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Abstract

For linear, square, multi-input—multi-output, minimum-phase, relative-degree one or two systems, proportional output
feedback controllers are studied. In particular, we show that derivative feedback can be replaced by delay feedback,
essentially an Euler approximation of the derivative, if the delay is sufficiently small. Stability regions are determined and
related.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

We preface this section by defining some notation. Let C,, C_ denote the open right-half, left-half, complex
planes, respectively; for x € R, the Euclidean norm is [|x|| := VxTx; for any interval I C R, let C(I; RY)
denote the set of continuous functions from 7 — R"; and let 6(4) denote the spectrum of 4 € RV*V,

Consider finite-dimensional, real, linear, m-input (u(¢) € R™), m-output (y(¢) € R™) systems of the form

¥(t) = Ax(t) + Bu(t), x(0)=x° } 0
y(t) = Cx(1)
with x* € R?, and 4 € R"™*", B,CT € R"*" satisfying the minimum phase condition
sl, — A
det c 0 #0, VseC\C_ (1.2)
and having either strict relative degree one and known “sign” of the high-frequency gain, i.e.
o(CB)CC;: and n=>=m, (1.3a)
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Fig. 1. Illustrating the regions (2.2a) and (2.2b).

or having strict relative degree two and known “sign” of the high-frequency gain, i.e.
CB=0, 0(C4AB)CC; and n=2m. (1.3b)

The main objective of the present note is to prove that the proportional output derivative feedback

u(t) = —koy(t) — ki y(1) (1.4)
can be replaced by a proportional output delay feedback
1
ut) = —koy(t) — ko [y(t) = y(t = b)), (1.5)

provided the delay 4 > 0 is sufficiently small, and the gains ko and k; are sufficiently large. More precisely,
we provide “stability regions” in terms of 4 > 0 and ko, k; = 0 so that (1.4) as well as (1.5) applied to any
multi-input, multi-output system (1.1) satisfying the minimum phase property (1.2) and having either relative
degree one, i.e. (1.3a), or two, i.e. (1.3b), yields an exponentially stable closed-loop system.

The intuition behind the feedback strategy (1.5) is that for “small” 2 > 0, (1.5) is “close” to (1.4). In fact,
the stability region for the delay feedback tends to the stability region for the derivative feedback as the delay
h > 0 tends to zero. Moreover, the stability region for relative degree two systems is included in the stability
region for relative degree one systems, as illustrated in Fig. 1. However, one difficulty when applying (1.5)
to (1.1) is the factor A~' in (1.5) which precludes setting 7 =0 to allow consideration of an associated delay
free system. To overcome this, we shall exploit Krasovskii—Lyapunov functionals and Razumikhin’s approach
to Lyapunov functions for delay differential equations, see for example [2, Chapter 5].

The derivative feedback (1.4) applied to any relative degree two, minimum phase system (1.1) yields
exponential stability, provided the gain parameters are sufficiently large; this is well known and straightforward
to show by invoking a root locus argument—at least in the single-input, single-output case. A different
approach to stabilising relative degree two, minimum phase systems (1.1) is by invoking a filter; this approach
also relies on an approximation of the output derivative. Although the feedback laws (1.4) or (1.5) are simple
since they require only two or three parameters (in contrast to using B and C for derivative feedback as in
[1, Theorem 4.5.1]), the delay controller (1.5) necessitates storing the history of the output signal y over
the interval [t — Ah,¢]. However, our primary interest lies, not in implementation or controller complexity,
but in showing (i) that derivative feedback can be replaced by delay feedback, and (ii) how the stability
regions for the two different feedbacks are related. One strategy to affect implementation would be a sampled
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data controller. Although it is clear how to derive a sampled data controller, showing that this works is not
immediately obvious and is the subject of future research.

2. Output stabilisation

We preface this section by some notions and results pertaining to linear differential delay equations
X(t) = Fx(t) + Fix(t — h), (2.1)

where F,Fy € R"™", h > 0. It is well known, for example [2, Theorem 2.2.1], that for any initial condition
¢ € C([ — h,0]; R"), there exists a unique solution [ — 4, 00) — R”, t — x(¢) =x(¢; ¢) of (2.1); that is to say,
x(t) satisfies (2.1) for all ¢t > 0, and satisfies x(¢; ¢) = ¢(¢) for all t €[ — h,0].

The system (2.1) is said to be exponentially stable if, and only if, there exists K,¢ > 0 such that

Ix(t; Pl < Ke™™ sup [|¢(s)l| V& =0, V€ C([—h0LR".
SE[—h0]
For linear systems ‘asymptotical stability’, ‘uniform asymptotic stability’, and ‘exponential stability’ coincide,
see for example [2, Lemma 5.1.1].
In the following results, we present qualitative regions for the gain parameters ko,k; = 0 and the delay
h > 0, to ensure exponential stability of the closed-loop system, first when derivative feedback, and secondly
when delay feedback, is applied to relative degree one or two systems.

Proposition 2.1 (Derivative feedback). For each system (1.1) satisfying (1.2) and (1.3a) or (1.3b), there
exists a constant ¢ = ¢(4,B,C) = 1 such that the closed-loop system (1.1), (1.4) is exponentially stable
provided

(ki =0and ko >c) or (ki >cand ky > ck; +c¢) in case (1.3a), (2.2a)
ko ko ).
ky >c+ ck— and o > c¢° in case (1.3b). (2.2b)
1 1

Theorem 2.2 (Delay feedback). For each system (1.1) satisfying (1.2) and (1.3a) or (1.3b), there exists a
constant ¢ = c(4,B,C) = 1 such that the closed-loop system (1.1), (1.5) is exponentially stable provided

k
(ki =0and ky >c) or ky> czl +c¢ in case (1.3a), (2.3a)

k
ky >c+ck—° + heky[1 + ko + Ky TP
1

and — >+ heki[1 + ko + ki1 in case (1.3b). (2.3b)

and 1 > heki[1 4+ ko + k]

Remark 2.3. We discuss the relationships between the “stability regions” defined by (2.2a), (2.2b), (2.3a),
and (2.3b).

(i) The first observation is that the stability regions of the delay feedback (1.5) are included in the stability
regions of the derivative feedback (1.4). That is to say, for # > 0 sufficiently small, (2.3a) implies (2.2a)
and (2.3b) implies (2.2b).
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The second observation is that the feedback controllers (1.4) and (1.5), which are designed for rela-
tive degree two systems, also stabilise relative degree one systems: specifically (2.2b) implies (2.2a),
illustrated in Fig. 1, and (2.3b) implies (2.3a).

First note that inequalities (2.2b) admit feasible ko > 0 if, and only if,

ki > c(1+ ). (24)

Secondly let ¢*(~ 1.29) denote the unique real root of ¢(1 + ¢?>) =(c — 1)~! on (1,00). Then for all
¢ > ¢* we show that (2.2b) implies (2.2a). To see this, first note that

c1+c)>@c—1)"" Ve>cr, (2.5)
which gives
(24) 5.2 _1
Q22b)= [k > c(1+c*) > (c— 1)1

= [cki > ki + 1]

(2.2b) 26
=ky = ki > ck1 +c¢ Ve>c'. (2.6)

Furthermore,

(2.2b) ko

k> c+ck—1:sk1 >c Ve>c*.
Lastly we note that for 4 > 0 sufficiently small, (2.3b) implies (2.3a). This proves the claim.
If (1.1) is minimum phase, i.e. (1.2), and of relative degree one, i.e. (1.3a), then a root locus analysis
yields exponential stability of the closed-loop system (1.1), (1.4) for k&; =0 and ky sufficiently large.
However, in Proposition 2.1 we prefer to include the derivative feedback in (1.4) and therefore assume
that k; >c > 1.
In Proposition 2.1 and Theorem 2.2 we have assumed that ¢ > 1, and hence k; > 1. A careful inspection
of the proofs reveals that the assumption k; > 1 is not necessary. However, weakening this hypothesis
yields a significantly more complicated analysis and consequent stability region, which in any case still
does not allow k; > 0 to be arbitrarily small.

In the following Lemma 2.4, we give normal forms for systems (1.1) satisfying either (1.3a) or (1.3b).
These forms are precursors for the proofs of Proposition 2.1 and Theorem 2.2, and also give insight into the
minimum phase assumption (1.2).

Lemma 2.4. (i) For each system (1.1), there exists an invertible S € R"™" such that the coordinate
transformation S~ 'x(t) converts (1.1) into

for

(J’(ﬂ) [Al A> <y(f)> (CB> ,
+ u(t) in case (1.3a), (2.7a)
z(t) Az As z(1) 0
y(t) 0 Ly 0 y(t) 0
% y(t) | = |45 Ae¢ A7 () | + | CAB | u(t) in case (1.3b) (2.7b)
z(t) As 0 Ay z(1) 0

suitable Ay € R™", Ay, ATER™ =M g, e RO=mX0=m 4o 4o e R™, A7, AT € RO,

Ag c R(anm) X (n72m).
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(i1) The closed-loop system (1.1), (1.4) may be represented as
d (O  [Un+kCBI 41 —kCB]  [n+kCB A2 [ 3(1)
de \ z(ty |

) , in case (1.3a), (2.8a)

A3 A4 (1)
. (1) 0 I 0 (1)
T y(t) | = | As — kgCAB A¢ — kiCAB A7 y(t) |, in case (1.3b). (2.8b)
z(1) Asg 0 Ag z(t)

where we have assumed, in the case of (1.3a),
k> [|(CB)!| (2.9)

so that the inverse matrix in (2.8a) exist.
(iii) If (1.1) satisfies (1.2), then o(44) C C_, a(A4g) C C_, respectively.
3. Proofs

We preface this section by some simple but useful inequalities, which will be used frequently. For any
R,M € R¥*N | with R positive-definite and symmetric, and ¢ > 0, we have

—2ETMC < ETMRT'MTE + (TRC VE LRV, (3.1)
1

2ab < Eaz +eb* Va,beR, (3.2)

IR Iwl? < w'Rw < [IR[[[[w]?*  vweRY. (3.3)

Eq. (3.1) follows from expanding |[R~"2MT¢& + R'2{||> > 0; (3.2) is a special case of (3.1); (3.3) follows
from the singular-value decomposition.

Proof of Lemma 2.4. (i) is proved in [1, Lemma 4.5.3]. To see (ii), note that by
[l + ki CBI"'CB = ki '[Ly + (k1CB)™']7! (3.4)

the matrix [/, + k;CB] is invertible. Now (ii) is a straightforward calculation. Finally, (iii) is also proved in
[1, Lemma 4.5.3]. O

Proof of Proposition 2.1. (a) Suppose a system (1.1) satisfies (1.2). Then it is easy to show that for k&; =0 and
ko sufficiently large, in terms of the entries of (1.1), the closed-loop system (1.1), (1.4) becomes exponentially
stable. So it remains to consider the case “k; > ¢ and ko > cky + ¢” in (2.2a). Suppose (1.1) satisfies (1.2),
(1.3a), is in the form (2.7a), and let

a =3B! (3.5)

If ky > ¢1, then by Lemma 2.4, the closed-loop system (1.1), (1.4) is of the form (2.8a). Let O € R"*™ be
the positive-definite, symmetric solution of

AIQ + QA4 = =21,
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Differentiation of the Lyapunov-function candidate

t= V(1) = 300 (1) + 32(0) 0=(1)

along any solution of (2.8a) yields, for all # > 0 (where we omit the argument ¢ for brevity),

d
3O =+ ki CBI Ay = koCBly + [l + ki CB] ™ 422] + 2" Qs y + A7)
(2.82)
< —koy'[In + ki CB) "' CBy — |12|I* + (|l + k1 CB] " ||| ¥
+[I[Zn + k1 CBI™ Ao || + [ 045 1| v Il |=])- (3.6)
Substituting

— 34 _ i

U+ kCBIT'CBy E kTS (ki CBY Ty

i=0

< =k IR IGeR) T )P

i=1

1
S [ [ (| 2
| { (1—|<kch)1 ﬂ 71
G5 1 5
< - Yy e R",
s I vy

and
_ (34), _ S _
I+ kCBI ="k + (i CBY'T N (CBY |

1)~ 13 .
< L < 2 ||(CB
BT [CB) T S k2B

into (3.6) yields, for all £ > 0,

d G2) kO 3 —1 —1 2 2 1 2
v < — |22 — (B ||| || = 20|l + ki CBT ' 45|04 1
GO e AL 200 + ke loal ] 1 - el
< — B syemy ) = 2By RIAIE = 4k 04a)?| ]2 = LzIP
< Byl = ~lIeB)y~17|4]] QA [[¥[1* = Iz
k1 2 kl
1 |ko _
< [2 — sl +2||Az||2)—4k1QA3II2] Ivl? = 3llzI1.
Defining

¢ :=max{c1,3[|(CB) ™ [[(ll41]| + 2/|42[1*). 8] 045},

choose kg, k; so that the second condition in (2.2a) holds. Then there exists ¢ > 0 such that

gV(t) < —&gl(t) V=0,

dt (2.82)
whence exponential stability of (2.8a) (respectively (1.1), (1.4)).
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(b) Suppose a system (1.1) satisfies (1.2),(1.3b), and is in the form (2.7b). By Lemma 2.4, the closed-loop
system (1.1), (1.4) is of the form (2.8b). By writing G := CAB,

w(t) »(1)
ue) | =T 3@ |,
(1) (1)
kG I, 0
T:=| 0 I, 0 for k; > 0, (3.7)
0 0 In—2m
and
ki k
—1 —1 0 0 —1 —1
O ] 0 kl ASG - ;11 El +A6 _kl A5G A7
A= - - -1 k k
Ai=T 1 ds —hG As kG A7 | T70 = | oty g=1 - 20 D14 A —ksGT —kG g |
Ag 0 Ao b
k' AsGT! —ky A3 GT! Ay
(3.8)
and so (2.8b) is equivalent to
w(t) w(t)
d .
T v(t) | =4 v@) |. (3.9)
z(t) z(t)

It remains to show exponential stability of (3.9). Let P € R™*" and Q € R""=2M*("=2m) be the positive-definite
solutions to

G'P+PG=2l,, A3Q+ QA9= 21, s,

and set
P 0 O
Ri=5 |0 5 0f, (3.10)
0 0 O
c1 = |PAsG™ || + 4(PAq| + 2/[P[[[4sG 1) + 4(IIPAs | + [|Q4sG " [)2, (3.11)
2= 1+ [PAsl| + [PAsG™"|| + 4(|PAs]| + Q5G| . (3.12)

¢ = max{er, e [P [P}
Now invoking (3.2) and (3.3) yields, for k; > 1,
w
wh, 0", z2DO[RA+ AR | v

z
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- _ ko - -
< ki HIPAsGTH[[lwl* — EWTPW + 1P| + 2k " I1PIIAsG ™ TlIwlllloll = 31l — ko]l

_ _ ko . -
H[|PA7 || + &I QAsG Iz Cllwll + [lol) + T 121+ 1Pl + A, H1PAsG 1II} o]l

[PAsG~!|

ko 11
< - 2P -
|:kl 12~ A

— 4(||[PAs|| + 2||P[l]|4sG " ||)* — 4(||P44|| + QA8G1||>2] [[wl®

ko _ _
— {kl - kT”P” — 3 = |PA|| — [|PAsG™"|| — 4(||P47 | + || Q4G l|)2] lvl* = 321

N

k k
= |t = Il = i = e = ] ol = 41e?

Y(w,0,z) € R™ x R™ x R1=2, (3.13)

Finally, differentiation of the Lyapunov-function candidate

w(t)
t— V()= w) o), z@t)HR | v()
z(t)
along any solution of (3.9) yields,
d ko ) ko 2 2
&V(t) o) < - (klc —c) [Iw|* — <k1 - k—lc - c) o)) = 3llz()]|* Vvt =0. (3.14)

Taking ko, k; satisfying (2.2b), yields negativity of the right-hand side of (3.14), whence exponential stability
of (3.9) (respectively (1.1), (1.4)). This completes the proof of the proposition. [J

Proof of Theorem 2.2. (a) Suppose (1.1) satisfies (1.2) and (1.3a). If the condition “4k; =0 and kg > ¢” of
(2.3a) is satisfied, then exponential stability follows from Proposition 2.1. Therefore, it remains to consider
the closed-loop system (1.1), (1.5) for k; > 1. By invoking (2.7a), (1.1) may be written in the form

d(y(t)> A1—<ko+l;:>CB A (y(t)) Fiep o (y(t—h))
a — + | h (3.15)

dr \ z(zr) 4 4 2(1) o o \zt—"n

for arbitrary initial conditions ¢ € C([ — 4,0]; R").
Since o(CB) C C; and a(44) C C_, we may choose the unique positive-definite, symmetric solutions
Pl c Rmxm’ P2 c R(nfm)x(nfm) to

(CBY'P +P\CB=1, and A,P,+ PyAy=—1,_,.
Define
c := max{2||P 14, | + 4||P142|* + 4||P,45]]%, ||P1 CB|]*}.

By the second assumption of (2.3a), we may choose 7, ky,k; > 0 and o > 0 such that

ki ky
ae(h, ko—|—h(1—c)—c>. (3.16)
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Define the (Lyapunov—Krasovskii) functional W : C([ — h,0]; R™) x C([ — h,0]; R"~™)) — R as
() = W(h, ) == $" (0)P1(0) + Y (0)P2y(0) + “/Oh [p()]* ds.
Then there exist wy, w, > 0 such that, for all (¢, )€ C([ — h,0]; R™) x C([ — h,0]; R"—™),

Wil GOIF + [OIF) < W(.9) < wal|$OIF + IO +hr sup [ $Gs)II

Let (y(1)5z()DT : [ — h,oo) — R" denote the unique solution of (3.15), with initial conditions
¢ € C([ — h,0]; R"). Adopting the notation

yvi(s):=y(t+s) and z(s):=z(t+s) V=0, Vse[—h0],

differentiation of ¢ — W(¢t) := W(y,,z) along solutions of (3.15) yields, for all ¢ > 0,

d . .
T W(t) = 20(0)"P13(t) + 22(t) Poz(t) + oy(t) (1) — oy(t — h) y(t — h)
(3.15)
k
= - <ko + - oc) @I = [l2)I? = ally(z = B> +2y(0) P14 (1)
T T 2k, T
+2y(1) (PrAy + A3 P2)z(t) + 7)/(0 PiCBy(t — h)
(3.2) k k
<= (ko 5= 2) DO = 408 = (2= 5 ) e - m?
k
+ (APl + 41 P 2P + S IPCER ) 0P
ky 21 2 ky 2
<~ (k+Ba o) —a—e) ol ~ e~ (2= 5 e - i
Define
8::min{;,ko+]2(l —c)—oc—c,oc—];l}.
By (3.16) it follows that ¢ > 0, and since
4 < — 2 2 ) vt=0
w(t) < —e([[lyOI + zONFF + Iyt =m)[IF) Ve =0.
dz (3.15)

We may apply [2, Theorem 5.2.1] to conclude uniform asymptotic, and hence exponential, stability of the
zero solution of (3.15).

(b) Suppose (1.1) satisfies (1.2) and (1.3b). Define G = (g;;) := CAB, then by (2.7b), the closed-loop
system (1.1), (1.4) may be represented as

¥() 0 I 0 y() 0
y@) [ =|4s—kG Ads A7 | | y() | - % G | (n(t) = y(t = h)). (3.17)
z(t) As 0 Ao z(t) 0

dt
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Define
0 G 0 0 I, 0
As:=10 G 0|, A:=T|As—kG As A7 | T (3.18)
0 0 0 Ag 0 A

Applying the coordinate transformation (3.7) to (3.17) yields

0m><1 W(t)
d k
af(t):Af(t)—;‘As W)=y —=h)y |, &)= o) |. (3.19)
Or—2m)x 1 z(1)

To prove exponential stability of (3.17), equivalently (3.19), we will apply Razumikhin’s Theorem as given
in [2, Theorem 5.4.2] to the Lyapunov-function candidate

Ers W(E) = ETRE VEER", for R as in (3.10).
Condition (4.2) in [2, p. 152] is obvious.

Henceforth denote, for arbitrary but fixed initial conditions ¢ € C([ —#,0]; R"), the solution of (3.17), (3.19)
by t — (¥(1), y(2),z(t)), t — &(t), respectively.
To apply [2, Theorem 5.4.2], it suffices to consider differentiation of # — W (&(¢)) along the solution merely
at points ¢ belonging to
T = {t = 0|&(t + 5)"RE(t +5) < 2E(t)"RE(t) Vs €[ — h,0]}. (3.20)

We will show that there exists ¢ > 0 such that

ko _ ki
<= (e =) ol = (i = e <) e
(3.19) 1 1

— Uz + heki(1 + ko + ki || E1)|)> Vie T (3.21)

d
&W(f)

If (3.21) holds, then for all ko, k1, # satisfying (2.3b) exponential stability of (3.17) (respectively (1.1), (1.5))
will follow from [2, Theorem 5.4.2]. The remainder of the proof establishes (3.21).
Define, for all i=1,...,m,

gii
Om><(m+i—1) Omx(n—m—i)
Imi
A= g1 , (3.22)
Om><(m+i—1) : OnX(n—m—i)
Imi
| Oi—2m)yx(m+i—1) | On—2m)x1 | On—2m)yx (n—m—iy |
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which gives AS =", 4;. Note that

ki ki 7
ki'AsGT =221 2T 4 Ag—k'AsGT + kG A4y
k1 ki
A% | k456! K, Koy o g k' A5G Ay
ki ki
1
ki '4sG™! ——AsG™! Ao
L ki i
r ki k
ki'asGT =21 Of 4 dg— k' 45G! A;
ki k
_ k ko
TG = B+ A=k 4G — G 4y +hd
1 1
k' AsGT! —k; ' AsGT! Ao
DA rha=4+kY 4 (3.23)
i=1
Note further the existence of some ¢z > 0 such that
4|l < [l +ko+ k]l Vko=0, ky = 1. (3.24)

Since each component of y(-) in the solution to (3.17) is differentiable, we may apply the Mean Value
Theorem and obtain mappings

[0,00) — (0,h), ¢ — & suchthaty"(t)+i(t_h):y'i(t—hﬁ) Vi=1,....m

Notice that each A; is defined precisely to pick out the ith component so that we may write

(3.25)

0m><1
yit—hy)
é(t)(3 2 A ~ kY 4

i=1
ym(t - h;n)

Or—2m)x1

= A&~k Y A&t — k) (3.26)

i=1

OB (4~ ki a)E) + k ZA (&) — &t — 1))

i=1
(323)

A (t)+kle é(t—i—s)ds

hl

(326)A£(t)+k124| / A&t +5)— kY A8 — I +5)| ds. (3.27)

i=1 hy j=1
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Note, that the delay differential equations (3.26), etc. are formulated in m time-varying delays ¢ — hi, where
nothing has been said about the regularity of these maps. However, existence of the solution to (3.19) has
already been established, and in (3.26), etc. we have only rewritten the right-hand side of (3.19) in a form
convenient for the ensuing estimates of the Lyapunov function W(-).

Differentiation of ¢ — W(&(¢)) along solutions of (3.19), yields

(327)

m 0 m
2 5(t)T[2|TR+RZI]§(t)+2klé(t)TRZA,~/» A&t +95) =k > A&t —h +5)| ds
i=1 —h

hy Jj=1

d
&W(f)

(3.19)

m 0
= &OT[A"R+ RAVE(t) + 2k Y / EO)RA;AE(t + 5)ds
=1 Y

7ht j:l

m 0 m
—20 ) A,-/ [ D EDRAE( I +s)ds Vi=0. (3.28)
i=1

First, define ¢4 := ||R|?||R~"||||G||> + ||R||, and estimate, for all t € 7,

m .0 G.1) m 0
2%y / CEOTRAAEE +s)ds < kY / [E(t 4 $)TRE(t + 5) + E(t) ' RA, AR ATATRE(1)] ds
i=1 7 —h i=1 /-

i
hi

m

0
< klm/ é(t+s)TR§(t+s)ds+hk|§ E(t) RA AR ATATRE(L)
—h i=1

(20 2 2 2
< 2hkim|[EO|IR| + hkym][E(2)|["ea] 4]

(3.24) 2 2 2
< hkimeg(2 + A1+ ko + k1P| €0

Secondly define cs := ||R||*||R~"||||G||* and estimate, for all 1€ 7,

m 0 m
Y [0 RA A~ H+5)ds
i=1

_Ij:I

m

m 0
(g)kfz / h > L&t — b+ )Rt — ]+ 5) + &) RA AR AT ATRTE(1)] ds
i=1

i

=1

m m

m m 0
<KD [ REG B 501 ds+ YD S0 R R ATADRTEC)

i=1 j=1 i=1 j=1

(3.20)
< hRmP (4 + )| E)|.

Thirdly we take ¢y as in (3.11), ¢; as in (3.12) and define
¢ := max{cy, ¢y, mcicq, 2meq, m*(4 + cs), |P||, [|P~1|}.

Estimate, for all ¢ > 0,

n n (3.13) ki ki
QOTATR + RAED S — (,j - ) Iw(o)|2 = (kl - e~ ) IR = L=
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Hence (3.28) becomes

ko _ ki
<- < ! ) w(o)|2 = (k _ho, ) IOIP = =P
(3.19) ki ki

+hkim[2cq 4 Seq(1 + ko + ky ) + kym(4 + es)]||ED||> Vie T,

d
EW(t)

and (3.21) follows. The proof of the theorem is therefore complete. [
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