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ADAPTIVE DYNAMIC OUTPUT FEEDBACK STABILISATION
OF NONLINEAR SYSTEMS

A. Ilchmann and A. Isidori

ABSTRACT

An adaptive dynamical output feedback controller is introduced for a
class of nonlinear non-minimum phase systems. This adaptive controller
achieves practical stabilisation, that means the output will asymptotically tend
to a pre-specified neighbourhood of the origin. In case of linear systems, we

can even prove adaptive stabilisation.

KeyWords: Adaptive control, dynamic output feedback, nonlinear systems,
practical adaptive stabilisation.

L. INTRODUCTION

In this paper, we consider polynomially bounded
nonlinear systems of the form

2O =@, y©), y)=q@@), y@©) +by@) u@), (1)

where it is assumed that f: R ' x R" - R, ¢ : R~ x
R" 5 R", b : R" — IR™"*™ are locally Lipschitz, with
f(0,0)=0, g(0, 0) =0, b(y) is invertible for all y € IR™, and
there exist real numbers g, 1, li,0> 0 and an integer s > 1
such that, forall ze RV, 7,y € IR, we have

e 5)-fe | <a[1+] 5 -]
Eq(z, i)—q(z,y)” Suq[l +|5-» ||]
. 0] sl 1+]2[ ] @)

The control problem that we address is the design of
a dynamic (and adaptive) output feedback law yielding
global practical stability. More precisely, we seek a family
of dynamical systems of the form

X=%%y), u=p&y) (3)

where A > 0 is a constant design parameter, such that, in the
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resulting closed-loop system (1), (2), for every initial
condition z(0), y(0), x (0).

o the solution (z(?), y(), x () exists for all 7 € [0, ) and
is bounded,

e lim,_, .max{0, |y(t) “ — A} =0, i.e. the distance between

|| y(@) ” and [0, 4] tends to zero as ¢t —» oo,

The family of controllers that we design is such that,
in the linear case we can choose A =0 and z(¢), y(¢). In the
non-linear case, for any A > 0, there is a controller in the
family (2) such that |[ () || asymptotically converges to the
strip [0, A] as time tends to oo,

The basic assumption that we make on system (1) in
order to meet this control objective is that the following
auxiliary system associated with (1)

O =fe®), u@®), y©)=qc®), u ), “)

regarded as a system with input u, output y and internal
state z, is globally asymptotically stabilisable by a dy-
namic output feedback of the form

O =Lne) +My @), u@=Nne), (5)

in which M € IR?*" and L : IR? — IR? is locally Lipschitz,
with L(0) = 0, N : R? — IR" is continuously differentiable
and there exists real numbers 4, ity > 0 and an integer r 2
1 such that, for all n, fj € IR, we have

|L@D-Lm|<u,

t+| -l

| v -Nmp| < 1+] 77 H’]. ©)
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More precisely it is assumed that (5) renders the
equilibrium (z, 17) = (0, 0) of the closed-loop system

2(O)=fG@), N(n@))

@)= L) + Mq(z(@), N(n@))) O]

globally asymptotically stable, and there exist a continu-
ously differentiable Lyapunov function W: R"~! x IR? —
IR, , and real numbers w,, w,, w;, w, such that, for all
é:: (ZT, nT)TE mn—1+q’

wil gl < We m<wil &

Sz, N(m)

grad Wiz, 1) - L(m + M(g(z), N(m)

<-wy¢]

” grad Wz, 1) H <w, (8)

This type of assumption was proven in [5] to be
helpful in determining a (dynamic) output feedback law
that semiglobally practically stabilises a nonlinear system
of the form (1). In the present paper, we extend the result
of [5] by showing that, if a certain “gain parameter”
included in the feedback law is continuously adapted
(rather than fixed as in [5]), then the feedback law steers
the state of (1) to an arbitrarily small neighborhood of the
origin regardless of the initial value (and not just for any
initial value in a fixed, possibly large, compact set as in
[5]). The adaptation law used in the present paper is
simple. It is a time-varying gain driven by an integration
in the linear case, and in the nonlinear case an integration
coupled with a dead-zone. This high-gain idea goes back
to [10] and, if a dead-zone is incorporated, to [4], see
also 12} for polynomially bounded systems. 1t is worth
observing that (as noted in [5]), in the case of linear
systems, the assumption in question (see (4), (5)) is not
restrictive at all: it is fulfilled by any system which is
stabilisable by means of dynamic output feedback. We
also observe (as pointed out in [6]) that the assumption in
question essentially identifies a class of nonlinear systems
that are semiglobally stabilisable by means of a feedback
driven by functions that are “uniformly completely ob-
servable” in the sense of [9].

II. LINEAR CASE
In this section, we consider the special case in which
system (1) is a linear system, namely a system of the
form

2B =Fz(t) + Gy()

YO = Hz(t) + Jy(t) + Bu(t), ®)

where Fe R"""*"D Ge RV He R™¢-D Je
IR™*™ and B € IR"*" is invertible.

The corresponding version of the basic assumption
introduced in the previous section (see also Fig. 1) is that
the following subsystem of (9)

iO=Fz0)+Gut)
Y®)=Hz®)+Ju @), (10)

is uniformly asymptotically stabilisable by a dynamic
output feedback of the form

AO=Ln®)+My@®), u@)=Nn@), (11)

where L e IR7*Y M e RY*" Ne IR™™4,

The following Proposition 2.1 is an adaptive version
of Lemma 3.1 in [5], where it was assumed that, in the
feedback law u(-), k(-) = k" is sufficiently large.

Proposition 2.1 Suppose (11) applied to (10) yields a

uniformly asymptotically stable closed-loop system. Then
the dynamic and adaptive output feedback controller

N@) =Ln@) + MkOly() - Nn@e)]

u(@)=B"'[N[Ln+ Mk(t)[y(t) =Nl - k@ ©) - Nn@))

ko =|yo-Nno), (12)

with » > 1, applied to (9) yields, for arbitrary initial data
(z(0), ¥(0), n(0), k(0)) e R*~! x IR™ x [R? x IR, a nonlinear
closed-loop system (9), (12) which possesses a unique
differentiable solution

@), ¥ M) KC) 0, @) - R KR KR,

maximally extended over [0, @), where w e (0, o], and has
the properties

u z=Fz+Gu ]
y=Hz+ Ja

@ n=Ln+ My ]
= Nn

Fig. 1. Assumption on global asymptotic stabilisability: stable closed-
loop system.
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(1) @= o, i.e. no finite escape time,

(i) ‘lLrgo k(t) =k, € IR, i.e. the gain adaptation converges,

(iii) z(-), y(-), () € LR, 05 R X LT(IR, o5 R™) X
L'(R,3 R, and lim| z()] + | y©)| + [ n)] = 0, ie.
stabilisation.

The proof of Proposition 2.1 and of the subsequent results
relies on the following lemma. Although the result might
be well-known, we are not aware of a concise reference,
and present a short proof.

Lemma 2.2 Consider the differential equation

xX(O)=F@, x(0) + ¢, + 1), 13)
where F(-, ) IR, o xR > IR, () 1 R, g o R, i=1, 2,
and suppose there exists a continuously differentiable

Lyapunov function V(-, -) : IR, o X R" — IR, so that, for
some o, ..., &, >0, p21,and all (¢, x) € R, X R,

a| x| <V, 0 < ) x|’
VG x)+ 2V x) F 0 <— o] x|

“ grad V(t, x) H <a, (14)

Then any absolutely continuous solution x(:) :
R, , — R of (13) satisfies, for any r>1:

1) o) e 'R s IRY) Alim, ., ¢(1) =0
= lim, . x(¢) = 0,

(i) () e LR, IR A @) € L7(R, 3 RY)
= x(-) € L”(R, 4 IRY).

Proof. The derivative of V(z, x(r)) along a solution of (13)
satisfies, for almost all 1 2 0,

Ly, xe)<- Ve x0)+ aul] 0,0+ 9.0,

N z'=Fz+Gy Yy

y=Hz+Jy+ Bu

7 = L+ Mkly — Nn}

U=B"‘[N[Ln+Mk[y~Nn]]—k[y—an] —

k=lly-Nnir

Fig. 2. Linear case: global stabilisation by dynamic output feedback
and gain adaption.

and hence, applying Variations-of-Constants yields, for
allt>1,20,

—ﬂ(r—z )
Ve, x@)<e @ "V,
+ f ' e‘g—i<"‘)a4[|y 0.9)] +] 0.5) |ids. (15)
0

Note that by Holder’s inequality we have, for 1/p +
1/g=1andall t>1¢,20,

t
f e—ﬂt(t—S)
1o

o) ldss | e Lo, 2 Lusfip120)

2

e L)l o0O]afrsnn,
< “ e ® ”LP(%w)u S )||Lq(to,o°)

+ H e ® “Lp(o,w)n o )“LQ(%,-») (16)

The statements of the lemma follow from applying (16) to
the convolution in (15) and invoking (14) again. ]

Proof of Proposition 2.1. It follows from standard results
of ordinary differential equations that the closed-loop
system (9), (12) possesses a unique differentiable solution
which can be maximally extended over an interval [0, ),
where @ € (0, o).

The (z, y, n)-coordinates of the closed-loop system
satisfy, where for brevity we omit the argument ¢,

:=Fz+GNn+Gly-Nn]

y=Hz+Jy+NLn+k[NM-1,]y—-Nnl

A= L1+ MKy —Nn] a7
and the coordinate transformation 6 :=y — N7 leads to

:=Fz+G[Nn+ 6]

n=Ln+Mk0O

O=Hz+J[@+Nnl-k6 (18)

so that the further coordinate transformation & := 1+ M6
yields, for &€= (z7, ),

E=AE+BO
§=CE—[k)I, - D6, (19)

where
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| F, GN s_|  Gl,-NM]
| MH, [L+MIN]| T T | MJ~[L+MINM |
C=[H, JN), D=[J-JNM] (20)

Note that A is the matrix of the closed-loop system (10),
(11), and hence by assumption exponentially stable.

We prove that k(-) € £7(0, w; IR). Seeking a con-
tradiction, suppose k() is unbounded. Let P = PT ¢
R 1+9x0=1+9) be the positive definite solution of

AP+ PA=-1

Then, differentiation of the Lyapunov function candidate
V@& 0)=¢"PE+ 1 0], where £=7. ¢ 1)
along the solution of (19) yields, for almost all 7 € [0, w),

d
Svicw. o0y

=—| &0 +2£0)"PBO®) - 60) (), - D16G) + 6) C &)

s-|éol'-[ko-|B]) e + 2 ps| +| ¢ ] sl o]

loo}’

<] 5(t)||2—[k(t)—”5 |22 e8] +] ||

Now monotonicity and unboundedness of k(-)
yields exponential decay of (z(¢), {(¢), &1)) on [0, ), and
by the coordinate transformations we may conclude expo-
nential decay of (z(7), y(¢), 7(¢)) on [0, @). Thus ¢ — k(¢)
converges as t tends to @, which contradicts unbounded-
ness of k(-).

k(-) € £7(0, ; ) readily gives @ = oo, and hence (i)
and (ii) are proved and it remains to show (iii).

k() e £70, w; IR) is equivalent to &-) € LR, ,; ™)
and hence an application of Lemma 2.2 to (19) yields
(), () € LR, ;R xIRY) and lim, _, .(z(2), {(1)) = 0.
This gives 7(-) = {(1) - MO(-) € L(R,; R?) and y(-) =
() + Nn(-) e LR, o; IR™, and a repeated application
of Lemma 2.2 to

YO ==y + pi@), y@), n@)),

where
Uz, y, M=y +Hz+Jy+Bu, (22)

gives lim,_, .. y(t) = 0. Finally, rewriting the lower equation
in (17) as

n=-n+I+L—-MkNIn+ Mky, 23)

gives, again by Lemma 2.2, lim, _, ., 7(z) = 0. This com-
pletes the proof of the theorem. ]

It is easy to see that the gain adaptation law can be

replaced by k =y | +|Nn| ork =]y | +|n|"

III. NONLINEAR CASE

The following theorem generalises Proposition 2.1.
However, stabilisation to zero can no longer be guaranteed
and is replaced by the weaker control objective of practical
output stabilisation. The following theorem also general-
izes Theorem 4.1 in [5], where practical stabilisation with
arbitrary large basin of convergence is ensured for k(-) = k"
sufficiently large. The basic difference in the control law
(24) is that the gain parameter k() is tuned adaptively,
making it possible to obtain the desired convergence
properties for any initial data.

Theorem 3.1. Suppose (4) applied to (5) yields a globally
uniformly asymptotically stable closed-loop system in the
sense that there exists some W: IR"™!' X IR — IR, , satisfying
(5). Letr; 21, 4,4, >0be given, and r, s > 1 as in (2), (6).
Then the dynamic and adaptive output error feedback
controller

0@®)=y@®)—N(n(@®))

)= L(n@) + Mk@)] 60)|" ' 6(e),

u@)=bGo) " %%(n(z»[L(n(r»+Mk(r>u () )

"6 - ke 60)

k()= max {0,

y®| -2, +max [0,

|60 -2,)", (24)

applied to (1) yields, for arbitrary initial data (z(0),
¥(0), 1(0), k(0)) € "' x R™ x R? X IR, a closed-loop
system (1), (24) which possesses a unique differentiable
solution

@)y, ), k() 2 [0, 0) s R IXxR" xR X IR,

maximally extended over [0, w), where we (0, o], and has
the properties

(1) @= oo, i.e. no finite escape time,
(@i1) tlim k(t) =k..€ IR, i.e. the gain adaptation converges,
oo

(i) z(), y(), M) € LR, 3 R* ™) X L=(Ry 5 R™) X
L7, ; RY), i.e. all signals are bounded,

(iv) lim, , ., max{0, [ y@)| - A,} =0, and lim, _, . max{0,

| 60)]|- 2.} =0, ie. | ()| and | )| approach [0, 4]
and [0, 4,] respectively as ¢ tends to oo,
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Moreover, for any €> 0 there is ﬂ,; such that, if 4, < /'t;, then

(v) lim,_ . max{0,

] [0 - ) =0

Note the essential difference between statements
(iv) and (v) in Theorem 3.1: For pre-specified and arbitrary
small A,, 4, > 0 it is guaranteed that eventually y(z) and
0(r) stay in a A,- respectively A,-neighbourhood of 0.
This cannot be guaranteed a priori for the z(r) and 1()-
components. Statement (v) only guarantees qualitatively
that the smaller eventually 6(¢) is the smaller the other
internal states z(f) and 1(r) eventually become.

Proof of Theorem 3.1. The (z, y, )—coordinates of the
closed-loop system (1), (24) may be written as

z=fz, 8 +N®)

y=qG 6+ Nm)+ LN -k 6]""'6

n=Lm)+Mk|6]""'6. (25)

and hence it follows from standard results of ordinary
differential equations that the closed-loop system pos-
sesses a unique differentiable solution which can be maxi-
mally extended over an interval [0, @), where @ € (0, ].

The coordinate transformation ¢ := 1 + M0 yields
2=fz, 6+ N -M0))
{=L( - M6) + Mq(z, 6+ N ~M6))

6=—k|6]""'6+q( 0+ N -M0). (26)

In order to make use of the global uniform asymptotic
stability of (7), we rewrite (26) as follows

i =fe, NO)+ 6.6, £. 0)
{=LO+Ma@, N) + 8,2 &, 6)

0=—k|0]|""'0+q(, 0+NC M), 27

where

SZ(Z’ C’ 9) =f(Z, 0+ N(C_Me)) _f(z7 N(O)
04z, §, 0) = L({ - M6) - L({)

+ Mlq(z, 6+ N({~ M6)) - q(z, N(O)].
(28)

For the sake of simplicity we redefine the distance
function, for >0 and O e IR, p being given by the context,

d (6)=max {0, | 6] - A}.
Using the following inequality (see, e.g. [8, Section XI. 4])
[a+ b} <2 '[a“+ b forall a, b 20 and k € N, (29)
and (2), (6), (8), we conclude that the derivative of W(z(#),

{(») along the solution of (26) satisfies, for w; := w3/w, and
suitable constants L, i, > 0 and almost all 7 € [0, w),

d _ d T
2 Ve®, (1)) =grad W(z, {) x e e

<—wi| @7 ¢ |+ w ] @ 8

(30)

<—w| @ ¢ |+ wdl

1+ ﬂ 0+ N -MO)-N(Q) H

wa 1+ | o] |+ [ Mg, 1+“0+N(C—Me)—N<C>HS]
<-w)| @ O |+ m|1+] 6] +|Ng-MO)-N H‘T]
<-wi @ ¢V [+ 1+ 0]"]

<-Ww,W(, C)+y2[1 +|6

] G1)

Since (31) is equivalent to

s
1

L™ W), (O < el +] 60)

it follows from (8), the decomposition of || 9"” into
d,(6)” plus a bounded function, and elementary calcula-
tions, that for some suitable constant ; > 0 and almost all
te [0, w),

"<+ LA O YO, (32)

o cory'

where
Ao )= (t = fz e%"”(p(r)df).
0

Using again (29), (2), (6), (8), we conclude that the
derivative of d;(8)(£)* along the solution of (26) satisfies,
for suitable constants i, Us, e > 0, v€ (0, 1), and almost
allr € [0, w),

4160y =d 0 6] '6"6















