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Abstract

We consider nonwandering dynamics near heteroclinic cycles between two hyperbolic
equilibria. The constituting heteroclinic connections are assumed to be such that one
of them is transverse and isolated. In the literature such heteroclinic cycles have been
associated with the termination of a branch of homoclinic solutions, and have been named
T-points in this context. We study the nonwandering dynamics near T-point heteroclinic
cycles and their unfoldings, both in the general setting (where a T-point heteroclinic cycle
has codimension two) and in the reversible setting (where it has codimension one). We
focus in particular on the existence of shift dynamics in the local nonwandering set.
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1 Introduction

Homoclinic bifurcations lie at the heart of our understanding of complicated (chaotic) recurrent
behaviour in dynamical systems. The history goes back to Poincaré, with major subsequent
contributions by the schools of Andronov, Shilnikov, Smale and Palis. The successes of the
latter schools has been founded on a combination of analytical and geometrical tools, typical
for the field of dynamical systems. In this paper we follow an alternative approach for studying
local dynamics near connecting orbits based on a functional analytic approach developed by
the school of Hale. The latter approach, named Lin’s method after a paper by Lin [19], employs
a reduction on an appropriate Banach space of piecewise continuous functions approximating
the initial heteroclinic cycle to yield bifurcation equations whose solutions represent orbits of
the nonwandering set.

2

Figure 1: Sketch of an example of a T-point heteroclinic cycle in R? between two saddle-foci,
with robust heteroclinic orbit I'; and non-robust heteroclinic orbit I';.

We consider a parameter family of vector fields f : R® x R? — R™ (n > 3), f smooth:
i fla,p). (1.1)

The aim of this paper is to study the nonwandering dynamics in the neighbourhood of a T-point
[8]: a heteroclinic cycle between two hyperbolic equilibria of saddle type p; and ps, where one
of the connections is transverse and isolated, see Figure 1 for a sketch of a T-point heteroclinic
cycle in R3. T-points have been found to appear in many applications of interest, ranging from
the Lorentz [8] and Kuramoto-Sivashinsky [18] systems, to electronic oscillators [1, 2, 10, 11, 12],
semiconductor lasers [9, 29], magnetoconvection [22] and travelling waves in reaction-diffusion
dynamics [17, 26, 21, 13].

Without loss, we assume that the cycle exists at ¢ = 0 and that the hyperbolic equilibria do
not change position while p is close to 0. Throughout this paper we denote the stable manifold



of the equilibrium p; at parameter(s) pu by W#(p;, u). For brevity, we also denote W#(p;,0)
by W#(p;). In the same manner we use W"(p;, u) and W"(p;) to denote the corresponding
unstable manifolds.

Let I'y = {q1(¢) | t € R} denote the heteroclinic solution between ps and py, and I'y = {g2() | t €
R} the heteroclinic orbit from p; to py. The corresponding heteroclinic cycle is a T-point if Iy
is an isolated transversal intersection, ie

We(p2) Mgy0) W"(p1), and  dim T, 0)W*(p2) + dim T, )W (p1) = n + 1, (1.2)

where n is the dimension of the phase space. Further we assume that I'; is nondegenerate, in
the sense that

T W? (p1) N Ty )W (p2) = span{ f(¢:(0),0)}. (1.3)
Note that due to this assumption the hyperbolic equilibria p; and py have different saddle point
indices.

The above conditions specify the simplest case of a heteroclinic cycle between two fixed points
where one heteroclinic orbit is structurally stable and the other is not.

The nonrobust connection I'y has codimension two in general and and codimension one if we
assume the cycle is (setwise) invariant with respect to a time-reversal symmetry. Our main
focus is with the general case and discuss the situation in the reversible case afterwards in
Section 5.

We use Lin’s method to analyse the nonwandering dynamics near a T-point heteroclinic cycle
(and its unfolding). We recall the essentials of Lin’s method in Section 2. The problem of
finding particular orbits in the local nonwandering set reduces to that of solving a (infinite)
set of bifurcation equations. We show how these bifurcation equations can be viewed in a
geometric way as describing the set of intersections of logarithmic spirals and lines in the plane.
These geometrical objects are determined by the principal eigenvalues of the linearisation at
the equilibria.

We finally assume that the principal stable eigenvalue A§ of D; f(p2, 0) and the principal unstable
eigenvalue A of D; f(p1,0) are simple. We write

A () = pr(p) +igi(p),  A(p) = —pa(p) +ida(p),

where in the case that A} () or A3(u) are real, ¢1(u) or ¢o(p) are set equal to zero. We refer
again to Figure 1 for a visualisation of the situation in R? in case the addressed principal
eigenvalues are complex. Therefore there are three cases to consider:

(CC) Both A}(u) and A3(u) are complex,
(RC) One of X¥(u), A5(p) is real and the other is complex,
(RR) Both A}Y(p) and A3(u) are real.

It turns out that corresponding information about the leading eigenvalues A\j and A\ are not
important for the purpose of this paper. Before we describe the nearby dynamics of the hete-
roclinic cycle in each case we define some terminology. For that we introduce hyperplanes >J;
which are transversal to I'; at ¢;(0) (which may be located “in the middle” of I';), j = 1, 2.
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Definition 1.1. Let U be a sufficiently small neighbourhood of the primary heteroclinic cycle.
All orbits which we shall describe in the following are assumed to be subsets of U.

o A periodic orbit is called k-periodic, and a homoclinic orbit (to py or ps) is called k-
homoclinic, if it passes through 1 and %9 k times in each case.

e A heteroclinic orbit connecting p; to p; (in forward time) is called a (i,5)-heteroclinic orbit.
A (i,j)-heteroclinic orbit that passes k times through X; is called a k-(1,j)-heteroclinic orbit.

Our main result concerning shift dynamics is the following.

Theorem 1.2. Consider the system (1.1) under the assumptions as stated above. Assume
either eigenvalue case (CC) or (RC), then the following is typically true.

When = 0, for each N > 2 there exists a set S C ¥y which is invariant under the first-
return-map 11 : ¥y — ¥y (defined by the flow), and (SY,11) is topologically conjugated to the
full shift on N symbols.

Moreover, for fized N > 2 there exists puy > 0, such that if |u| < py there is a set SN such
that (S;]LV, II(w)) s topologically conjugated to a full shift on N symbols, and Sliv — Sévﬂ in the
Hausdorff-metric as p — 0.

The proof of this theorem is given in Section 4.1. In the course of this proof we introduce several
assumptions that define an open and dense set of vector fields in H for which this theorem holds.
Here ‘H is the space of two parameter vector fields containing a heteroclinic cycle under the
assumptions stated above for f(-,0). This space is endowed with the C! topology. This set of
conditions comprises a generic unfolding of the heteroclinic cycle, standard non-orbit flip and
non-inclination flip assumptions, as well as a more technical assumption in case (CC), which
guarantees the existence of infinitely many transversal intersections of the spirals displayed in
Figure 3.

Here our strategy is to use a Homoclinic Liapunov-Schmidt reduction, better known in this
context as Lin’s method [19], to determine the existence of orbits close to a given heteroclinic
or homoclinic cycle. Lin’s method consists of the search for piecewise continuous orbits of (1.1),
which we call Lin orbits, cf [14]. These orbits consist of pieces of actual solution curves which
remain close to the original heteroclinic cycle, but are allowed to have discontinuities in the
section ¥;. This discontinuity, or jump, is restricted to lie in a certain direction, see Section 2
for more details. For a given parameter 1 and sequence w = (wy;, wa;)iez of transition times
(from one hyperplane to the next) there is a unique Lin orbit. We refer to Figure 4 for a
visualisation. Let =Z;(w, ¢t) be the ith jump of the Lin orbit corresponding to (w, u). Splitting
Zi(w, ) into the leading order term plus a remainder term, we find that the leading order
term only depends on wj 1, we; and p. We find orbits staying all time close to the initial
heteroclinic cycle by closing the jumps, or in other words by solving the bifurcation equation

(Bilw, 1)icz =0,  Ei(w, u) = L1541, wa,), 1) + 7w, 1), (1.4)

where L((wy41,w2,), pt) denotes leading order terms and 7;(w, ) denotes higher order terms.
Under certain conditions, (H2) and (H3), the leading order terms of the bifurcation equations



are determined by A\¥(u) and A5(p). The leading order terms for the cases (CC) and (RC) are
as follows:

Case (CC) (Complex-Complex)

iy 4 e 2Pt ey sin (201w i1 + P11) — € 2P2%icy; sin(2¢aws ; + pa1)
)

—2p1w1 5 : —2pow2 ; :
o + €721 ey SIN(201 w1 i1 + P12) — €7 P29 cgg SIN(2¢00wa s + Pa2

1.5)

L((wiiv1,wa:), 1) = (

Case (RC) (Real-Complex)

i e ey — e sy sin (g + 1) ) o

L((wq 41, way), ) = .
(( 1,041 2,1) lu‘) ( Lo 4 6_2p1w1’i+1012 _ 6—2/)20.1271'622 Sln(2¢2a@7l’ + S022)
Here = (u1, p12), cx # 0 and the ¢ and @y are functions of of u. It turns out that solutions
are extractable from the leading order terms. For that we now observe how the problem of
solving the bifurcation equation reduces to a geometric problem of studying intersections of
logarithmic spirals and lines in the plane. For each i the leading order term L of =Z; has the

same form
pi1 + Liy(wr, ) — Loy (wo, 1) ) .

L((wr, w2), ) = ( o + Lio(wy, pt) — Loo(wa, 1)

Now it is clear that when A}(u) is complex, p + (L1i(wy, i), Lio(wy, 1)) parametrises (for
fixed p and w; as parameter) a logarithmic spiral in the plane. When A}(u) is real, u +
(L1 (w1, p), Lia(wy, ) parametrises a line in the plane. A similar statement is true for Aj(x) and
(L1 (wo, ), Log(ws, 1)). Therefore, for each i solutions of the truncated equation L((w1,ws), 1) =
0 may be represented by intersections of these logarithmic spirals and lines, corresponding
to the cases (CC) and (RC). See Figure 3 for the situation for ¢ = 0. Finally sequences
w = (W14, Wa,)iez related to transversal intersections of these curves serve as first estimates of
solutions of the full bifurcation equation (Z(w, it))icz = 0. Note that the sequences @ may be
built up by only finitely many different (&;;,@2;).

The above described shift dynamics can be interpreted in the context of transversal intersections
of stable and unstable manifolds of 1-periodic orbits. We find a set S}LV of 1-periodic orbits
O1,...,Op with periods (close to) wq,...,wy (which are found from the intersections of lines
and spirals, cf. Section 4). A sequence s := (8;)icz, $; € {1,..., N} corresponds to an orbit
which is closely following a sequence of orbits in {Oy,..., Oy} as prescribed by the sequence
s. In our analysis we take advantage of the fact that there are infinitely many transversal
intersections, see Section 4.1.2. This guarantees that there are intersections related to arbitrarily
large transition times.

For fixed N and p there may be many choices for the set of periodic solutions Siv . For p=20
there exist countably many of them, corresponding to the infinitely many intersections of the
spirals we referred to already. These intersections correspond to an infinite set of 1-periodic
orbits O;, ¢ € N, which potentially can serve as symbols. For p = 0 the tips of the spirals
coincide — a situation we exploit to verify infinitely many intersections of them. For p # 0 the
tips of the spirals are separated. Generically the tip of one spiral will not be located on the
other spiral. Hence generically only for finitely many N € N there exist corresponding sets & ff ,
and for fixed NV only finitely many different choices for these sets exist.



The verification of topological conjugacy is mainly based on the continuous dependence of =
(see (2.1)) on sequences w in spaces of sequences equipped with the product topology. Those
ideas trace back to similar considerations in [15, 23].

The shift dynamics referred to in Theorem 1.2 does not concern k-homoclinic or k-heteroclinic
orbits. Our second result, whose proof is discussed in Section 4.2. describes the existence of
such connecting orbits.

Lemma 1.3. Assume the eigenvalue case (CC) or (RC), and let f(-, 1)) be a two parameter
family of vector fields for which Theorem 1.2 holds. Then we have the following:

1. For each k > 2, k € N there is a countable set My, of parameter values accumulating at
=0, for which there exists a k-(2,1)-heteroclinic orbit.

2. At u = 0 there exist a countable infinity of k-(1,2)-heteroclinic orbits for each k > 2.
Moreover, for fized k, q1(0) is an accumulation point of the intersections of the k-(1,2)-
heteroclinic orbits with ¥,. Fach such k-(1,2)-heteroclinic orbit can be continued for
w # 0 sufficiently small, but for fived p # 0 and fixed k there are only finitely many
k-(1,2)-heteroclinic orbits.

3. For each k > 2, k € N, and each i € {1,2}, there is a curve L’ﬁ”zm i p-space which is
either a logarithmic spiral centred at (0,0) or a line terminating at (0,0), for which each
point on EZOZm there exists a k-homoclinic orbit to the fixed point p;.

The dynamics in case (RR) is simple in comparison to the previous two cases.

Theorem 1.4. Consider the system (1.1), and assume the eigenvalue case (RR). Then typically
we have the following. There exist open sets Q and Q in p-space, whose boundaries Q) and
dQ consists of two lines in each case that terminate at the origin, and where dQ and Q are
tangent at the origin, for which the following is true:

1. There exists exactly one 1-periodic orbit at each point u € Q, see Figure 2. The period
of these periodic orbits tends to infinity as p — 0Q). There are no k-periodic orbits for k
larger than one.

2. There are no k-(2,1)-heteroclinic orbits for each k > 2, k € N, for any parameter value
L.

3. At = 0 there are no k-(1,2)-heteroclinic orbits for k > 2. But for each p € Q there
exists a k-(1,2)-heteroclinic orbit for k > 2.

4. For each p € 0Q), there exists a 1-homoclinic orbit to one of the fized points p;. There
are no k-homoclinic orbits for k > 2.

The homoclinic orbits addressed in point 4 may naturally be thought of as limit points for
the periodic orbits stated in point 1. The period of these periodic orbits tends to infinity as

w— 0Q.
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Figure 2: The open set () with boundary 0Q in (u1, u2)-space. The set Q has approximately
the same appearance.

The proof is given in Section 4.3. The assumptions used in the course of this proof again define
an open and dense set of vector fields in H, and consist of the same standard generic unfolding,
non-orbit flip and non-inclination flip conditions used previously, as well as a more technical
hypothesis that guarantees the linear independence of the tangents at the origin of the two
lines displayed in Figure 3 at p = 0.

Note that in the case (RR) the leading order term L reads

(1.7)

1 +e P1w1,2+1011 —e P2w2,1021 )

—9 ) _9 .
Mz + e plwl,z+1012 —e P2w2,1022

L((wii41,w2,), 1) = (

Therefore solutions of L = 0 correspond to the intersection of two lines. It is obvious that there
is at most one such intersection and hence at most one solution of L = 0. From that we can
conclude the statement of the theorem in a similar way as the one of Theorem 1.2.

We remark that our Hypothesis (H 1), see Section 3, which prescribes that the stable manifold
of p; and the unstable manifold of py split with positive speed, implies that in all cases there
is just one 1-(2,1)-heteroclinic orbit, and this is the original one that exists at pu = 0. In R3 it
is clear that there can only be one k-(2,1)-heteroclinic orbit for each parameter value, because
in this case the stable manifold of p; is one-dimensional.

We now outline the organisation of this paper. In Section 2 we introduce Lin’s method in more
detail.

In Section 3 we derive an expression for the i*® jump of a Lin orbit, depending on p and the

(CC) (RC) (RR)

Figure 3: Graphical representations of the solutions of L((wy,ws),0) = 0.



sequence of transition times w. In particular we determine their leading order terms.

Theorem 1.2 is proven in Section 4.1. As can be seen in equation (1.4), the bifurcation equation
consists of a leading order term and higher order remainder terms. The strategy for studying
the bifurcation equation is to first study solutions to the equation truncated at leading order.
We prove in Section 4 that nondegenerate solutions to this equation persist under addition of
the higher order terms.

In Section 5 we discuss the time-reversible case, which has attracted interest since it arises in
the context of the analysis of travelling waves in the Kuramoto-Sivashinsky PDE [18]. The
main differences between the general case and reversible case are discussed, the bifurcation
equations are modified, and the corresponding results stated and proved.

2 Lin’s method

In this section we outline Lin’s method, and explain the properties of Lin orbits corresponding
to the system under consideration. Lin’s method centres around the existence of ‘piecewise
continuous orbits’” X of (1.1) which we call Lin orbits, after [14]. In the present context such
orbits consist of pieces of actual orbits X;, X := (X;);ez; the orbit X; starts in ¥, follows I'y
until it reaches a neighbourhood of p; follows then I's, meets Yo, stays further close to I'y until
it reaches a neighbourhood of ps, follows then I'y again, and terminates finally in ;. Between
two consecutive orbits X; ; and X; there may be a jump Z=; in a distinguished direction Z. We
refer to Figure 4 for a visualisation. Note that in the present context all jumps in Y5 are equal
to zero. This is due to the transversal intersection of the unstable manifold of p; and the stable
manifold of py in I's.

Let 2w;; and 2wy; be (prescribed) transition times of X; from ¥; to ¥ and 35 to ¥y, re-
spectively. It can be proved that for each u which is sufficiently close to 0, and each sequence
w = ((w1,4,ws,))icz, where w;,; are sufficiently large, there exists a unique Lin orbit X (w, p),
see Theorem 2.2. By making the jumps =Z; to zero one finds real orbits staying for all time
close to the heteroclinic cycle I'. Therefore the bifurcation equation for orbits staying close to
" reads

E = (Ei(w,n)iez = 0. (2.1)
To begin the actual analysis, fix an inner product (-, -). Let, with respect to (-, -),
;= {f(a(0),0)}", i=1,2.
With that we construct the cross-sections ¥; and X, as follows
Yi=q0)+Y;, i=12 (2.2)
Also, consistent with the standard theory, we define a subspace Z C Yi:
Z = (T oW (p1) + T W" (p2))

By construction we have dim Z = 2. Assigned to ¢;(0) and ¢2(0) we consider the following
orthogonal direct sum decomposition of R™:

R" = span{f(q:(0),0)} e W @ Wy @ Z,

RY = span {f(0:(0), 0)} & W5 & Wy, (23)
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where W, = T, )W?*(p;) N Y; and W™ = Ty, )W*(p;) NYs, 0= 1,2, j # 1.

A further assumption, that simplifies the analysis, is that the local stable/unstable manifolds
of the fixed points py, ps are flat; that is:

I/‘/vlf)t:(piu :u) C Tpiws(pi)7 VVI%C(]?% ,u) C szWu<pl) (24)

We can bring the local stable/unstable manifolds into this form by means of local transforma-
tions based around each of the fixed points p;.

2.1 Splitting of the stable and unstable Manifolds

The first step of Lin’s method is to study the splitting of the stable and unstable manifolds in
Y; with respect to the parameter p. Because of (1.2) the situation in ¥, is clear. For each
which is sufficiently close to 0 there is exactly one point g, € Xo N W*"(py, t) N W?*(p2, 1) such
that the orbit I'y , through ¢, is a 1-(1,2)-heteroclinic orbit. The corresponding solution with
q2(12)(0) = g, we denote by go(p)(-); their restriction on R* we denote by g3 (1)(+).

In R? also the situation in ¥ is rather simple. In this case both the stable manifold of p; and
the unstable manifold of p, are one-dimensional, and the intersection with the two-dimensional
hyperplane >; consists of single points in each case. The heteroclinic connection I'; generally
splits up under perturbation. Let qffu and ¢; , be determined by the ‘first hit” of the stable
manifold of p; and the unstable manifold of ps, respectively. Of course qffﬂ — ¢y, € Z, recall
that Z =Y in this case. So, in a trivial way, for each p we find a unique pair of orbits in the
stable manifold of p; and the unstable manifold of ps, respectively, such that the difference of
their first hits in ¥; is in Z.

The main goal of this section is to show that this property persists in higher dimensions. More
precisely we prove the following lemma:

Lemma 2.1. For each p which is sufficiently close to 0 there is a unique pair (g1 (11)(+), (g7 (1)(+))

of solutions of (1.1) such that:

(i) q (1)(0) € SLNW*(p1, i), qy (1)(0) € By N W (pa, ),
(i) gt (1)(1) — u(t)] small ¥t € R* and |ay (u)(t) — 1 (6)] small ¥ € R~

(iii) ¢{ (1)(0) = ¢y (n)(0) € Z.
Proof. To investigate the splitting of I'; we set
gi (t) = qu(t) +v™(1). (2.5)
This gives the following equations for v*
v = A(t)wE + g(t,vF, p), (2.6)
which we consider on Rt or R™ respectively. Here A(t) = D, f(q:(t),0), and
g9(t,v, 1) = fl@u(t) + v, 1) = f(ar(t), 0) = A(t)v. (2.7)

10



With the above setting, we are looking for bounded solutions v*(-) of (2.6). Hence v*(-) €
Cy(R*), the space of continuous on R* bounded functions equipped with the norm ||v* || :=
sup;eps |[vE(1)]. If ||vt]| is close to zero, then by the theory of stable and unstable manifolds,
q=(t) := q(t) + vE(t) is in the desired stable/unstable manifold. Further, if v*(0) € Y; and
vT(0) — v (0) € Z, then (i) - (iii) of the lemma holds true.

In what follows we show that (2.6) has unique solutions v* with the outlined boundary condi-
tions. An important role is played by the properties of the linear nonautonomous equations

0= A(t)v, (2.8)

which we consider either on R™ or on R™. Denote by ®(t,s) the transition matrix for (2.8).
We have that lim; . ¢1(t) = p1, so then hm,HC><> A(t) = D, f(p1,0). Similarly lim, ., A(t) =
Daﬁf(anO) Also Dxf(plnu) =—-Ro Dxf(p%:u) oR.

By the theory of exponential dichotomies [5], due to the fact that py, ps are hyperbolic, equation
(2.8) has an exponential dichotomy on both R* and R~. For t € R we define projections P*(t)
and Q*(t) as follows

im P(0) = Ty oyW3(p1), ker PT(0)=W; @ Z,
and

ker P~(0) = Ty, W"(p2) im P~ (0) =W @ Z,
and for t,s > 0 ort,s <0 let

PE)D(t,5) = B(t, s) PE(s).

Finally we define Q* :=1 — Pt and Q= :=1— P~
Using the properties of exponential dichotomy we get that for each function g(-) bounded on
R*:

[ e or s - [ ot 90 0

0 t

is well defined on R™ and solves v = A(t)v 4 g(t). Therefore we see that the solutions v*(-) of
(2.6) that are bounded on R solve the following fixed point problem in Cp(R™,R™), and vice
versa:

o) = 00+ [ 0P S)gls o (s) s = [ B 5Q (s, (), ).

where v = PT(0)v™(0). In a similar way it can be shown that the solutions v~ () of (2.6) that
are bounded on R~ solve the following fixed point problem in CP(R™,R"), and vice versa:

t

v (t) = B(t, 0)n + /

—00

B(t,5)P~(s)g(s, v (s), p)ds — / B(t, $)Q~ ()g(s, v (s). 1)ds,

where n = Q~(0)v~(0). Both of these fixed point equations can be solved for v+ = v (v, )
and v~ = v~ (n, u), near (v*t,v,u) = (0,0,0) and (v=,n,u) = (0,0,0) in each case. We find
that v*(0) can be written in the form

v (v, 1) (0) = v +w (v, p) + 2 (v, 1), v (n, 1) (0) = n+w(n, w) + 27 (n, 1),

11



where w* € W and z* € Z, and moreover w*(0,0) = 0, Dyw*(0,0) # 0. In view of (iii) of
the lemma we consider

v=w"(n,p), n=w (v,u.
This system can, near (v,n, u) = (0,0,0),
The functions ¢;" (1)(-) := q1(-) + v (v(w), 1)(-) and ¢y (n)(-) = @ (-) + v~ (n(p), p)(-) are the
wanted solutions of (1.1). [

be solved for v = v(u), n = n(p).

2.2 Construction of Lin orbits

The next step in the method is to search for orbits X;;, 7 = 1,2, i € Z, composing the Lin
orbits X = (X;)iez which we introduced in Section 1; more precisely X; = X;,; U X5,. Here
X, is an orbit of the vector field starting in a point in ¥;, staying close to I'; until it reaches
a neighbourhood of p;, and continuing close to I';; until it reaches ¥, ; throughout the term
“j 4+ 17 is computed modulo 2. By x;,;(-) we denote solutions of (1.1) corresponding to the
orbits X;; with z;,;(0) € ¥; and z,,(2w;;) € Xj11. Actually z1,(-) is composed of solutions

21;(+) and 23,(-) which are defined on [0,wy;] and [—wy;, 0], respectively. Similarly 2o ,(-) is

composed of solutions 23 ,(-) and 7 ,(-) which are defined on [0, wy ;] and [—ws, 0], respectively.

This demands coupling conditions
r)i(wia) = 25, ,(~wia), 1= 1,2, (2.9)
and the jump conditions
= = xiiJrl(O) — xl_l(()) € Z, x;Z(O) = xii(O), (2.10)

for i € Z in each case. Figure 4 visualises this situation.

x;z«)) = x51<0)

Figure 4: Ingredients of Lin orbits; X; = X;,; U X;.

It is a specific feature of T-points that there is no jump in X, 23 ,(0) — 25,(0) = 0. However,
large parts of the procedure run parallel to the exposition in [23], [15], [19] and [28]. In our
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presentation we confine to explain only those parts of Lin’s method in more detail which differ
from the standard scheme.

To begin, we look for solutions of the form

T () = ¢ (1) () + v (0). (2.11)
Then
oy = AF(t p)y, + g5 (v, 1) (2.12)
where A% (t, ) = Dy f(q(4)(), 1), and
g5 (tv, 1) = fg; ()(8) + v, 1) = (g5 (0)(t), 1) = AT (t, p)o. (2.13)

Let @ (yu,t, s) be the transition matrix for the equation
b= A7 (t, p)v. (2.14)

As before, these operators have an exponential dichotomy on R or R™, respectively, with
corresponding projections P;L(u,t), Qj(u,t) =1-— Pf(u,t), and Q; (u,t), P (p,t) = I —
Qj (p1,t); therefore we have for j = 1,2

im P (1, 0) = Ty 0 W' (s), imQy (1,0) = Ty o) W (Bj1)-
Moreover we commit to
kerPfL(:uv()) :Wf@Z7 kerP;(:L%O):W{
and
ker Q7 (11,0) = Wi © Z,  ker Q3 (11,0) = Wy
Our main existence result in this respect is the following:

Theorem 2.2. Consider the system (1.1) in the present setting. Then there are constants c,
Q such that for each p with |p| < ¢ and each w with w;; > Q, j =1,2, i € Z, there is a unique
sequence of solutions x;fi(w,/,t)(-), j=1,2,1 € Z, of (1.1) satisfying the coupling condition
(2.9) and the jump condition (2.10).

In other words this theorem says that for each p and for each sequence w there exists a unique
Lin orbit X (w, p).

Next we explain the steps leading to the proof of this theorem. We consider (instead of the
original equation (1.1) with boundary conditions (2.9) and (2.10)) the differential equation
(2.12) with corresponding boundary conditions (according to (2.11))

v} (wii) = Vi (—wie) = g (—wie) — g5 (wya), 5 = 1,2, (2.15)
v]iz(()) €y, vffiﬂ(()) — Uii(()) € Z, U{i(O) = v,,(0), (2.16)

for i € Z in each case. We fix a sequence w with sufficiently large w; ;. Assigned to this sequence
we denote by V,, the space of all sequences v := (v, vy, V3, V1, )iez, Where v, € C([0,w;;], R")
and U] i € C([_ijrl,h 0], Rn)

)
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In a first step we consider a “linearised” equation
Ui = AT (, pvg + hy5 (), (2.17)
with continuous A (-), and with boundary conditions (2.16) and
Q7 (pywja)vyi(wii) = aly,  Pr(p, —wjsri) vy (—wjst) = ajyq 4 (2.18)
for any given a;ti € Im Qj(u,wj,i), aj; € Im Pr(p, —wj)

Lemma 2.3. The boundary value problem ((2.17), (2.16), (2.18)) has a unique solution v, €
Veo-

Proof. Solutions of (2.17) can be written in the form

t
+ (1) _ ot + + +
Uj,z'(t) = (Dj (M?tao)vj,i(o) +/0 (I)j (s, S)hj,i(s)ds' (2.19)

Working in the boundary condition (2.18) gives for i € Z

Q;r (:uv O)U]J,rz<0) = (I);r (:uv 07 wj,i>a;;‘ - f (I);r (:uv 07 s)Qj(/’% S>h;ti<3>d57
0
0 (2.20)
Pj_ (:uv O>Uj_,z(0) = (I)]_ (:u7 07 _ijrl,i)aj_,i + f (I)]_ (,uu 07 5>Pj_(,u7 S)h;i<3>d57
—Wjt1,i

Because of (2.16) we have

v1:01(0) = wi; +wi; + 27, v, (0) = wf, +wi, + 27 and vi(O) = wy,; + Wy,

where w]iZ € I/Vji and zii € Z. For fixed j the left-hand sides of these equations are decoupled
over i. Moreover, for each single i € Z the left-hand side of (2.20) can be seen as a linear

mapping
WEXW xZxZ—- Wy @Z)x (WiFeZ) or Wit x Wy — Wy x Wy

depending on j = 1 or j = 2, respectively. These mappings are invertible. So the equations
under consideration can be solved for

(wfz" %)= (wfz" %), hiiJrl’ hai, aiiJrl’ ag;), wzi,z‘ = wzi,z‘(l% his h;z” ay s a;i)'

7 7

With (2.19) we get eventually the lemma. [ |

In the next step we “replace” the boundary conditions (2.18) by
v;fi(wm) — U]»_Jrl,i(—w]ﬂ‘) = djﬂ‘, dj;i c Rn, j = 1, 2, (221)

and consider the boundary value problem ((2.17), (2.16), (2.21)).
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Lemma 2.4. The boundary value problem ((2.17), (2.16), (2.21)) has a unique solution ¥, €
Veo-

Proof. First we claim that for sufficiently large w > 0 and sufficiently small x it holds that
im Q (1, w) ®im Py, (1, —w) = R", j = 1,2. This is due to asymptotic behaviour (as w — o)
of the involved projections and due to the hyperbolicity of the equilibria p; and ps; we refer to
[28] for more details.

The rest of the proof runs along the lines of the corresponding assertions in [23] or [15]: For
each given sequence (d;,;) one proves the existence of sequences (a;,) and (aj,) such that
the corresponding solutions of the boundary value problem ((2.17), (2.16), (2.18)) solve the
boundary value problem ((2.17), (2.16), (2.21)). [

Altogether we find Vo, = Vo, (u, h,d), where h := (A, hy;, hyy, hi)icz and d = (dys, day)icz.
It is worth to mention that actually each entry of v, depends only on a finite part of the
sequences h and d.

A coupling of the gained solutions can be achieved by setting

dji = du, (1) = G () (=wia) — qf (W)(wja), § = 1,2.

Now, the nonlinear boundary value problem ((2.12),(2.15),(2.16)) is equivalent to the following
fixed point equation in V,,:
v =V, G(v, ), dw(p)), (2.22)

where

G: VoxR — V,
(Vi) (hfiahz_,iah;iahii)ieza h;tz() = g]j»c(-,vfi(-),u).
The following Lemma provides solutions to the fixed point problem (2.22).

Lemma 2.5. For fired w, w;; sufficiently large, and |p| sufficiently small, the fized point
problem (2.22) has a unique solution V., in a sufficiently small neighbourhood of 0 € V,,.
Moreover, the mapping p — V(1) is smooth.

Note that the necessary considerations have been done for fixed w in spaces V. Define
- - 4 = R
V(w, ) = (Ufr,ia Va,i» U;,ia Ul,i)iEZ = V(1) Vii = Uj,i(‘*’,#) (2.23)

0o 00 +

Lemma 2.6. The mappings Ig3 x R — I5%, (w, 1) = v5;(w, 1) (0) are smooth.

For both Lemma 2.5 and Lemma 2.6 the proof of the corresponding statements in [23] or [15]
can easily be adapted for the present situation.

15



3 The Bifurcation Equations

In this section we derive the leading order terms for =;(w, u) given in (1.5), (1.6) and (1.7).

For given w and p we find a unique Lin orbit X (w, i), see Theorem 2.2, and a corresponding
sequence (Z;(w, p1))iez of jumps, see (2.10). The Lin orbit becomes a real orbit if all jumps are
equal to zero; this leads to the set of bifurcation equations

Z(w,p) =0, i€Z, (3.1)

where E := (Z;);ez can be read as a mapping

2 (1 xI®) x R — [ x [, (3.2)
bearing in mind that w = (wy;,wa;)icz and dimZ = 2. As in [23] or [15] we find (as a
consequence of Lemma 2.6)
Lemma 3.1. E depends smoothly on w and p. |

By solving the bifurcation equations (3.1) we find all kinds of orbits staying close to the primary
heteroclinic cycle I'. For instance, a k-periodic orbit can be seen as a k-periodic Lin orbit where
all jumps are zero. A Lin orbit is k-periodic if and only if w is k-periodic. So there arise only
k different pairs (wy;,w2;), @ € {1,...,k}. Therefore the bifurcation equation for detecting
k-periodic orbits consists only of k equations

Ez(w7:u):()7 ZE{Lak}a (33)

and the corresponding Z can be read as a mapping R?* x R? — R?*,

Further it is worth to mention that our considerations remain true if some w;; are formally put
to infinity. If in addition the sequence w is periodic then this leads to the bifurcation equation
for k-homoclinic orbits or heteroclinic cycles which are composed of k-heteroclinic connections.
for instance a k-homoclinic orbit to p; corresponds to a k-periodic sequence w with wy; = oo.

From (2.11) we see that the jumps =; have the form

Ei(wvﬂ) = foo(u) +€i(w7:u)v (34)
where
£ (1) = qi" ()(0) = gy (1)(0), (3.5)
and
Ei(w, 1) = 0141 (w, 1) (0) — Ty ;(w, 1)(0). (3.6)

First we consider £*(u). By introducing appropriate coordinates, £°°(-) can be seen as a
mapping

£€°() : R* — R2
Of course £*°(0) = 0, which represents that the unstable manifold of p, and the stable manifold

of p; intersect (in the primary heteroclinic orbit I';). The following hypothesis is a transversality
condition which ensures that these manifolds split with positive speed by varying pu.
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(H1) DE™(0) is non-singular.
This justifies our setting u € R?, y := (uy, p2). Due to this hypothesis we may assume

§(n) = . (3.7)

We remark that hypothesis (H 1) is in fact not strictly necessary in order for our results to hold:
we have made this hypothesis for the sake of convenience. Our results would still hold in the
case that the manifolds W"(p,) and W#(p;) do not split with positive speed; in this case, only
accumulation rates of sets with respect to the parameter u are affected.

We would also like to mention that Hypothesis (H1) can be made more explicit by using a
representation of £ by means of a Melnikov-type integral. For such a consideration we refer
to Remark 5.11 below.

Next we turn to the representation of &;(w, p):

Z Dy, € (1)), (38)

where {11,15} is a orthonormal basis of Z. We can write

&ilw ) = 3 ({5, Q1 (1,005 (. 1)(O)) = (5. Py (1, 0)57(w. 1)) ) 5

As in [23] or [15] we find that under certain conditions, see (H2) and (H 3) below, the leading
order term (as w — o0)) for the expression at the right-hand side can be extracted from

2
Z (Sl wl H-l)w]v ) SQ(WQ,i7¢j7M)>wj7

j=1
where )

Sh (tv wja :u) = (Wf(,u, t, O)QT*(:[M O)wjv Ql(ﬂ: t)QQ_ (:u)(_t))
and

Sa(t, ¥y, 1) = (U7 (p, —t, 0) Py (1, 0))y, (id — Qalp. t))as () (1))

Here \I/jc(u, ,+) is the transition matrix of the adjoint of (2.14), and Q;(u,w) is the projection
which projects on im Qj(,u,w) along im P, (11, —w), see also in the proof of Lemma 2.4. By
P* we denote the adjoint of the projection P.

We consider S (t, 1, 1) somewhat closer. The following estimates can be found in [24, 25] or
[15], respectively. We first make the following hypotheses about our system:

(H2) L ¢ We(p;), Ty W™ (piy1), i=1,2.

Here W**(p) and W"*(p) denotes the strong stable manifold and the strong unstable manifold,
respectively, of the equilibrium p. This is a standard non-orbit flip condition. Further we
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assume a slight modification of the non-inclination flip condition for I'y, which says that the
stable manifold of p; and the local centre-unstable manifold of pa, W% (p2) (this is an invariant
manifold whose tangent space at p, comprises the unstable and weakest stable directions), have
a non-degenerate intersection (and wvice versa for W2 (py) and W*(ps)). This modification is

loc
required due to the different fixed point indices.

(H3)  Wigi(p2) Ngy(—y W (p1) = span{ f(q:(—1),0)},
Wit (p1) Ngy ) W*(p2) = span{ f(q:(t),0)}, t>0.

As a consequence of Hypothesis (H2) g5 (1)(t) behaves asymptotically, as t — —oo, like
eP1f Lt swhere n* = n*(p) is in the generalised (real) eigenspace X of the principal unsta-
ble eigenvalue A%(1) of Dy f(p1, ft). The same holds true for the behaviour of Qy (1, t)g5 (11)(—1).
Here our analysis is dependent on the nature of the eigenvalues A% (u) and A5(p). In the case
where A\(p) is complex, this generalised eigenspace has dimension two, otherwise it has di-
mension one. Similarly, due to Hypothesis (H3), we may deduce that when A}(u) is real,
U (p,t,0)Q7 (1, 0)y and W (p,t,0)Q7 " (1, 0)35 do not both approach p; in the strong stable
subspaces of the adjoint of equation (2.14) as t — co. When AY(u) is complex, it is always the
case that both terms do not approach p; in the strong stable subspace. The corresponding state-
ment also holds for W (u, —t,0)P; " (11,0)t, j = 1,2 and A3(x). Then we can assume without
loss of generality, for instance, that Wi (11,,0)Q7" (1, 0)1; behaves asymptotically as t — oo,
like e=(P1/(Pre)" iyt where nt = 1t (¢, 1) belongs to the generalised (real) eigenspace (X*)*
of the principal stable eigenvalue(s) —A%(p), (=X, (1)), of —(Dy1f(p1, 1))". So, the leading term
Lq1(t, ) of Sq(t,vn, p) reads

Lu(t, ,U) — <e*D1f(p1,u)t77u7 e*(le(pl,u))*t?7 ) — <€*D1f(p1,u)2tnu’ 77+>.

We introduce an appropriate basis in R” whose elements lie in X™* and (X “)l, respectively.
We consider first the case where AY(u) = p1(p) +i¢1 (1) is complex. Then n* has a coordinate
representation (7%, 7%,0,...,0) where (n,n%) # (0,0), and e~ P1/P1m2tpu acts like

( cos(2¢1(p)t)  sin(2¢p1(u)t) ) ( U )
—sin(2¢1 (p)t)  cos(2p1(u)t) 3

e 2 (W)t 0
0
Let (n;,...,n) be the coordinate representation of n™ with respect to the chosen basis. Since

nt € X+, where X denotes the generalised eigenspace of the other (the strong unstable and
the stable) eigenvalues of Dy f(py, i), we have (1], n;) # (0,0). This gives finally that Ly (¢, u1)
takes the form

Lua(t, 1) = 20" (g — mi) sin(261(w)) + (i + mimg) cos(261(n)1) ).
Since both (n¥,n%) and (n;",ny) are different from (0, 0) it holds that
(1, 72) = (e — mimg s mimy” +mamy’) # (0,0). (3.9)
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So there is an angle p17 = 11(¥1, 1) such that

. —1/2 —1/2
sing11 = m (nf +n3) 2 cos o1 =m2 (75 +15) 2 (3.10)

Hence in the case where A} (u) is complex, L1 (¢, u) reads

Lui(t, p) = e > Wley () sin(261 (w)t + 1), (3.11)

where c¢1(p) = (9? + 77%)1/2. By construction ¢;1(+) is smooth and in this case ¢11(0) # 0.

In the case where A{(u) = pi(u) is real, we have that n* has a coordinate representation
(n%,0,0,...,0) where n* # 0, and e~ PrfP1m2tgu acts like

n
e~ 201 ()t O
0
Similarly, if we let (n;,...,n") be the coordinate representation of n* with respect to the

chosen basis, we have 1~ # 0. This gives that in the case where \%(yu) is real, Ly (¢, 1) takes
the form

Lui(t, ) = 72 Wley (),
where we have written cy; (i) = ni‘n; for consistency.

In the same way we find constants c;;() and ¢;; such that the leading term L;;(t, p) of
S,(t, . 1) reads
Lij(t, p) = 672”(“)%@']'(#) sin (20 ()t + @i;), (3.12)

in the case where A (i = 1), or A\j (¢ = 2) is complex, where ¢;;() # 0 and g1 — pi2 #
0 (mod 7). The latter inequality is proved in Lemma 4.3. Also

Lij(t, ) = e Wle;(p), (3.13)

in the case where A (i = 1), or A (i = 2) is real, where (¢;1(p), cin(p)) # (0,0).
With that we obtain the following representation of &;(w, u):

Lemma 3.2. For the system under consideration the jump &;(w, 1) can be written in the form

§i(w, 1) = 1 (Lo (wrign, ) — Lot (woi, p) + rii(w, i)
+)9 (Lig(wiiv1, ) — Loo(way, 1) + 1roi(w, i),

where for the quantities r;;(w, ) it holds that
T; i(w7 ,u) — 0(6*2P1(H)W1,¢+1) + 0(6*2P2(H)W2,i).
The functions c;j(-) which arise in the definition of L;; are smooth, and (c;1(p), cio(pr)) # (0,0),

i =1,2 in the case where \} (i =1), or A5 (i = 2) is real, and c;;(p) # 0, 4,5 = 1,2 in the case
where Ay (i =1), or Xy (i =2) is complex. |
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All together, we have derived the leading order terms to =;(w, ) = £%(u) + &(w, 1) as in
equations (1.5), (1.6) and (1.7). We note that in cases (CC) and (RR), further generic assump-
tions are necessary to guarantee the existence of nondegenerate solutions to these equations,
see sections 4.1.1 and 4.3.

For the derivatives of the jumps, see also Lemma 3.1, there hold similar estimates:

Lemma 3.3. The derivatives of the jumps &; have the following form

Dj&(w, p) = U1 (Dj (L11(wi,is1, 1) — Lot (way, 1)) + 714w, M))
o (Dj (L12<W1,z‘+17 M) - L22<W2,i7 M)) + 7:2,1'(607 M))a

where for the quantities 7; ;(w, p) it holds that

Fyalw, 1) = ofe 2 1is) o 2paliens)

|
For the proof we refer again to the corresponding statements in [23] or [15].
4 Proof of Theorems
The bifurcation equation for orbits staying for all time close to the primary cycle reads:
== (o it~ Tt ooy ) =0 €T 0

The strategy for proving the main theorems is to first study the solutions of the truncated
bifurcation equation

p1+ Lya(wiign, i) — Loy (was, 1)
L((wy 41, waq), i) := ’ ’ =0. 4.2
(i1, @2.0): 1) ( pro 4 Lig(wriv1, i) — Loa(way, ) (42)
We denote L(w, it) := (L((w1,i41,wa,), it))iez. Then L : (1% x 1*°) x R — (I x [*°). Note that
(L((w1,i41,w2,), 1t))icz decouples with respect to w11, wo; Over i.
The proof makes use of geometrical properties of the truncated bifurcation equations. We note
that for t € R

st= (1T ) ot sen=(56n) s

define geometrical objects in R%. In the case of \%(u) (resp. A3(1)) being a complex eigenvalue,
S (t, 1) (resp. So(t, 1)) defines a smooth spiral with the tip at (i1, p2)? (vesp. (0,0)7). Note
that &;(-, ), are indeed spirals since @;; — ;2 # 0( mod 7). A proof of the latter fact is
presented in Lemma 4.3. Similarly, in the case of real eigenvalues, &;(-, ) define lines in
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the plane that terminate at (1, u2)?, respectively (0,0)7. These lines are smooth, and their
derivative is bounded close to their endpoint; see Figure 3.

We study intersections of the &;(, i), which correspond to solutions of the truncated bifurcation
equation. Such solutions that we find, may be nondegenerate (transversal) with respect to
(W1,i41, wa;). The following Lemma proves that such nondegenerate solutions of L(w, ;1) = 0, are
indeed approximations of solutions to the full bifurcation equation =; = 0, ¢ € Z. They depend
on the solution set having the property that each w;; is sufficiently large, and p sufficiently
small.

Lemma 4.1. Suppose the equation L((wy+1,w2,),0) =0 has a set of nondegenerate solutions
S; nondegenerate in the sense that D1 L((&1 41, wa,),0) is invertible at points (01,11, w2.),0) €
S. Let ((01441,wa4),0)iez be a solution to the truncated equations L(w,0) = 0, where each
((W1,i41,w2,4),0) € S and there is a constant d such that |w;; — @, < d for all j, k € {1,2},
ilez.

There are constants Q, § > 0 depending on d, and c(w,pn) > 0 such that for each w with
Wi >0, j=121€Z and |p| <9, the full bifurcation equation =; = 0, i € Z has a unique
solution (we (1), 1) with ||w — we(p)|| < c(w, 1) and c(w,pn) — 0 as wj; — o0, j=1,2,i € Z
and p — 0.

Sketch of proof. The equation E(w, ) = 0 is equivalent to the fixed point equation
—1
w=w— [DlL(Q),O)} Bw, p) = Aw, 1),

We would like to show that A(-, ) is, for u close to 0, a contractive mapping of some closed
neighbourhood of @ into itself. We control the higher order terms in the full bifurcation equation
by requiring that the w;; are all sufficiently large. For that we consider

DiA(w, ) = [DlL(GJ, 0)} _1<D1L(<b, 0) — DlE(w,,LL)>.

The main observation in this respect is that the norm of D;L(®,0) is uniformly bounded for
all @ sufficiently large (but bounded from above) and that the norm of DL(®@,0) — D1 E(w, i)
can be made arbitrarily small only by choosing the @;; large enough and ||&@ — w|| sufficiently
small. We also refer to [20] where similar considerations (verification of shift dynamics in the
Shilnikov scenario by using Lin’s method) have been worked out in more detail. [ |

A more detailed proof for a similar statement can be found in [16].

Remark 4.2. For i # 0 there are only finitely many different (w1, o) which solve the truncated
equation L((wq,@9), u) = 0. Therefore, for those p there is an upper bound for the number of
symbols with which the sequence & and hence, due to Lemma 3.2, wg () can be constructed.

4.1 Proof of Theorem 1.2
In order to prove Theorem 1.2 we show that the truncated form of the bifurcation equation,
L((w1,ws),0) = 0, has an infinite set of nondegenerate (transversal) solutions (w1, @s),, (n € Z)

such that (w1, ws), — (00, 0) as n — 0.
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In Case (RC) (real-complex case, see equation (1.6)), we observe that &;(-,0), Ga(-,0) (see
equation (4.3)) represent a logarithmic spiral and a line, with tips both centred at the origin.
Since both objects are smooth, it is clear that there exists an infinite set of transversal intersec-
tions which accumulate to the origin, and therefore have times (wi, @s), that tend to infinity
as n — 00.

The following section deals with the less trivial case of two complex eigenvalues, see equation
(1.5). In this case &1(+,0), &2(+,0) represent two logarithmic spirals centred at the origin.

4.1.1 Case (CC): Analysis of spirals

First we make clear that the curves &;(-, u) which we defined in (4.3) are indeed spirals. For
that, as already mentioned, we only have to prove

Lemma 4.3. ;3 — ;2 #0( mod 7), i = 1,2.

Proof. We show that sin(@;1 — o) # 0. We illustrate this in the case i = 1. The quantity ¢1;
is defined by (3.10). Similarly @12 is associated to a pair (7, 7)2), which again, in accordance
with (3.9) is defined by

Note that the n} appearing in (3.9) and (4.4) are the same in both equations. Exploiting
sin(g11 — @12) = sin @11 cos 12 — sin 13 cos @11 we find that sin(¢1; — ¢12) = 0 if and only if
(m,m2) and (7, 72) are linearly dependent; and because of (3.9) and (4.4) this is the case if and
only if (", n5) and (7}, 75 ) are linearly dependent. But these vectors are linearly independent
because ¥, and vy are linearly independent. [ |

We continue with analysing the solutions of equations (4.2). We note again that these equations
are equal to the real bifurcation equations (4.1) modulo the rest terms. For ease of notation in
this section, we drop the p-dependence of variables inside (4.2), and rename wy ;41 and wy; as
w1, wy respectively. Then the equation reads

( g1+ e 219 ey sin(2¢ 1wy + ©11) — €222y sin(2dows + ©91) ) —0 (4.5)

fi2 + €211y S (201w 4 @12) — €722 g9 SIN (209w + P22)
The following Lemma defines a renormalisation of equations (4.5).

Lemma 4.4. There ezists an invertible change of coordinates such that equations (4.5) take
the form

(4.6)

p1 + e P sin wy —eP292¢5; sin wy
=0
p2 + e P sin(wr + p12)  —eTP2eqr sin(ws + pa2)
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Proof. We define the variables

w1 = 2¢1w1 + P11, e = ePren/iiey Eyr = eP2P /2y
Wy = 2w + a1, Cp = eP1 /ey, Cog = €921/ %29y,
P12 = P12 — P11, P22 = P22 — Par, p1= P1/¢1,
P2 = p2/ P2,

under which (4.5) becomes

< M1+ e~ PI¥1E ) sinwy —e P292¢,, sin Wy )

fo + e P19 8in(Wy + Pr2)  —e 292 ¢o0 sin(Wo + Po2)

Now divide the first equation by ¢;; and the second equation by ¢15. Defining ¢y = éo1/¢11,
Cog = Coo/C1o, i1 = H1/C11, flg = jo/¢12 and dropping hats/bars provides equation (4.6).

Note that the new variables in equation (4.6) have the properties @12, 22 # 0(mod 7) and
Ca1, Coa # 0. [ |

Given the above change of variables, we define the spirals &, (¢, 1), Sa(t, ) in the plane as
before:

( m+ePsint [ e Pley sint
Srlto ) = ( po + e Psin(t + ¢12) ) Solbitt) = { gt sin(t + ¢2) )

We first consider solutions to the equations (4.6) where py; = po = 0. We now prove the
following Lemma, which proves the existence of infinitely many transversal intersections of
S1(wy,0) and Gy(wse,0) in the case where the ratio p;/ps is irrational.

Lemma 4.5. Assume that py = ps = 0 and the ratio p1/ps is irrational. Then equation (4.6)
has infinitely many solutions for wy, wy arbitrarily large. Moreover, at each of these solutions,
the Jacobian of (wy,ws) — S1(wi,0) — Ga(ws, 0) is nonsingular.

Equivalently, given that the ratio pi/py is irrational, there are infinitely many transversal in-
tersections of &1(w1,0) and Sy(ws,0) for arbitrarily large wq, ws.

Proof. Central to the proof is the fact that numbers of the form kyp; — kaops (where kq, ko € N)
are dense in the real line. This may be easily seen from the fact that numbers of the form

B2 (mod1), k€N
P2
are dense in the unit interval (since p;/ps is irrational). Therefore numbers of the form ]ﬁ% — ko
(where besides k; also ko € N) are dense in the real line, and hence so are numbers of the form
k1p1—kopo. We may make ki p; —kopo arbitrarily close to any real number, by taking appropriate
ki and ko (which, if necessary, have to be chosen sufficiently large).

Now consider the spirals &;(wy, 0) and Ga(ws,0). These spirals are centred on the origin in the
plane. They also have the property that they are invariant under transformations w — w—2n;m
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(n; € N). Such a transformation has the effect of enlarging the spiral &;(w,0) by a factor of
e?Pini™ which recovers the original spiral. Then it is clear that a straight line through the origin
in the plane intersects the spiral &;(w,0) in an infinite set of points &,;(w;} + 2n,m,0) for some
wy. Moreover, the tangents at &,(+,0) at the points w; + 2n;7, j € N, are all parallel.

Now we would like to chose one such straight line such that the tangent directions to the spirals
at ©1(wj,0) and Ga(ws,0) are different. Such a straight line exists because the exponential
rates p; and py are different. However note that &;(wy,0) and Sy(ws,0) are not necessarily
intersection points of the two spirals, see Figure 5.

RQ

Figure 5: The spirals &;(wy,0) and Ga(ws, 0) together with a straight line through the origin
that intersects both spirals at points that have different tangent direction.

Now let the constant M, be defined by
61(&)?, 0) = MOGQ(CL);, O)

Then (wj,w3) is a point of transversal intersection of the two spirals &, (wj, 0) and MySy(w;,0).
Equivalently, ((wj,ws), Mp) is a solution of the equation

S((w1,wa), M) := (61(w1,0) — MGSy(wq,0) =0 (4.7)
and that the Jacobian D;&((w],w3), M) is nonsingular. Then by the Implicit Function The-
orem, we may find functions wi(M), wi(M) for M close to My, such that wi(My) = wfi,
w3 (My) = w;, and

S((wi(M), w3 (M)), M) = 0.

Now we can make M := e(1/1=k202)27 arhitrarily close to My by choosing appropriate ki, ks
arbitrarily large. Hence we find for w; = w} (M)
e 2k =PI gin () —e2k2p2m o= P2w2 00 SN Wy (48)
=0. 8
e~ 2kPT =Pl gin (W) + @1p)  —e” 2R e 00, sin(wy + o)
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The 27-periodicity of sin(-) gives
61(00;(]\/[) + 2]€17T, O) == 62(00;(]\/[) + 2]€27T, O)

Now, we may choose sequences (k;(n))nen tending to infinity as n tends to infinity, such that
the sequence (M,,), where M, := e*1(p1=k2(n)p2)27 tends to My (as k; — oo). Therefore we find
an infinite number of solutions to equation (4.8), and hence an infinite number of transversal
intersections of the spirals &;(wy,0) and Sy(wsq,0). This proves the Lemma. [ |

It is clear that under perturbation of p, (4.6) retains only finitely many transversal intersections,
but this number of transversal intersections may be arbitrarily large by taking p sufficiently
close to zero.

The following Lemma states that in the case where p;/ps is rational, the spirals &; (w1, 0) and
Ga(ws, 0) are together self-similar.

Lemma 4.6. Assume that that 3 = ps = 0 and py/ps is rational, p1/pa = m/n. Then equation
(4.6) is periodic in (wy,ws).

Proof. Under the transformations

w; — wi+2nw

Wy — Wwe+2mm

equation (4.6) becomes

< e2PINT e =PIWL gin (o) e 2P P22 0o SiN Wy )

eI TPIL gin (W) + 1p) e 2P eTP22 00 sin (W + P99)

Multiplying through both equations by e*'"™ and using p;n — pam = 0 recovers the original
equations (4.6). [ |

Lemma 4.7. Let H be defined as in the introduction. Assume that py = puy = 0. There exists
an open and dense set D C H, such that for each f(-,0) € D, equation (4.5) has an infinite
number of non-degenerate solutions, or equivalently the spirals &1(wq,0) and Sy(ws, 0) have an
infinite number of transversal intersections.

Proof. First we note that since H is endowed with the C! topology, the constants in equation
(4.5) varies continuously in this topology, meaning that they depend continuously on the vector
field. Therefore Lemma 4.5 implies that there is a dense set D C H such that equation (4.5)
has an infinite number of transversal intersections.

We now consider a vector field f in D, and take a small neighbourhood B(f;€) around it.
It is clear that if € is sufficiently small, the constants in (4.5) undergoes an arbitrarily small
perturbation, and at least one transversal intersection of &;(wy,0) and Gy(ws, 0) persists. By
Lemma 4.5, for every point in B(f;€) where p;/py is irrational, there exist infinitely many
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transversal intersections. Also, since there is as least one transversal intersection at every point
in B(f;€), we may use Lemma 4.6 to show that where p;/py is rational, there must also be
infinitely many transversal intersections.

This provides an open and dense set in H where equation (4.5) has infinitely many non-
degenerate solutions, and completes the Lemma. [ |

Remark 4.8. For p different from zero each f(-,p) € D equation (4.5) has only a finite
number of non-degenerate solutions, or equivalently the spirals &1(wy, u) and Sq(ws, ) have
only a finite number of transversal intersections. See also Remark 4.2.

4.1.2 Symbolic dynamics

We have proved the existence of an infinite set of nondegenerate (transversal) solutions (wy, ws),,
(n € Z) for L((w1,w2),0) = 0 such that (w;,ws), — (00, 00) as n — oo for the Cases (RC) and
(CC) (in an open and dense set D C H). We now let

Qno = {((I)l,d)g)n, n Z no},

for a sufficiently large ng, such that (&, ws), are large enough to invoke Lemma 4.1. We may
take any finite collection of these solutions, say €2,, n C €2,,, which comprises N elements,
|y, n] = N, for some N € N. We may then define the following sets of sequences w:

Q%O,N = {w : (wl,iﬂ,wg,i) € Qno,N}-

Then for any sequence @ € €2, \ we may use Lemma 4.1 to solve E(w, 1) = 0 near (@,0) to
find wg(1). Note that moreover dom wg,(+) does not depend on w € Q%mN.

By z4(u)(-) we denote the corresponding solution of (1.1), see also (2.11) and (2.23),

26(1)(0) = ¢ (1)(0) + v’y (wa (1), 1)(0),
and define
SN = {ze(w)(0): @ € QZmN}.

o n
We introduce a shift operator on Q%O N
G = s @ Ty (7)== (@1 i)
. no, N ng,N w T, T1,i5T2,4) = \W1,i42, W2i4+1)-

Now the system (Q%m ~, C) is conjugated to the full shift on N symbols. All that remains in
order to prove Theorem 1.2 is to show that this relation is in fact a topological conjugacy.

Lemma 4.9. The system (Q%mN,Q) 1s topologically conjugated to the full shift on N sym-

bols, whe;e Q%O’N is equipped with the product topology coming from Q%(LN > f(wh wh) k=
1,...,N}”.
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Proof. There is a canonical one-to-one mapping
b D = SN, & (1) 0).

By II, we denote the first-return map on ¥;; € domll,, if there is a t* > 0 such that
¢l (z) € By, ({0 (1)} flow of (1.1)), and ¢!,(x) & %1, ¢l(x) € U, for all t € (0,%), see
Definition 1.1 for the meaning of U/. We claim that Sliv C domlII,, that Sff is II,, invariant,
and moreover

M, 0 hy = hyoC. (4.9)

The latter equation can be concluded from the uniqueness part of Theorem 2.2 and the con-
struction of wg, as follows.We have

Muza(11)(0) = o (1) (w11 (k) + w21 (1)) = @' (0) + 0o (w(p), 1)(0),

and hence

This is just another representation of (4.9).

Equation (4.9) means that (S, II,,) is conjugated to (Q%OJV’ (). So, in order to prove topological
conjugacy, as claimed in the theorem, it remains to prove that h, is a homeomorphism. For
that purpose we consider h, as a composition of mappings

‘VJ : Q%O,N - D = {wa(lu‘) tw € Q%o,N}? W wG)(u)?

and
h:0— 8, wr g (1)(0)+0vf(wsl(p),1)(0).

First we show that $ is a homeomorphism, where both ng, y and O are considered to be

equipped with the product topology. We start with showing that O is compact. Let p be small
enough that for any two (different) elements of €, x the closed balls with radius p centred at
these elements do not intersect:

B[(wi,wé),p]ﬂB[(w{,w%),p] =0, (wivwg)v(wiw%) S QnmN? i # ]
By construction O C (UY,; B[(w},ws), p])Z . Since U | B(w},w}), p] is compact, also the set of
sequences (UY,; Bl(w},ws), p])Z is compact by the Tychonoff theorem, see [7].

So, in order to verify the compactness of O it remains to show that O is closed. The set
O however is the set of zeros of the mapping Z(-,n) : (UY, B[(wi,wg),p])z — 15, By [19,
Lemma 3.4] this mapping is continuous, where the spaces are equipped with product topology.
Altogether this proves that 9 is compact.

Consider now the one-to-one map
90— Q%()’N.

Obviously $~! is continuous. Due to the compactness of O also §) is continuous — hence $) is
a homeomorphism.
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Next we consider . Again by invoking [19, Lemma 3.4] or its proof respectively, we find that b
is continuous. (Again both O and Q%m ~ should be equipped with the product topology.) Once
more the compactness of O gives that b is a homeomorphism.

Allin all A, = ho $ is a homeomorphism and therefore (Sﬁf ,11,,) is topologically conjugated to
the full shift on N symbols. [ |

To conclude we remark that the sets Sff have the properties which we claimed in theorem.
Further, for fixed 1 # 0 the spirals have only finitely many intersections. So there is an N,
such that for N > N, there are neither N-periodic orbits nor shift dynamics in N symbols.
This completes the proof of Theorem 1.2.

4.2 Proof of Lemma 1.3
4.2.1 k-(2,1) heteroclinic orbits

A k-(2,1) heteroclinic connection may be considered as part of a heteroclinic cycle, together
with a 1-(1,2) heteroclinic orbit. In terms of the w-sequence, this corresponds to a k-periodic
sequence with wy; = we1 = 0o. Then the bifurcation equation for these orbits is as follows, see
also Section 3, equation (3.3).

_ p + L (wi g, ) + 110 (w, 1)
.:1((.0, M) = =0
o + Lio(wy 2, i) + 121 (w, @)
= (w. 1) = < pir + Ly (Wi, o) = Loy (wa, p) + ria(w, ) ) _
o p2 + Lia(Wiis1, ) — Loa(wa, 1) + 12(w, 1) (4.10)
i=2.. . k-1
_ 1 — L21(W2,k7 1) + Tl,k("‘% 1)
‘:k(wv :u) = =0.
Mo — L22(W2,k7 1) + Tg’k(w, 1)

We begin by considering the truncated form of equations Z;(w, 1) = 0 and = (w, ) = 0:

p1 + Ly (w2, 1) )
=0
po + Lia(wi 2, 11)

— L
Ly (wok, 1) = ( i 21 (s 1) ) =0.
o — Lo (WQ,ka N)

L1<W1,27 M) = (
(4.11)

Solutions of the subsystem (4.11) are related to intersections of spirals which we discussed in
section 4.1 as follows: we solve L;(w;o,n) = 0 for p = ﬂl(wl,g) (by applying for sufficiently
large w; o the Banach fixed point theorem on (u1, p2) = (L1, L1a) (w12, 1t)). In the same way
Ly = 0 can be solved for u = Ek<w2,k)-

Both f)l(wm) and ik(wu) are either a logarithmic spiral centred at (0,0) or a half-line termi-
nating at (0,0), depending on the eigenvalues cases (CC) or (RC).
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In the same way that we previously studied intersections of &4(+,0) and Sy(+,0) (see section
4.1) we find a countable set of transversal intersections of Li(wy2) and Ly(wsyy) related to
parameter values (W12, W2 %)m, M € Z. Then (& 2, Wk, ft)m, With fi, = El(@mm) = _Zk(ébg’km)
are solutions of (4.11). Note that (Wq 2, @Wo, ft)m — (00, 00,0) as m — 0.

Next we consider for sufficiently large m

L((wyit1,wa4), fbm) =0, i=2,...,k—1, (4.12)
see (4.2) for the definition of L. As a consequence of Remark 4.8 we find solutions (w1 11, @2 )m.,
i=2,...,k—1of (4.12) such that Dy L((W1+1,W2:)m, fbm) is nonsingular.
Altogether we find for the truncated form

L(w7 ,LL) = (Ll (w1,27 ,u)a L(wl,?n W22, :u)v ey L(wl,ka W2 k-1, ,u)a Lk(w2,k7 ”))7
of (4.10) that L(@,y, fi,,) = 0 and that DL(@,,, i) is invertible.

A similar proof to that of Lemma 4.1 may be used to show that we can solve the full equation
(4.10) near (W, fbm) for (W, fm). Note that p,, — 0 as m — oco. As we have obtained a
countable set of solutions with i accumulating to zero, this proves the existence of the parameter
set M, as stated in Lemma 1.3.

4.2.2 k-(1,2) heteroclinic orbits

We now search for k-(1,2) heteroclinic orbits, for £ > 2. For that we consider the concatenation
of a k-(1,2) heteroclinic orbit with I';, which corresponds to a k-periodic Lin orbit with a k-
periodic sequence w with wy; = wey = 00. Since we are only interested in solving for k-(1,2)
heteroclinic orbits, we need not solve the equation Zj(w, 1) = £ () = 0, which is only related
to Fl.

The bifurcation equations to be solved are then as follows:

p1 + Lyg(wiie1, 1) — Lot (wai, i) + 71i(w, ) ) —0
o + Lig(wi i1, 1) — Loo(wai, i) + 72i(w, )

i=1,...k—1.

=l ) = ( (4.13)

Similar to the previous section, we begin by considering the truncated equations
L((wl’i+1,WQ’i),O) :O, 1= 1,,]{?—1

As in section 4.1.2, the sequence w solves these equations, with (@;;41,@2;) € Q,,. We may

now use Lemma 4.1 to solve (4.13) to find w = wg(p) for (w, ) near (w,0).

Since there are countably many different w at which we can solve L(w, 0) = 0, this proves that
at p = 0, there is a countable infinity of k-(1,2) heteroclinic orbits for each & > 2. The set of
intersections of these orbits with ¥; accumulate to ¢;(0).

With an argument similar to that given in Remark 4.2 we find that for 1 # 0 the equations (4.13)
have only finitely many solutions, and hence there are only finitely many k-(1,2) heteroclinic
orbits.
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4.2.3 k-homoclinic orbits

Here we consider homoclinic orbits to p;, since the proof is similar for homoclinic orbits to ps.
In this case, such a homoclinic orbit corresponds to a k-periodic w sequence with w;; = oo.
The bifurcation equations then read as follows:

Zi(w, p) = < p1 + Ly (w11, o) — Lot (way, o) 4+ 71 (w, ) ) —0
Z 7 2 + L12 (wl,i-i-la /L) - LQQ (w27i, ,LL) —+ 7o (w’ M)

1=1,...,k—1 (4.14)

( M1 — L21(w2,k7 ,U) + Tl,k<w7,“) ) -0

Ek W, ) =
( ) Mo — L22(w2,k7 ,U) + T2,k<w7 M)

These equations may be solved in a similar way to those for k-(2,1) heteroclinic orbits, see
section 4.2.1. The difference is that in solving the truncated form of the equation = (w, u) = 0,
we obtain a one parameter family of (uy, 112)-values parameterised by wo . If A3(p) is complex,
this is a logarithmic spiral centred on (0,0) in the (11, 2)-plane; otherwise it is a line terminating
at the origin in the (1, puo)-plane. The solutions of (4.14) can also be parameterised by ws :

(W12y .oy Wik Wty -y Wo k-1, ) (wag). The curve LI as stated in Lemma 1.3 is given by
= pu(wag)-
This completes the proof of Lemma 1.3. [ |

4.3 Proof of Theorem 1.4

We assume the eigenvalue Case (RR), where there are two real eigenvalues. We have that
Lij(t, ) = e~ 2riWle (). Therefore the solutions of the truncated equation L((wy,ws), 1) = 0
corresponds to intersections of the two lines £1(u) = (u1, p2) + s1(cin(p), cr2(p)) and Lo(p) =
Sa(Ca1 (), ca2(pt)), where s; > 0 in each case, see Figure 3. In this case we make the following
hypothesis:

(H4)  W(p2) My, 0) W*(p1)

It may be shown (see below) that this is a necessary and sufficient condition to guarantee that
the vectors (c11(p), c12(p)) and (coq (), c22(pt)) are linearly independent. Now it is clear that
there exists at most one solution (w(u),w2(1)) to the equation L((wq,ws), ) = 0. Moreover,
the set @, of parameter values for which L((wq,ws), ) = 0 has a solution is open, since by
(H4) each solution of L((w1,w2), 1) = 0 corresponds to a transversal intersection of £(u) and
Lo(p). The boundary 0@y, is the set of parameter values where the ‘endpoint’ of one of the
lines lies on the other line, see also Figure 2.

We note that (H4) in fact implies the earlier hypothesis (H3). Now we outline the argu-
ment that the vectors (c11(p), c12(p)) and (c21(p), coo(pt)) are linearly independent. Assuming
(H4), it may be shown that 11 = (Ty,)W“(p2) + Ty 0)W:(p1))" and ¢y = (Ty0)W=(p1) +
T W*"(p2))* form a basis of Z such that the corresponding vectors (ci1(u),cia(pt)) and
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(co1(pt), co2(p)) are linearly independent. Also any (nonsingular) linear transformation of this
basis corresponds to a linear transformation of the vectors {(ci(p), ci2(pt))}, @ = 1,2. Similarly
we show that where (H4) does not hold, the vectors {(c;1 (i), cio(pt))}, @ = 1,2 must be linearly
dependent.

4.3.1 Periodic Orbits

The bifurcation equations for k-periodic orbits are as follows:

S, ) = ( pin + Laa (Wi, 1) = Lon (wai, ) + 710w, 1) ) —0
p2 + Lia(wi i1, ) — (w227 ) + rai(w, p) (4.15)
=1,...,k

We find easily that for u € @ the only solutions to the truncated equations L(w, u) = 0 are
(W1 (@), wai(p)) = (@1(p), w2 (p)), i =1,... k.

We may then use Lemma 4.1 to solve the full bifurcation equations =;(w, 1) = 0 to find wg, (1)
for p € @, where 0Q) and 0@, are tangent at the origin. Due to the uniqueness statement of
Lemma 4.1 we find wg(p) with (wyi41(p), wei(p)) =: (wi(p),w2(p)), @ = 1,..., k. Therefore,
due to Theorem 2.2, the corresponding orbits are 1-periodic orbits for each p € @), and there
are no k-periodic orbits for k > 2.

The period of these orbits is 2(w; (1) +wa(p)). If 1 — 9Q then wq(p) or we(i) tends to infinity
and hence wq () or we(p) tends to infinity.

4.3.2 k-(2,1) heteroclinic orbits

The bifurcation equation for k-(2,1) heteroclinic orbits is given by equation (4.10). We will
show that the subsystem Z; = 0, Z; = 0 has no solution: assume that there is a solution w, pu
of these equations. Then this is also a solution of Z; — =, = 0, that means

(22 ) rzmt (72 ) ot (12 Y= (1 Y =0, @10

Because of the linear independence of (c11(p), c1a(p)) and (co1(p), c2o(pt)) the truncated form
of (4.16) is different from zero. And therefore, due to the estimates given in Lemma 3.2 this
equation has no solutions for sufficiently large wy o, wo x. Hence there are no k-(2,1) heteroclinic
orbits for any pu.

4.3.3 k-(1,2) heteroclinic orbits

Recall from section 4.2.2 that the bifurcation equation for k-(1,2) heteroclinic orbits is given
by equation (4.13).

For ;1 = 0 the argument used in in Section 4.3.2 can be applied to each single equation =; = 0
to show that there are no solutions.
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For u € Q the equations Eilw,p) =0,i=1,...,k —1 may be solved in the same way as in
section 4.3.1 to give a unique k- (1,2) teroclinic orbit for each p € Q, k > 2.

4.3.4 Homoclinic Orbits

The bifurcation equation for homoclinic orbits to the fixed point p; is given by equation (4.14).
Here, the truncated form of Zj(w, ) = 0 may be solved to give ws (1), for some p € 0Q1.
For k = 1, we have Z;(w, 1) = Zx(w, p) for all 4, and similar to section 4.2.3, we solve the full
bifurcation equation to find a unique 1-homoclinic solution to p;. Those homoclinic solutions
correspond to parameter values p which are located on 9@Q). Similarly we may find a unique
1-homoclinic solution to ps.

This completes the proof of Theorem 1.4. [ |

5 Reversible systems

In this section we consider the system (1.1) in R*"*!. We suppose that the family (1.1) is
reversible with respect to a linear involution R, thus

Rf(‘rMu) = _f(Rxaljl)a

and we assume that the fixed point space of R is n-dimensional, dim Fix R = n. Further the
fixed points p; and py are non-symmetric but lie in the same group orbit, that is R(p;) = pa.
As well we assume that the heteroclinic cycle I' is symmetric, that means

RI'=T.

Altogether an orbit O of a reversible vector field is called symmetric if R(O) = O. The
symmetry of I' implies that both I'; and I's are symmetric heteroclinic orbits. Besides these
conditions due to the symmetry we want, on the whole, to make the same assumptions as in the
general situation. However, the reversibility which we imposed on the system enforces several
particular properties and statements.

First of all we want to mention that such a symmetric heteroclinic cycle is a codimension-one
configuration; so in the present case it is sufficient to consider a one-parameter family of vector
fields, that means p € R and f : R?""! x R — R2*+L

The involution R maps the stable manifold of p; onto the unstable manifold of Rp;. We assume
that the fixed point p; has an n-dimensional stable manifold, and an (n+1)-dimensional unstable
(focus) manifold, and then due to the symmetry vice versa for p,. This makes it possible to
adopt the transversality assumption (1.2); then, by our assumptions, the second transversality
assumption (1.3) is automatically fulfilled.

Due to the reversibility, the following relation for the principal stable and unstable eigenvalues
holds true
—A5 = AP = A" = A =] =A%
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We then only have two eigenvalue cases to consider: the complex-complex case (CC), and the
real-real case (RR). So —\" (also —A* in case (CC)), and —\® are the principal stable and
unstable eigenvalues respectively of Dj f(ps,0). In particular for the real and imaginary parts
of the leading complex eigenvalues in case (CC), that means

pL=p2=:p, ¢1=p2=:0.

We adopt the Hypotheses (H2) and (H3) as they are. We only want to remark that in the
present case there is some redundancy in their formulation — the second assumption follows in
each case from the first one. We also keep Hypothesis (H1). But in the case under consideration
it turns out that £>°(-) can be seen as a mapping R — R, see Lemma 5.4.

In the discussion of general systems transversal intersections of certain spirals play a key role.
In order to ensure transversal intersections of the corresponding spirals in case (CC) of the
reversible context we assume:

(H5) % # tan(ps — 1)

The main results regarding reversible systems are summarised in the following Theorem, which
generalises results of [18] to higher dimensions.

Theorem 5.1. Consider a reversible system as described above. Assume the eigenvalue case
(CC). Then

1. At u =0, there exists for each N > 2 a set S C ¥y which is invariant under the first-

return-map 11 (defined by the flow), and (S}, 1) is topologically conjugated to the full shift

on N symbols. Each set Sy is setwise symmetric, that is R(S}) = SY. The collection

of all these sets exists only for =0, although each set is individually structurally stable

meaning that for p close to 0 there is a set Sliv which converges to SY in the Hausdorff-

metric as pp — 0, and (Siv, II(w)) is topologically conjugated to a full shift on N symbols.

2. At p =0, there is a countably infinite set of symmetric 1-periodic orbits, with difference
in period asymptotically tending to w/2¢(u). For p # 0 there are finitely many symmetric
1-periodic orbits. With the addition of the parameter to the phase space these periodic
orbits form a 1 parameter family parameterised by period, see Figure 6. The periodic
orbits converge to the heteroclinic cycle as the period tends to infinity.

3. For each k > 2, k € N there is a countable set My, of parameter values, for which
there exists a symmetric k-(2,1)-heteroclinic orbit. In particular there are sequences
(e (k) ) nen, (g, (B))nen € My with (k) N\, 0, p, (k) /0 as n — oo. There are no
non-symmetric k-(2,1)-heteroclinic orbits.

4. At =0 there exist countably many k-(1,2)-heteroclinic orbits for each k > 2. Moreover,
for fized k, q1(0) is an accumulation point of the intersections of the k-(1,2)-heteroclinic
orbits with ¥y. Each such k-(1,2)-heteroclinic orbit can be continued for u # 0. But for
fized p # 0 and fized k there are only finitely many k-(1,2)-heteroclinic orbits.

5. For each k > 2, k € N there is a countable set MP¥™ of parameter values, for which there
exists a k-homoclinic orbit. In particular there are sequences (ju,}(k))nen, (14, (k))nen C

M with it (k) N\, 0, i, (k) /0 as n — .
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This theorem is proved in section 4.3. We also state the following theorem for the simpler case
(RR) of real eigenvalues. We omit the proof as it is similar to the proof of Theorem 1.4.

Theorem 5.2. Consider a reversible system as described above. Assume the eigenvalue case
(RR). Then we have the following:

1. There exists an open set ) in parameter space, which is defined by either >0 or p < 0
(depending on the signs of the constants c11(p), c12(p), see (5.2)), for which there ezists
a 1-periodic orbit at each point € Q. The period of these periodic orbits tend to infinity
as g — 0. There are no k-periodic orbits for k > 2.

2. There are no k-(2,1)-heteroclinic orbits for each k > 2, k € N, for any parameter value
[

3. At u = 0 there are no k-(1,2)-heteroclinic orbits for k > 2. But for each p € Q there
exists a k-(1,2)-heteroclinic orbit for k > 2.

4. There are no homoclinic orbits for all p.

Hereafter we assume the complex-complex eigenvalue case (CC). Before starting our analysis
we want to remark on the discovered dynamics. The symmetry property of the sets SY¥ makes
sense if we introduce cross-sections ¥; of I';, 7 = 1,2, containing Fix R. The existence of
shift dynamics can be explained as in the general case. Here we have the additional feature
that the corresponding 1-periodic orbits are symmetric. However, the sets S contain also
nonsymmetric orbits.

Figure 6 depicts the solutions of the bifurcation equation for 1-periodic orbits, see Section 5.3.2.
The oscillatory behaviour exhibited in Figure 6 is characteristic of the Shilnikov homoclinic

A w
vy

Figure 6: Bifurcation diagram for 1-periodic orbits. Here 2w is the period of the corresponding
1-periodic orbits.
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orbit to a saddle-focus under certain eigenvalue conditions (the non-real eigenvalues are closer
to the imaginary axis than the real one), where there exists chaotic dynamics. This represents
a marked difference in our analysis: we do not require any eigenvalue condition to have this
oscillatory behaviour, which is due to the fact that only the complex eigenvalues of p; and pso
appear in the bifurcation equations.

Note that the cylinder orbit theorem that states that symmetric periodic orbits generically
come in 1l-parameter families, see Devaney [6] or Vanderbauwhede [27], does not work in the
present context — dim Fix R # dim Fix (—R). So there may exist isolated symmetric periodic
orbits as stated in the theorem.

We also note that the bifurcation equation for 1-periodic orbits may be solved to find non-
symmetric 1-periodic orbits. Those do not exist at u = 0. They are associated to the families
of homoclinic orbits to each fixed point, see point 5 of Theorem 5.1 and Section 5.3.5. Of
course the homoclinic orbits are nonsymmetric — the R-image of a homoclinic orbit to p; is a
homoclinic orbit to Rp;.

We remark that our Hypothesis (H 1), see Section 3, which prescribes that the stable manifold
of p; and the unstable manifold of py split with positive speed, implies that there is just one
1-(2,1)-heteroclinic orbit, and this is the original one that exists at g = 0. In R3, n = 1, the
statement on k-(2,1)-heteroclinic orbits is partly obvious. It is clear that there can only be
at most one k-(2,1)-heteroclinic orbit for each parameter value, because in this case the stable
manifold of p; is one-dimensional. Consequently such a connection must be symmetric, because
the R-image is also a k-(2,1)-heteroclinic orbit.

5.1 Special features of Lin’s method for reversible systems

First we want to remark that there are R-invariant C'*° bump function transformations that
make p;(p), p2(p) constant, and that there are R-invariant C°° bump function transforma-
tions, with disjoint supports, based around each of the fixed points p;, that bring the local
stable/unstable manifolds into the form (2.4).

In order to establish the direct sum decomposition (2.3) we use here an R-invariant inner
product (-,-). Such an inner product exists because {R,id} forms a finite group. Further fix
the heteroclinic solutions so that ¢;(0),¢2(0) € Fix R. The reversibility of the vector field f
implies that f(z) € Fix(—R) for z € Fix R. Therefore Y; and hence also ¥;, i = 1,2, are
R-invariant, see also (2.2). Moreover, Y;, i = 1,2, contain Fix R and an n-dimensional subspace
of Fix (—R).

Lemma 5.3. The space Z has a direct sum decomposition into one-dimensional subspaces of
Fix R and Fix (—R).

Proof. The vector field direction f(g;(0),0) belongs to Fix (—R). The spaces W™ and W are
R-images of each other. So W;" @ W, has a direct sum decomposition into (n — 1)-dimensional
subspaces of Fix R and Fix (—R), mind dim W;" = dim W, = n—1. Since Z is R-invariant it has
a direct sum decomposition into subspaces of Fix R and Fix (—R). Now, counting dimensions
gives the lemma. [ |
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Next we turn to the splitting of the stable and unstable manifolds which we considered in
Section 2.1 for the general case. In addition to the discussion in Section 2.1, we observe that
also Rga, € Yo N W¥(p1, ) N W?(pa, it). So, due to uniqueness we have Rgs,, = g2, hence
¢z, € Fix R; the 1-(1,2)-heteroclinic orbit through ¢, is symmetric.

Further Lemma 2.1 remains true in the present case, with the following “reversible supplemen-
tation”.

Lemma 5.4. Due to the reversibility, it holds that
a (1)(0) — g (1)(0) € Fix (= R).

Proof. Also the pair (Rq; (11)(), R, (u)(+)) fulfils (i)-(iii) of Lemma 2.1. Therefore the unique-
ness part of Lemma 2.1 provides Rg; (12)(0) = ¢; (12)(0). H

In order to detect symmetric (periodic) orbits we use symmetric Lin orbits to construct the
bifurcation equations. We define equality and periodicity of Lin orbits.

Definition 5.5. 1. Two Lin orbits X (w) = (X;)iez and X(@) = (Xz)zez are equal, X (w) =
X (@), if there is an ig € Z such that for alli € Z it holds X; = X, 4, -
2. A Lin orbit X (w) = (X,)iez is k-periodic, k € N, if for all i € Z it holds X; = X k.

~

If X(w)=X(®) then
i) UX,=UX;;
i€Z 1EZ
(ii) for all i € Z and j € {1,2} it holds w;; = @;1,; this condition is also sufficient for the
equality of X and X;
(i) for all i € Z it holds Z; = Z;,.

If X (w) is an k-periodic Lin orbit then for all i € Z we have =; = =, 4.
Now fix p. Let X = X(w,u) = (X;(w, i))iez be a Lin orbit associated to a given sequence
w = (w1,z‘,wz,z)z‘ez-

Lemma 5.6. The R-image RX of X is a Lin orbit X := X (&, u) = (X;(@, 1))icz associated
to the sequence @ = (W14, Wa;)icz, With Wj; = wji1 ;.

Proof. Let :pi :(+) be the solutions of (1.1) which we introduced at the beginning of Section 2.2.
With that We define solutions #; () of (1.1) by

i) == Ra; (=), &5;(1) == Raj ().

4
By construction i:fi, f{i, &y, and @, ; are defined on [0, wy ], [0, w1,—i), [—w1,—4, 0] and [—ws _;, 0],
respectively. With

Wy 1= Wjt1,—i
the functions x]iz() satisfy the coupling conditions (2.9) and also the jump conditions (2.10).

This shqws that X = (X ;) with X, = RX_;isindeed a Lin orbit associated to @; by construction
RX = X. |
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Corollary 5.7. Let X be a Lin orbit and let (Z:)iez be the corresponding sequence of jumps
(see (2.10)). For the sequence (Z;);cz associated to RX it holds that RZ; = —=,. [

Definition 5.8. A Lin orbit X (w) is symmetric if X = RX.

Lemma 5.9. A Lin orbit X(w) is symmetric if and only if there is iy € Z such that for all
i €Z and j € {1,2} it holds that w1 —; = wji—i,- [
From Corollary 5.7 and Lemma 5.9 we get

Corollary 5.10. Let X(w) be a symmetric Lin orbit, and let iy € Z be such wji1_; = wji—i,,
forallie Z, j € {1,2}. Then RZ; = —Z_;_(ip41)- |

5.2 The bifurcation equation

Lemma 5.4 says that £*°(u) € Z N Fix (—R), and according to Lemma 5.3 this space is one-
dimensional. So, by introducing appropriate coordinates, £°(+) can be seen as a mapping

()R- R.

Hypothesis (H 1) says that the Jacobian DE>°(0) is non-singular. Because the image of £ is one-
dimensional, a one-dimensional preimage space of £ suffices to guarantee the non-singularity
of DE>(0). This justifies our setting p € R.

Remark 5.11. Hypothesis (H1) can be made more explicit by using a representation of £
by means of a Melnikov-type integral.

Let 1, 15 be an orthonormal basis for Z, such that ZNFix R = span{t;} and ZNFix (—R) =

span{is}. Set
Y;(t) = V(t,0)00; VteR,j=1,2

where U(-, -) is the transition matrix of the adjoint (with respect to (-,-)) of (2.8).
Representations (3.5) of € and (2.5) of ¢ give
£ (1) = v (1)(0) = v (1)(0).
On the other hand we have, recall that £* € Fix (—R),
§7 (1) = (2, €7 (1)) 2.

Combining these two representations of {*°, using further representations of v (1)(0) or v~ () (0)
and exploiting the fact that that the involved direct sum decompositions are orthogonal with
respect to the scalar product (-, ) we obtain

() = —y / " (), 91 (5, 0(u) (5), 1)),

where v(p)(t) := v~ (u)(t), t <0, and v(w)(t) := v (u)(t), ¢ > 0. From this we find, see also
27),

DE(0) = by / " a(s), Daf (1 (5), ) ds.

37



Throughout let {¢1,1} be the basis for Z which has been introduced in Remark 5.11.

Lemma 5.12. Sl(t, wlv [L) = Sg(t, ’gZ)l, ,u), Sl(t, wg, [L) = —Sg(t, wg, [L)
Proof. The scalar product (-,-) is R-invariant. Therefore

Si(t, ¥y, 1) o= (R (11, 1,0)QF " (11, 05, R Qv (11, 1)y (1) (—1)).

Now the lemma follows immediately from the following symmetry properties:

(i) R (p,t,0) =Wy (p, —t,0) R;
(i) RQY (1,0) = Py (1, 0) B;
(iil) Ry =1h1, Ripg = —tho;
(iv) RQi(u,t) = (id — Qu,(u,1)) R;
(v) Ry (u)(—t) = g3 (n)(t),t € RY.
Item (i) follows from the reversibility of (1.1) and Rq; (1)(0) = ¢; (12)(0), see Lemma 2.1 and
its proof.

The relation Rg; (1£)(0) = q; (1)(0) also implies To+ (W (1) = T ()W " (p2). This again
implies

RQ{ (1,0) = Py (1, 0)R. (5.1)
Since R is self-adjoint with respect to the R-invariant scalar product (-,-), so that R = R*,
item (ii) holds true.

The symmetry properties of 11 and 1y which are stated in (iii) follow immediately from their
definition.

From (5.1) we can conclude RQY (u,w) = Py (y, —w)R. In the same way we find RQ3 (1, w) =
Py (i, —w)R. For the latter equality we used that go(p)(0) € Fix R, see at the beginning of

Section 2.1. So R (im QF (w)) = im P (~w), j = 1,2. This provides item (iv).

Finally item (v) is a simple consequence of ¢3(1)(0) € Fix R. |

As a consequence of the previous lemma we get

P11 = P21 = L1, P12 = P22 = P2,
From Lemma 5.12 we see that the leading terms of S5 read
Lo (t, ) = e Wley () sin(20(u)t + 1) = Lu(t, ),
Loo(t, ) = —e 2 Wleia(p) sin(20(p)t + p2) = —Laa(t, p).

Altogether our considerations show that the bifurcation equation for orbits staying for all time
close to the primary cycle reads:

Ly (wyig1, ) — Lag(wai, p) + 11i(w, ) )

=0, 1€Z. 5.2
p+ Lig(wi v, 1) + Lia(wai, p) + roi(w, 1) (5:2)

Zi(w, 1) = (
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5.3 Proof of Theorem 5.1

In order to prove Theorem 5.1 we proceed in principle as in Section 4.1. But we have to take
the particular features of reversible systems into account.

Our discussion in Section 4.1 was mainly based on the dicussion of the intersections of cer-
tain spirals. In particular we used that the spirals under consideration have infinitely many
transversal intersections if the ratio of the real parts of the leading complex eigenvalues of the
fixed points p; and ps is irrational, see Lemma 4.5. Here, due to the reversibility, this ratio is
one. But in the current case we are able to state the necessary transversal intersections of the
corresponding spirals explicitly. The remainder indeed runs parallel to our considerations in
Section 4.1 — we have only to take care about additional symmetry statements.

As in Section 4.1 we introduce the truncated bifurcation equation:

Ly (wiig1, i) — Lin(wa, p1)
L i+1, i)y = ’ 7 =0. 5.3
<(w1’ +1 @2, ) 1) ( p+ Lig(wi i, 1) + L12(W2,ia 1) (5:3)

Again we denote L(w, ) := (L((w1,i41,w2.4), 1) )icz. Then Lz (1 x [®) x R — (I x [*).

We note that Lemma 4.1 remains valid in the symmetric case, and so our strategy for solving
the bifurcation equations remains the same as in Section 4.

5.3.1 Symbolic Dynamics
As in Section 4.1.2 we first consider L(w,0) = 0. Let

Q= {(w,w) : w=(nT —¥2)/26(0), n > ng}. (5.4)

Again 2, n is a subset of €2,,, with N elements and

Q%o,N = {w . (w1,i+1,w2,i) € Qno,N}-

The set €, corresponds to transversal intersections of the spirals (Liq (w1 i41,0), Lia(w1 41, 0))
and (—Li1(wa4,0), L12(w24,0)). Indeed, for wy ;11 = wa; we have Lyy (w1 41,0) — L11 (w2, 0) = 0,
and it holds that Lis((nm—2)/2¢(0),0) = 0. Hypothesis (H5) implies that p(0) sin(nm — s +
1) + ¢(0) cos(nm — o + 1) # 0, and this ensures that D;L(w,0) is invertible, see also
Lemma 3.3. So we can proceed as in Section 4.1.2. This includes the construction of the sets
S[LV and the first return map II,, as well as the topological conjugacy of (S[LV ,11,,) to the full
shift on N symbols.

It remains to show that Sliv is setwise symmetric, that is RSéV = Sév . It can easily be checked
that

. Z Z _ ) )
R : Qno,N - Qno,N7 W=7, Tj;=Wjtl1,—i

is an involution on Q%m ~, see also Lemma 5.6. Again from the uniqueness part of Theorem 2.2
and from the construction of wg(u) it follows that

R (1)(0) = 2R (1) (—2(w10 + wa0)) = Te-1(ray) (1) (0).
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This eventually proves the first statement of the theorem.

We would like to remark that the addressed spirals (which can be regarded as spirals in Z)
are, for 4 = 0, R-images of each other, and the above introduced set €,, corresponds to
intersections of these spirals in Fix R; the first components (corresponding to 1, € Fix R)
coincide, Liq(w1,41,0) = L11(we,,0), and the second one vanishes in each case, Liy((nm —

2)/2¢(0),0) = 0.

5.3.2 1-periodic orbits

Let X (w) be a symmetric 1-periodic Lin orbit. In accordance with our results concerning
symmetric Lin orbits we find

Corollary 5.13. 1. A I-periodic Lin orbit X (w) is symmetric if and only if for all i € Z it
holds that wy; = wq; == w.

2. For the jumps of a symmetric 1-periodic Lin orbit it holds that =; = =, © € Z, and moreover
E € Fix(—R). |

Then the bifurcation equation for symmetric 1-periodic orbits reduces down to a 1-dimensional
equation:
1+ 2e13(1)e 2 sin(26(n)w + ¢2) + o(e=20) = 0, (5.5)

Equation (5.5) has at u = 0 a countably infinite set of solutions. Therefore we have at =0 a
countably infinite set of symmetric 1-periodic orbits, with difference in period asymptotically
tending to 7/2¢(p). Using the Implicit Function Theorem each of these solutions can be
continued for p # 0. However, for fixed pu # 0 there are only finitely many solutions of (5.5)
and hence only finitely many 1-periodic orbits. With the addition of the parameter to the phase
space these periodic orbits form a 1 parameter family parameterised by period, see Figure 6.

We note that one can also find non-symmetric 1-periodic orbits. These are associated to
sequences w with wy; = wy, wy; = wo, ¢ € Z, and w; # wy. The corresponding bifurcation
equation is two-dimensional (the Fix R-component does not vanish as in the above situation).
Such 1-periodic orbits are associated to the families of homoclinic orbits to each fixed point.
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5.3.3 k-(2,1)-heteroclinic orbits

In this section we search for k-(2,1)-heteroclinic orbits for k£ > 2. Hence the bifurcation equation
for these orbits reads, see also Section 4.2.1, Equation (4.10):

Liy(wr2, i) + 711
w4 Lio(wy 2, ft) + 121

Ei(w, 1) = (

L11<W1,i+17 M) — Ly (innu

_l’_
>
ave
EE EE
N———
|

==

A Lig(wrivr, ) + Lig(wo, p) + 12,(w, (5.6)
i=2,...,k—1
- — L1 (wors ) + 11w, 1)
Ep(w,p) = = 0.
o+ Lis(wak, p) + rop(w, 1)
First we search for symmetric k-(2,1)-heteroclinic orbits. From Lemma 5.9, with ig = —2, the
k-periodicity of the corresponding sequence w, and wy; = wq; We get
Wi, = W2 —i+2, 1= 1,...,k'. (57)
Then Corollary 5.10 provides
REZ = —E,iJrl, Z: 1,...,k’. (58)
So the set of bifurcation equations (5.6) reduces down to
- Liy(wi2, 1) + 11 (w, p)
E(w,p) = =0
p+ Lyg(wr 2, i) + 721 (w, 1)
=i(w, ) = ( Lyi (w141, 1) — Lin(way, o) + 11i(w, p) ) _ 0 (5.9)
o p+ Lia(wr i1, i) + Lag(wai, pt) + 724 (w, )

i=2,. .., (k+1)/2],

where |x| denotes the integer part of . Note that in these bifurcation equations w has the
form (5.7). Further, if &k is odd, then due to (5.8), Z|x41)/2) € Fix (—R).

First we consider
Ln(wl 2, W )
w4 Lig(wy o, p) =

The second equation can be solved for p(ws 2) (by applying for sufficiently large wy » the Banach
fixed point theorem). Similar to Section 4.2.1 this yields (0, ) = Ly(wi ), where Ly can be
seen as a spiral in the plane centred at (0,0). Intersections of this spiral with the abscissa axis
yields parameter values (@ 2),, and corresponding fi,,, m € Z. Similar to Section 4.2.1 we have
((W1,2)ms ftm) — (00,0) as m — oo. Now we can proceed in the same way as in Section 4.2.1
to solve the full equation (5.9) This proves the existence of a countable set of parameter values
for which k-(2,1)-heteroclinic orbits exist. From this construction it follows that ¢ = 0 is a
accumulation point of this set.
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The leading term of the right-hand side of p = —Lyo(w12(pt), ) — 721 (w (i), ) has the form

p(p)

C<M>€*(W(mﬁ<ﬂ1)) sin(n + o — 1) = 5(u)e*(m(”“*¢1))(—1)",

see Lemma 4.3. This proves the existence of sequences (p;7) and () as stated in the theorem.

Finally, we comment on the non-existence of non-symmetric k-(2,1)-heteroclinic orbits. For that
we emphasise that the bifurcation equations for detecting those orbits do not depend on the
dimension of the phase space. In other words the existence or non-existence of non-symmetric
k-(2,1)-heteroclinic orbits does not depend on the dimension of the phase space. In R however
there are no such non-symmetric heteroclinic orbits for a simple geometrical reason: in this
case the unstable manifold of ps is one-dimensional — and non-symmetric orbits arise in pairs.

5.3.4 k-(1,2)-heteroclinic orbits

Next we search for k-(1,2)-heteroclinic orbits for & > 2. The bifurcation equation for these
orbits reads, see also Section 4.2.2:

_ Ly (wiiq1, ) — Lua (o, ) + rya(w, p)
:i<w7 ,LL) = =0

o+ Lig(wiivr, ) + Lia(wai, p1) + rai(w, 1)
i=1,.. . k-1

(5.10)

In order to solve these equations we can proceed similar as in Section 4.2.2. We simply choose
W € Q,, defined by (5.4).

In this way we find at © = 0 countably many solutions of (5.10). Therefore there are countably
many k-(1,2)-heteroclinic orbits (for each k) at p = 0.

By construction ¢;(0) is an accumulation point of the set of intersections of these orbits with
Y1 because {(nm — ¢2)/P(0),n > ng} is unbounded.

Let, for fixed @, O be the k-(1,2)-heteroclinic orbit which corresponds to the solution (wg(0), 0)
of (5.10). Since wg(-) is also defined for u close to 0, the orbit Oy can be continued for those
78

Again as in Section 4.2.2 we find that for fixed p # 0 equation Z;(w, 1) = 0 has only finitely

many solutions, see also Section 5.3.2 and Figure 6. So there are only finitely many k-(1,2)-
heteroclinic orbits for those pu.

5.3.5 Homoclinic Orbits

It is sufficient to consider k-homoclinic orbits to p; because their R-images are just the k-
homoclinic orbits to ps.
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The bifurcation equation for those orbits reads, see also (4.14):

= (w, 1) = ( Ly (wiig1, i) — Lan(wa, i) +1r1(w, p) ) .
o o+ Lia(wiivr, 1) + Lua(wai, 1) + 1rai(w, p1)

i=1,... k-1 (5.11)

< — Ly (wa gy 1) + 71 (W, 1) ) —0

Ep(w, 1) =
«l ) p+ Lig(wok, i) + rop(w, 1)

These equations have the same structure as (5.9); they differ only in the number of equations and
variables. So the discussion of (5.11) runs along the same lines as the discussion in Section 5.3.3.
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