction rates ¢;, specific reac-

tion rates aj, and specific growth rate y; are in our
setup related as follows.

wi(x, 0) = a;(x, 0) H X
i€Aut;UL;
=u(x0) [ =

i€ AutUCat;
= o4(x, O) H X; H X;.
icAut;UCat;

iESub_,-

(2.3)

(2.4)

A prominent reference on chemical reacting systems is
Gavalas [8]. See in particular Section 1.1, where he
introduces systems which can be described by an
ordinary differential equation as the first equation in
(1.1). Although Gavalas does not explicitly say so (see
Section 1.1 and also the sentence below equation
(1.8.11)), the Principle of Mass Conservation implies
the existence of a positive vector v € RZ, so that

Tk =0, for all j=1,...,m. In this case, and if the
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dilution rate, feed rate and gaseous outflow rate in the
first equation in (1.1) are zero, then

ST x(0) = 7K p(x(), 0(1) =0,

and since all coefficients of ~ are positive, this means
conservation of mass.

However, if K does not represent the exact stoi-
chiometric relationships between the components,
then the model does not satisfy the conservation of
mass, but might still be relevant since all “essential”
reactions are obeyed. For this approach, which was
taken in Bastin and Dochain [1], the concept of “non-
cyclic processes” has been developed in Iichmann and
Weirig [11]. Cyclicity of (1.1) as defined in [11] means
that the process contains a reaction loop, that is, there
exists a subset of reactions S so that every substrate x;
involved in a reaction j € S'is also an autocatalyst or a
product of one of the reactions j& S. Most processes
in the literature are non-cyclic. In Ilchmann and
Weirig [11] we give an algorithm to decide whether a
matrix K is non-cyclic or not, and in particular non-
cyclic implies (A1). Note also that if the dilution rate,
feed rate and gaseous outflow rate in the first equation
in (1.1) are zero, and (Al) is satisfied, then
d/dtyTx(1) = yTK ¢(x(t),0(£)) <0. Hence the pro-
cess is dissipative and (A1) generalizes conservation of
mass.

We are now in a position to state and prove the
main result of this section. That is, under the
assumptions (Al)—(A2), all concentrations stay
within a bounded invariant set for all ¢ > 0.

Theorem 2.1. Consider the process (1.1) satisfying
(Al) (A2). Then for any initial concentrations x(0) €

20> 0(0)€ (0, 0], there exists a unique solution of
(1.1). This solution does not exhibit a finite escape
time, is bounded, and stays within the positive
orthant. More precisely,

O(t) € (0, 0*] and

x(2) € {x € Ry x < max{y7x(0),y"%"}}
Vi >0, (2.5)
where
F0 (;‘c‘l“,... ) and

%"= sup{x"(1)|z € [0,00)} for i=1,...,n

Proof. Since the right-hand side of the differential
equation (1.1) is locally Lipschitz continuous in (x, O)
and piecewise continuous in ¢, it follows from the
classical theory of ordinary differential equations that













































