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Abstract

We consider digital input-constrained adaptive and non-adaptive output feedback control for a class of nonlinear systems
which arise as models for controlled exothermic chemical reactors. Our objective is set-point control of the temperature of the
reaction, with pre-specified asymptotic tracking accuracy set by the designer. Our approach is Basedlong controllers,
but in a context of piecewise constant sampled-data output feedbacks and possibly adapted sampling periods. The approach doe
not require any knowledge of the systems parameters, does not invoke an internal model, is simple in its design, copes with noise
corrupted output measurements, and requires only a feasibility assumption in terms of the reference temperature and the input
constraints.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

We consider adaptive sampled-data control of input-constrained continuous-stirred, exothermic chemical reactor
models. The main issues in this context include: typically reactor models are highly nonlinear; the rate of conversion
of reactant into product should be economically profitable; quite often the operating point is close to an open-loop
unstable hyperbolic equilibrium; there is model uncertainty, inputs are saturated; and measured data can be corrupted
by noise.

The area of high-gain adaptive control without identification was initiated by the seminal Jage2s10]

Practical tracking in the sense #ftracking has been introduced Fy1,4]. Sampled data control in conjunction
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with Z-tracking has been investigated[B] but only for linear systems and also without input saturation. A brief
review of the relevant literature on exothermic chemical reactors and their regulation can be f¢ur8].im

[5], we developed simple adaptive controllers for a class of nonlinear reactor models of a type similar to those
considered if9]. We showed that the controllers could meet the control objectives mentioned above. However,
several open problems remained. Amongst these, we have focused on two: (i) Is it possible to prespecify the closed
loop performance? (ii) Does digital (i.e. sampled-data) implementation cause any difficulties? The former has been
addressed ifi7] in a context of funnel control. The latter is investigated in the current note.

The need for adapting the sampling period, instead of simply setting the sampling rate as fast as possible, car
be justified in various ways: A striking example is in insulin injection, where fast sampling/injection would be
disadvantageous both for the patient and the doctor; in process control and electrical engineering, taking precise
measurements can be expensive, whilst recording too many measurements may be inpractical. Also, industria
processors have limited capacity, and so with less frequent sampling, the processor can be used for calculation
other than taking samples; high frequency usage of actuators, due to very fast sampling rates, can be expensive c
may lead to frequent actuator failure.

In this paper, we focus on an adaptive scheme with both feedback gain and sampling rate adaptation. As a by-
product we obtain non-adaptive feedback strategies which accordingly require sufficiently large/small and constant
gains/sampling periods, respectively.

1.1. System class

As in [9,5], we consider coupled reactant—product—temperature models of the form

@) = Clr(x(), T@®) + dlv(r) —x1(0)], x1(0) = x e RS,
X() = Cr(x(n), T(0)+dlx3 —x2()], x2(0) =x3 € R%, @)
T(t) = b'rx@),T@)—qT ) +ul), T0)=T7T%€e Roo.

In (1) the variables and constants representzfat € N with 0 <m < n, the following:

x(t) = (2) IS R’;O concentration of chemical reactants and products attime
x1(2) € [RR’;(;” concentrations of the — m chemical reactants at time=0
x2(t) € R’go concentrations of then chemical products at time> 0

T(t) € Rog temperature of the reactor at timg 0

. in
XN = <iiln> e RZy™™  constant feed concentrations
2 =

v(t) € [0, xiln control of the cooling attime>0

u() e R>o control of the temperature at time=0

C= <g;) € R stoichiometric matrix

clte R(gg”’)”" stoichiometric matrix of the reactants, accordingly all entrie€ bare non-positive
beR%, coefficients of the exothermicity

d>0 dilution rate

qg>0 heat transfer rate between heat exchanger and reactor

r(,-): R’;O X Rog — R’go a locally Lipschitz continuous function modelling the reaction kinetics
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System (1) and the following assumptions (A1)—(A4) capture the essential features of exothermic chemical reactor
models:

(A1) RL x Roo is positively invariant under (1) for any bounded, non-negative, piecewise constant functions
u(): R>0— Rxpandv(-) : R — [0, x{"].

(A2) There existy € R” ; such thatyT¢; <O for all columnscy, .. ., ¢,, Of the stoichiometric matri.

(A3) ForT*>0thereexist T <T*<T, p>0,0<u <u such that

O<u4p<qT —b'r(x,T)<ii—p Y, T)e Q@ x™ x[T,T].
where
Q(y, x") = {x € R olyTx < T XM,

(A4) ,
Ir G, I <SFDT  Y(x, T) = ((x{,x3)", T) € 7, x™) x R

inuous functioh: R — R with lim,, o7 (x7) = 0.
for some continuous functioh: R, " — R o with lim,, 0

Assumption (Al) is natural for exothermic reactions. Indeed, concentrations and temperature should not become
zero once they are positive. In fact, sinde -) is non-negative, ifi(-) is non-negative, then it is clear thatz) > 0
wheneverT? > 0. It is easy to show that the remainder of (A1) holds automatically wher?, i.e., in the case
of a single reaction. For multiple reactions, there are various conditions (se¢8eRyoposition 6] in terms of
specific rates which imply that (A1) holds.

Assumption (A1) has been formulated for the closed positive ortiantof the concentrations and the open half
line for the temperature. The latter is natural since the reactor should not operate with zero or negative temperature;
the former could also be assumed for the open positive ortkiggitthe analysis goes through without any changes.

Assumption (A2) holds if (1) satisfies the law of conservation of mass, which means that there exigts,
with yTC = 0. This can be found implicitly in Gavalg8], and it is also assumed in Viel et §14]. If C does
not represent exactly the stoichiometric relationships between all species, then conservation of mass need not be
satisfied. Nevertheless, the reaction model might still be relevant provided that all essential reactions are obeyed. This
approach was adopted in Bastin and Docha]rand also in8]. A concept of “noncyclic processes” is developed
in the latter article to ensure dissipativity of mass, and hence that (A2) is satisfied.

Assumption (A3) guarantees “feasibility” by relating the temperature setfdiand the positive input saturations
u andu to weak system data. This assumption could be formulated less technically as

(A3) ForT* > 0 there exist < u <, suchthat <g¢T* —b'r(x,T*) <u Vx € Q(y, XMy,

which implies (A3) for suitablel’, T, p. However, the more explicit assumption (A3) is easier to use, and the
introduction ofp makes the exposition in the proofs clearer. Note that)Agincides with (H3) if14].

Finally, assumption (A4) encompasses multi-reaction kinetics considejed] iand guarantees in particular that
the reaction kinetics are zero if the temperature is zero.

1.2. Control objective

The control objective is to regulate the temperatlite) towards a pre-specified neighbourhood of size0 of
a given reference temperatufé, whilst maintaining boundedness of all variables. In achieving this objective, we
are restricted to using only temperature measurements which may be corrupted by bounde@ndisgo — R,
so that the measured error becomes

e() =T* = T(t) +n(). 2)
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We stress that the noise need not be smooth but its norm has to be sufficiently small in térires ¢fie accuracy
of the tracking error, and in terms @f— 7*. This will be specified in (10) and it is needed basically to ensure that
a feedback based on disturbed outputs can recognize the difference b@tivaedT .

Not only do we want to cope with noise corrupted measurements but additionally we want the controller to
be implemented digitally so that we have access to these corrupted measurements only at sampled time instant:
Specifically, we use zero-order sampling

T :=T()
and zero-order hold
u(t) :=u(y) forallr e[y, tit1),

where the sampled timeig i € N, andig = 0.

1.3. Adaptive sampled-data controller

We introduce arather simple control strategy. It consists merely of a monotonically non-decreasing gain adaptation
(5), depending on the distance of the error to the pre-spedifidp; a decreasing sampling adaptation (4), tuned
by the gain which increases as long as the measuredegriooutside thel-strip; and a zero-order hold feedback
(6) which is piecewise constant on the sampling intervals and obeys input saturations. The flexibility of selecting
suitable function$ andg; could be useful in applications.

For initial valueso = 0, i > 0, and input offset* € (u, u), we define the adaptive sample and hold controller,
for all i € Np, as follows:

Sampling

ei = e(t;). A3)
Sampling rate adaptation
hi=fB), tixa=t+hi, 4)

wheref(-) : R>0 — R.gis a non-increasing function with lig, .. f(8) = 0.
Gain adaptation

Biy1=Bi + higs(ei), (5)
where, forZ > 0, the continuous functiog, : R — R satisfies
Ve e R: [g)(e) =0<<= |e|< 4] (5a)
Iim}iggf g,(e)>0; (5b)
Zero-order hold feedback

u(t) == u; = satyu(f;ei +u),
0 if Biei<u—u* t €[t tiy1). (6)
X else

v(t) == v; = {
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An exampleof the control strategy (3)-(6) is, for>1, o, 5 > 0, andrg =0,

hi=Q+p)7% tisa=ti+h;, e=T"=T()+n(),
betaj1 = f; +h; maxX{|e;| — 4, 0},
(t) =sat, z(fiei +u*), telt tivr), 7

o(t) = {0 if Brei <u—u”

i telt, .
x!Ln else [ l+l)

1.4. Non-adaptive sampled-data controller

For initial timezg = 0, gainf > 0, sampling period > 0, and input offset* € (u, u), we define, for all € Np,
the sampling by

e :=e(t;), t:=hi, (8)
and the non-adaptive sample and hold controller by
u(t) := u; = saf, q(fe; +u™),

0 if fei<u—u* 1€ [t tit1). 9)
X else

v(t) == v; = {

Note that in both control strategies (6) and (9) we have two control actions: a saturating control of the temperature
and an on/off control of reactant feed.

2. Main results

We are now in a position to state the main result which, loosely speaking, shows that, under the standard chemical
reaction model assumptions (A1)-(A4), temperature setpoint tracking can be achieved with prespecified accuracy
A > 0 by the simple sampled-data control strategy (3)—(6): the sampled tempéFatemes to thgl + |1 oo ]-Strip
[T* — [A+ |Inllco]l, T* + [ + |Inlloo]] @Si — oc0; moreover, all signals are bounded, and convergence of the gain
and sampling period is ensured. We stress that the controller tolerates (not necessarily smooth) noise corrupting the
output measurement as long as the noise is sufficiently small.

Global/local and adaptive/non-adaptive versions of this result are presented. All proofs are deferred to Section 4.

Theorem 1 (Global adaptive resu)t Consider(1) satisfying(A1)—(A4), let 2>0, andn(-) : R0 — R be a
function satisfying

2lnlloo < Min{T — T*, A}. (10)

Then the application of the sampled-data adaptive contr¢8g#(6)to (1) yields for any initial data(x®, 79, fy) €
Q(y, M x R-g x R-0, an initial value problem which has a unique solution

x(), T() : Rzo — Qy,x™) x Rg
and this solution satisfies

(i) T(-)isbounded
(i) f; 1 Poo € Rupasi — oo;
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(i) h; | hoo € Rogasi — oo;
(iv) lim;_ o dist(|T* — T;|, [0, 4 + |In]lsc]) = 0.

Note that ifn(-) = 0, then (10) is redundant. In this sense, our controller is robust with respect to sufficiently
small output measurement noise.

The following result is a non-adaptive version of Theorem 1 which, whilst preserving the simplicity of the control
strategy, requires the sampling periotb be sufficiently small and the gajhto be sufficiently large.

Theorem 2 (Global non-adaptive resylt Consider(1) satisfying(A1)—-(A4),let 1> 0,andn(:) : R0 — Rbea
function satisfyind10).Letg, : R — R o be continuous function satisfyiri§a)and(5b). For any(1) with initial
data (x%, 7% e Q(y, x™) x R., there exist sufficiently small* > 0 and sufficiently larges* > 0 such that the
application of the sampled-data controll€8), (9),for anyk € (0, »*) and f > f*, yields an initial value problem
which has a unique solution

x(),T():Rs0 — (7, x™) x Rog
and this solution satisfies thdt(-) is bounded and

lim dist(|7" — T;], [0, 2+ ||n]lec]) = O.

i—00

Consider again the control strategies (6) and (9). If the upper feasibility bBusénown, and additionally we
have that the initial temperature is below this bound, then we only need to use saturatedorfaemperature.
In the absence of additional cooling action we then have a model

i) =Crx(). T0) +dlx" —x(n)],  x(0)=2"e RL, } a1

T)=b"r(x), T®) —qT ) +u(), TO) =T°¢e R.o.

Proposition 3 (Local result, adaptive and non-adaptjveConsiden(11) satisfying(A1)—(A3),let . > 0,andn(.) :
R>0 — R be a function satisfyin¢L0).

() Thentheapplication of the sampled-data adaptive contr§@p+(6)to (11)yields for any initial data(xo, 7o) €
Q(y, x'M) x (0, T], and 8, sufficiently largean initial value problem which has a unique solution

(x(), T() : Rz0 — Q(y, x™) x (0, T)

and this solution satisfies the Statemdijts(iv) of Theoremn.

(i) Letg, : R — Rxo be continuous function satisfyir{§a) and (5b). For any (1) with initial data 9,79 ¢
Q(y, x'") x R0, there exists sufficiently smalf > 0 and sufficiently larggs* > 0 such that the application of
the sampled-data controll€B), (9),for anyh € (0, 2*) and f > 8, yields an initial value problem which has
a unique solution

@x(), T() : Rzo — Q(,x™) x (0, 7)
and this solution satisfies

lim dist(|7* — T;|, [0, 2 + [In]loc]) = O.
11— 00

Remark 4 (Mixed adaptive/non-adaptive gain/samplind\nalogous to Theorem 2 and Proposition 3 we could
also show that a mixed adaptive sampling and non-adaptive gain, or non-adaptive sampling and adaptive gain
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achieves the control objectives in case of the global or local set-up, provided the cohstamig™ are sufficiently
small and large, respectively. We leave this out for brevity.

Remark 5 (Intersampling behavioQr For the intersampling behaviour of all the control strategies applied in
Theorems 1 and 2, Proposition 3, or the ones mentioned in Remark 4 the following estimates hold: For any

M > M = max{|[b|| (x1) — ql(x1, x2) € Q(y, x™)} (12)
we have
th,' _
e T, <T(t)<eMhiT, + —# Vie N ands € [t;, ti41). (13)

Note thatd >0 is well defined since lies in a bounded set arids continuous. Then Assumption (A4) yields
—qT () +u<T O L|bIFGD)T (1) —qT () + U< MT (1) + 1,
and integration gives, for alle N and allz € [¢;, #;+1),
1 t
e U= T (1) + / e 9=y ds <T (1) <eM=T (1) + / eM =975 ds,
1 1

whence (13). However, the estimate (13) of the intersampling behaviour is conservative and, more importantly, (12)
requires knowledge or bounds on the system data which is excluded in our setup.

3. Example and simulations

In this section, we consider the special case of a single reaction so that (1) is of the form

21(1) = =k(T (1)x1(0) + d[v(1) — x1()],  x2(0) =17 € R0,
X2(1) = k(T (1)x1(1) +dlxy —x2()],  x2(0) =x7 € R, (14)
T(t) = bk(T (1))x1(t) — qT (t) + u(?), T(0)=T" € R.o.

Hereb > 0 denotes the exothermicity of a reactidn— B, x™ = (x{", 0)T, wherex!" is the constant feed rate of
reactantA, and the reaction kinetics are given by a locally Lipschitz funckion : R>o — R>o with £(0) = 0.
A typical example ofk(-) is the Arrhenius lawl' — kgexp{—E/RT} (extended to zero by continuity), where
ko € R-o is a constant: is the activation energy, ariflis the Joule constant. The parameters of the fundtion
and the positive constantis g, andb are typically unknown.

This prototypical example is also studied14] and in[5]. Here we choose the same system parameters—consistent
with a laboratory-scale reaction vessel of approximately 100 I—so that simulations can be compared.

T > k(T) =koe M7, ko=¢€%, ki =8700K,
d=11, ¢=125mint, x"=x"=1moll, b=2092KI/mol. (15)

The controller (7) with parameters
u=295 u=505 u*=330 T*=3371K, p=12 p=2 oa=1 1=285, (16)
is applied to (14) with initial conditions

x)=002 x§=107 7°e {270 320 390}, (17)
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Fig. 1. Closed-loop setpoint control of the adaptivieracker (7) with control parameters (16) applied to the single reaction (14) with parameters
(15) and initial temperaturg® = 270K (dashed)7? = 320K (solid),7° = 390K (dotted).

and disturbance signal
n(t) = q1(1)/15, (18)

wheregqi(-) is the first component of the Lorenz equation

d 8
E(C]L q2,43) = (10[612 —q1l, 2891 — q2 — 9193, q192 — §q3) . (91,92,93)(0) = (1,0, 3).

This Lorenz equation is known (see for example Sparfib8y) to exhibit chaotic but bounded behaviour. In this

casen(r)|<1.25forallr >0.
The objective is to regulate the temperature to a neighbourho®d of 337.1 K. It is easy to see that for

y=1L1T, T =240 T =33965K, p=5, (19)

the inequality in (10) and the feasibility assumption (A3) are satisfied for gome.

All the above parameters are the same as for the simulatidb$, iand the sampled data controller is the Euler
approximation of the continuous time controllergs. 1and2 depict sampled-data simulations corresponding to
their continuous time counterparts, which can be seéfiga. 2and 3 from[5].

In [5] we have shown by simulations that for initial temperafti?e=390¢ [0, T], the local controller cannot cope:
there is a thermal runaway and the temperature is attracted to a stable but undesirably high temperature. As a resul
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Fig. 2. Closed-loop setpoint control of the adaptiveracker (7) with control parameters (16) applied to the single reaction (14) with parameters
(15), in the presence of measurement noise (18), and initial tempeiéﬂuteﬂo K (dashed)TO =320K (soIid),TO = 390K (dotted).

the reaction becomes overheated, the reactant burns out, and there is a rapid growth of the product. Furthermore, the
control input saturates at its lower limit throughout the simulation and the gain increases unboundedly. The same
would be true for the sampled-data result as in Proposition 3. We have omitted this simulation for brevity.

Fig. 1shows the simulations in the noise-free case. The final gain is only slightly larger than for continuous time
adaptation and can be reduced by exploiting the flexibility of seledtamglg, in the admissible gain adaptation.

Note that the gain takes on largest values for initial temperatfre 390 which is the temperature that cannot be
handled by the corresponding local adaptive controller.

Note also that in the continuous-time adaptive case, the closed-loop performance is significantly worse in the
presence of noise corrupting the temperature measurement than in the noise free case, whereas in the sampled-dal
case the difference in performance with and without noise is not that significarjgse2 One reason for this
could be that the continuous-time noise might fluctuate much more wildly than its sampled-data counterpart.

4. Proofs

It is worth emphasizing that there are a number of essential differences between the proofs of the sampled-data
results and the analogous continuous-time resulbjimheorem 1Q] Indeed, whilst in the continuous-time case
it is easy to see that the solutions exists for all time, here we have to rule out the possibility that the sampling
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periods have a finite-sum, i.8-72 #; < oo, so that the solution only exists on a finite interval. A more awkward
problem arises because of the availability of certain signals only at sampling instants. In the continuous-time
proof we appeal repeatedly to the fact that certain temperature values are ‘repelling’ by using a Lypunov-function
argument. In the sampled-data proof we can no longer appeal to this idea. Instead we need to work with ‘repelling
intervals.

4.1. Proof of Theorem 1

Letn(-) : R>o — R denote a continuous noise satisfying (10). We may chgos@ such that
2llnlloc +n<T =T (20)

We proceed in several steps.

Stepl. We show positive invariance 6f(y, x'") x R-q under (1). By (A1), we may consider a solution 7') :
[0, ) — [R{’;O x R-o of (1) for somew € (0, co] and with initial data(x(0), 7(0)) € Q(y, x") x R-g. Then
integrating

dEvTx ) =7TCr(x(@), T(1)) +dy" [(”ﬁﬁ ) - x(r)]
T X2

over[0, 1), for arbitrary: e [0, w), yields, by invoking (A2) ang"x(0) < yTx™,
t . . . .
yTx(t)ge_d'yTx(O) + d/ e—d(t—r)d,[ VTxm S"/Txm _ e—dz[yTxm _ yTx(O)] S“/Txm.
0

This proves the claim.
Step2. We show that the initial value problem (1), (3)-(6)(0), 7'(0)) = (x°, 79), has a unique solution

(x, T) : [0, 00) — Q(y, x") x Roo. (21)

(2a). By (A1) and since the right-hand side of (1) is locally Lipschitz in its arguments, the theory of ordinary
differential equations ensures, for any initial datd, 79 e Q(y, x™) x R.q, the existence of a unique solution
(x,T):[0,81) — Q(y, x™ x R-o for some maximabd; € (0, 1;]. Sincex is bounded by Step 1, the affine linear
boundedness of the right-hand side of (1)Tiensures that th&-dynamics cannot produce a finite escape time.
Thereforep1 = 1.

(2B). Consider next the initial value problem (1§(0), 7 (0)) = (x°, 7% with u() = uo, v(-) = vo ONR > 0. With
the same reasoning as in Step 2 follows that there exists a unique solutioh 7') : [0, c0) — Q(7, x™) x R-o
and, in particular(x(z), T (¢)) = (x(¢), T(t)) for all t € [0, ). Therefore(xy, T1) := lim;_: (x(t), T (1)) is well
defined.

(2c). Analogous reasoning as in Steps 2A and 2B for the initial value problem (1), (3p(8&), 7 (t2)) = (x1, T1)
extends the solutiotx, 7) uniquely on[0, r2). Proceeding inductively in this way proves that the there is a unique
and maximal solution

(. T):[0,0) > Q. x™) x Rog  for w:= Y " h; € (0, 0] (22)
i=0

of the initial value problem (1), (3)—(6}x(0), T(0)) = (x9, T9).
(2D). We show thaty = oo in (22). Seeking a contradiction, suppose that co. Finiteness o in turn implies
that > 72 h; < oo which in turn means that lim,~, h; = 0. SinceT is affine linearly bounded iff, see (1), it
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follows thatT is bounded ori0, w). Therefore(T;) is bounded and thus there exidts> 0 so thatg; (e;) <M for
alli € N. Using (5), this implies that

i
Bipa<Po+MY h; forallieN
j=0

which yields boundedness ¢f;), and thus(h;) = (f(f;)) is uniformly bounded away from 0, which contradicts
the assumption. This proves Stap&nd completes the proof of Step 2.

From now on fixM as in (12).

Step3. We show that boundedness(gf) yields Assertions (i)—(iv). If ;) is bounded, then by monotonicity we
have (ii); and furthermoréz;) = (f(f;)) is uniformly bounded away from 0, whence (iii). Now (5) ensures that

o o0
hoo Y 81(e)< Y higile) =Pog — fo € R.
i=0 i=0
Therefore lim_, - g,(e;) = 0, and (6a), (6b) give lim, », dist(|e;|, [0, 2]) = 0, which proves (iv). We then have
that(7;) is bounded, and therefore boundednesg @f on [0, co) is a consequence of (13), whence (i).
Step4. If (f;) is unbounded, then we may chodges N so that

2w* —u) 2 —u*) u*—g}’ Vi>io (23)

Bi= maX{ )= ,
' A=2nllec A=2lnlloc 71

holds. Note that if (23) does not hold for aigye N, then, by invoking thatf;) is a non-decreasing sequence, it
follows that(f;) is bounded, and (i)—(iv) are a consequence of Step 3.

Step5. We show that if(f5;) is unbounded, then there exists>ip such that7;, € (O, T]. Supposef;) is
unbounded and lgp be such that (23) holds.

(54). We show

liZioAT;>T] = [Vt € [t ti11) 1 u(t) =u A v(t) =0]. (24)

Indeed, if7; > T andi >, then

L .20 L3
Biei +u* < BAT* =T + llnlloc] + u* < i +u* < u

which, applied to (6), yields (24).
(58). We show that

[Vt € [t;, tiy1) : v(1) = 0l = [V € [1;, ti1) : 2 ()| <€ g (1) 1. (25)

Since all entries o' are non-positive, (1) gives, for atl € [1;, £i11),
d 2 Tl 2
alln(r)ll =2x1(0) [CTr(x(n), T (1) —dx1(0)]< — 2d||x1(D]%, (26)

and the claim follows by integration ovg, ¢). _
(5¢). Finally, seeking a contradiction to the claim of Step 5, assumelthatl” for all i > io.
By (A3), we may choose € (0, ¢) sufficiently small so that

—[g —elT +u<—p. (27)
Note that (24) together with (25) yields

lx1(0) ]| <&~ ||x1 ()| forall € [15, 00),
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and hence, by (A4), there exists>1;, so that
F(xa(0) <e/||b| forall r>r*. (28)

Therefore,

@47 . (28
T@)=brx@),T@)—qT@)+u<|bllFr(xa)T() —qT @) +u < —[g —e]T@) +u,
and hence it follows for > r* that whilstT (z) > T, we have

. — (27)
T)< —lg—¢lT +u < —p.

This contradicts the assumption and completes the proof of Step 5.
Step6. Supposép;) is unbounded. We show that

Jiy>io: [Ti, € (0, T] = [Vt € [ti,, 00): T(t) € (0, T1l. (29)

(62). Leti >igandT; € [T — ||nl|oo, T1. We showthatif € [1;, #;11) andT (1) € [T — ||nl|oo, T1, thenT (1) <—p.
Indeed, sincd” — ||n|lc < T; we have

Bies " < BT — Ty + Inloc] 0" BT = T+ 2lnloc] + " < —fin+u* <
[ X Pi i 00 X P 00 < i’7+u < u,

so that
Tt)=b"r(x@), T()) — qT(t)+u forallt e[y, tit1). (30)

If T — |n]loo <T(¢), then (10) yieldsT™ + 2||nlloc < T < T (1) + |I1]loo, and SOT < T* + |n]loo < T (1) <T, and
we may apply (A3) to (30) to conclude thétr) < — p.

(68). Finally, to show Step 6, assume that there exists such thatl; € (0, T] and consider two cases:

() If T; € [T — |nllo, T1, then Step & ensures thaf'(r) moves to the left ift € [#,%;41) and T(r) €
[T — |nllso, T1. ThereforeT (t) <T over the periodt;, t;11).

(ii) Suppose thaf; € (0, T — ||n]l»]. By (13), one may choose> 0 such that

[3*>0: T(t*) € (0, T — nllooll = [Vt € [t*, t* 4+ h): |T(t) — T(t")| < [In]lso].
Now one may choosia € N such that:; < & for all i >i1. It then follows that
[Viziy: T; € (0.7 — |nfloc]l = [Tiy1 < T1].

This completes the proof of Step 6.
Step7. To show boundedness @f;), we prove that unboundedness(§f) yields

Jigzi1 Viziz ;=P (31)

whence(f;) is bounded.
Supposé f;) is unbounded. Then Steps 4, 5, and 6 guarantee that

Vt € [tiy, 00): T(t) € (0, T]. (32)
By (13) there exist& > 0 such that
Vhi <h: |Tiz1 —Ti| < 2/2. (33)

Iflim;_. h; >h, then(f;) is bounded, and (i)—(iv) are a consequence of Step 3. Hence we may suppose that there
existsip > i1 such thati;, < &, which in turn means thati; < &, for alli >i».
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(7A). We show that
[3i>ip: Ty < T — 41 = [V1 € [, t1): T(1) > pl
and
[Fizip: T*+ 4 <Ti) = [Vt € [1;, ti1): T(t) < — pl.

LetT; <T* — 4/2 andi >ip. Then, by (23), we havg;e; + u*>u, and sou(t) =u for all r € [1;, t;+1), which
gives, by invoking (32) and (A3),

T(t)=b"r(x(t), T(t) —qT(t) +u=p Vt e, tis1).

The second implication follows similarly.

(7B). Finally, ifi >ip andT; ¢ [T* — 1/2, T*+ /2], then by StepA together with (33) it follows that there exists
iz>ip suchthatli, € (T* — 4/2, T* + 7/2). Invoking (33) again yieldgj,+1 € (T* — 4, T* + 1), and therefore
we have, for ali >i3, thatT; € (T* — A, T* + 1), whence (31). This completes the proof of Step 7 and also the
proof of the theorem. [J

4.2. Proof of Theorem 2 and Propositions 3 and 4

These proofs are both a straightforward modification of the proof of Theorem 1, essentially replacing sequences
(B;) and(h;) by sufficiently large respectively small constants.]
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