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ROBUSTNESS OF A-TRACKING IN THE GAP METRIC*

ACHIM ILCHMANNT AND MARKUS MUELLERT

Abstract. For m-input, m-output, finite-dimensional, linear systems satisfying the classical
assumptions of adaptive control (i.e., (i) minimum phase, (ii) relative degree one, and (iii) “positive”
high-frequency gain), it is well known that the adaptive A-tracker “u = —ke, k = max{0, |e| — A\}|e|”
achieves A-tracking of the tracking error e if applied to such a system: all states of the closed-loop
system are bounded, and |e| is ultimately bounded by A, where A > 0 is prespecified and may be
arbitrarily small. Invoking the conceptual framework of the nonlinear gap metric, we show that
the A-tracker is robust. In the present setup this means in particular that the A-tracker copes
with bounded input and output disturbances, and, more importantly, it may even be applied to a
system not satisfying any of the classical conditions (i)—(iii) as long as the initial conditions and the
disturbances are “small” and the system is “close” (in terms of “small” gap) to a system satisfying

(1)—(iii).
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Nomenclature

Cs, C_ = {s € C|Res > 0}, {s € C|Res < 0}, respectively

A>0 if and only if 27 Az > 0 for all z € R\ {0}, where A =
AT c Rnxn

|z] = VaTx, the Euclidean norm of z € R®

|A| = max {|Az||z € R™, |z = 1}, the induced matrix norm for
A E R’n)(m

[lollv the norm of v € V for any normed vector space V

LP(Rso — RY) the space of p-integrable functions y : Rsg — R, 1 <p <
oo with norm

Yllore,—rey = (J5 ly@)Pdt)”

L (I— R¥) the space of locally p-integrable functions y : I — R’ with
S ly(t) [P dt < oo for all compact K C I, where 1 < p < oo
and I C Ry is an interval

L*®(R> — RY) the space of essentially bounded functions y : Rsg — R*
with norm

[Vl Lo ®s—rey = esssup;sq[y(?)]

> (I —RY the space of locally bounded functions y : I — R, with

esssup;c g |y(t)| < oo for all compact K C I, where I C
R>¢ is an interval
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ROBUSTNESS OF A-TRACKING IN THE GAP METRIC 2725

WL2(Rso — Rf)  the Sobolev space of absolutely continuous functions y :
R>o — Rf with y,9 € L%(R>q — R*) and norm

Hy”WLOO(leoH]R@) = ”?JHL"O(REOHR@) + Hy”Lw(RZOHR@)

Wli)’coo(f — R) the space of absolutely continuous functions y : I — R¢,
with y,y € LS. (I — R?), where I C R>p is an interval

dist(e, [-A,A]) = max{0,|e] — A} for e € R™ and A >0

dx(e) = max{0,|e| — A} for e € R™ and A > 0

1. Introduction. In this paper we show robustness of A-stabilization and A-
tracking (i.e., stabilization and tracking with a final accuracy of prespecified A > 0)
for linear n-dimensional, m-input, m-output systems of the form

{ z(t) = Az(t) + Buq(t), z(0) = 22,
ni(t) = Cu(t),

where A € R, B,CT ¢ R"*™, 2% ¢ R", subject to additive input/output distur-
bances ug, 4o, respectively,

(1.1)

(12) Up = u1 + Uz, Yo = Y1+ Y2,

as depicted in Figure 1, where the plant P maps the interior input signal u; to the
interior output signal y; and the controller C' maps the interior output signal yo to the
interior input signal us. In our setup, P will always be a linear initial value problem
of the form (1.1) and the controller C' will be a dynamical system, specified in due
course. In case of zero disturbances ug = yo = 0, it is well known that (1.1) can be
stabilized by proportional high-gain (k > 0) output feedback

(13) UQ(t) =—k yg(t),
provided (1.1) is minimum phase, i.e.,
sI—A B

VseCy : det
TEM L o

# 0,

and its transfer function C'(sI — A)~!B has strict relative degree one with “positive”
high-frequency gain, i.e., CB4(CB)T > 0. This system class is denoted, for n,m € N
with n > m, as

CB+ (CB)T >0
. (A,B,C)

Moy = [s[n—A B

, € RXT  RXM 5 RMXN vs€@+:det 0 #0

Note that the state space dimension n € N need not be known but only the in-
put/output dimension m € N, and, most importantly, only structural assumptions
are required, but the system entries are completely unknown. A sufficiently high-
gain k in (1.3) can be found adaptively. More precisely, any system (4, B,C) €
Mvn can be stabilized adaptively, in the presence of L? input/output disturbances, by
the controller (ubiquitous in the adaptive control literature)

{ k(1) = [y2(0)?, k(0) = k° € R,

1.4
) ua(t) = —k(?) y2(t)
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2726 ACHIM ILCHMANN AND MARKUS MUELLER

+ U1 n
Uo O P
C 5 Yo
U2 = Y2 V-i-

Fi1c. 1. The closed-loop system [P, C].

in the sense that all states of the closed-loop system (1.1), (1.2), (1.4) are bounded
and lim;_, o y1(¢) = 0. This approach has been introduced by the seminal work of
[14, 15, 17]; see also the survey [6].

The surprising property of the controller (1.4) is not only its simplicity but also
its robustness: it is also applicable in the presence of additive L? input/output dis-
turbances, and it may stabilize systems (1.1) not belonging to /K/lvnym but sufficiently
“close”—in terms of the gap metric defined in section 3—to some (A, B, C') in normal
form and belonging to /K/(vnym. This has been proved in [4].

However, the controller (1.4) has the shortcomings that, if tracking is the con-
trol objective, it needs to be combined with an internal model (thus becoming more
involved) and, more importantly, fails for stabilizing nonlinear systems or in the pres-
ence of additive arbitrarily small input or output L°°-disturbances. To overcome these
shortcomings, the so-called A-tracker

{ f(t) = dist (y2(t), [- A\ A]) - [y2(B)],  K(0) = &°,
us(t) = —k(t)y2(t)

for A > 0 and k° € R has been introduced by [9]. The application of the A-tracker (1.5)
to any system (1.1) belonging to Mn,m, via (1.2), satisfies, in the presence of arbi-
trary input/output disturbances ug,yo which are bounded with essentially bounded
derivative, arbitrary initial conditions #° € R”, k& € R and any arbitrarily small
design parameter \ > 0, the control objectives of A-tracking:

e all signals and their derivatives of the closed-loop system (1.1), (1.2), (1.5)

are bounded;

o limsup, . dist(y2(t), [—A, A]) = 0.
This result has been generalized to nonlinear and infinite-dimensional systems [10] and
applied, to name but a few, to regulate biogas tower reactors [8], chemical reactors
[12], and insulin delivery for diabetic patients [2] by preserving the simplicity of the
control strategy. Note also that it is a tracking result without invoking an internal
model: set yo(+) = yret(+) as a prespecified reference signal.

The purpose of the present paper is to show robustness properties of the A-tracker

in terms of the gap metric. For example, we consider

(1.5)

i:ﬁx+gu, x(0) = 2°,
16) { 1, z(0)

Yy1=c¢x,

with 2° € R? and where, for o, N, M > 0,

0 1 0 0
A=1 0 0 1 . bi=10|, @:=[M —1,0]
aNM —NM+aN+aM o—N-M N
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ROBUSTNESS OF A-TRACKING IN THE GAP METRIC 2727

This system does not belong to the class //\\/1/3’1; its transfer function %

does not satisfy any of the classical structural assumptions in adaptive control:

e it is not minimum phase;
(1.7) e it has relative degree two;

e and its high-frequency gain —N < 0 has the “wrong” sign.
However, defining, for n, m € N with n > m, the system class
Prm
= {(4,B,C) e R™V™ x R™™ x R™*" | (A, B,C) is stabilizable and detectable } ,

(1.6) belongs to Ps 1, and we will show in subsection 3.5 and Example 4.6 that (1.6) is

close (in terms of the gap metric) to a system belonging to ./,\/lvu for N, M sufficiently
large and 7° sufficiently small, and thus (1.5) applied to (1.6) achieves A-tracking.

Instead of systems (A4, B,C) € M, ,, we restrict our attention to systems in
Byrnes—Isidori normal form; see, for example, [13, section 4]. That is, for each (A, B,

C) € My, the matrix
T =[B(CB)™., V], where V € R™*("™™) with tkV =n-m and imV = kerC,

converts (1.1) via the coordinate transformation (y; ) =T~ 'z into

(1.8)
Y1 = A+ A2+ CBuy,  yi(0) = yf €R, w) 1,0
2 = Aszy + Az, 2(0) = 20eRr ™, 200 ’
where
A A B CB
PRl ptar, ! = =T7'B, [Im Opmx(n_m)] = CT.
A3 A4 (n—m)xm 0

By the minimum-phase property, A4 has spectrum in the open left half complex plane
C_. Therefore, we introduce, for n,m € N with n > m, the system class

Mnm

s

A Ay
Ag A4

C= [Im O] s Bl,Al € Rmxm,
spec(A4) C C_, By + BT > 0.

By
0

A == 3 9

= (A,B,C) c Rnxn % RnX’m X Rmxn

We will study properties of the closed-loop system generated by the application of
the A-tracker (1.5) to systems (1.1) of class M,, , or of class P, ,, in the presence
of disturbances (ug,yo) € WH*(R>o — R™) x WhH°(Rs, — R™) satisfying the
interconnection equations (1.2). The closed-loop system (1.8), (1.5), (1.2) is depicted
in Figure 2.

The paper is organized as follows. In section 2 we show that A-tracking is possible
for all linear systems (1.1) belonging to class M,, ., in the presence of W1 (Rxq —
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2728 ACHIM ILCHMANN AND MARKUS MUELLER

w . w th = A1 + Aoz + CBuy, yi(0) =Y h
—O0— .
0 2 = Asyr + Az, 2(0) = 2°

I.C - diSt(y27 [_)\7 )‘]) |y2| ) k(o) = ko _
Ug Uy = _kyQ Y2 +

Yo

O

Fic. 2. The adaptive closed-loop system.

R™) input/output disturbances; see Figure 2. In section 3, we collect the basics of the
framework of gap metric and graph topology from [5, 3, 4] necessary for our setup.
Section 4 contains our main result, i.e., robustness of A-tracking. We show that if
the initial conditions, the input/output disturbances, and the gap between a nominal
system belonging to class Py ., and a system belonging to class M, ., (for m,q,n € N
with ¢,n > m) are sufficiently small, then the controller (1.5) achieves A-tracking for
the nominal system.

2. A-tracking. In this section we show that the control strategy given by (1.5)
applied to any linear system of class M, ,,, achieves A-tracking in the presence of
Wb (R>o — R™) input/output disturbances; see Figure 2. Set, for n,m € N with
n > m,

Dym = Mpm x (R™ x R"™™ x R) x WH®(Rsg — R™) x WH(Rsg — R™).

PROPOSITION 2.1. Let m,n € N with n > m and A > 0. Then there exists a
continuous map v: Dy, — R such that, for alld = ( [ﬁ; ﬁi] ,B,C, (yY, 2°, k%), ug,
Y0) € Dym, the associated closed-loop initial value problem (1.8), (1.2), (1.5) satisfies

(2.1) H(u27y25ka)HWL‘X’(RZU—»]Rm-FW+1) <wv(d)
and
(2.2) limsup |y2(t)] < A.

t—o0

The result that A-tracking works for the class of systems M,, goes back to [9], and
input disturbances are also considered in [7]. However, to prove the robustness of the
A-tracker in section 4, the existence of a continuous function v(-) satisfying (2.1) is
crucial. Therefore, we had to find a new proof showing (2.1) which easily shows (2.2).

Proof of Proposition 2.1. Let d = ([’2; ﬁi] ,B,C, (y?,zo,ko),uo,yo) € Dp,m and
set, for notational convenience,

h(-) = 9o() = Aryo(-) — CBuo(-),
e() = ().

The closed-loop initial value problem (1.8), (1.2), (1.5) is then given by

¢ = Are—Ayz—kCBe+h, e0) = e :=yy0)—1?,
(2.3) z = —Ase+ Asz+ Azyo, 2(0) = 2,
E o= dx(e)lel, k(0) = kO,

where d), is defined in the Nomenclature. We divide the proof into 10 steps.
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ROBUSTNESS OF A-TRACKING IN THE GAP METRIC 2729

Step 1. Since the right-hand side of (2.3) is continuous and locally Lipschitz, it
follows from the theory of ordinary differential equations that (2.3) has a solution

(e,2,k): [0,w) = R"™™ x R™ x Rxg

on a maximal interval of existence [0,w) for some w € (0, cc]. This solution is unique.
Step 2. We define some constants that are used in the following steps of the proof.
Since spec(A4) C C_ we have

(2.4) IMy,p>0 Vt>0 : |exp(Ast)| < My exp(—ut).
Set
oy := minspec (CB + (CB)") /2,
My = My + Mi|As|(Ilyoll oo rso—rm) + A+ 1) /1t
Ms = My (14 |2°)) /A + Mz (1+1/p),

My = [Ax] + [Az| + [[All oo (o g—rm) /A

S

Ms = |K°) + 2 (My + MMy + 1) /oy,
Mg := M5 + [K°] + [°[?/2,
My 1= (dy (%)% + 2(Mg + [K°]) [or (M + |K°]) /2 + My + MsMa])? + A,
Mg := My (1+[2°| + M7 /p) .
Step 3. We estimate the z-dynamics in the form

(2.5) Vitelow) : /0 da(e(r)) |2(T)|dr < M3 [k(t) — k°] .

Applying variation of constants to the second equation in (2.3) and invoking (2.4)
gives, for all t € [0,w),

t
|2(t)] < My e |20 + / My e "7 Ag] (e(7)| + [yo(7)]) dr
0
t
< My e 20 +M1|A3|/ e M=) (dx(e(r)) + lyol oo Rag—rmy + A) dT
0
t
<My e+ Ml [ ol
0
t t
+ M| As] / e M X dr 4+ M| As / e M=) dy (e(r)) dr
0 0

M| As|

t
S Ml ‘zol + (||y0||LOO(]R20"Rm) + )\) + M1|A3‘/ e_u(t_T)d)\(€<T)) dr
0

(2.6) <M, {1+|z0|+/0t e“(tT)dA(e(T))dT].
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2730 ACHIM ILCHMANN AND MARKUS MUELLER

Let
t
Vite[0,00)V peLl? (Rsg—R) : (Lxp)(t):= / e = p(7) dr.
0
Invoking the well-known inequality (see, for example, [16, p. 298])

V20 ¢ [ILxollrzqon—r) < lle™ o1 @so—mll@lrzqon—r) = & €llL2(0,0-r)

and the fact that
VeecR : dy(e)? <dx(e)le

yields, by (2.3), (2.6), and the Cauchy—Schwarz inequality, for all ¢ € [0,w),
t
JRACOIECIEY
0
t
< My / da(e(r)) [L+[2°] + (L * dx(e))(r)] dr
0
<M [1+2°] / dx(e 7)|dr
+ M, [”dk(e)H%?([O,t)ﬂR) + || L * dA(e)H%?([O,t)ﬁR)}

gMﬂuvmiémmmwﬂw+%(uj)éwwm%r

This proves (2.5).
Step 4. We estimate the e-dynamics in the form

(2.7) Vtelw) :

01

%dx(e(t))Q < %dx(eO)2 — (k(0) 1) [ 2 (b00) + %) — My — MzA,]

By (2.3) and Step 2 we have, omitting the argument ¢,
d /1
T <2d>\(e(t))2> =dy(e)|e| T el e

=dx(e)|e| el [A1e — Ay z — kCBe+ h]
< dx(e) [e] |Av| + da(e) |z] [Az| + dr(e) [[P]| Lo @z o—rm)

—kdx(e)le| " e (3(CB+(CB)")e

IN

— (ko1 — [A1])dx(e) ] + [Az] dr(e) [2] + da(e) [l Lo msy—rm)

IN

e
— (ko1 — [A1])dx(e) e] + |Az] da(e) 2| + dA(e)% 12l oo (R p—Rm)

< —(k‘(fl — M4)d)\(€) |€| + M4 d)\(e) |Z|7
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and hence, by integration and invoking (2.5), we arrive at
1 2 _ 1 042 ' i 0
Vitellw) : id,\(e(t)) < §d,\(e ) — | (k(1)o1— My)k(T)dr+ M3M, [k(t) —k ] ,
0

which yields (2.7).
Step 5. We show boundedness of k in the form
(2.8) Vite0,w) : k(t) < Ms.

Suppose there exists T € [0,w) such that k(T') = Ms; otherwise (2.8) is obvious.
Then, by monotonicity of k, it follows from (2.7) that, for all t € [T,w),

1 1 [ 2
0< §d,\(e(t))2 < 5dA(eO)2 - % (k(t) — k%) |k(t) + K° — U—l(M4 + M3M4)]
1 0y2 _ 91 10 [ 0 _ 3
< Qd)\(e ) 5 (k(t) — k%) | Ms + K o (My + M3My)
_1 02 _ %1 20y [0 0o, 2
= 5 (") = 5 (k(t) = £7) RO+ R7 +
< —da(e%)? — (k(t) — k%),
and thus
1 1
Viec[T,w) : k(t)—k°< idx(eO)Q < §|€0|2
and
Vite[0,T) : k(t)— k" < Ms—k°,
whence (2.8).
Step 6. We show boundedness of e in the form
(2.9) Vitelow) : le(t)| < M.
An application of (2.8) to (2.7) gives, for all ¢t € [0,w),
le()] < dae(t)) + A
< (dk(eO)Q — 2 (k(t) — k) [% ((t) + k%) — M, — M3M4D§ A

Nl

< (da(e")? + 2(M + [KO]) | (Mo + K°]) + Ma+ MsMa] ) + .

Note that the argument of the root in the second line is nonnegative; see Step 5.
Now (2.9) follows from Step 2.
Step 7. Boundedness of z in the form

t
(2.10) Vie0,w) : |z2(t)| < M {1 +|2°] +/ e M=) L, dT:l < My
0

follows from applying (2.9) to (2.6).
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2732 ACHIM ILCHMANN AND MARKUS MUELLER

Step 8. We show w = .

Since w was chosen maximal, (2.8)—(2.10) yield w = co.

Step 9. We show (2.1).

It follows from Steps 5-8 that (us,y2,2,k) is uniformly bounded in terms of
d= ([ﬁ; ‘ﬁﬂ ,B,C, (y?,2° kY), uo, yo). Moreover, applying Steps 5-8 again and in-
voking (2.3) yields uniform boundedness of (uQ, Y2, 2, k) in terms of d. Now the exis-
tence of a continuous function v: Dy, ,,, — R>¢ such that (2.1) holds is straightforward
by invoking the constants from Step 2.

Step 10. We show (2.2).

Since k € L*(R>o — R) by (2.1) it follows from [|dx(y2) [2[ll 11 (j0,1)—r) = k() —
k° that d)\(yg) |y2| eL! (RZO — R)

Since yo € WH>°(R>o — R™) there exists M > 0 such that esssup,~ |(92),;(t)] <
M for all i € {1....,m}, which gives -

(y2);(s) = (y2), (1)

s—t

Vs >0Vie{l....,m}Vte[0,s) 37 € (t,5) : (92),(7) = < M,

and so
Vie{l....,m}Vte0,s) : [(y2),(s) — (y2),(t)| < M (s —1t).

For 6 = ;7 we arrive at

Vie{l....,m}Ve>036>0Vt,s € Rxo with [t—s] <& : |(y2),(t) = (v2),(5)] < &
i.e., yo is uniformly continuous. Boundedness and uniform continuity of yo and

the continuity of e — dy(e)|e| give uniform continuity of ¢ — dy(y2(¢)) |y2(¢t)|. So
Barbalat’s lemma (see [1]) gives

Jim dx(ya2(1)) lya(4)] = 0,

which yields (2.2) and completes the proof. d

3. The concept of gap metric. The material in this section is based on [5,
section II], [4, section 2], and [3, section 2] and contains the fundamental results
necessary for proving robustness in section 4.

3.1. Terminology. Let X be a nonempty set and, for 0 < w < oo, let S, denote
the set of locally integrable maps [0,w) — X. For simplicity, we write S := S. For
0<7<w<oo, T :S, — S denotes the operator given by

— {v<t>, te(o0.7),
0, t € [1,00).

With V C § we associate spaces as follows:
Ve = {U es | Vr>0:Twve V} , the extended space;

Vw:{veSwWTe(O,w):TTUGV}, 0<w<oo;

V. U Ve, the ambient space.

w€(0,00]
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The ambient space V, is a subset of the union of all S,,, w € (0, 00]. Thus, for v € V,
the domain of v, i.e., the set of values in [0, 00) where v is defined, denoted by dom(v),
is not obvious. If v,w € V, with v|; = w|; on I = dom(v) N dom(w), then we write
v =w. For (u,y) € V, x V,, the domains of v and y may be different; we adopt the
convention

dom(u,y) := dom(u)N dom(y).

We say V C S is a signal space if and only if it is a vector space and has the property
that sup, ||T-v|ly < oo implies v € V. In our applications, V will frequently be

the normed signal space W1 (Rsq — R™), in which case V, = W\(Rsq — R™),

Vo = WE™([0,w) — R™) for w € (0,00], and Vy = Upcw<o W ([0,w) — R™). Tt

loc loc
is important to note that V,, 2 WH°°([0,w) — R™).
For a normed signal space U and the Euclidean space R!, [ € N, we will also
consider subsets of V = R! x I/, which, on identifying each # € R! with the constant

signal ¢ — 6, can be thought of as a normed signal space with the norm given by
16, 2)llv = V/10% + [l

3.2. Well posedness. A mapping Q: X; — X between signal spaces is said to
be causal if and only if, for all 7 > 0, x,y € X1, Trx = T,y implies T,Qx = T-Qy.
Let U and Y be normed signal spaces and let P: U, — ), and C: Y, — U, be causal
mappings representing a plant and controller, respectively. Our central concern is the
system of equations

(3.1) [P,C] : 31 =Pui, up=Cya, up=u1+uz, yo=1uy+1y

corresponding to the closed-loop feedback configuration as depicted in Figure 1; see
section 1. By a solution of (3.1) we mean the following. For wy = (ug,yo) € W :=
U x Y, a pair (w17w2) = ((ulayl)a (uQayZ)) € Wy X Wy, Wy i= Uy X Va, is a solution
of (3.1) if and only if (3.1) holds on dom(w;,wsz). The (possibly empty) set of all
solutions is denoted by

Xy = {(’u)1,UJ2) e W, x Wa| (w1, we) solves (3.1)}.

The closed-loop system [P, C], given by (3.1), is said to have
e the existence property if and only if X, # 0,
e the uniqueness property if and only if

Vg €W (i, d2), (1, 2) € X,
— (1I)1,21)2) = ('lZ)l,’LZ}Q) on dom(’lf)17lf}2)ﬂd0m (11)1,’[52)] .

Assume that [P, C] has the existence and uniqueness properties. For each wy € W,
define wy,,, 0 < wy, < 00, by the property

0,ww,) = |J  dom(iy, o)

(W1,W2) € X

and define (wi,w2) € W, X W,, with dom(wy,ws) = [0,wy,), by the property
(w1, w2)|[0,1) € Xu, for all £ € [0,wi,). This construction induces the operator

Hpc : W — W, X Wy, wo — (w1, w2).
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The closed-loop system [P, C], given by (3.1), is said to be

e locally well posed if and only if it has the existence and uniqueness properties
and the operator Hpc: W — W, X W,, wo — (w1, ws), is causal,

o globally well posed if and only if it is locally well posed and Hpc(W) C
We X We,

o Wh-stable if and only if it is locally well posed and Hp (W) C W x W,

e reqularly well posed if and only if it is locally well posed and
(3.2) Ywg €W : [wy, <oo = T,

Wawq

HP,C(’UJ()) §é W x W ] .

If [P, C] is globally well posed, then for each wy € W the solution Hp ¢ (wp) exists on
the half-line R>o. Regular well posedness means that if the closed-loop system has
a finite escape time w,,, > 0 for some disturbance wy € W, then at least one of the
components uj, ug Or Y1, Y2 iS not a restriction to [0,w,,,) of a function in U or Y,
respectively. If [P, C] is regularly well posed and satisfies

Ywg eW : [ww0<oo = T

Wag

HP,C(wO) EW x W] )

there does not exist a solution of [P, C] with a finite escape time, and therefore [P, C]
is globally well posed. However, global well posedness does not guarantee that each
solution belongs to W x W; the latter is ensured by W-stability of [P, C]. Note also
that neither regular nor global well posedness implies the other.

3.3. Graphs and gain-function stability. In our investigation of robustness
of stability properties of a closed-loop system, the concept of graphs and gain-function
stability will play a central role. Corresponding to a plant operator P (respectively, the
controller operator C) is a subset of W, called the graph of the plant Gp (respectively,
the controller G¢), defined as

15 | 1%
gp = ueU, PueY,, CW, Go =
Pu Y

Note that we identify Gp > (B, ) = (u, Pu) € W, and analogously for Gc.

A causal operator F': X — V,, where X,V are subsets of normed signal spaces,
is said to be gain-function stable if and only if F(X) C V and the following nonlinear
so-called gain function is well defined:

Cyeu,yey}cw.

(3:3) glF]: (ro,00) — Rxo,
r e glFI(r) = swp {|T:Fally | @ € X, | Teallx € (ro,r], 7> 0},

where rg := inf,cx ||z]|x < co. Observe that | T, Fx|y < g[F](||Trz|x). A closed-
loop system [P, C] is said to be gain-function stable if and only if it is globally well
posed and Hpc: W — W, x W, is gain-function stable.

Note the following facts:

(i) global well posedness of [P, C] implies that im Hp o C W, X W;

(ii) gain-function stability of [P, C| implies W-stability of [P, C];

(iii) if [P, C] is W-stable, then Hpc : W — Gp X G¢ is a bijective operator with

inverse HIZ}C s (wy,wa) — wy + wa.
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To see (iii), note that Hp (W) C W x W implies that Hp (W) C Gp X G¢, and
since for any wy; € Gp C W, ws € Go C W we have w; + wy € W, it follows that
Hpc(W) D Gp x Go. Therefore, we can think of a gain-function stable Hp ¢ as a
surjective operator Hpc: W — Gp x Gco. The inverse of Hpc : W — Gp X Ge is
obviously H;lc s (wy, wa) — wy + wa.

Finally, with a closed-loop system [P, C], we associate the following two parallel
projection operators: lp//c: W — Wy, wo — w1, and Il p : W — W,, wo — wa.
Clearly, Hp,c = (Hp//c, HC//P) and lp,,c + g/ p = I. Therefore, gain-function
stability of one of the operators Ilp,/c and Il¢/,p implies the gain-function stability
of the other, and so gain-function stability of either operator implies gain-function
stability of the closed-loop system [P, C].

3.4. The nonlinear gap. The essence of the paper is a study of robust stabil-
ity in a specific adaptive control context. Robust stability is the property that the
stability properties of a globally well-posed closed-loop system [P, C] persists under
“sufficiently small” perturbations of the plant. In other words, robust stability is the
property that [P;,C] inherits the stability properties of [P, C] when the plant P is
replaced by any plant P; sufficiently “close” to P. In the context of this paper, plants
P and P, are deemed to be close if and only if their respective graphs are close in the
gap sense of [5]. The nonlinear gap is defined as follows:

Let, for signal spaces ¢ and ),

I':= {P Uy — VY, | Pis Causal}
and, for Py, P, € T, define the (possibly empty) set
Op,,p, :=={®: Gp, — Gp, | ® is causal, surjective, and ®(0) = 0}.
The directed nonlinear gap is given by

§: T xT —[0,00],

o T (-1
(Pl, Pg) — (P17 PQ) = inf sup (H ( )(x)HZ/lX)}) 5
®EOP Py 5eGp, \{0}, 70 T2 lleexy

—

with the convention that 6( Py, P2) := oo if Op, p, = (), and the nonlinear gap 6 is

6: T'xI'— [0,00], (Pl,PQ) — (S(Pl,PQ) = max{é(Pl,Pg),é(P27P1)}.

3.5. Example. In this subsection we illustrate the previous graph and gap con-
cepts by two operators Py, Py i, induced by state space systems

P, T =ar+up, z(0) = 29,
(3.4) { 1 (0)
y =,
Y1 =Cx

for a > 0, 2z € R, and (ﬁ,g, E) as in (1.6), with 2° € R®. Throughout this example
assume that 2° = 0, 2% = 0. The second purpose of this example is to show that P,
is close to Py a,« in the sense that

(3.6) limsup 6(Py, Parr.ar.a) = 0.

M —o0
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First, recall that (E,E,E) € Psa \M&l and (a,1,1) € My ;.
Second, recall that the graphs of P, and Py s, are given, respectively, by

Y1

Gp, = { <u1> uy,y1 € WH(Rso — R), y; solves (3.4)},

u
GPyrre = { <y1> uy,y1 € WI’OO(RZO — R), y solves (3.5)}.
1

To determine an upper bound for the gap between P, and Py ar., consider the
bijective mapping ® from graph Gp, to graph Gp, ,, . given by

u u

—

/ea('*s)u(s)ds E/ e‘g('*s)gu(s)ds
0 0

D gPa - gPN,M,a’

By the definition of the nonlinear gap (see section 3.4), we obtain

g(PaapN,M,a) < sup M

w € Gp, \{0} wllw

where W := WH°(Rsg — R) x WH°(Rso — R) and, for w = (u,y) € W, the norm
is defined by

[ (u, )l = [ullwrc s g—r) + 1YW s y—Rr)-
To estimate

(@~ D)D) for w:= [ tusas € Gn,
0

we calculate that the output y; of (3.5) is given, for all ¢ > 0, by

y1(t) — E/O eﬁ(tfs)fl;ul(s) ds = /0 (a i\[%(a jj)M) ea(tfs) ul(s) ds

! N(N+M) e—N(t—s)u s)ds
+/0 (N = M)(a+N) 1(s)d

g —2NM M
—M(t—s)
—|—/0 (N—M)(a+M)e uq(s)ds,
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and thus, for all t > 0,

t
(@—IM@@H<‘Q;&%;&D—1)AGMt@Mst

t
N(N+M) _N(—
+‘(NM)(0¢+N)/O e N u(s) ds

t
+ ‘M]\%M)/o e M=%y (5) ds

<

t
/ e=5) y(s) ds

0

N(M—-a) 1‘
(a+N)(a+M)

t
N(N+M) —N(t—s
+ (‘(N—M)(aw)/o e NI ds

t
—2NM —M(t—s
+ ‘(N—]\/ZI)(OH-M)/O e M=) ds

/ et~ y(s)ds
0

N+M N
+ (‘ (N0t ’ + ‘(Nfl\JQ)(oH»M) D [ullwioe @2 —R)-

) P

NM-a) 1’ ‘
(a+N)(a+M)

WLoo (R30—R)

Hence

N+ M ‘+‘ 2N
(N —M)(a+ N) (N—M)(a+M)|’

—

N(M —
8(Pa, PNma) < ( @)

(a+ N)(a+ M)

-1+
which yields (3.6).

4. Robustness of the A-tracker.

4.1. Well posedness of the closed-loop system. For m,n € N with n > m,
consider P, ., as a subspace of the Euclidean space R +2mn by identifying a plant
6 = (A, B,C) with a vector 0 consisting of the elements of the plant matrices, ordered
lexicographically. With normed signal spaces U and Y and (0,2°) € P, x R",
where 20 € R” is the initial value of a linear system (1.1), we associate the causal
plant operator

(4.1) P(0,2°) : Uy — Vo, ur > P(0,2°)(u1) = y1,
where, for u; € U, with dom(u;) = [0,w), we have y; = cx, x being the unique
solution of (1.1) on [0,w). Note that P is a map from Up>m (Pn,m X R™) to the space

of maps U, — Y,. Counsider, for A > 0, the adaptive strategy (1.5) and associate the
causal control operator, parameterized by A and the initial value k° € R, i.e.,
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(4.2) 5(/\,/40) 2 Ve — Uy, Yo 5(/\,160)(3/2) = Us.

Note that C is a map from R<y X R to the space of causal maps )V, — U,.
In this subsection we show that, for U = Y = W1>°(Rs — R™), the closed-loop
system [P(0,2°),C(\, k%)] of any plant of the form (1.1) (with associated operator

P(#,2°)) and adaptive controller (1.5) (with associated operator C(A,k°)), where
(0,2°) € Ppm x R™ and (A, k%) € Rog x R, is regularly well posed. Furthermore, we
show that, for € M,, ,,, the closed-loop system [}5(0,:30), 5()\, k9] is globally well
posed and (Z/l X y)—stable.

PROPOSITION 4.1. Let m,n € N withn > m, A > 0, (0,2° k%) € My, ,,, x R™ x
R, and ug,yo € WH*(Rso — R™). Then, for plant operator ﬁ(@,xo) and control
operator C(\, k), given by (4.1) and (4.2), respectively, the closed-loop initial value
problem [P(0,2°), C(\, k)], given by (1.8), (1.2), (1.5), is globally well posed and
(W (Rxg — R™) x Wh*(Rxo — R™))-stable.

Proof. The proposition is a direct consequence of Proposition 2.1. O

Note that, for (4, B,C) € Pum, 2° € R", A > 0, and k° € R, the closed-loop
initial value problem (1.1), (1.2), (1.5) may be written as

z(t) = Axz(t)+ Bluo(t) — u2(t)], z(0) = 20 € R,
k() = daly2(0)) lya(t)], k(0) = k% € R,
(4.3)
y2(t) = yo(t) = Ca(t),
us(t) —k()ya2(t),

where d) is defined in the Nomenclature.

PROPOSITION 4.2. Let m,n € N withn > m, X > 0, (0,2°,k%) € Pp x R™ x
R, and ug,yo € WH>(R>o — R™). Then, for plant operator ﬁ(@,xo) and control
operator 6()\,]{?0), given by (4.1) and (4.2), respectively, the closed-loop initial value
problem [ﬁ(@,xo),é()\,kzo)], given by (4.3), has the following properties:

(i) there exists a unique mazimal solution (x,k) : [0,w) — R™ x R for some

w € (0, 00];

(i) if k € W*°([0,w) — R), then w = oo;

(iii) if y2 € WE([0,w) — R™), then w = oo;

(iv) [P(8,2°),C(\ k°)] is regularly well posed.

Proof. (i) Since the right-hand side of (4.3) is continuous and locally Lipschitz,
the statement follows from the theory of ordinary differential equations.

(ii) Suppose k € WH>([0,w) — R) and, for contradiction, w < oco. Since
dx(y2)? < da(y2) ly2| = k € L=([0,w) — Rxg), we have di(y2) € L=([0,w) — Rxo)
and dx(y2) + X € L*°([0,w) — R>p). Thus y2 € L*=([0,w) — R™).

Since k € L*([0,w) — R), variation of constants applied to (4.3) yields the
existence of constants cg,c; > 0 such that

(4.4) Vte0,w) : |zt)] <co <ec“" + /Ow e @3 (Jug(s)] + |y2(s)]) ds) .

Since yo € L>([0,w) — R™) and ug € L>®(R>o — R™), it follows from the convolu-
tion in (4.4) that the right-hand side of (4.4) is bounded on [0,w), which contradicts
the maximality of the solution z. Hence w = oc.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



ROBUSTNESS OF A-TRACKING IN THE GAP METRIC 2739

(i) Suppose yo € W>([0,w) — R™) and, for contradiction, w < oc. Then
k =dx(y2) |y2| € L([0,w) — R), and, combined with

Vitelow) :

t t
K(t) — KO = / d(y2(5)) lya(s)] ds < / 19212 0.0y 45 = @ [9]120 100y

we arrive at k € W ([0,w) — R). Now (ii) yields that w = oo. This is a contradic-
tion, and so w = oc.

(iv) Let W = Wh*(Rsq — R™) x WH°(Rso — R™). By (i), the closed-loop
[P(0,2°),C(\, k9)] is locally well posed. To prove that [P(8,2°),C(\, k°)] is regu-
larly well posed, it suffices to show that (3.2) holds. For arbitrary wo = (uo,y0) €
W consider (wi,ws2) = B(0,20),60, kU)(wo) where dom(wi,ws) = [0,w) is maxi-
mal. Suppose, contrary to the right-hand side of (3.2), that T,,(wi,ws) € W x W.
Then y2 € WH°([0,w) — R™), which, in view of (iii), yields w = oo, i.e., the con-
trary of the left-hand side of (3.2). Hence the closed-loop system is regularly well
posed. |

2. Robustness. In Propositions 4.1 and 4.2 we have established that, for
(0,2° k%) € My, 1 x R" x R and m,n € N with n > m, A > 0, ug,yo € WH° (R —
R™), the closed-loop system [P(0,2°), C(\, k°)] is globally well posed and has certain
stability properties. Furthermore, in Proposition 2.1 A-tracking is shown for linear
systems belonging to class My, m,.

The purpose of this subsection is to determine conditions under which these prop-
erties are maintained when the plant P(6,z°) is perturbed to a plant P(8,7°), where
(9,1‘ ) € Pym x R? for some ¢ € N, in particular when ] ¢ Mg ;. The main result,
Theorem 4.5, shows that stability properties and A-tracking persist if (a) the plants
P(8,0) and P(0,0) are sufficiently close (in the gap sense) and (b) the initial data z°
and disturbance wy = (ug, yo) are sufficiently small.

To establish gap margin results, we will need to construct the aggmented plant
and controller operators as in [4]. Note that 0 ¢ M,, ,,. Define Y := R" ran
Whee(Rso — R™) and let W =U x Whe(Rsq — R™), which can be considered
as signal spaces by identifying 6 € R"2+2m” with the constant function ¢ — 6 and
endowing U with the norm ||(6, u Mz \/|0|2 + (w1, % (RygmR™)" For given P(6,0)

as in (4.1), we define the (augmented) plant operator as
(45) P : Uy — WI®(Rso — R™),  (0,u1) =0y — y1 = P(Wy) := P(6,0)(uy).

Fix A > 0 and k° € R and define, for C(\, k°) as in (4.2), the (augmented) controller
operator as

(4.6)
C o WS Roo = R™) = Ua, o=z = Clya) = (0,000 ) (1)) = (0,2).
For each nonempty 2 C M,, ,,, define

(4.7)
W .= (Q X WI’OO(RZO — Rm)) X Wl’oo(Rzo — R™) and Hﬁc = Hpclwe.
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It follows from Proposition 4.1 that Hg» : W — W x W is a causal operator for
any £} C M,, ,. In Proposition 4.3 we show gain-function stability of Hg,o This is a
supposition of Theorem 5.2 in [3], the latter being used to show Proposition 4.4 and
thus the main result, Theorem 4.5.

PROPOSITION 4.3. Let m,n € N with n > m, k° € R, and A\ > 0 and assume
Q C My, is closed. Then, for the closed-loop system [P,C| given by (3.1), (4.5),
and (4.6), the operator Hg,c given by (4.7) is gain-function stable.

Proof. Note that ((6,u1),y1) = ((0,u0),y0) — ((0,uz2),y2). For v : Dy, — Rxg
as in Proposition 2.1 and W$ given by (4.7), we have

YV ((8,u0),90) € we .

|| (((eaul)’yl)> ((O’u2)’y2)> HVN\)XW

1((0, u0), o) Iy + 211((0, u2), y2)lly5
(w0, yo)llw + 101 +21/(6, (0, k%), w0, yo),

HH%C((H,UO)’?JO)HWxW

IN

IN

and so, for 7o := inf,cpye |wl|; and r € (rg,00), closedness of €2 yields
9[Hpc] (r)
‘= sup {H(u()vyO)HW + ‘9| + 2’/(0’ (07 k0)7u07y0)

(97u07y0) S WQa <
0.
H(07u07y0)”y~\) <r

Thus, a gain function for H%C exists, and the proof is complete. 0

The following proposition establishes (W (R>o — R™) x Wh*(R>q — R™))-
stability of the closed-loop system []5(5, 29), 5(}\, k9)] for a system abelonging to the
system class Py, if, for a system 6 belonging to M,, ,,,, the gap between ﬁ(g, 0) and
P(6,0), the initial value 7° € R and the input/output disturbances wo = (ug, o) are
sufficiently small. The proof is based on results from [3].

PROPOSITION 4.4. Let m,n,q € N withn,q > m, U =Y = WH*(Rso — R™),
W=UXDY, and § € My . For (5, 7% k%) € Pym x RY x R and A\ > 0, consider
P(6,7°): U, — Y, and C(A\k°): Yy — U, defined by (4.1) and (4.2), respectively.
Then there exist a continuous function n: (0,00) — (0,00) and a function : Py m —
(0,00) such that the following holds:

(48) ¥ (5, 50,wo,r) € Py X RTx W x (0,00)

(O] + lwollw <7,

§(P0.0.P@.0) <) [ Ho@an G (o) €W .
Proof. We need to show how the gain-function stability of the augmented closed
loop [P,C], given by (4.5) and (4.6), yields the robustness property (4.8) for the
unaugmented closed-loop system [P(6,7°), C'(X, k°)].
By Proposition 4.2 the closed-loop system [P(8,7°), C(),k°)] is regularly well
posed for all § € P, .m- Consider the augmented operators defined by (4.5) and (4.6),
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ie.,

P Pn,m X ua - yay (§7u1) = P(gvul) = ﬁ(a’ 0)(“1),
C: ya - 7)n,m X ucn Yz — C(yQ) (075()\, ko)(yQ))

For 0 € M, set Q@ = {6}. By Proposition 4.3, H%C = Hpclye, given
by (4.7), is gain-function stable. By, for example, the proof of Theorem 4.D in [18],
TTHﬁ(e 0)//C(0\k0) is continuous for all 7 > 0, and so T-I1p,,c|we is continuous for
all 7 > 0.

Then [3, Theorem 5.2] gives the existence of a continuous function p: (0, 00) xQ —
(0, 00) such that

v (9,5,100,7") € QX Pgm x W x (0,00) :
[lwollw < v A & (P(6,0), P6,0)) < u(r,0) | = Hp ) 53, 10)(w0) € WXW.

Note that the proof of [3, Theorem 5.2] holds also for the signal space W (R>q —
R™), although it is proved in [3] for Y =Y = LP(R>9 — R™), 1 < p < o0.

To prove (4.8) we will use [3, Theorem 5.3]. The statement of [3, Theorem 5.3] has
been proved for Y = Y = LP(R>g — R™), 1 < p < co. The statement holds also for
U=Y=WDH>e(Rso — R™). To see this, invoke the fact that for any Hurwitz matrix
M € R™™ it is (t — exp(Mt)), (t— Lexp(Mt)) € L®(R>g — R"™"). Now the
statement of [3, Theorem 5.3] for Y = Y = W (R>o — R™) yields the existence of
a continuous function p: (0,00) x Q@ — (0,00) and a function ¥: Py, — (0,00) such
that

(4.9) YV (0,0,3° wo,7) € Pym X Mym X RE X W x (0,00) :

Y(0)Z°] + lwollw <,

o~ ~ ~ = Hz; -0\ & wp) €W X W.
5 (P(0,0), P(8,0)) < u(r,0) P con (o)
Finally, statement (4.8) follows on setting n(-) = u(-,0). a

Note that [3, Theorem 5.3] requires stabilizability of system e Pym-

Finally, we are in the position to state and prove the main result of the present pa-

per. Loosely speaking, we show that the A-tracker also works for systems (A, B, C) €
Py, m which are not necessarily minimum phase, may have higher relative degree, and

may have negative high-frequency gain. However, (A, B,C) has to be sufficiently
close—in the terms of the gap metric—to a system (A4, B, C) € Mvn7m, and the initial
value 79 € RY for (Z,E,CN’) and the input/output disturbances (ug,yo) have to be
sufficiently small.

THEOREM 4.5. Let m,n,q € N with n,q > m, U =Y = WHe(Rso — R™),
W=UxY, kK" eR, XA>0, and 0 € M, ,,. For (5, 1) € Pym x RY consider the
associated operators P(6,3°): Uy, — Va and C(A, k°): Y, — U, defined by (4.1) and
(4.2), respectively, and the closed-loop initial value problem (1.1), (1.2), (1.5). Then
there exist a continuous function n: (0,00) — (0,00) and a function ¥ : Py, — (0,00)
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such that the following holds:

(4.10) V (5, Eo,wo,r> € Pym X RI X W x (0,00) :

P(O)[°] + wollw <, limsup;_ o [y2 ()] < A,

o/~ . Loo(Ryg — R
§(P0.0)PEO) <ny [ | REW T
T € Wl’oo(Rzo — Rq),

where (z,k) and y2 satisfy (4.3).
Proof. Step 1. We show that

(4.11) ((u1,y1), (u2,y2)) = Hﬁ(§750),5(/\7k0)(w0) eEWxW.

Choose functions 7: (0,00) — (0,00) and ¥: Py — (0,00) from Proposition 4.4.
Let

(5, Eo,wo,r) € Pym X RIx W x (0,00) :
GO + llwollw <7 A 8 (P(6,0), PH,0)) < n(r).

Then Proposition 4.4 gives (4.11).
Step 2. By Proposition 4.2 it follows that (4.3) has a unique solution

(x,k): [0,w) = RY xR

on a maximal interval of existence [0,w) for some w € (0,00]. Proposition 4.2(iii)
yields w = o0.

Step 3. We show that k € L*(R>9 — R). Suppose, for contradiction, that
k¢ L®°(Rso — R); i.e., there exists a sequence (t;) € (Rso)Y with ¢; > ;1 and
lim; o k(tl) = oco. Then

dim dx(y2(t:) [y2(t:)] = oo
and thus
113})10 ly2(t:)| = oo,

a contradiction to Step 1.

Step 4. We show that k& € L*(R>9 — R). Suppose, for contradiction, that
k¢ L>®(Rso — R); i.e., limy_ o k(t) = 00. Since ug € WH°(Rsq — R™), the fourth
equation in (4.3) yields lim;_, o y2(t) = 0, and thus

IT>0 Vt>T : k(t) =dx(yz2(t)) |y2(t)| =0,

which contradicts the assumption on k.

Step 5. By Steps 3 and 4 we obtain k € WH>*(R>o — R).

Step 6. By Proposition 4.4 we have in particular ys, 92 € L (R>o — R™). Similar
to Step 10 of the proof of Proposition 2.1, we may establish that yo is uniformly
continuous.

Step 7. By Step 6 and continuity of e — dy(e)|e| we obtain that ¢ — dx(y2(t))
ly2(t)| is uniformly continuous. Hence, in view of k = dy(y2)|y2| € L'(Rso —
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R), which is equivalent to k& € L*°(R>9 — R), and Barbalat’s lemma (see [1]),
limy 00 dx(y2(t))|y2(t)| = 0 holds. This gives limsup,_, . [y2(t)] < A.

Step 8. It remains to show that z € WH®(Rso — RY). Let (g,é,é) € Pym
associated with (1.1). Detectability of (E,E,CN') yields the existence of F' € R7*™
such that spec(ﬁ—i— Fé) C C_. Setting g := —[F—i—ké] (Yo — y2) + Bug+ B kyo gives

(4.12) j::{g—kéé}x—i—éuo—l—ék‘yo:[Z—l—F@}x—i—g.

By Proposition 4.4 and Step 5 we have yo € W1*°(R>g — R™) and k € WH®(R>o —
R), and since wo = (ug,yo) € WH*°(R>g — R™) x Wh*(Rso — R™) it follows that
g € Whe(Rso — RY). Hence, by (4.12) we obtain € L>®(R>o — RY). The first
equation in (4.3) then gives & € L>(R>q — RY), which shows that z € W1 (R>¢ —
R?), and the proof is complete. d

Ezample 4.6. Finally, we revisit example (1.6).

In subsection 3.5 we have already shown that for zero initial conditions the gap
between the system (A,b,E) € P31\ Ms; and (a,1,1) € Mj; tends to zero as
N = 2M and M tends to infinity; see (3.6). Now, in view of Theorem 4.5, there exist
a continuous function 7: (0, 00) — (0,00) and a function ¢: P31 — (0, 00) such that

V(3% wo,r) € R® x W x (0,00) :

k€ WH=(Rso — R),
= < limsup,_, . |yo(t) —y1 ()] < A,
T € Whe(Rsg — R3),

V((A4,5,9) 7] + [lwollw <1,
5 (Pi((a,1,1),0), Bo((4,5,0),0)) < n(r)

where W = WH®(R5g — R) x Wh*(Rso — R).

This means in particular that A-tracking is achieved by the adaptive control strat-
egy (1.5) applied to system (1.6) despite the fact that it has unstable zero dynamics,
has relative degree two, and has negative high-frequency gain. The only restrictions
are that the zero is “far” in the right half complex plane, the initial condition z° is

“small,” and the W1> input/output disturbances uy and yy are “small,” too.

5. Conclusions. We have shown the robustness of the A-tracker (1.5) for a
class of linear systems close in the gap metric to minumum phase systems with strict
relative degree one; moreover, the A-tracker copes with certain bounded input/output
disturbances. Although this result may be worth knowing, the shortcoming of the
control strategy (1.5) is that the gain k(-) is a monotone nondecreasing function
which converges to a potentially “too high” gain, thus amplifying noise. Recently,
a simple time-varying proportional output feedback law called “funnel control” has
been introduced to achieve “practical” tracking with prespecified transient behavior
[11]; this control law is applicable even to nonlinear minimum phase systems, and
the gain is no longer monotone but may decrease again. The conceptional results of
the present paper may indicate how to use the gap metric framework to show the
robustness of the funnel controller.
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