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Time-Varying Linear Systems: Relative Degree
and Normal Form

Achim Ilchmann and Markus Mueller

Abstract—We define the relative degree of time-varying linear
systems, show that it coincides with Isidori’s and with Liberzon/
Morse/Sontag’s definition if the system is understood as a time-in-
variant nonlinear system, characterize it in terms of the system
data and their derivatives, derive a normal form with respect to
a time-varying linear coordinate transformation, and finally char-
acterize the zero dynamics.

Index Terms—Normal form, relative degree, time-varying
systems.

I. INTRODUCTION

HE concept of relative degree goes back to single-input
T single-output linear systems described in the frequency do-
main by a transfer function p(s)/q(s) where the relative degree
is defined by » = deg ¢ — deg p; p, ¢ denote polynomials with
real coefficients. To derive a characterization in the time domain,
take any realization of p(s)/q(s), say

z(t) = Ax(t) + bu(t)
y(t) = ca(t) } b
with A € R™" b,c" € R". Then p(s)/q(s) = c(sI —

A7 = 502 cARbs~(+1) "and it is easy to see that r =
deg ¢ — degp if, and only if

Vk=0,....,r—2: cA*b =0 cA" b #0. (1.2)

Isidori [5, p. 137] generalizes the concept of relative degree
to single-input—single-output time-invariant nonlinear systems,
affine in the control, of the form

i = f(x) + gla)ult) }
y(t) = h (1)),

with f,g € CY(R",R"), h € C*(R",R), and ¢/ € N: System
(1.3) has relative degree 7 € {1,...,¢} at 2° € R™ if, and only
if, there exists an open neighbourhood X* of 20, such that,

(1.3)

Veedk Vke{0,...,r—2}:

LyLih(x) =0 Lyl 'h(z") #0 (1.4)

where Ly A = (0\/0z) f denotes the derivative of a function A
along a vector field f; see, for example, [5, Sec. 1.2].
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The importance of the relative degree is that it leads to a
normal form [5, Sec. 4.1]: If (1.3) has relative degree r at z°,
then there exists a diffeomorphism @, defined in a neighbour-
hood of «°, which transforms (1.3) under (¢,7) = ®(z), £ =
¥,y ) o

y") = Lph (271(6m) + Lo L ~Vh (276 m) u()
1= a(§;m)
(.5

for some ¢ € C/(R™,R"~"). This form gives immediately that,
for x(ty) = x°, “the relative degree r is exactly equal to the
number of times one has to differentiate the output y(¢) at time
t = to in order to have the value u(to) of the input explicitly
appearing” [5, p. 139]. Moreover,  enters only in a single dif-
ferential equation in (1.5) directly and it is possible to read off
the zero dynamics, see [5, Sec. 4.3] and Section III of this paper.

The purpose of the present note is to introduce and charac-
terize the concept of relative degree for time-varying linear sys-
tems of the form

i = A(t)x + B(t)u(t) } (1.6)

y(t) = C(t)z(b),

with A € CYR,R™*"), B,CT € C*R,R"*™), ¢ € N, and
to derive a time-varying linear coordinate transformation which
takes (1.6) to a normal form.

The paper is organized as follows. In Section II, we present
a definition of relative degree for time-varying nonlinear sys-
tems. It is shown that this definition coincides, if the system is
time-invariant, with Isidori’s definition [5, p. 220] respectively
with the definition by Liberzon et al. [6, Def. 2]; furthermore,
if the system is linear time-varying and viewed as a time-in-
variant nonlinear system, the definition coincides again with
Isidori’s definition. Our main result is a normal form for time-
varying linear systems given in Section III. In Section IV, we
parameterize the zero dynamics of time-varying linear systems
and characterize their stability properties and show how a high-
gain derivative output feedback controller stabilizes the linear
system. We have relegated a refined version of DoleZal’s The-
orem to the Appendix, which is used in the antecedent proofs.

We close this introduction with remarks on notation.
Throughout, R>o := [0,00) and || - || is the Euclidean inner
product or the induced norm on R™; if M, N € R"*" are
symmetric, then the notion M > N means 27 Mz > 27 Nz
for all z € R™; Gl,(R) denotes the general linear group of
invertible matrices A € R"*"; C*(U, W) is the vector space
of /-times differentiable functions f : U — W, U and W
are open sets; and L (U, W) the set of essentially bounded
functions f : U — W.
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II. RELATIVE DEGREE: DEFINITION AND CHARACTERIZATIONS

For time-invariant nonlinear multiple-input—-multiple-output
systems, affine in the control, of the form
i:ﬂm+mmww} on
y(t) = h(z(t), '
with f € CYR",R"), g € C4(R",R"*™), h € CY(R",R™),
¢ € N, the strict relative degree is defined as follows.

Definition 2.1: [5, p. 220]

Let ¥ C R” be openand € {1,...,¢}. The time-invariant
nonlinear system (2.1) has (strict) relative degree r on X if, and
only if

HVeéEeXVke{o,...,r—2}: LgL’JEh(f) = Ormxcms

ii) V&€ X : LyLY 'h(£) € Gln(R).

This definition is due to Isidori [5, p. 220] who defines it more
general for a vector relative degree; we consider only the “strict”
relative degree, thatis ii). In [5, p. 220], the relative degree is de-
fined at a point £° € R™; however, this is equivalent to Definition
2.1, the latter is technically easier to deal with in the following.
In the single-input—single-output case, the notion of “strict” is
redundant and Isidori shows that “the relative degree 7 is exactly
equal to the number of times one has to differentiate the output
y(t) at time ¢ = to in order to have the value u(to) of the input
explicitly appearing” [5, p. 139]. This latter characterization is
formalized by Liberzon et al. [6] and related to output-input sta-
bility. We extend their notion of functions Hj, to time-varying
nonlinear systems of the form

w—F(fwu())}

t
y(t) = H (t,2(t)) 2

where
F eC'(R x R™ x R™,R™)

HeC'RxR",R™), (&N

and define recursively, for £ = 0,1,2,...,¢ — 1, the functions

Hy(t,z) := H(t,x)

Hii1 R x R™ x
(t7$7u07"'7uk)

(Rm)k+1 — R™
aHk + BHA F(f7w7u0)

(2.3)
+ Z Gauj
j=0 "7

This allows to express the kth derivative of y(t) in terms of ¢,
z(t) and u(t), ..., uF=1(t)

VteR Vke{l,...,4-1}:
y () = Hy (La(8),u(t), ..
Definition 2.2: (Generalization of [2, Def. 2])
Let (7,X) C RxR" be open and r € N. Then, system (2.2)

is said to have (strict and uniform) relative degree r € N on
T x X if, and only if

7u(’“_l)(t)) .

DY E = 1o — 1Y i = 0.k -1
A (t7a:7u07...7uk,1) S T x X x (Rm)k
((9Hk/(9ui)(t,x,uo,. .. 7“1«—1) = 0m><m»

i) v (t,z,ug,...,ur—1) € T x X x (R™)"

(0Hr/0u0)(t T, Ug, .-, Ur—1) € Gl (R).

Remark 2.3:

i) The notion “strict” refers to the multivariable case
where we do not allow for a relative degree vector
(r1,...,7m) € N™ with different entries, see [5, Sec.
5.1], but assume that the matrices (0/du;)Hy, are either
“strictly” zero or invertible, globally on their domain. If
the system (2.2) had p outputs, then one could recursively
define H] , : R x R" x (R™)**1 — Rforj=1,...,p
and define a vector relative degree (rq,...,7p). This is
omitted for brevity. Note that the vector relative degree,
if it exists, is not necessarily unique; see [6, Sec. IIL.B].

ii) If 1) of Definition 2.2 holds, then it is easy to see that
the functions Hy do not depend on (ug,...,ur—1) for
k=1,...,r — 1; thus only dH} /dup has to be checked
in i).

Proposition 2.4: Let X C R™ be an open set, , ¢ € N with

r < £, and consider the time-invariant nonlinear system (2.1),

affine in the control. Then (2.1) has relative degree » on A’ in the

sense of Definition 2.1 if, and only if, (2.1) has relative degree
ron R x X in the sense of Definition 2.2.

Proof: The following analysis is considered for (¢,2) €

R x X only; for notational convenience, we omit to repeat this

and also suppress the arguments of the functions for simplicity.

“=": Suppose that (2.1) has relative degree r in the sense

of Definition 2.1. We first show by induction on k that the fol-
lowing holds:

Vike{l,...,r—1}Vie{1,...,k—1}:
OH},
k )

We have, in view of i) in Definition 2.1

0H, OH,
H, = oz —2(f + guo) + a—oul
=Lsh+ Ljhug
=Lsh

and so 0H,/0ug = (0/0up)Lth = Opxm. If (2.4) holds for
all K < r — 2, then, in view of (i) in Definition 2.1,

k—
8H
Hypq = (f + guo) Z U]+1
=0 Ui
- L’;+1h + Ly L hug

:LI}'Jrlh
andso, foralli € {1,...,k},0Hyq1/0u; = (0/0u;) LT h =
Omxm- This proves (2.4) and, therefore, i) of Definition 2.2

holds.
To prove ii) in Definition 2.2, note that, in view of (2.4),

8HT =2 OH,_
HT— 1(f+ ) Z au'lu]'"rl
J=0 J

=Lih+ LyL ™ hug

and thus, invoking ii) in Definition 2.1, dH,/Ouy =
LgL;_lh € Gl,,(R). This proves ii) in Definition 2.2.
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“«&": Suppose that (2.1) has relative degree r in the sense
of Definition 2.2. We show first by induction on k that the fol-
lowing holds:

Vke{0,1,...,r—2}: LgLfch:()me Hyp1 ZLI;'Hh.
2.5)
We have
9H, OH,
H =
1= or (f+ gu 0) + ou 0’11,1
8h oh
f+ q’U,O
:th+LghU0

and so, in view of i) in Definition 2.2, Oy = OH1/Oug =
Lgh, which gives H; = L¢h. If (2.5) holds for all k < r — 3,
then, again in view of i) in Definition 2.2

k
OH,
Hypo = "4 Z qu
=0 ]
0 0
= 52 Lk+1hf+ Lk+1hgu0

=Li"?h+ Lng+1}Lu0

and furthermore 0,5, = OHpyo/Oug = Lngfc"’lh, which
yields Hy4o = L’Jﬁ“h. This proves (2.5).

Finally, by (2.5), i) in Definition 2.1 follows. Applying (2.5)
again gives

aHr 1 —
", = or Zo

=Lih+ Ly hug

“J+1

and thus, invoking ii) in Definition 2.2, 0H,/0uy =
LgL;_lh € G, (R). This proves ii) in Definition 2.1 and
completes the proof of the proposition. O

Remark 2.5:

(i) It follows from the proof of Proposition 2.4 that the rel-
ative degree of the time-invariant system (2.1) does not
depend on ¢: if its relative degree is defined on some open
set7 x X C R x R", then it is definedon R x X.

@ii) It also follows from Proposition 2.4 and [6, Prop. 2]
that for single-input single-output time-invariant systems
(2.1), Definition 2.2 coincides with the definition of the
relative degree given by [6, Def. 2].

We introduce the following right operator:

Notation 2.6: For { € N, A € CYR,R"*"), and C €

C*(R,R™*") set

VieER: (% + A(t)r> (C(t)) == O(1)
VieR: (jt +A(t), ) (C(t) = C(t) + C(t)A(t)

<t>T) (1)

d+A() d+A<> o).
=+ 40r) <dt )
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The subscript r in A,.(C) indicates that A acts on C' by multi-
plication from the right.

The operator (d/dt + A(t),) had already been used by [3],
[4], [7], and [9].

Theorem 2.7: Letr,/ € Nwithr < £,and 7 C R be an
open set. Then, the time-varying linear system (1.6) has relative
degree r on 7 x R™, if and only if, (A, B, C) satisfy

VteT Vk=0,...,r—2:

(& +A0),)" (C1) BE) = O
VteT: o

((&+40.)" " (€) B®)) € GL.(R)

The proof of Theorem 2.7 depends on the following
technicality.

Lemma 2.8: Let r,{ € N with » < £. Then the functions
Hj, defined in (2.3) and applied to the linear time-varying
system (1.6) satisfy, for all & € {0,...,¢/ — 1} and all

(2.6)

(t,z,ug,...,ux) € R x R™ x (R™)*+1
Hk+1(t,x,u0,...,uk) N
<§t +A®), )M (C(t)z+ ziji (J) <%>

k—1
(ccllt + A0, ) (C(1) B(t)| uj. @.7)

Proof: Applying the definition of Hy, to
F(t,z,u) :=A(t)z + B(t)u
and H(t,z) :=C(t)x
for (t,z,u) € R x R" x R™

we have

Hilt,,0) = ( 3+ A0, ) ©0)

which shows (2.7) for £k = 0. To prove (2.7) by induction
over k € {0,...,¢£ — 1}, assume that (2.7) holds for all k£ €
{0,...,£ — 2}. Then, suppressing the arguments of Hj and
A, B, C for simplicity, we calculate

(o) 22 ()

Hk:+1 =

ot
J=0 i=j
d k—1—1
+ﬂ i+A k(C)~ [Ax + Buo)
Ox | \ dt " Sl Ll 1o

k—1 ) k—1k—1 i
+ZGTI{ — <7>
=0 1=0 1=3
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i a /
2« \o)\at dt 1o
k—1 fk—1 . . T— i1
i i d i+
(] (2] 6
j=1 \i=j
d k—1—1
X (E—’_flr) (O)B u]'
1 4\ /it
+ <J, ) <—)
J—1 dt
d k—1—j+1
J(@ea) " cnls
k—1 . i—k-+1
i d
+ vZ <k— 1) <£)
i=k—1
d k—1—i
(14) " o
—_— E‘i’ r xr
k—1 . k—1—¢
d 1
+ <(’)> <E) <51+A ) (C)B|uo
1=—1

v

k=1 /k—=1 /. it1—j
i +1 d
+Z<. ( i )(d_f)

d k—(i+1)
<—+A,,> (C)B

d

+(&+a )’”‘ )
o
s

k—i
(£+a) " crm
J=01=j

This shows (2.7) for £+ 1 and, therefore, the proof of the lemma
is complete. O

Proof of Theorem 2.7: “=": Suppose that Definition 2.2
holds. We show the first condition in (2.6) by induction over
k € {1,...,r — 2} (omitting the arguments of the operators).
For N = k = 0 we have, by (2.7),

Uy.

and so, by Definition 2.2, 0., s, = 0H1/Jug = CB. Suppose
that the first condition in (2.6) holds forall k = 0, ..., N, where
N < r — 3. Then (2.7) yields

d N2 d N1
Hyyo = <a + Ar> (z + <£ + AT> (C)Buyg

and so, invoking i) of Definition 2.2

OHNy 2 < d

0m><m =

N+1
T oA ) (C)B.

This proves the first condition in (2.6).
To see the second condition in (2.6), note that (2.7) yields

d r d r—1
H, = (dt + A ) (C)z + (E + A,«) (C)Buy
and so, by ii) of Definition 2.2
d rt OH,
A C)B = — € Gl,,(R).
(5+4) ©p=5Eca.®

This completes the proof of (2.6).
“«<=": Suppose that (2.6) holds. Then (2.7) yields

d k+1
Vk:U7...,T—2:Hk+1:<E+Ar> (C)z

and thus 1) in Definition 2.2 follows. Finally, the second state-
ment in (2.6) together with (2.7) gives

oH, 0 d v d r=l
g _E)_u0<<df + A, > (C)x+<df+A ) (C)Buo)

<d +A, )H (C)B € Gl (R).

dt
This proves ii) of Definition 2.2 and completes the proof of the
theorem. O
Remark 2.9:

i) It follows from the proof of Theorem 2.7 that the relative
degree of the time-varying linear system (1.6) does not
depend on z: if its relative degree is defined on some open
7 x X C R x R"™, then it is defined on 7 x R™. We
therefore omit, at most places in the following, the second
component in 7 x R”.

ii) If A, B, C are real analytic matrices and the linear system
(1.6) has relative degree 7 on 7 x R™ for some open
T C R, then the Identity Theorem for analytic functions
implies that (1.6) has relative degree r on (R \ D) x R",
where D denotes a discrete set.

iii) If the linear system (1.6) is time-invariant, then Theorem
2.7 yields that (1.6) has relative degree » € N on R x R™
if, and only if

CA¥B = 0, forallk =0,...,7 — 2
and CA"™'B € GL,(R).

This is the well known characterization of strict relative
degree, see [5, Rem. 4.1.2] for single-input—single-output
systems.

Instead of defining the relative degree of the linear
time-varying system (1.6) as in Definition 2.2, we may
consider the equivalent description of (1.6) as a time-invariant
nonlinear system and determine the relative degree according
to Definition 2.1. In the following we will show that both
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definitions coincide. Introducing an additional variable z with
initial condition z(0) = 0, (1.6) is equivalent to

6 (2) = (97) + (°0)u(t) } .
u(t) = O (=(1)) «(2)

Proposition 2.10: Let T x X C R x R™ be open, 1,/ € N
with » < /. The time-varying linear system (1.6) has relative
degree r on 7 x X in the sense of Definition 2.2 if, and only if,
the equivalent nonlinear time-invariant system (2.8) has relative
degree r on X x 7 in the sense of Definition 2.1.

Proof: Writing

o) = (M9 e = (7))
h(z, z) = C(2)x

(2.8)

’ ’

we show by induction over N € {0, ..., £} that
V(z,2) e X xT Vke{0,...,0}:
. d t
L’}h(x,z) = (d_ + A(Z)T) (C(z)z. (2.9)
7
For k = N = 0, we obviously have L}h(z,2) = C(2)z.

Suppose that (2.9) holds for all & € {0,..., N} for some N €
{0,...,£ — 1}. Then

LY, 2) = Ly (((f_z + AT> ! (C)m)

2 () ).
2 (v o)
- (E+a)

This completes the proof of (2.9) and gives, for all (z,2) €
X xTandallk € {0,...,¢}

k
LyLkh(z,2)= l% <<%+A(z)r> (C(Z))w> :

g ((%A(z»)k <c<z>>w>

_ <% + A(z)r>k (C(2)) B(2).

(7)

)
(2.10)

Finally, the proposition is a consequence of (2.9) and (2.10) ap-
plied to Theorem 2.7. O

III. NORMAL FORM

In this section, we derive a normal form for time-varying
linear systems (1.6). Theorem 2.7 may already indicate that the
matrix function (d/dt + A(-),)*(C(-)), k = 0,...,7 — 1, are
candidates for a new basis; however, this potential basis needs
to be completed. We introduce the following matrix functions
which will serve to derive a time-varying linear transformation.
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Letr, £ € N withr < £. Consider the system (1.6) and define,
forr e Nandallt € R

o
o) = (a—i—A(t.)T) Ot o g
L(&+A®,)" " @)
50 = |50, (5 - 40) (BO)....
(§-40) @) ere

The following proposition presents two more characteriza-
tions for (1.6) having relative degree r. They are rather tech-
nical but essential to design the coordinate transformation for
the normal form.

Proposition 3.1: Letr,{ € Nwithr < ¢and 7 C R be an
open set. Then the following conditions are equivalent.

i) The system (1.6) has relative degree r on 7.

ii)

ayVteT

v (i,4) € {(4,5) 6N3|ng'+j <r-2} :
(35 +4.) € (5-40) B0 = 0
b) VteT
V(7)€ {(i5) eNGli+j=r—1}:
(5 +4.) € (5 -40) @) G

i)y VieT:

The proof of Proposition 3.1 iii) is related to some methods
used in [3], [9, p. 37] but is different. The proof of Proposition
3.1 depends crucially on the following technical lemma.

Lemma 3.2: The linear time-varying system (1.6) satisfies,
foralli,j € Ngwithi+ j < /Zandallt € R

(% + A(t)r>i (c()) (% - A(t))j (B(1))
- % <% + A(t)T>i (c(t) <% - A(t))j_1 (B(1))
_ (% ; A(t)r>i+l ()

(5 - A(t))]_l (B(1) G.1)
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and

-

i+p
(+40.) €consol. 62

Proof: The equality (3.1) follows from the calculation:

+
Sl
2
+ o+
b
D
Q

|
—~ "'lo'
2o —~
—~
+ &

[
S
L L N o

We prove (3.2) by fixing + € Ny and induction over
] = , — 4. For y = 0, (3.2) is obvious. Suppose
that (3. 2) holds for 5 < ¢ — ¢ — 1. Then, invoking (3.1), it
follows that

¢ > @A
B ()8 () " om

S () e
<z><%> [z

—
&
+
b
3
~——
<
=
8
Sy

d i+j+1
(dt+A > (C)B

() () "
0 O

dt
(—1)7+! ALY ()0
j+1)\dt

(dt+A )MH (C)B

d
J+ 1 d J+l—p
()

- jé(_w (ddtm )HIJ(C)B .

This completes the proof of the lemma. O
Proof of Proposition 3.1: The equivalence “i) < ii)” fol-
lows from (3.2) and (2.6), and the equivalence “ii) < iii)” fol-
lows from (3.2). O
The following corollary is a direct consequence of Proposi-
tion 3.1.

Corollary 3.3: If the linear time-varying system (1.6) has rel-
ative degree € N on some open set 7 C R, then the following
hold.

i) YVt € T:rank C(t) = rm and rank B(t) = rm.

ii) The two sets of matrix functions C(-),(d/d¢t +
A()e)(C()), - (d/dE + A(),)"7H(C(:)  and
B(). (d/dt = AL (B, .. (d/dt — A1 (B())
are both linearly independent over 7.

iii) rm < n.

We are now in a position to design a time-varying linear basis
transformation which will lead to a normal form.

Remark 3.4: Letr, ! € N withr < £and 7 C R be an open
set. Suppose that the time-varying linear system (1.6) has rela-
tive degree 7 € N on 7. By Corollary 3.3, the rows in C qualify
as new basis but the basis needs to be completed. By Theorem
A.1, we may choose T' = [t1,...,t,] € C(T,GL,(R)) such
that

+

[g] T= [ﬁ 8] €C(T,R™™) with F€C" (T, Glom(R)).

Defining

V= [trmsts - tn] €C! (77 RnX(n—m))

it also follows from Theorem A.1 that
Ver (T, R"X(”_T’")) and
(VTv)—lvT e)ﬁoo (T7R(n—'rm)><n)
and, moreover, we have

Yt €T :imV(t) = ker C(t) and rank V(£)"V(t) = n — rm

(3.3)
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and writing

U:= [jf/'] € CY(T,R™™™) and

N =WTV) "W [I - B(cB)~'c] e (77 R(n—mm)

it follows from

Lﬂ [B(cB)™", V] =1,

that U € C(7,GL,(R)) with inverse
uU't=1[8BcB) 1V ec (7T,GL(R)).

O
We are now in a position to derive the main result of this note,
that is a normal form of the time-varying linear system (1.6).
Theorem 3.5: Let r,.4 € Nwithr < fand 7 C R be
an open set. Suppose the time-varying linear system (1.6) has
relative degree r on 7 and choose U € C(7,Gl,(R)), V €
CY(T,R™("=") and N € C*(7,R(™="™)X") a5 in Remark
3.4. Then the coordinate transformation

() s

&0 = (v ") R
n(t) € RP=m
converts (1.6) on 7 into
G i (€Y 4 i
5 (5) =am(5) + B »
o =co ()
where
0 I 0 07 )
Aty=| o ... o I o0
Ri(t) Re(t) Ro(t) S(¢)
SCRE 0 el |y
Biy=|o| Cm=1 o .. 0
r
L0 )
and
r— <%+AT>T_ (C)B (3.6)
[Ry,.... Ry, 5]
= |:[0m><(rm—m)7lm] <((11t +A ) (C>B(CB)_1,
d T
( S+ A, > (C)V} 3.7)

= Kjt + A, )T(C’)B(CB)‘I, <§f + A, >T(C)v}
(3.8)
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Q- <§t+A>(J\/)V (3.9)
- (Vhy)=yT
[(%—A)V—BF”(iJrA )T(C)V} (3.10)
L.
P = <ddt+A>(N)B(CB)_1 (:) (3.11)
= (=) twTy) T [B(CB?lc—I]
<%—A>T(B)F_1. (3.12)

_ Proof: The special form of ¢ and U ~! gives immediately
B =UB, CU = C with the special structure as shown in (3.5)
and I" as in (3.6); furthermore

=UA+UU = (jt + A ) uu=*.

In view of Remark 3.4, it remains to show (3.8)—(3.12) and that

(3.13)

(%JFAT)(C) 0o I 0
oo -| s e a[e]
(d )T(C) Ry Ry ... R, S
ERUSTIVIN N SN R A
with Py = ... = P, = 0. (3.14)

We first show (3.14). Since equality of the upper blocks in
(3.14) is immediate, it remains to show that

<:11t + A, ) (M)B(CB)™! = [Py,0,...,0].
Writing

(3.15)

Pt
CB=[m,...,n,] (CB)™*= { ]

"
B=[p,...,0]

we have

B(cB)~'c <% - A> (B)
=B(CB)~'c [ﬂQ, ooy Brs <% - A)T (B)]

'1/11
:[ﬁlr--;ﬂr]' |: :|
,ll)’l‘

0 0 0 =
I 0 0 =
— (BBl |0 T
' 0 =
0 ... 0 I =x
= [)’2,...,,&,3(6’3)_16’ <%—A> (B)]
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and, thus —(VTV)lVT(B(CB)1C)A]V
—ioop( 9
[B(cB)~'C In]< 4 A)(B) _ 4 ) [V—B(CB)l cv]
1. d " dt
B [ﬂZ""’ﬁ“(CB) IC<E_A> (B)] + (VTV) "V AY B
d ’I"
- [52’ SR (&‘A> (B)] - (T~ [% (B(cB)~*C) + (B(cB)™'C) A} v
_1 d "
= [0, ...,0,[B(CB)TIC—1,] <E_A> (B)} (3.16) _ % [(VTV)~"VT] Y+ (VTV)T1VT Ap
which by invoking ) (& +4,) (VY)Y ’
d d - _
+(VTY) YT <A - (% + AT) (B(CB)—lc)) (3.17) - -
+B(CB)TICVY + (B(CB)~IC) AV
implies
( d A ) (\)B which gives
de "
d d _
| O™V -y o) (s ) 0w = (e ) 7wy
_ L (d
+(VTY)- T (A-(%JFAT)(B(CB)lc))} B ~(VTV)"rB(es) <E +Ar> (9)2
N P (%JrAT)(B(CB)‘lC)] B Tnvoking
i d Ty —1y,T
:(VTV)_lvT[B(CB)‘T—I,J(%— >(B) (dt +A’") (TV)=VE)Y
r T _ i Tyn—1\ )T T —1i T
=(vhy)~h7” 0,...70,[B(CB)_IC—In]<%— > (B)] Tdt i(:vli)lvT)var(V Vg
) (3.18) V) f
Finally = —(VTV)_IE(VTV)(VTV)_IVTV
. -1 + (VTV)‘I%(VT)V + (Vry)"vTay
(CcB)t = 3.19) — YTy —1i VOV — (VY —1VTi v
L—UHF* . ] V)T (VY =0TY) V)

d
. ) + VIVt —wvhHy + vy~ Ay
applied to (3.18) yields (3.15), whence (3.14). dt
Next, we prove (3.8). By (3.13), _ _(vTV)—lvT <i _ A> V)

dt
[Rla v 7RT7‘S] = [Omx(rm—m)alm]

d we arrive at
. (& + AT) (©) [BCB),V] )

(& + Ar> (N)V
and (3.8) follows from the definition of C.

We show (3.9) and (3.10). Equality (3.9) follows immediately — —(VTV)flVT <i _ A) V)
from the normal form (3.4) and (3.5). To see equality (3.9), note dt
that (3.17) yields Ty —1yT 1 i
(V*V) V' B(CB) (dt + A, | (C)V
R — ) (L —a) W)
= [i [(V'V)~V!] [1, — B(CB)~'C] "
dt 1 ) _ (VTV)_lvTB(CB)_l 0
_ yTyn-1yT ¢ -1 Ty —1y,T r
VTy)~ty N [B(CcB)~'c] + V'v) 'V'4a (£ +4) ()Y
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= -y T (% - A) V) - vIv)y"win
* r-t 0
r—ll"—l 0 . 0
(=1) (44 4,)" (C)Y

=-(v'y) " (% — A) V)

r—1
b (3-0) )
[T (4 +4,)" (C)o

—(YTy)=yt

i 0

:_(VTV)_IVT

(4 A)(V)-Br 4 A T(C)V
C\dr B a A '
This proves (3.10).

Finally, we show (3.11) and (3.12) for P := P;. First, (3.14)
together with Remark 3.4 yields

<% +Ar> (W) [B(CB)™", V] =[P,0,...,0]  (3.20)

and hence (3.11) follows.
To see (3.12), note that (3.18) gives

I
(5+4) wosen |
0

I (_1)7“711-‘71

which proves (3.12). This completes the proof of the theorem.[]
As a direct consequence of Proposition 3.6 we obtain the fol-
lowing corollary.
Corollary 3.6: Under the assumptions of Theorem 3.5 and
using the same notation, the normal form (3.4) may be written
as

¥ = 3 R0y + S0 + T(Bu(t)
1= Qb+ P(t)y

and, if in addition (1.6) is time-invariant

y) = Z Ry V4 Sn+CA™ ™' B u(t)
i=1

n=NAVy+(—=1)" VIV "WICA"B(CA™'B) 1y,
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1IV. ZERO DYNAMICS

For time-invariant linear (1.1) or nonlinear (1.3) systems, the
zero dynamics can be read off from the normal form of the
system; see [5, Sec. 4.2]. The normal form is of particular help
for control objectives such as output feedback stabilization or
tracking; see [5, Sec. 4]. However, for nonlinear systems the
normal form is local, even if the relative degree holds glob-
ally, and only under additional assumptions the diffeomorphism
which describes the coordinate change is globally defined. Al-
though for time-varying linear systems with fixed global rela-
tive degree the linear coordinate transformation ¢/ yielding the
normal form (3.4) is globally defined, it is only useful for control
objectives such stabilization if / is bounded and has bounded
inverse. The latter will be guaranteed by additional assumptions
on the systems’ data. However, without further assumptions,
Theorem A.l—an extended version of Dolezal’s Theorem—en-
sures that V and its left inverse (VTV)~1VT are bounded ma-
trix functions and therefore the stability properties of the zero
dynamics are equivalent to the stability properties of 7 = Qn
[see (3.10)]. To be precise, we first define the zero dynamics of
a linear time-varying systems.

Definition 4.1:

i) The system & = A(t)z, for A € C*(R,R™*"), is called
uniformly asymptotically stable on [0, co) if, and only if,
there exist M, A > 0 such that

Vit 2 0 [la()l] < Me ) faty)|

for any solution z € C* (R>,R™) of & = A(#)z.
ii) The zero dynamics of the system (1.6) on the open set
7 C R are defined as the real vector space of trajectories

ZDr(A,B,C) = {(z,u) € C'(T,R") x C'(T,R™)
|(x,u) solves (1.6) withy =0on7}.

Also for time-varying systems, as known for time-invariant
systems, the zero dynamics can be read off the normal form
(3.4). This is shown in the following proposition. In fact, the
zero dynamics can be parameterized.

Proposition 4.2: Letr,{ € N withr < ¢and 7 C R be an
open set. Then for any system (1.6) with relative degree r < /
on 7 and normal form (3.4) the following holds:

ZDr(A,B,C) =
{(vn,-I7"'Sn) € C'(T,R") x C(T,R™)| 7y = Qn}. (4.1)

Proof: Set
2= {(Vn,~T"18y) € CY(T,R") x C\(T,R™)] iy = Qn} .
“C" If (x,u) € ZD1 (A, B,C), thenon 7 we have that y = 0

and so
()

which yields, in view of (3.4)
0

w:Vn:Z/{1< > and 0=Sn+Tu
n

and therefore, (z,u) € Z.
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“D7If (z,a) = (Vn,—I'"1Sn) € Z, then on T we have
that

y:=Cx=CVn=0

and so

()Y -

and therefore ((2)&) solves the first equation in (3.4) with
y = 0, and it follows that

(%, 1) = (u—1(2>u> = (Vn, i) € ZD71 (A, B,C).

This completes the proof of the proposition. O

In the remainder of this section we study stability of the zero
dynamics.

Definition 4.3: For any to € R and ¢ € N consider (1.6) on
T = (to,00). Then the zero dynamics of (1.6) are called uni-
Sformly asymptotically stable if, and only if, there exist M, A > 0
such that

V(a:,u) EZDT(A,B,C) Vit>ty >0

Hlz ()] < M ||(to)]) -

Although the time-varying coordinate transformation &/
which converts (1.6) to (3.4) may be unbounded or its inverse
may be unbounded, we will show in the following proposition
that—surprisingly—the zero dynamics of (1.6) are uniformly
asymptotically stable if, and only if, 7 = @Qn is a uniformly
asymptotically stable system.

Proposition 4.4: Let r,4 € N with » < £. Suppose that the
system (1.6) has relative degree » < £ on R>o and consider
its normal form (3.4). Then the zero dynamics of (1.6) are uni-
formly asymptotically stable if, and only if, § = Q(¢)n is uni-
formly asymptotically stable system.

Proof: The matrix function V), as noted in Remark 3.4,
satisfies V€ L®(Rsq,R**™=™)) and (VTV)~WT ¢
L2(Rso,R™=7)>*7) Now the claim of the theorem is a
consequence of the fact that if (z,u) € ZDg. (A, B, C), then
Proposition 4.2 yields -

z=Vn and n=WVIV) Wy,

O

In the following, we show how the above findings can be
exploited to design a derivative feedback controller for time-
varying systems, provided some boundedness assumptions are
satisfied. Due to brevity, we restrict our attention to the single-
input—single-output case.

Theorem 4.5: Let r,£ € N with » < {. Suppose the system
(1.6) is single-input—single-output (i.e. m = 1), has relative
degree r < £ on R, has uniformly asymptotically stable zero
dynamics, and the matrix functions (A4, B,C), B, C, (CB)~!
are bounded on R>¢. Then for any Hurwitz polynomial (s +—
s+ Zf:(]l kis') € R[s], there exists £* > 1 such that, for all

Kk > Kk*, the feedback

r—1

u(t) = —T(t)™* Z KTy (8)

=0

4.2)

applied to (1.6) yields a uniformly asymptotically stable closed-
loop system.

Proof: Choose U as in Remark 3.4. Then the assump-
tions on boundedness guarantee, in view of Remark 3.4, that
U U € L2®(Rsg,R™*™).

Since boundedness of (CB)~! together with (3.19) gives, in
particular, boundedness of I'1, it follows that (4.2) is well-
defined.

Therefore, it remains to show that the closed-loop system
(34), 4.2), 1.,

& = &in fori=1,....,r—1
. r—1 ,
& = '_E()(R’i-‘f-l — K" ki)&iv1 + Sn
n=Qn+ P&
“4.3)
is uniformly asymptotically stable.
Setting
G(t) :=r () for i=1,...,r and t>0
yields
éi :KC'L'+1 fors = 1,...,7”— 1
r—1
= Z(H_THHRHl — kki)Cip1 + TSy
=0
and therefore, (4.3) is equivalent, for
i 0
F.(t) .=
0 .
L7t R (1) KOR,(t)
-0 I -
A= | P
o ... 0 I
L _kO _k'r—l _
to
0 3
(=F.(+rACH+ 4.4)
n7r+15,’7
n=Qn+ PG )

In passing, note that the boundedness assumptions of the the-
orem together with boundedness of &/ and U ~* yield bound-
edness of F), independent of k > xk* > 1, A, S, @), and
P. Since s — det(s] — A) = s" + 37_} k;s' is Hurwitz
and the zero dynamics are uniformly asymptotically stable, we
may choose positive definite solutions Ny = NCT € R™*" and
Ny = NI € R=n)x(n=r) of

A AT _
ANC + NCA =1, } (4.5)

QNn + NnQT = Ip—p, TESP.

Let (¢7,7T)T denote an arbitrary solution of (4.4). Then, the
derivative of

V(1) := ()T NeC(t) +n(t) T Nyn(t)
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along (4.4) yields, in view of (4.5), for all ¢ > 0 and omitting
the arguments for brevity

0
V(t) =2(TN; | FuC + rAC+
kT Sy
+ 20" N, [Qn + P(4]

< = llCl? = lInll* + 2N Fe IS
+ 267 INCSIICHI + 2l Ny Pl il

and since Kk > k* > 1, there exists L > 0 independent of
such that

. 1
V(t) < = (k= D¢ = |Inll*> + LV2 —
(t) < = (5= D)ICII® — [nll ||C||||77||\/§
1
<~ (- L 2B)CI° - il
We conclude, for k — L — 2L% > 1/2 and L :=

min{1/2[[Ne||, 1/2[|Ny |1}
. 1 1
V() < = Z|¢I1? = =nl?
(t) < = SlIcl” = S lnl

1
("N - 0" Ny
SN

S _
2[|Ne|l
< —Lv).

Therefore, for all ¢ > t5 > 0

V(t) < e 0y (1)

B o ()

o)< =S ) ey
oll () e

This proves uniform asymptotic stability of (4.4) and the proof
of the theorem is complete. O

APPENDIX
DOLEZAL’S THEOREM RE-REVISITED

Dolezal’s Theorem [1], which states convenient representa-
tions of range and kernels of time-varying matrices, has found
numerous applications in systems theory and has been general-
ized and improved in various directions [2], [8], [10], [11]. In
the following we give a generalization of [8, Th. 2] which is tai-
lored for the needs of this paper.

Theorem A.1: Let £ € N, M € C*(R>0,R"*™) and sup-
pose that there exists € {1,...,n} such that, for all ¢ > 0,
rank M(t) = r. Then, there exists T € C*(R>0, GL,(R)) such
that

Vit>0: MH)T(t) = [F(t),0nx(nr] (A1)
IB>0VE>0:[[T{#)| <8 (A2)
Je€(0,1)Vt>0:e <TT(H)T(t) < é (A.3)

where, obviously, rank F'(t) = r forall ¢t > 0.
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Moreover, for any m € {1,..., n} and partition

T(t) = [X(£),V(t)] X(t) € R™=m)  y(1) e RMX™
(A4)
we have

Ie(0,)Vt>0:6 <VIV(H) < (A.5)

S

and V € L®(Rx,R™*™) with left inverse (VIV)~ VT ¢
‘COO(RZ(b Rmxn)

We preface the proof with the following lemma.

Lemma A.2: Let{ € Nand P € C*(R>o,R™*") such that,
forallt > 0, P(t) = P(t)T > 0. Then the following statements
are equivalent.

i) e € (0,1)Vt>0:e <det P(t) and ||P(t)]| < 1/e.

i) 36 € (0,)VEt>0:6 < P(t) <1/6.

iii) 36 € (0,1)Vt>0:6 < P(t)~' <1/6.

Proof: Note that positivity of P(t) yields

Vit>030(t) € R"*™ and p1(t),...,pa(t) > 0:
UT(t)U(t) = I, and
P(t) = U(t)diag (p1(t), ...

and, therefore

on())UT () (A6)

Vt>0:det P(t) =[] pit)
=1

and (A.T)

Hence, we may conclude that

i) (g)aée (0,1)V¢>0Vie{l,...,n}:

6 <pi(t) <1/6
<—=36€(0,1)Vt>0:
6 < diag (p1(t), ..., pa(t)) < 1/6
G954
< 36€(0,1)Vt>0:
§ < diag (p1(t). - ... pa(t)) < 1/6
<36 (0,)Vt>0Vie{l,...,n}:
6 <pi(t) <1/6
<—36€(0,1)Vt>0Vie{l,...,n}:
8 <pi(t) " <1/6
(g) iii).
This completes the proof of the lemma. ]
Proof of Theorem A.1: In [8, Th. 2] it is shown that there
exists 7 € C*(Rx>o, R"*™) such that
Ja € (0,1)VE>0: MHT(t) = [F(t),00x (n-n)]
a < [det T(1)] 1T <1/

and

and
This yields (A.1) and (A.2), and furthermore

Ja € (0,1)Vt>0:a® <det TT(t)T(t)

and || TT(t)T(t)| < 1/0?

which implies, in view of Lemma A.2, (A.3).
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Let, form € {1,...,n}, T be partitioned as in (A.4). The
second inequality in (A.5) is a direct consequence of (A.2) and
it remains to show the first inequality in (A.5). Seeking a con-
tradiction, suppose that

I(mi)ien € (8™ HNI(t)ien € (Rxo)™
: lim T]TVT(ti)V(ti)m‘ =0

where ™! := {n € R™| ||n|| = 1}. Then
0= hm nTVT(ti>V(ti)7’]i

i

Hm (01 nm)s )
X)X (t:) XT(t,«)V(ti)] <0>
VE(t) X (t:) V)V () | \mi
= 111)120 (le(nfm)/niT) TT(ti)T(ti) <0nnim)

and this contradicts the first inequality in (A.3).

Finally, V©© € L®(R>,R™*™) is immediate from
(A.2), and (A.5) together with Lemma A.2 gives VIV ¢
LZ®(R>o,R™*™), and therefore, again by Lemma A.2,
(VIV)"WWT € L£°(Rso,R™*™). This completes the proof
of the theorem. O
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