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Abstract

We consider nonwandering dynamics near heteroclinic cycles between two hyperbolic
equilibria. The constituting heteroclinic connections are assumed to be such that one
of them is transverse and isolated. In the literature such heteroclinic cycles have been
associated with the termination of a branch of homoclinic solutions, and have been named
T-points in this context. We study the nonwandering dynamics near T-point heteroclinic
cycles and their unfoldings, both in the general setting (where a T-point heteroclinic cycle
has codimension two) and in the reversible setting (where it has codimension one). We
focus in particular on the existence of shift dynamics in the local nonwandering set.
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1 Introduction

Homoclinic bifurcations lie at the heart of our understanding of complicated (chaotic) recurrent
behaviour in dynamical systems. The history goes back to Poincaré, with major subsequent
contributions by the schools of Andronov, Shilnikov, Smale and Palis. The successes of the
latter schools has been founded on a combination of analytical and geometrical tools, typical
for the field of dynamical systems. In this paper we follow an alternative approach for studying
local dynamics near connecting orbits based on a functional analytic approach developed by
the school of Hale. The latter approach, named Lin’s method after a paper by Lin [19], employs
a reduction on an appropriate Banach space of piecewise continuous functions approximating
the initial heteroclinic cycle to yield bifurcation equations whose solutions represent orbits of
the nonwandering set.
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Figure 1: Sketch of an example of a T-point heteroclinic cycle in R
3 between two saddle-foci,

with robust heteroclinic orbit Γ2 and non-robust heteroclinic orbit Γ1.

We consider a parameter family of vector fields f : R
n × R

p → R
n (n ≥ 3), f smooth:

ẋ = f(x, µ). (1.1)

The aim of this paper is to study the nonwandering dynamics in the neighbourhood of a T-point
[8]: a heteroclinic cycle between two hyperbolic equilibria of saddle type p1 and p2, where one
of the connections is transverse and isolated, see Figure 1 for a sketch of a T-point heteroclinic
cycle in R

3. T-points have been found to appear in many applications of interest, ranging from
the Lorentz [8] and Kuramoto-Sivashinsky [18] systems, to electronic oscillators [1, 2, 10, 11, 12],
semiconductor lasers [9, 29], magnetoconvection [22] and travelling waves in reaction-diffusion
dynamics [17, 26, 21, 13].

Without loss, we assume that the cycle exists at µ = 0 and that the hyperbolic equilibria do
not change position while µ is close to 0. Throughout this paper we denote the stable manifold
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of the equilibrium pi at parameter(s) µ by W s(pi, µ). For brevity, we also denote W s(pi, 0)
by W s(pi). In the same manner we use W u(pi, µ) and W u(pi) to denote the corresponding
unstable manifolds.

Let Γ1 = {q1(t) | t ∈ R} denote the heteroclinic solution between p2 and p1, and Γ2 = {q2(t) | t ∈
R} the heteroclinic orbit from p1 to p2. The corresponding heteroclinic cycle is a T-point if Γ2

is an isolated transversal intersection, ie

W s(p2) tq2(0) W
u(p1), and dim Tq2(0)W

s(p2) + dimTq2(0)W
u(p1) = n+ 1, (1.2)

where n is the dimension of the phase space. Further we assume that Γ1 is nondegenerate, in
the sense that

Tq1(0)W
s(p1) ∩ Tq1(0)W

u(p2) = span {f(q1(0), 0)}. (1.3)

Note that due to this assumption the hyperbolic equilibria p1 and p2 have different saddle point
indices.

The above conditions specify the simplest case of a heteroclinic cycle between two fixed points
where one heteroclinic orbit is structurally stable and the other is not.

The nonrobust connection Γ1 has codimension two in general and and codimension one if we
assume the cycle is (setwise) invariant with respect to a time-reversal symmetry. Our main
focus is with the general case and discuss the situation in the reversible case afterwards in
Section 5.

We use Lin’s method to analyse the nonwandering dynamics near a T-point heteroclinic cycle
(and its unfolding). We recall the essentials of Lin’s method in Section 2. The problem of
finding particular orbits in the local nonwandering set reduces to that of solving a (infinite)
set of bifurcation equations. We show how these bifurcation equations can be viewed in a
geometric way as describing the set of intersections of logarithmic spirals and lines in the plane.
These geometrical objects are determined by the principal eigenvalues of the linearisation at
the equilibria.

We finally assume that the principal stable eigenvalue λs
2 ofD1f(p2, 0) and the principal unstable

eigenvalue λu
1 of D1f(p1, 0) are simple. We write

λu
1(µ) = ρ1(µ) + iφ1(µ), λs

2(µ) = −ρ2(µ) + iφ2(µ),

where in the case that λu
1(µ) or λs

2(µ) are real, φ1(µ) or φ2(µ) are set equal to zero. We refer
again to Figure 1 for a visualisation of the situation in R

3 in case the addressed principal
eigenvalues are complex. Therefore there are three cases to consider:

(CC) Both λu
1(µ) and λs

2(µ) are complex,

(RC) One of λu
1(µ), λs

2(µ) is real and the other is complex,

(RR) Both λu
1(µ) and λs

2(µ) are real.

It turns out that corresponding information about the leading eigenvalues λs
1 and λu

2 are not
important for the purpose of this paper. Before we describe the nearby dynamics of the hete-
roclinic cycle in each case we define some terminology. For that we introduce hyperplanes Σj

which are transversal to Γj at qj(0) (which may be located “in the middle” of Γj), j = 1, 2.
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Definition 1.1. Let U be a sufficiently small neighbourhood of the primary heteroclinic cycle.
All orbits which we shall describe in the following are assumed to be subsets of U .

• A periodic orbit is called k-periodic, and a homoclinic orbit (to p1 or p2) is called k-
homoclinic, if it passes through Σ1 and Σ2 k times in each case.

• A heteroclinic orbit connecting pi to pj (in forward time) is called a (i,j)-heteroclinic orbit.
A (i,j)-heteroclinic orbit that passes k times through Σj is called a k-(i,j)-heteroclinic orbit.

Our main result concerning shift dynamics is the following.

Theorem 1.2. Consider the system (1.1) under the assumptions as stated above. Assume
either eigenvalue case (CC) or (RC), then the following is typically true.

When µ = 0, for each N ≥ 2 there exists a set SN
0 ⊂ Σ1 which is invariant under the first-

return-map Π : Σ1 → Σ1 (defined by the flow), and (SN
0 ,Π) is topologically conjugated to the

full shift on N symbols.

Moreover, for fixed N ≥ 2 there exists µN > 0, such that if |µ| < µN there is a set SN
µ such

that (SN
µ ,Π(µ)) is topologically conjugated to a full shift on N symbols, and SN

µ → SN
0 in the

Hausdorff-metric as µ→ 0.

The proof of this theorem is given in Section 4.1. In the course of this proof we introduce several
assumptions that define an open and dense set of vector fields in H for which this theorem holds.
Here H is the space of two parameter vector fields containing a heteroclinic cycle under the
assumptions stated above for f(·, 0). This space is endowed with the C1 topology. This set of
conditions comprises a generic unfolding of the heteroclinic cycle, standard non-orbit flip and
non-inclination flip assumptions, as well as a more technical assumption in case (CC), which
guarantees the existence of infinitely many transversal intersections of the spirals displayed in
Figure 3.

Here our strategy is to use a Homoclinic Liapunov-Schmidt reduction, better known in this
context as Lin’s method [19], to determine the existence of orbits close to a given heteroclinic
or homoclinic cycle. Lin’s method consists of the search for piecewise continuous orbits of (1.1),
which we call Lin orbits, cf [14]. These orbits consist of pieces of actual solution curves which
remain close to the original heteroclinic cycle, but are allowed to have discontinuities in the
section Σ1. This discontinuity, or jump, is restricted to lie in a certain direction, see Section 2
for more details. For a given parameter µ and sequence ω = (ω1,i, ω2,i)i∈Z of transition times
(from one hyperplane to the next) there is a unique Lin orbit. We refer to Figure 4 for a
visualisation. Let Ξi(ω, µ) be the ith jump of the Lin orbit corresponding to (ω, µ). Splitting
Ξi(ω, µ) into the leading order term plus a remainder term, we find that the leading order
term only depends on ω1,i+1, ω2,i and µ. We find orbits staying all time close to the initial
heteroclinic cycle by closing the jumps, or in other words by solving the bifurcation equation

(Ξi(ω, µ))i∈Z = 0, Ξi(ω, µ) = L((ω1,i+1, ω2,i), µ) + ri(ω, µ), (1.4)

where L((ω1,i+1, ω2,i), µ) denotes leading order terms and ri(ω, µ) denotes higher order terms.
Under certain conditions, (H 2) and (H3), the leading order terms of the bifurcation equations
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are determined by λu
1(µ) and λs

2(µ). The leading order terms for the cases (CC) and (RC) are
as follows:

Case (CC) (Complex-Complex)

L((ω1,i+1, ω2,i), µ) =

(

µ1 + e−2ρ1ω1,i+1c11 sin(2φ1ω1,i+1 + ϕ11) − e−2ρ2ω2,ic21 sin(2φ2ω2,i + ϕ21)

µ2 + e−2ρ1ω1,i+1c12 sin(2φ1ω1,i+1 + ϕ12) − e−2ρ2ω2,ic22 sin(2φ2ω2,i + ϕ22)

)

(1.5)

Case (RC) (Real-Complex)

L((ω1,i+1, ω2,i), µ) =

(

µ1 + e−2ρ1ω1,i+1c11 − e−2ρ2ω2,ic21 sin(2φ2ω2,i + ϕ21)

µ2 + e−2ρ1ω1,i+1c12 − e−2ρ2ω2,ic22 sin(2φ2ω2,i + ϕ22)

)

(1.6)

Here µ = (µ1, µ2), ckl 6= 0 and the ckl and ϕkl are functions of of µ. It turns out that solutions
are extractable from the leading order terms. For that we now observe how the problem of
solving the bifurcation equation reduces to a geometric problem of studying intersections of
logarithmic spirals and lines in the plane. For each i the leading order term L of Ξi has the
same form

L((ω1, ω2), µ) =

(

µ1 + L11(ω1, µ) − L21(ω2, µ)

µ2 + L12(ω1, µ) − L22(ω2, µ)

)

;

Now it is clear that when λu
1(µ) is complex, µ + (L11(ω1, µ), L12(ω1, µ)) parametrises (for

fixed µ and ω1 as parameter) a logarithmic spiral in the plane. When λu
1(µ) is real, µ +

(L11(ω1, µ), L12(ω1, µ)) parametrises a line in the plane. A similar statement is true for λs
2(µ) and

(L21(ω2, µ), L22(ω2, µ)). Therefore, for each i solutions of the truncated equation L((ω1, ω2), µ) =
0 may be represented by intersections of these logarithmic spirals and lines, corresponding
to the cases (CC) and (RC). See Figure 3 for the situation for µ = 0. Finally sequences
ω̂ = (ω̂1,i, ω̂2,i)i∈Z related to transversal intersections of these curves serve as first estimates of
solutions of the full bifurcation equation (Ξ(ω, µ))i∈Z = 0. Note that the sequences ω̂ may be
built up by only finitely many different (ω̂1,i, ω̂2,i).

The above described shift dynamics can be interpreted in the context of transversal intersections
of stable and unstable manifolds of 1-periodic orbits. We find a set SN

µ of 1-periodic orbits
O1, . . . ,ON with periods (close to) ω̂1, . . . , ω̂N (which are found from the intersections of lines
and spirals, cf. Section 4). A sequence s := (si)i∈Z, si ∈ {1, . . . , N} corresponds to an orbit
which is closely following a sequence of orbits in {O1, . . . ,ON} as prescribed by the sequence
s. In our analysis we take advantage of the fact that there are infinitely many transversal
intersections, see Section 4.1.2. This guarantees that there are intersections related to arbitrarily
large transition times.

For fixed N and µ there may be many choices for the set of periodic solutions SN
µ . For µ = 0

there exist countably many of them, corresponding to the infinitely many intersections of the
spirals we referred to already. These intersections correspond to an infinite set of 1-periodic
orbits Oi, i ∈ N, which potentially can serve as symbols. For µ = 0 the tips of the spirals
coincide – a situation we exploit to verify infinitely many intersections of them. For µ 6= 0 the
tips of the spirals are separated. Generically the tip of one spiral will not be located on the
other spiral. Hence generically only for finitely many N ∈ N there exist corresponding sets SN

µ ,
and for fixed N only finitely many different choices for these sets exist.
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The verification of topological conjugacy is mainly based on the continuous dependence of Ξ
(see (2.1)) on sequences ω in spaces of sequences equipped with the product topology. Those
ideas trace back to similar considerations in [15, 23].

The shift dynamics referred to in Theorem 1.2 does not concern k-homoclinic or k-heteroclinic
orbits. Our second result, whose proof is discussed in Section 4.2. describes the existence of
such connecting orbits.

Lemma 1.3. Assume the eigenvalue case (CC) or (RC), and let f(·, µ)) be a two parameter
family of vector fields for which Theorem 1.2 holds. Then we have the following:

1. For each k ≥ 2, k ∈ N there is a countable set Mk of parameter values accumulating at
µ = 0, for which there exists a k-(2,1)-heteroclinic orbit.

2. At µ = 0 there exist a countable infinity of k-(1,2)-heteroclinic orbits for each k ≥ 2.
Moreover, for fixed k, q1(0) is an accumulation point of the intersections of the k-(1,2)-
heteroclinic orbits with Σ1. Each such k-(1,2)-heteroclinic orbit can be continued for
µ 6= 0 sufficiently small, but for fixed µ 6= 0 and fixed k there are only finitely many
k-(1,2)-heteroclinic orbits.

3. For each k ≥ 2, k ∈ N, and each i ∈ {1, 2}, there is a curve Lhom
k,i in µ-space which is

either a logarithmic spiral centred at (0, 0) or a line terminating at (0, 0), for which each
point on Lhom

k,i there exists a k-homoclinic orbit to the fixed point pi.

The dynamics in case (RR) is simple in comparison to the previous two cases.

Theorem 1.4. Consider the system (1.1), and assume the eigenvalue case (RR). Then typically
we have the following. There exist open sets Q and Q̃ in µ-space, whose boundaries ∂Q and
∂Q̃ consists of two lines in each case that terminate at the origin, and where ∂Q and ∂Q̃ are
tangent at the origin, for which the following is true:

1. There exists exactly one 1-periodic orbit at each point µ ∈ Q, see Figure 2. The period
of these periodic orbits tends to infinity as µ→ ∂Q. There are no k-periodic orbits for k
larger than one.

2. There are no k-(2,1)-heteroclinic orbits for each k ≥ 2, k ∈ N, for any parameter value
µ.

3. At µ = 0 there are no k-(1,2)-heteroclinic orbits for k ≥ 2. But for each µ ∈ Q̃ there
exists a k-(1,2)-heteroclinic orbit for k ≥ 2.

4. For each µ ∈ ∂Q, there exists a 1-homoclinic orbit to one of the fixed points pi. There
are no k-homoclinic orbits for k ≥ 2.

The homoclinic orbits addressed in point 4 may naturally be thought of as limit points for
the periodic orbits stated in point 1. The period of these periodic orbits tends to infinity as
µ→ ∂Q.

7
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Figure 2: The open set Q with boundary ∂Q in (µ1, µ2)-space. The set Q̃ has approximately
the same appearance.

The proof is given in Section 4.3. The assumptions used in the course of this proof again define
an open and dense set of vector fields in H, and consist of the same standard generic unfolding,
non-orbit flip and non-inclination flip conditions used previously, as well as a more technical
hypothesis that guarantees the linear independence of the tangents at the origin of the two
lines displayed in Figure 3 at µ = 0.

Note that in the case (RR) the leading order term L reads

L((ω1,i+1, ω2,i), µ) =

(

µ1 + e−2ρ1ω1,i+1c11 − e−2ρ2ω2,ic21

µ2 + e−2ρ1ω1,i+1c12 − e−2ρ2ω2,ic22

)

. (1.7)

Therefore solutions of L = 0 correspond to the intersection of two lines. It is obvious that there
is at most one such intersection and hence at most one solution of L = 0. From that we can
conclude the statement of the theorem in a similar way as the one of Theorem 1.2.

We remark that our Hypothesis (H 1), see Section 3, which prescribes that the stable manifold
of p1 and the unstable manifold of p2 split with positive speed, implies that in all cases there
is just one 1-(2,1)-heteroclinic orbit, and this is the original one that exists at µ = 0. In R

3 it
is clear that there can only be one k-(2,1)-heteroclinic orbit for each parameter value, because
in this case the stable manifold of p1 is one-dimensional.

We now outline the organisation of this paper. In Section 2 we introduce Lin’s method in more
detail.

In Section 3 we derive an expression for the ith jump of a Lin orbit, depending on µ and the

PSfrag replacements PSfrag replacements PSfrag replacements
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Figure 3: Graphical representations of the solutions of L((ω1, ω2), 0) = 0.
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sequence of transition times ω. In particular we determine their leading order terms.

Theorem 1.2 is proven in Section 4.1. As can be seen in equation (1.4), the bifurcation equation
consists of a leading order term and higher order remainder terms. The strategy for studying
the bifurcation equation is to first study solutions to the equation truncated at leading order.
We prove in Section 4 that nondegenerate solutions to this equation persist under addition of
the higher order terms.

In Section 5 we discuss the time-reversible case, which has attracted interest since it arises in
the context of the analysis of travelling waves in the Kuramoto-Sivashinsky PDE [18]. The
main differences between the general case and reversible case are discussed, the bifurcation
equations are modified, and the corresponding results stated and proved.

2 Lin’s method

In this section we outline Lin’s method, and explain the properties of Lin orbits corresponding
to the system under consideration. Lin’s method centres around the existence of ‘piecewise
continuous orbits’ X of (1.1) which we call Lin orbits, after [14]. In the present context such
orbits consist of pieces of actual orbits Xi, X := (Xi)i∈Z; the orbit Xi starts in Σ1, follows Γ1

until it reaches a neighbourhood of p1 follows then Γ2, meets Σ2, stays further close to Γ2 until
it reaches a neighbourhood of p2, follows then Γ1 again, and terminates finally in Σ1. Between
two consecutive orbits Xi−1 and Xi there may be a jump Ξi in a distinguished direction Z. We
refer to Figure 4 for a visualisation. Note that in the present context all jumps in Σ2 are equal
to zero. This is due to the transversal intersection of the unstable manifold of p1 and the stable
manifold of p2 in Γ2.

Let 2ω1,i and 2ω2,i be (prescribed) transition times of Xi from Σ1 to Σ2 and Σ2 to Σ1, re-
spectively. It can be proved that for each µ which is sufficiently close to 0, and each sequence
ω := ((ω1,i, ω2,i))i∈Z, where ωj,i are sufficiently large, there exists a unique Lin orbit X(ω, µ),
see Theorem 2.2. By making the jumps Ξi to zero one finds real orbits staying for all time
close to the heteroclinic cycle Γ. Therefore the bifurcation equation for orbits staying close to
Γ reads

Ξ := (Ξi(ω, µ))i∈Z = 0. (2.1)

To begin the actual analysis, fix an inner product 〈·, ·〉. Let, with respect to 〈·, ·〉,

Yi := {f(qi(0), 0)}⊥, i = 1, 2.

With that we construct the cross-sections Σ1 and Σ2 as follows

Σi := qi(0) + Yi, i = 1, 2. (2.2)

Also, consistent with the standard theory, we define a subspace Z ⊂ Y1:

Z := (Tq1(0)W
s(p1) + Tq1(0)W

u(p2))
⊥.

By construction we have dimZ = 2. Assigned to q1(0) and q2(0) we consider the following
orthogonal direct sum decomposition of R

n:

R
n = span {f(q1(0), 0)} ⊕W+

1 ⊕W−
1 ⊕ Z,

R
n = span {f(q2(0), 0)} ⊕W+

2 ⊕W−
2 ,

(2.3)
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where W+
i = Tqi(0)W

s(pi) ∩ Yi and W−
i = Tqi(0)W

u(pj) ∩ Yi, i = 1, 2, j 6= i.

A further assumption, that simplifies the analysis, is that the local stable/unstable manifolds
of the fixed points p1, p2 are flat; that is:

W s
loc(pi, µ) ⊂ Tpi

W s(pi), W u
loc(pi, µ) ⊂ Tpi

W u(pi). (2.4)

We can bring the local stable/unstable manifolds into this form by means of local transforma-
tions based around each of the fixed points pi.

2.1 Splitting of the stable and unstable Manifolds

The first step of Lin’s method is to study the splitting of the stable and unstable manifolds in
Σi with respect to the parameter µ. Because of (1.2) the situation in Σ2 is clear. For each µ
which is sufficiently close to 0 there is exactly one point q2,µ ∈ Σ2 ∩W

u(p1, µ)∩W s(p2, µ) such
that the orbit Γ2,µ through q2,µ is a 1-(1,2)-heteroclinic orbit. The corresponding solution with
q2(µ)(0) = q2,µ we denote by q2(µ)(·); their restriction on R

± we denote by q±2 (µ)(·).

In R
3 also the situation in Σ1 is rather simple. In this case both the stable manifold of p1 and

the unstable manifold of p2 are one-dimensional, and the intersection with the two-dimensional
hyperplane Σ1 consists of single points in each case. The heteroclinic connection Γ1 generally
splits up under perturbation. Let q+

1,µ and q−1,µ be determined by the ‘first hit’ of the stable
manifold of p1 and the unstable manifold of p2, respectively. Of course q+

1,µ − q−1,µ ∈ Z, recall
that Z = Y1 in this case. So, in a trivial way, for each µ we find a unique pair of orbits in the
stable manifold of p1 and the unstable manifold of p2, respectively, such that the difference of
their first hits in Σ1 is in Z.

The main goal of this section is to show that this property persists in higher dimensions. More
precisely we prove the following lemma:

Lemma 2.1. For each µ which is sufficiently close to 0 there is a unique pair (q+
1 (µ)(·), (q−1 (µ)(·))

of solutions of (1.1) such that:

(i) q+
1 (µ)(0) ∈ Σ1 ∩W

s(p1, µ), q−1 (µ)(0) ∈ Σ1 ∩W
u(p2, µ),

(ii) |q+
1 (µ)(t) − q1(t)| small ∀t ∈ R

+ and |q−1 (µ)(t) − q1(t)| small ∀t ∈ R
−,

(iii) q+
1 (µ)(0) − q−1 (µ)(0) ∈ Z.

Proof. To investigate the splitting of Γ1 we set

q±1 (t) = q1(t) + v±(t). (2.5)

This gives the following equations for v±

v̇± = A(t)v± + g(t, v±, µ), (2.6)

which we consider on R
+ or R

− respectively. Here A(t) = Dxf(q1(t), 0), and

g(t, v, µ) = f(q1(t) + v, µ) − f(q1(t), 0) − A(t)v. (2.7)
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With the above setting, we are looking for bounded solutions v±(·) of (2.6). Hence v±(·) ∈
Cb(R

±), the space of continuous on R
± bounded functions equipped with the norm ‖v±‖∞ :=

supt∈R± ‖v±(t)‖. If ‖v±‖∞ is close to zero, then by the theory of stable and unstable manifolds,
q±(t) := q1(t) + v±(t) is in the desired stable/unstable manifold. Further, if v±(0) ∈ Y1 and
v+(0) − v−(0) ∈ Z, then (i) - (iii) of the lemma holds true.

In what follows we show that (2.6) has unique solutions v± with the outlined boundary condi-
tions. An important role is played by the properties of the linear nonautonomous equations

v̇ = A(t)v, (2.8)

which we consider either on R
+ or on R

−. Denote by Φ(t, s) the transition matrix for (2.8).
We have that limt→∞ q1(t) = p1, so then limt→∞A(t) = Dxf(p1, 0). Similarly limt→−∞A(t) =
Dxf(p2, 0). Also Dxf(p1, µ) = −R ◦Dxf(p2, µ) ◦R.

By the theory of exponential dichotomies [5], due to the fact that p1, p2 are hyperbolic, equation
(2.8) has an exponential dichotomy on both R

+ and R
−. For t ∈ R

±
0 we define projections P±(t)

and Q±(t) as follows

imP+(0) = Tq1(0)W
s(p1), kerP+(0) = W−

1 ⊕ Z,

and
kerP−(0) = Tq1(0)W

u(p2) imP−(0) = W+
1 ⊕ Z,

and for t, s ≥ 0 or t, s ≤ 0 let

P±(t)Φ(t, s) = Φ(t, s)P±(s).

Finally we define Q+ := I − P+ and Q− := I − P−.

Using the properties of exponential dichotomy we get that for each function g(·) bounded on
R

+:
∫ t

0

Φ(t, s)P+(s)g(s)ds−

∫ ∞

t

Φ(t, s)Q+(s)g(s)ds

is well defined on R
+ and solves v̇ = A(t)v + g(t). Therefore we see that the solutions v+(·) of

(2.6) that are bounded on R
+ solve the following fixed point problem in C0

b (R
+,Rn), and vice

versa:

v+(t) = Φ(t, 0)ν +

∫ t

0

Φ(t, s)P+(s)g(s, v+(s), µ)ds−

∫ ∞

t

Φ(t, s)Q+(s)g(s, v+(s), µ)ds,

where ν = P+(0)v+(0). In a similar way it can be shown that the solutions v−(·) of (2.6) that
are bounded on R

− solve the following fixed point problem in C0
b (R−,Rn), and vice versa:

v−(t) = Φ(t, 0)η +

∫ t

−∞

Φ(t, s)P−(s)g(s, v−(s), µ)ds−

∫ 0

t

Φ(t, s)Q−(s)g(s, v−(s), µ)ds,

where η = Q−(0)v−(0). Both of these fixed point equations can be solved for v+ = v+(ν, µ)
and v− = v−(η, µ), near (v+, ν, µ) = (0, 0, 0) and (v−, η, µ) = (0, 0, 0) in each case. We find
that v±(0) can be written in the form

v+(ν, µ)(0) = ν + w−(ν, µ) + z+(ν, µ), v−(η, µ)(0) = η + w+(η, µ) + z−(η, µ),
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where w± ∈ W±
1 and z± ∈ Z, and moreover w±(0, 0) = 0, D1w

±(0, 0) 6= 0. In view of (iii) of
the lemma we consider

ν = w+(η, µ), η = w−(ν, µ).

This system can, near (ν, η, µ) = (0, 0, 0), be solved for ν = ν(µ), η = η(µ).

The functions q+
1 (µ)(·) := q1(·) + v+(ν(µ), µ)(·) and q−1 (µ)(·) := q1(·) + v−(η(µ), µ)(·) are the

wanted solutions of (1.1).

2.2 Construction of Lin orbits

The next step in the method is to search for orbits Xj,i, j = 1, 2, i ∈ Z, composing the Lin
orbits X = (Xi)i∈Z which we introduced in Section 1; more precisely Xi = X1,i ∪ X2,i. Here
Xj,i is an orbit of the vector field starting in a point in Σj, staying close to Γj until it reaches
a neighbourhood of pj, and continuing close to Γj+1 until it reaches Σj+1; throughout the term
“j + 1” is computed modulo 2. By xj,i(·) we denote solutions of (1.1) corresponding to the
orbits Xj,i with xj,i(0) ∈ Σj and xj,i(2ωj,i) ∈ Σj+1. Actually x1,i(·) is composed of solutions
x+

1,i(·) and x−2,i(·) which are defined on [0, ω1,i] and [−ω1,i, 0], respectively. Similarly x2,i(·) is
composed of solutions x+

2,i(·) and x−1,i(·) which are defined on [0, ω2,i] and [−ω2,i, 0], respectively.
This demands coupling conditions

x+
j,i(ωj,i) = x−j+1,i(−ωj,i), j = 1, 2, (2.9)

and the jump conditions

Ξi := x+
1,i+1(0) − x−1,i(0) ∈ Z, x+

2,i(0) = x−2,i(0), (2.10)

for i ∈ Z in each case. Figure 4 visualises this situation.

X2,i X1,i

X1,i+1

p1
p2

x+
2,i(ω2,i) = x−1,i(−ω2,i)

x+
1,i(ω1,i) = x−2,i(−ω1,i)

Σ1

Σ2

x+
1,i+1(0)

x−1,i(0)

x+
2,i(0) = x−2,i(0)

Figure 4: Ingredients of Lin orbits; Xi = X1,i ∪X2,i.

It is a specific feature of T-points that there is no jump in Σ2, x
+
2,i(0) − x−2,i(0) = 0. However,

large parts of the procedure run parallel to the exposition in [23], [15], [19] and [28]. In our
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presentation we confine to explain only those parts of Lin’s method in more detail which differ
from the standard scheme.

To begin, we look for solutions of the form

x±j,i(t) = q±j (µ)(t) + v±j,i(t). (2.11)

Then
v̇±j,i = A±

j (t, µ)v±j,i + g±j (t, v±j,i, µ) (2.12)

where A±
j (t, µ) = Dxf(q±j (µ)(t), µ), and

g±j (t, v, µ) = f(q±j (µ)(t) + v, µ) − f(q±j (µ)(t), µ) − A±
j (t, µ)v. (2.13)

Let Φ±
j (µ, t, s) be the transition matrix for the equation

v̇ = A±
j (t, µ)v. (2.14)

As before, these operators have an exponential dichotomy on R
+ or R

−, respectively, with
corresponding projections P+

j (µ, t), Q+
j (µ, t) = I − P+

j (µ, t), and Q−
j (µ, t), P−

j (µ, t) = I −
Q−

j (µ, t); therefore we have for j = 1, 2

imP+
j (µ, 0) = Tq+

j (µ)(0)W
s(pj), imQ−

j (µ, 0) = Tq−j (µ)(0)W
u(pj+1).

Moreover we commit to

kerP+
1 (µ, 0) = W−

1 ⊕ Z, kerP+
2 (µ, 0) = W−

2

and
kerQ−

1 (µ, 0) = W+
1 ⊕ Z, kerQ−

2 (µ, 0) = W+
2 .

Our main existence result in this respect is the following:

Theorem 2.2. Consider the system (1.1) in the present setting. Then there are constants c,
Ω such that for each µ with |µ| < c and each ω with ωj,i > Ω, j = 1, 2, i ∈ Z, there is a unique
sequence of solutions x±j,i(ω, µ)(·), j = 1, 2, i ∈ Z, of (1.1) satisfying the coupling condition
(2.9) and the jump condition (2.10).

In other words this theorem says that for each µ and for each sequence ω there exists a unique
Lin orbit X(ω, µ).

Next we explain the steps leading to the proof of this theorem. We consider (instead of the
original equation (1.1) with boundary conditions (2.9) and (2.10)) the differential equation
(2.12) with corresponding boundary conditions (according to (2.11))

v+
j,i(ωj,i) − v−j+1,i(−ωj,i) = q−j+1(−ωj,i) − q+

j (ωj,i), j = 1, 2, (2.15)

v±j,i(0) ∈ Yj, v+
1,i+1(0) − v−1,i(0) ∈ Z, v+

2,i(0) = v−2,i(0), (2.16)

for i ∈ Z in each case. We fix a sequence ω with sufficiently large ωj,i. Assigned to this sequence
we denote by Vω the space of all sequences v := (v+

1,i, v
−
2,i, v

+
2,i, v

−
1,i)i∈Z, where v+

j,i ∈ C([0, ωj,i],R
n)

and v−j,i ∈ C([−ωj+1,i, 0],Rn).
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In a first step we consider a “linearised” equation

v̇±j,i = A±
j (t, µ)v±j,i + h±j,i(t), (2.17)

with continuous h±j,i(·), and with boundary conditions (2.16) and

Q+
j (µ, ωj,i)v

+
j,i(ωj,i) = a+

j,i, P−
j (µ,−ωj+1,i)v

−
j,i(−ωj+1,i) = a−j+1,i, (2.18)

for any given a+
j,i ∈ Im Q+

j (µ, ωj,i), a
−
j+1,i ∈ Im P−

j (µ,−ωj+1,i).

Lemma 2.3. The boundary value problem ((2.17), (2.16), (2.18)) has a unique solution vω ∈
Vω.

Proof. Solutions of (2.17) can be written in the form

v±j,i(t) = Φ±
j (µ, t, 0)v±j,i(0) +

∫ t

0

Φ±
j (µ, t, s)h±j,i(s)ds. (2.19)

Working in the boundary condition (2.18) gives for i ∈ Z

Q+
j (µ, 0)v+

j,i(0) = Φ+
j (µ, 0, ωj,i)a

+
j,i −

ωj,i
∫

0

Φ+
j (µ, 0, s)Q+

j (µ, s)h+
j,i(s)ds,

P−
j (µ, 0)v−j,i(0) = Φ−

j (µ, 0,−ωj+1,i)a
−
j,i +

0
∫

−ωj+1,i

Φ−
j (µ, 0, s)P−

j (µ, s)h−j,i(s)ds,
(2.20)

Because of (2.16) we have

v+
1,i+1(0) = w+

1,i + w−
1,i + z+

i , v
−
1,i(0) = w+

1,i + w−
1,i + z−i and v±2,i(0) = w+

2,i + w−
2,i,

where w±
j,i ∈ W±

j and z±i ∈ Z. For fixed j the left-hand sides of these equations are decoupled
over i. Moreover, for each single i ∈ Z the left-hand side of (2.20) can be seen as a linear
mapping

W+
1 ×W−

1 × Z × Z → (W−
1 ⊕ Z) × (W+

1 ⊕ Z) or W+
2 ×W−

2 →W+
2 ×W−

2

depending on j = 1 or j = 2, respectively. These mappings are invertible. So the equations
under consideration can be solved for

(w±
1,i, z

±
i ) = (w±

1,i, z
±
i )(µ, h+

1,i+1, h
−
2,i, a

+
1,i+1, a

−
2,i), w±

2,i = w±
2,i(µ, h

−
1,i, h

+
2,i, a

−
1,i, a

+
2,i).

With (2.19) we get eventually the lemma.

In the next step we “replace” the boundary conditions (2.18) by

v+
j,i(ωj,i) − v−j+1,i(−ωj,i) = dj,i, dj,i ∈ R

n, j = 1, 2, (2.21)

and consider the boundary value problem ((2.17), (2.16), (2.21)).
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Lemma 2.4. The boundary value problem ((2.17), (2.16), (2.21)) has a unique solution v̂ω ∈
Vω.

Proof. First we claim that for sufficiently large ω > 0 and sufficiently small µ it holds that
imQ+

j (µ, ω)⊕ imP−
j+1(µ,−ω) = R

n, j = 1, 2. This is due to asymptotic behaviour (as ω → ∞)
of the involved projections and due to the hyperbolicity of the equilibria p1 and p2; we refer to
[28] for more details.

The rest of the proof runs along the lines of the corresponding assertions in [23] or [15]: For
each given sequence (dj,i) one proves the existence of sequences (a+

j,i) and (a−j,i) such that
the corresponding solutions of the boundary value problem ((2.17), (2.16), (2.18)) solve the
boundary value problem ((2.17), (2.16), (2.21)).

Altogether we find v̂ω = v̂ω(µ,h,d), where h := (h+
1,i, h

−
2,i, h

+
2,i, h

−
1,i)i∈Z and d := (d1,i, d2,i)i∈Z.

It is worth to mention that actually each entry of v̂ω depends only on a finite part of the
sequences h and d.

A coupling of the gained solutions can be achieved by setting

dj,i = dωj,i
(µ) := q−j+1(µ)(−ωj,i) − q+

j (µ)(ωj,i), j = 1, 2.

Now, the nonlinear boundary value problem ((2.12),(2.15),(2.16)) is equivalent to the following
fixed point equation in Vω:

v = v̂ω(µ,G(v, µ),dω(µ)), (2.22)

where
G : Vω × R → Vω

(v, µ) 7→ (h+
1,i, h

−
2,i, h

+
2,i, h

−
1,i)i∈Z, h±j,i(·) := g±j (·, v±j,i(·), µ).

The following Lemma provides solutions to the fixed point problem (2.22).

Lemma 2.5. For fixed ω, ωj,i sufficiently large, and |µ| sufficiently small, the fixed point
problem (2.22) has a unique solution v̄ω in a sufficiently small neighbourhood of 0 ∈ Vω.
Moreover, the mapping µ 7→ v̄ω(µ) is smooth.

Note that the necessary considerations have been done for fixed ω in spaces Vω. Define

v̄(ω, µ) = (v̄+
1,i, v̄

−
2,i, v̄

+
2,i, v̄

−
1,i)i∈Z := v̄ω(µ), v̄±j,i = v̄±j,i(ω, µ). (2.23)

Lemma 2.6. The mappings l∞
R2 × R → l∞

Rn , (ω, µ) 7→ v̄±j,i(ω, µ)(0) are smooth.

For both Lemma 2.5 and Lemma 2.6 the proof of the corresponding statements in [23] or [15]
can easily be adapted for the present situation.
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3 The Bifurcation Equations

In this section we derive the leading order terms for Ξi(ω, µ) given in (1.5), (1.6) and (1.7).

For given ω and µ we find a unique Lin orbit X(ω, µ), see Theorem 2.2, and a corresponding
sequence (Ξi(ω, µ))i∈Z of jumps, see (2.10). The Lin orbit becomes a real orbit if all jumps are
equal to zero; this leads to the set of bifurcation equations

Ξi(ω, µ) = 0, i ∈ Z, (3.1)

where Ξ := (Ξi)i∈Z can be read as a mapping

Ξ : (l∞ × l∞) × R
2 → l∞ × l∞, (3.2)

bearing in mind that ω = (ω1,i, ω2,i)i∈Z and dimZ = 2. As in [23] or [15] we find (as a
consequence of Lemma 2.6)

Lemma 3.1. Ξ depends smoothly on ω and µ. �

By solving the bifurcation equations (3.1) we find all kinds of orbits staying close to the primary
heteroclinic cycle Γ. For instance, a k-periodic orbit can be seen as a k-periodic Lin orbit where
all jumps are zero. A Lin orbit is k-periodic if and only if ω is k-periodic. So there arise only
k different pairs (ω1,i, ω2,i), i ∈ {1, . . . , k}. Therefore the bifurcation equation for detecting
k-periodic orbits consists only of k equations

Ξi(ω, µ) = 0, i ∈ {1, . . . , k}, (3.3)

and the corresponding Ξ can be read as a mapping R
2k × R

2 → R
2k.

Further it is worth to mention that our considerations remain true if some ωj,i are formally put
to infinity. If in addition the sequence ω is periodic then this leads to the bifurcation equation
for k-homoclinic orbits or heteroclinic cycles which are composed of k-heteroclinic connections.
for instance a k-homoclinic orbit to p1 corresponds to a k-periodic sequence ω with ω1,1 = ∞.

From (2.11) we see that the jumps Ξi have the form

Ξi(ω, µ) := ξ∞(µ) + ξi(ω, µ), (3.4)

where
ξ∞(µ) := q+

1 (µ)(0) − q−1 (µ)(0), (3.5)

and
ξi(ω, µ) = v̄+

1,i+1(ω, µ)(0) − v̄−1,i(ω, µ)(0). (3.6)

First we consider ξ∞(µ). By introducing appropriate coordinates, ξ∞(·) can be seen as a
mapping

ξ∞(·) : R
2 → R

2.

Of course ξ∞(0) = 0, which represents that the unstable manifold of p2 and the stable manifold
of p1 intersect (in the primary heteroclinic orbit Γ1). The following hypothesis is a transversality
condition which ensures that these manifolds split with positive speed by varying µ.
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(H1) Dξ∞(0) is non-singular.

This justifies our setting µ ∈ R
2, µ := (µ1, µ2). Due to this hypothesis we may assume

ξ∞(µ) = µ. (3.7)

We remark that hypothesis (H 1) is in fact not strictly necessary in order for our results to hold:
we have made this hypothesis for the sake of convenience. Our results would still hold in the
case that the manifolds W u(p2) and W s(p1) do not split with positive speed; in this case, only
accumulation rates of sets with respect to the parameter µ are affected.

We would also like to mention that Hypothesis (H 1) can be made more explicit by using a
representation of ξ∞ by means of a Melnikov-type integral. For such a consideration we refer
to Remark 5.11 below.

Next we turn to the representation of ξi(ω, µ):

ξi(ω, µ) =

2
∑

j=1

〈ψj, ξ
ω
i (µ)〉ψj, (3.8)

where {ψ1, ψ2} is a orthonormal basis of Z. We can write

ξi(ω, µ) =
2
∑

j=1

(

〈ψj, Q
+
1 (µ, 0)v̄+

1,i+1(ω, µ)(0)〉 − 〈ψj, P
−
1 (µ, 0)v̄−1,i(ω, µ)(0)〉

)

ψj.

As in [23] or [15] we find that under certain conditions, see (H 2) and (H3) below, the leading
order term (as ω → ∞)) for the expression at the right-hand side can be extracted from

2
∑

j=1

(

S1(ω1,i+1, ψj, µ) − S2(ω2,i, ψj, µ)
)

ψj,

where
S1(t, ψj, µ) := 〈Ψ+

1 (µ, t, 0)Q+
1
∗
(µ, 0)ψj, Q̃1(µ, t)q

−
2 (µ)(−t)〉

and
S2(t, ψj, µ) := 〈Ψ−

1 (µ,−t, 0)P−
1

∗
(µ, 0)ψj, (id− Q̃2(µ, t))q

+
2 (µ)(t)〉.

Here Ψ±
j (µ, ·, ·) is the transition matrix of the adjoint of (2.14), and Q̃j(µ, ω) is the projection

which projects on imQ+
j (µ, ω) along imP−

j+1(µ,−ω), see also in the proof of Lemma 2.4. By
P ∗ we denote the adjoint of the projection P .

We consider S1(t, ψ1, µ) somewhat closer. The following estimates can be found in [24, 25] or
[15], respectively. We first make the following hypotheses about our system:

(H2) Γi 6⊂ W ss(pi), Γi 6⊂ W uu(pi+1), i = 1, 2.

Here W ss(p) and W uu(p) denotes the strong stable manifold and the strong unstable manifold,
respectively, of the equilibrium p. This is a standard non-orbit flip condition. Further we
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assume a slight modification of the non-inclination flip condition for Γ1, which says that the
stable manifold of p1 and the local centre-unstable manifold of p2, W

cu
loc(p2) (this is an invariant

manifold whose tangent space at p2 comprises the unstable and weakest stable directions), have
a non-degenerate intersection (and vice versa for W cs

loc(p1) and W u(p2)). This modification is
required due to the different fixed point indices.

(H3) W cu
loc(p2) ∩q1(−t) W

s(p1) = span{f(q1(−t), 0)},

W cs
loc(p1) ∩q1(t) W

u(p2) = span{f(q1(t), 0)}, t� 0.

As a consequence of Hypothesis (H 2) q−2 (µ)(t) behaves asymptotically, as t → −∞, like
eD1f(p1,µ)tηu, where ηu = ηu(µ) is in the generalised (real) eigenspace Xu of the principal unsta-
ble eigenvalue λu

1(µ) of D1f(p1, µ). The same holds true for the behaviour of Q̃1(µ, t)q
−
2 (µ)(−t).

Here our analysis is dependent on the nature of the eigenvalues λu
1(µ) and λs

2(µ). In the case
where λu

1(µ) is complex, this generalised eigenspace has dimension two, otherwise it has di-
mension one. Similarly, due to Hypothesis (H 3), we may deduce that when λu

1(µ) is real,
Ψ+

1 (µ, t, 0)Q+
1
∗
(µ, 0)ψ1 and Ψ+

1 (µ, t, 0)Q+
1
∗
(µ, 0)ψ2 do not both approach p1 in the strong stable

subspaces of the adjoint of equation (2.14) as t→ ∞. When λu
1(µ) is complex, it is always the

case that both terms do not approach p1 in the strong stable subspace. The corresponding state-
ment also holds for Ψ−

1 (µ,−t, 0)P−
1

∗
(µ, 0)ψj, j = 1, 2 and λs

2(µ). Then we can assume without
loss of generality, for instance, that Ψ+

1 (µ, t, 0)Q+
1
∗
(µ, 0)ψj behaves asymptotically as t → ∞,

like e−(D1f(p1,µ))∗tη+, where η+ = η+(ψ1, µ) belongs to the generalised (real) eigenspace (Xu)⊥

of the principal stable eigenvalue(s) −λu
1(µ), (−λ

u

1(µ)), of −(D1f(p1, µ))∗. So, the leading term
L11(t, µ) of S1(t, ψ1, µ) reads

L11(t, µ) = 〈e−D1f(p1,µ)tηu, e−(D1f(p1,µ))∗tη+〉 = 〈e−D1f(p1,µ)2tηu, η+〉.

We introduce an appropriate basis in R
n whose elements lie in Xu and (Xu)⊥, respectively.

We consider first the case where λu
1(µ) = ρ1(µ) + iφ1(µ) is complex. Then ηu has a coordinate

representation (ηu
1 , η

u
2 , 0, . . . , 0) where (ηu

1 , η
u
2 ) 6= (0, 0), and e−D1f(p1,µ)2tηu acts like

e−2ρ1(µ)t

















(

cos(2φ1(µ)t) sin(2φ1(µ)t)

− sin(2φ1(µ)t) cos(2φ1(µ)t)

)(

ηu
1

ηu
2

)

0
...
0

















.

Let (η+
1 , . . . , η

+
n ) be the coordinate representation of η+ with respect to the chosen basis. Since

η+ ∈ X⊥, where X denotes the generalised eigenspace of the other (the strong unstable and
the stable) eigenvalues of D1f(p1, µ), we have (η+

1 , η
+
2 ) 6= (0, 0). This gives finally that L11(t, µ)

takes the form

L11(t, µ) = e−2ρ1(µ)t
(

(ηu
2η

+
1 − ηu

1η
+
2 ) sin(2φ1(µ)t) + (ηu

1η
+
1 + ηu

2η
+
2 ) cos(2φ1(µ)t)

)

.

Since both (ηu
1 , η

u
2 ) and (η+

1 , η
+
2 ) are different from (0, 0) it holds that

(η1, η2) := (ηu
2η

+
1 − ηu

1η
+
2 , η

u
1η

+
1 + ηu

2η
+
2 ) 6= (0, 0). (3.9)
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So there is an angle ϕ11 = ϕ11(ψ1, µ) such that

sinϕ11 = η1

(

η2
1 + η2

2

)−1/2
, cosϕ11 = η2

(

η2
1 + η2

2

)−1/2
. (3.10)

Hence in the case where λu
1(µ) is complex, L11(t, µ) reads

L11(t, µ) = e−2ρ1(µ)tc11(µ) sin(2φ1(µ)t+ ϕ11), (3.11)

where c11(µ) = (η2
1 + η2

2)
1/2

. By construction c11(·) is smooth and in this case c11(0) 6= 0.

In the case where λu
1(µ) = ρ1(µ) is real, we have that ηu has a coordinate representation

(ηu
1 , 0, 0, . . . , 0) where ηu

1 6= 0, and e−D1f(p1,µ)2tηu acts like

e−2ρ1(µ)t











ηu
1

0
...
0











.

Similarly, if we let (η+
1 , . . . , η

+
n ) be the coordinate representation of η+ with respect to the

chosen basis, we have η+
1 6= 0. This gives that in the case where λu

1(µ) is real, L11(t, µ) takes
the form

L11(t, µ) = e−2ρ1(µ)tc11(µ),

where we have written c11(µ) = ηu
1η

+
1 for consistency.

In the same way we find constants cij(µ) and ϕij such that the leading term Lij(t, µ) of
Si(t, ψj, µ) reads

Lij(t, µ) = e−2ρi(µ)tcij(µ) sin(2φi(µ)t+ ϕij), (3.12)

in the case where λu
1 (i = 1), or λs

2 (i = 2) is complex, where cij(µ) 6= 0 and ϕi1 − ϕi2 6=
0 (mod π). The latter inequality is proved in Lemma 4.3. Also

Lij(t, µ) = e−2ρi(µ)tcij(µ), (3.13)

in the case where λu
1 (i = 1), or λs

2 (i = 2) is real, where (ci1(µ), ci2(µ)) 6= (0, 0).

With that we obtain the following representation of ξi(ω, µ):

Lemma 3.2. For the system under consideration the jump ξi(ω, µ) can be written in the form

ξi(ω, µ) = ψ1 (L11(ω1,i+1, µ) − L21(ω2,i, µ) + r1,i(ω, µ))

+ψ2 (L12(ω1,i+1, µ) − L22(ω2,i, µ) + r2,i(ω, µ)) ,

where for the quantities rj,i(ω, µ) it holds that

rj,i(ω, µ) = o(e−2ρ1(µ)ω1,i+1) + o(e−2ρ2(µ)ω2,i).

The functions cij(·) which arise in the definition of Lij are smooth, and (ci1(µ), ci2(µ)) 6= (0, 0),
i = 1, 2 in the case where λu

1 (i = 1), or λs
2 (i = 2) is real, and cij(µ) 6= 0, i, j = 1, 2 in the case

where λu
1 (i = 1), or λs

2 (i = 2) is complex. �
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All together, we have derived the leading order terms to Ξi(ω, µ) = ξ∞(µ) + ξi(ω, µ) as in
equations (1.5), (1.6) and (1.7). We note that in cases (CC) and (RR), further generic assump-
tions are necessary to guarantee the existence of nondegenerate solutions to these equations,
see sections 4.1.1 and 4.3.

For the derivatives of the jumps, see also Lemma 3.1, there hold similar estimates:

Lemma 3.3. The derivatives of the jumps ξi have the following form

Djξi(ω, µ) = ψ1

(

Dj (L11(ω1,i+1, µ) − L21(ω2,i, µ)) + r̃1,i(ω, µ)
)

+ψ2

(

Dj (L12(ω1,i+1, µ) − L22(ω2,i, µ)) + r̃2,i(ω, µ)
)

,

where for the quantities r̃j,i(ω, µ) it holds that

r̃j,i(ω, µ) = o(e−2ρ1(µ)ω1,i+1) + o(e−2ρ2(µ)ω2,i).

�

For the proof we refer again to the corresponding statements in [23] or [15].

4 Proof of Theorems

The bifurcation equation for orbits staying for all time close to the primary cycle reads:

Ξi(ω, µ) =

(

µ1 + L11(ω1,i+1, µ) − L21(ω2,i, µ) + r1,i(ω, µ)

µ2 + L12(ω1,i+1, µ) − L22(ω2,i, µ) + r2,i(ω, µ)

)

= 0, i ∈ Z. (4.1)

The strategy for proving the main theorems is to first study the solutions of the truncated
bifurcation equation

L((ω1,i+1, ω2,i), µ) :=

(

µ1 + L11(ω1,i+1, µ) − L21(ω2,i, µ)
µ2 + L12(ω1,i+1, µ) − L22(ω2,i, µ)

)

= 0. (4.2)

We denote L(ω, µ) := (L((ω1,i+1, ω2,i), µ))i∈Z. Then L : (l∞ × l∞) × R → (l∞ × l∞). Note that
(L((ω1,i+1, ω2,i), µ))i∈Z decouples with respect to ω1,i+1, ω2,i over i.

The proof makes use of geometrical properties of the truncated bifurcation equations. We note
that for t ∈ R

+

S1(t, µ) :=

(

µ1 + L11(t, µ)
µ2 + L12(t, µ)

)

and S2(t, µ) :=

(

L21(t, µ)
L22(t, µ)

)

(4.3)

define geometrical objects in R
2. In the case of λu

1(µ) (resp. λs
2(µ)) being a complex eigenvalue,

S1(t, µ) (resp. S2(t, µ)) defines a smooth spiral with the tip at (µ1, µ2)
T (resp. (0, 0)T ). Note

that Si(·, µ), are indeed spirals since ϕi1 − ϕi2 6= 0( mod π). A proof of the latter fact is
presented in Lemma 4.3. Similarly, in the case of real eigenvalues, Si(·, µ) define lines in
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the plane that terminate at (µ1, µ2)
T , respectively (0, 0)T . These lines are smooth, and their

derivative is bounded close to their endpoint; see Figure 3.

We study intersections of the Si(·, µ), which correspond to solutions of the truncated bifurcation
equation. Such solutions that we find, may be nondegenerate (transversal) with respect to
(ω1,i+1, ω2,i). The following Lemma proves that such nondegenerate solutions of L(ω, µ) = 0, are
indeed approximations of solutions to the full bifurcation equation Ξi = 0, i ∈ Z. They depend
on the solution set having the property that each ωj,i is sufficiently large, and µ sufficiently
small.

Lemma 4.1. Suppose the equation L((ω1,i+1, ω2,i), 0) = 0 has a set of nondegenerate solutions
S; nondegenerate in the sense that D1L((ω̂1,i+1, ω̂2,i), 0) is invertible at points ((ω̂1,i+1, ω̂2,i), 0) ∈
S. Let ((ω̂1,i+1, ω̂2,i), 0)i∈Z be a solution to the truncated equations L(ω, 0) = 0, where each
((ω̂1,i+1, ω̂2,i), 0) ∈ S and there is a constant d such that |ω̂j,i − ω̂k,l| < d for all j, k ∈ {1, 2},
i, l ∈ Z.

There are constants Ω, δ > 0 depending on d, and c(ω̂, µ) > 0 such that for each ω̂ with
ω̂j,i > Ω, j = 1, 2, i ∈ Z and |µ| < δ, the full bifurcation equation Ξi = 0, i ∈ Z has a unique
solution (ωω̂(µ), µ) with ||ω̂ − ωω̂(µ)|| < c(ω̂, µ) and c(ω̂, µ) → 0 as ω̂j,i → ∞, j = 1, 2, i ∈ Z

and µ→ 0.

Sketch of proof. The equation Ξ(ω, µ) = 0 is equivalent to the fixed point equation

ω = ω −
[

D1L(ω̂, 0)
]−1

Ξ(ω, µ) =: A(ω, µ),

We would like to show that A(·, µ) is, for µ close to 0, a contractive mapping of some closed
neighbourhood of ω̂ into itself. We control the higher order terms in the full bifurcation equation
by requiring that the ω̂j,i are all sufficiently large. For that we consider

D1A(ω, µ) =
[

D1L(ω̂, 0)
]−1(

D1L(ω̂, 0) −D1Ξ(ω, µ)
)

.

The main observation in this respect is that the norm of D1L(ω̂, 0) is uniformly bounded for
all ω̂ sufficiently large (but bounded from above) and that the norm of D1L(ω̂, 0)−D1Ξ(ω, µ)
can be made arbitrarily small only by choosing the ω̂j,i large enough and ‖ω̂ − ω‖ sufficiently
small. We also refer to [20] where similar considerations (verification of shift dynamics in the
Shilnikov scenario by using Lin’s method) have been worked out in more detail.

A more detailed proof for a similar statement can be found in [16].

Remark 4.2. For µ 6= 0 there are only finitely many different (ω̂1, ω̂2) which solve the truncated
equation L((ω̂1, ω̂2), µ) = 0. Therefore, for those µ there is an upper bound for the number of
symbols with which the sequence ω̂ and hence, due to Lemma 3.2, ωω̂(µ) can be constructed.

4.1 Proof of Theorem 1.2

In order to prove Theorem 1.2 we show that the truncated form of the bifurcation equation,
L((ω1, ω2), 0) = 0, has an infinite set of nondegenerate (transversal) solutions (ω̂1, ω̂2)n, (n ∈ Z)
such that (ω̂1, ω̂2)n → (∞,∞) as n→ ∞.
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In Case (RC) (real-complex case, see equation (1.6)), we observe that S1(·, 0), S2(·, 0) (see
equation (4.3)) represent a logarithmic spiral and a line, with tips both centred at the origin.
Since both objects are smooth, it is clear that there exists an infinite set of transversal intersec-
tions which accumulate to the origin, and therefore have times (ω̂1, ω̂2)n that tend to infinity
as n→ ∞.

The following section deals with the less trivial case of two complex eigenvalues, see equation
(1.5). In this case S1(·, 0), S2(·, 0) represent two logarithmic spirals centred at the origin.

4.1.1 Case (CC): Analysis of spirals

First we make clear that the curves Si(·, µ) which we defined in (4.3) are indeed spirals. For
that, as already mentioned, we only have to prove

Lemma 4.3. ϕi1 − ϕi2 6= 0( mod π), i = 1, 2.

Proof. We show that sin(ϕi1 − ϕi2) 6= 0. We illustrate this in the case i = 1. The quantity ϕ11

is defined by (3.10). Similarly ϕ12 is associated to a pair (η̂1, η̂2), which again, in accordance
with (3.9) is defined by

(η̂1, η̂2) := (ηu
2 η̂

+
1 − ηu

1 η̂
+
2 , η

u
1 η̂

+
1 + ηu

2 η̂
+
2 ) 6= (0, 0). (4.4)

Note that the ηu
i appearing in (3.9) and (4.4) are the same in both equations. Exploiting

sin(ϕ11 − ϕ12) = sinϕ11 cosϕ12 − sinϕ12 cosϕ11 we find that sin(ϕ11 − ϕ12) = 0 if and only if
(η1, η2) and (η̂1, η̂2) are linearly dependent; and because of (3.9) and (4.4) this is the case if and
only if (η+

1 , η
+
2 ) and (η̂+

1 , η̂
+
2 ) are linearly dependent. But these vectors are linearly independent

because ψ1 and ψ2 are linearly independent.

We continue with analysing the solutions of equations (4.2). We note again that these equations
are equal to the real bifurcation equations (4.1) modulo the rest terms. For ease of notation in
this section, we drop the µ-dependence of variables inside (4.2), and rename ω1,i+1 and ω2,i as
ω1, ω2 respectively. Then the equation reads

(

µ1 + e−2ρ1ω1c11 sin(2φ1ω1 + ϕ11) − e−2ρ2ω2c21 sin(2φ2ω2 + ϕ21)

µ2 + e−2ρ1ω1c12 sin(2φ1ω1 + ϕ12) − e−2ρ2ω2c22 sin(2φ2ω2 + ϕ22)

)

= 0 (4.5)

The following Lemma defines a renormalisation of equations (4.5).

Lemma 4.4. There exists an invertible change of coordinates such that equations (4.5) take
the form

(

µ1 + e−ρ1ω1 sinω1 −e−ρ2ω2c21 sinω2

µ2 + e−ρ1ω1 sin(ω1 + ϕ12) −e−ρ2ω2c22 sin(ω2 + ϕ22)

)

= 0 (4.6)
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Proof. We define the variables

ω̂1 = 2φ1ω1 + ϕ11, ĉ11 = eρ1ϕ11/φ1c11, ĉ21 = eρ2ϕ21/φ2c21,

ω̂2 = 2φ2ω2 + ϕ21, ĉ12 = eρ1ϕ11/φ1c12, ĉ22 = eρ2ϕ21/φ2c22,

ϕ̂12 = ϕ12 − ϕ11, ϕ̂22 = ϕ22 − ϕ21, ρ̂1 = ρ1/φ1,

ρ̂2 = ρ2/φ2,

under which (4.5) becomes

(

µ1 + e−ρ̂1ω̂1 ĉ11 sin ω̂1 −e−ρ̂2ω̂2 ĉ21 sin ω̂2

µ2 + e−ρ̂1ω̂1 ĉ12 sin(ω̂1 + ϕ̂12) −e−ρ̂2ω̂2 ĉ22 sin(ω̂2 + ϕ̂22)

)

= 0

Now divide the first equation by ĉ11 and the second equation by ĉ12. Defining c̄21 = ĉ21/ĉ11,
c̄22 = ĉ22/ĉ12, µ̂1 = µ1/ĉ11, µ̂2 = µ2/ĉ12 and dropping hats/bars provides equation (4.6).

Note that the new variables in equation (4.6) have the properties ϕ12, ϕ22 6= 0 (mod π) and
c21, c22 6= 0.

Given the above change of variables, we define the spirals S1(t, µ), S2(t, µ) in the plane as
before:

S1(t, µ) :=

(

µ1 + e−ρ1t sin t
µ2 + e−ρ1t sin(t+ ϕ12)

)

, S2(t, µ) :=

(

e−ρ2tc21 sin t
e−ρ2tc22 sin(t+ ϕ22)

)

.

We first consider solutions to the equations (4.6) where µ1 = µ2 = 0. We now prove the
following Lemma, which proves the existence of infinitely many transversal intersections of
S1(ω1, 0) and S2(ω2, 0) in the case where the ratio ρ1/ρ2 is irrational.

Lemma 4.5. Assume that µ1 = µ2 = 0 and the ratio ρ1/ρ2 is irrational. Then equation (4.6)
has infinitely many solutions for ω1, ω2 arbitrarily large. Moreover, at each of these solutions,
the Jacobian of (ω1, ω2) 7→ S1(ω1, 0) − S2(ω2, 0) is nonsingular.

Equivalently, given that the ratio ρ1/ρ2 is irrational, there are infinitely many transversal in-
tersections of S1(ω1, 0) and S2(ω2, 0) for arbitrarily large ω1, ω2.

Proof. Central to the proof is the fact that numbers of the form k1ρ1 − k2ρ2 (where k1, k2 ∈ N)
are dense in the real line. This may be easily seen from the fact that numbers of the form

k1
ρ1

ρ2
(mod 1), k1 ∈ N

are dense in the unit interval (since ρ1/ρ2 is irrational). Therefore numbers of the form k1
ρ1

ρ2
−k2

(where besides k1 also k2 ∈ N) are dense in the real line, and hence so are numbers of the form
k1ρ1−k2ρ2. We may make k1ρ1−k2ρ2 arbitrarily close to any real number, by taking appropriate
k1 and k2 (which, if necessary, have to be chosen sufficiently large).

Now consider the spirals S1(ω1, 0) and S2(ω2, 0). These spirals are centred on the origin in the
plane. They also have the property that they are invariant under transformations ω 7→ ω−2njπ
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(nj ∈ N). Such a transformation has the effect of enlarging the spiral Si(ω, 0) by a factor of
e2ρinjπ, which recovers the original spiral. Then it is clear that a straight line through the origin
in the plane intersects the spiral Si(ω, 0) in an infinite set of points Si(ω

∗
i + 2njπ, 0) for some

ω∗
i . Moreover, the tangents at Si(·, 0) at the points ω∗

i + 2njπ, j ∈ N, are all parallel.

Now we would like to chose one such straight line such that the tangent directions to the spirals
at S1(ω

∗
1, 0) and S2(ω

∗
2, 0) are different. Such a straight line exists because the exponential

rates ρ1 and ρ2 are different. However note that S1(ω
∗
1, 0) and S2(ω

∗
2, 0) are not necessarily

intersection points of the two spirals, see Figure 5.

R
2

Figure 5: The spirals S1(ω1, 0) and S2(ω2, 0) together with a straight line through the origin
that intersects both spirals at points that have different tangent direction.

Now let the constant M0 be defined by

S1(ω
∗
1, 0) = M0S2(ω

∗
2, 0).

Then (ω∗
1, ω

∗
2) is a point of transversal intersection of the two spirals S1(ω

∗
1, 0) and M0S2(ω

∗
2, 0).

Equivalently, ((ω∗
1, ω

∗
2),M0) is a solution of the equation

S((ω1, ω2),M) := (S1(ω1, 0) −MS2(ω2, 0) = 0 (4.7)

and that the Jacobian D1S((ω∗
1, ω

∗
2),M0) is nonsingular. Then by the Implicit Function The-

orem, we may find functions ω∗
1(M), ω∗

2(M) for M close to M0, such that ω∗
1(M0) = ω∗

1,
ω∗

2(M0) = ω∗
2, and

S((ω∗
1(M), ω∗

2(M)),M) ≡ 0.

Now we can make M := e(k1ρ1−k2ρ2)2π arbitrarily close to M0 by choosing appropriate k1, k2

arbitrarily large. Hence we find for ωi = ω∗
i (M)

(

e−2k1ρ1πe−ρ1ω1 sinω1 −e−2k2ρ2πe−ρ2ω2c21 sinω2

e−2k1ρ1πe−ρ1ω1 sin(ω1 + ϕ12) −e−2k2ρ2πe−ρ2ω2c22 sin(ω2 + ϕ22)

)

= 0. (4.8)
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The 2π-periodicity of sin(·) gives

S1(ω
∗
1(M) + 2k1π, 0) = S2(ω

∗
2(M) + 2k2π, 0).

Now, we may choose sequences (ki(n))n∈N tending to infinity as n tends to infinity, such that
the sequence (Mn), where Mn := e(k1(n)ρ1−k2(n)ρ2)2π tends to M0 (as ki → ∞). Therefore we find
an infinite number of solutions to equation (4.8), and hence an infinite number of transversal
intersections of the spirals S1(ω1, 0) and S2(ω2, 0). This proves the Lemma.

It is clear that under perturbation of µ, (4.6) retains only finitely many transversal intersections,
but this number of transversal intersections may be arbitrarily large by taking µ sufficiently
close to zero.

The following Lemma states that in the case where ρ1/ρ2 is rational, the spirals S1(ω1, 0) and
S2(ω2, 0) are together self-similar.

Lemma 4.6. Assume that that µ1 = µ2 = 0 and ρ1/ρ2 is rational, ρ1/ρ2 = m/n. Then equation
(4.6) is periodic in (ω1, ω2).

Proof. Under the transformations

ω1 → ω1 + 2nπ

ω2 → ω2 + 2mπ

equation (4.6) becomes

(

e−2ρ1nπe−ρ1ω1 sinω1 +e−2ρ2mπe−ρ2ω2c21 sinω2

e−2ρ1nπe−ρ1ω1 sin(ω1 + ϕ12) +e−2ρ2mπe−ρ2ω2c22 sin(ω2 + ϕ22)

)

= 0

Multiplying through both equations by e2ρ1nπ and using ρ1n − ρ2m = 0 recovers the original
equations (4.6).

Lemma 4.7. Let H be defined as in the introduction. Assume that µ1 = µ2 = 0. There exists
an open and dense set D ⊂ H, such that for each f(·, 0) ∈ D, equation (4.5) has an infinite
number of non-degenerate solutions, or equivalently the spirals S1(ω1, 0) and S2(ω2, 0) have an
infinite number of transversal intersections.

Proof. First we note that since H is endowed with the C1 topology, the constants in equation
(4.5) varies continuously in this topology, meaning that they depend continuously on the vector
field. Therefore Lemma 4.5 implies that there is a dense set D̃ ⊂ H such that equation (4.5)
has an infinite number of transversal intersections.

We now consider a vector field f in D̃, and take a small neighbourhood B(f ; ε) around it.
It is clear that if ε is sufficiently small, the constants in (4.5) undergoes an arbitrarily small
perturbation, and at least one transversal intersection of S1(ω1, 0) and S2(ω2, 0) persists. By
Lemma 4.5, for every point in B(f ; ε) where ρ1/ρ2 is irrational, there exist infinitely many
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transversal intersections. Also, since there is as least one transversal intersection at every point
in B(f ; ε), we may use Lemma 4.6 to show that where ρ1/ρ2 is rational, there must also be
infinitely many transversal intersections.

This provides an open and dense set in H where equation (4.5) has infinitely many non-
degenerate solutions, and completes the Lemma.

Remark 4.8. For µ different from zero each f(·, µ) ∈ D equation (4.5) has only a finite
number of non-degenerate solutions, or equivalently the spirals S1(ω1, µ) and S2(ω2, µ) have
only a finite number of transversal intersections. See also Remark 4.2.

4.1.2 Symbolic dynamics

We have proved the existence of an infinite set of nondegenerate (transversal) solutions (ω̂1, ω̂2)n,
(n ∈ Z) for L((ω1, ω2), 0) = 0 such that (ω̂1, ω̂2)n → (∞,∞) as n→ ∞ for the Cases (RC) and
(CC) (in an open and dense set D ⊂ H). We now let

Ωn0 := {(ω̂1, ω̂2)n, n ≥ n0},

for a sufficiently large n0, such that (ω̂1, ω̂2)n are large enough to invoke Lemma 4.1. We may
take any finite collection of these solutions, say Ωn0,N ⊂ Ωn0, which comprises N elements,
|Ωn0,N | = N , for some N ∈ N. We may then define the following sets of sequences ω:

ΩZ

n0,N := {ω : (ω1,i+1, ω2,i) ∈ Ωn0,N}.

Then for any sequence ω̂ ∈ ΩZ

n0,N we may use Lemma 4.1 to solve Ξ(ω, µ) = 0 near (ω̂, 0) to

find ωω̂(µ). Note that moreover dom ωω̂(·) does not depend on ω̂ ∈ ΩZ

n0,N .

By xω̂(µ)(·) we denote the corresponding solution of (1.1), see also (2.11) and (2.23),

xω̂(µ)(0) = q+
1 (µ)(0) + v+

1,1(ωω̂(µ), µ)(0),

and define
SN

µ := {xω̂(µ)(0) : ω̂ ∈ ΩZ

n0,N}.

We introduce a shift operator on ΩZ

n0,N :

ζ : ΩZ

n0,N → ΩZ

n0,N , ω 7→ τ , (τ1,i, τ2,i) := (ω1,i+2, ω2,i+1).

Now the system (ΩZ

n0,N , ζ) is conjugated to the full shift on N symbols. All that remains in
order to prove Theorem 1.2 is to show that this relation is in fact a topological conjugacy.

Lemma 4.9. The system (ΩZ

n0,N , ζ) is topologically conjugated to the full shift on N sym-

bols, where ΩZ

n0,N is equipped with the product topology coming from ΩZ

n0,N
∼= {(ωk

1 , ω
k
2), k =

1, . . . , N}Z.
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Proof. There is a canonical one-to-one mapping

hµ : ΩZ

n0,N → SN
µ , ω̂ 7→ xω̂(µ)(0).

By Πµ we denote the first-return map on Σ1; x ∈ dom Πµ, if there is a t∗ > 0 such that
φt∗

µ (x) ∈ Σ1, ({φt∗

µ (·)} flow of (1.1)), and φt
µ(x) 6∈ Σ1, φ

t
µ(x) ∈ U , for all t ∈ (0, t∗), see

Definition 1.1 for the meaning of U . We claim that SN
µ ⊂ dom Πµ, that SN

µ is Πµ invariant,
and moreover

Πµ ◦ hµ = hµ ◦ ζ. (4.9)

The latter equation can be concluded from the uniqueness part of Theorem 2.2 and the con-
struction of ωω̂ as follows.We have

Πµxω̂(µ)(0) = xω̂(µ)(2(ω1,1(µ) + ω2,1(µ))) = q+
1 (0) + v̄+

1,2(ω(µ), µ)(0),

and hence
Πµxω̂(µ)(0) = xζω̂(µ)(0).

This is just another representation of (4.9).

Equation (4.9) means that (SN
µ ,Πµ) is conjugated to (ΩZ

n0,N , ζ). So, in order to prove topological
conjugacy, as claimed in the theorem, it remains to prove that hµ is a homeomorphism. For
that purpose we consider hµ as a composition of mappings

H : ΩZ

n0,N → O := {ωω̂(µ) : ω̂ ∈ ΩZ

n0,N}, ω̂ 7→ ωω̂(µ),

and
h : O → SN

µ , ω 7→ q+
1 (µ)(0) + v+

1,1(ωω̂(µ), µ)(0).

First we show that H is a homeomorphism, where both ΩZ

n0,N and O are considered to be
equipped with the product topology. We start with showing that O is compact. Let ρ be small
enough that for any two (different) elements of Ωn0,N the closed balls with radius ρ centred at
these elements do not intersect:

B[(ωi
1, ω

i
2), ρ] ∩ B[(ωj

1, ω
j
2), ρ] = ∅, (ωi

1, ω
i
2), (ω

j
1, ω

j
2) ∈ Ωn0,N , i 6= j.

By construction O ⊂
(

∪N
i=1B[(ωi

1, ω
i
2), ρ]

)Z

. Since ∪N
i=1B[(ωi

1, ω
i
2), ρ] is compact, also the set of

sequences
(

∪N
i=1B[(ωi

1, ω
i
2), ρ]

)Z
is compact by the Tychonoff theorem, see [7].

So, in order to verify the compactness of O it remains to show that O is closed. The set

O however is the set of zeros of the mapping Ξ(·, µ) :
(

∪N
i=1B[(ωi

1, ω
i
2), ρ]

)Z
→ l∞

R2 . By [19,
Lemma 3.4] this mapping is continuous, where the spaces are equipped with product topology.
Altogether this proves that O is compact.

Consider now the one-to-one map

H−1 : O → ΩZ

n0,N .

Obviously H−1 is continuous. Due to the compactness of O also H is continuous – hence H is
a homeomorphism.

27



Next we consider h. Again by invoking [19, Lemma 3.4] or its proof respectively, we find that h

is continuous. (Again both O and ΩZ

n0,N should be equipped with the product topology.) Once
more the compactness of O gives that h is a homeomorphism.

All in all hµ = h ◦H is a homeomorphism and therefore (SN
µ ,Πµ) is topologically conjugated to

the full shift on N symbols.

To conclude we remark that the sets SN
µ have the properties which we claimed in theorem.

Further, for fixed µ 6= 0 the spirals have only finitely many intersections. So there is an Nµ

such that for N > Nµ there are neither N -periodic orbits nor shift dynamics in N symbols.
This completes the proof of Theorem 1.2.

4.2 Proof of Lemma 1.3

4.2.1 k-(2, 1) heteroclinic orbits

A k-(2,1) heteroclinic connection may be considered as part of a heteroclinic cycle, together
with a 1-(1,2) heteroclinic orbit. In terms of the ω-sequence, this corresponds to a k-periodic
sequence with ω1,1 = ω2,1 = ∞. Then the bifurcation equation for these orbits is as follows, see
also Section 3, equation (3.3).

Ξ1(ω, µ) =

(

µ1 + L11(ω1,2, µ) + r1,1(ω, µ)

µ2 + L12(ω1,2, µ) + r2,1(ω, µ)

)

= 0

Ξi(ω, µ) =

(

µ1 + L11(ω1,i+1, µ) − L21(ω2,i, µ) + r1,i(ω, µ)

µ2 + L12(ω1,i+1, µ) − L22(ω2,i, µ) + r2,i(ω, µ)

)

= 0

i = 2, . . . , k − 1

Ξk(ω, µ) =

(

µ1 − L21(ω2,k, µ) + r1,k(ω, µ)

µ2 − L22(ω2,k, µ) + r2,k(ω, µ)

)

= 0.

(4.10)

We begin by considering the truncated form of equations Ξ1(ω, µ) = 0 and Ξk(ω, µ) = 0:

L1(ω1,2, µ) =

(

µ1 + L11(ω1,2, µ)

µ2 + L12(ω1,2, µ)

)

= 0

Lk(ω2,k, µ) =

(

µ1 − L21(ω2,k, µ)

µ2 − L22(ω2,k, µ)

)

= 0.

(4.11)

Solutions of the subsystem (4.11) are related to intersections of spirals which we discussed in
section 4.1 as follows: we solve L1(ω1,2, µ) = 0 for µ = L̃1(ω1,2) (by applying for sufficiently
large ω1,2 the Banach fixed point theorem on (µ1, µ2) = (L11, L12)(ω1,2, µ)). In the same way
Lk = 0 can be solved for µ = L̃k(ω2,k).

Both L̃1(ω1,2) and L̃k(ω2,k) are either a logarithmic spiral centred at (0,0) or a half-line termi-
nating at (0,0), depending on the eigenvalues cases (CC) or (RC).
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In the same way that we previously studied intersections of S1(·, 0) and S2(·, 0) (see section
4.1) we find a countable set of transversal intersections of L̃1(ω1,2) and L̃k(ω2,k) related to
parameter values (ω̂1,2, ω̂2,k)m, m ∈ Z. Then (ω̂1,2, ω̂2,k, µ̂)m, with µ̂m = L̃1(ω̂1,2m

) = L̃k(ω̂2,km
)

are solutions of (4.11). Note that (ω̂1,2, ω̂2,k, µ̂)m → (∞,∞, 0) as m→ ∞.

Next we consider for sufficiently large m

L((ω1,i+1, ω2,i), µ̂m) = 0, i = 2, . . . , k − 1, (4.12)

see (4.2) for the definition of L. As a consequence of Remark 4.8 we find solutions (ω̂1,i+1, ω̂2,i)m,
i = 2, . . . , k − 1 of (4.12) such that D1L((ω̂1,i+1, ω̂2,i)m, µ̂m) is nonsingular.

Altogether we find for the truncated form

L(ω, µ) = (L1(ω1,2, µ), L(ω1,3, ω2,2, µ), . . . , L(ω1,k, ω2,k−1, µ), Lk(ω2,k, µ)),

of (4.10) that L(ω̂m, µ̂m) = 0 and that DL(ω̂m, µ̂m) is invertible.

A similar proof to that of Lemma 4.1 may be used to show that we can solve the full equation
(4.10) near (ω̂m, µ̂m) for (ωm, µm). Note that µm → 0 as m → ∞. As we have obtained a
countable set of solutions with µ̂ accumulating to zero, this proves the existence of the parameter
set Mk as stated in Lemma 1.3.

4.2.2 k-(1,2) heteroclinic orbits

We now search for k-(1,2) heteroclinic orbits, for k ≥ 2. For that we consider the concatenation
of a k-(1,2) heteroclinic orbit with Γ1, which corresponds to a k-periodic Lin orbit with a k-
periodic sequence ω with ω1,1 = ω2,k = ∞. Since we are only interested in solving for k-(1,2)
heteroclinic orbits, we need not solve the equation Ξk(ω, µ) = ξ∞(µ) = 0, which is only related
to Γ1.

The bifurcation equations to be solved are then as follows:

Ξi(ω, µ) =

(

µ1 + L11(ω1,i+1, µ) − L21(ω2,i, µ) + r1,i(ω, µ)

µ2 + L12(ω1,i+1, µ) − L22(ω2,i, µ) + r2,i(ω, µ)

)

= 0

i = 1, . . . , k − 1.

(4.13)

Similar to the previous section, we begin by considering the truncated equations

L((ω1,i+1, ω2,i), 0) = 0, i = 1, . . . , k − 1.

As in section 4.1.2, the sequence ω̂ solves these equations, with (ω̂1,i+1, ω̂2,i) ∈ Ωn0 . We may
now use Lemma 4.1 to solve (4.13) to find ω = ωω̂(µ) for (ω, µ) near (ω̂, 0).

Since there are countably many different ω at which we can solve L(ω, 0) = 0, this proves that
at µ = 0, there is a countable infinity of k-(1,2) heteroclinic orbits for each k ≥ 2. The set of
intersections of these orbits with Σ1 accumulate to q1(0).

With an argument similar to that given in Remark 4.2 we find that for µ 6= 0 the equations (4.13)
have only finitely many solutions, and hence there are only finitely many k-(1,2) heteroclinic
orbits.
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4.2.3 k-homoclinic orbits

Here we consider homoclinic orbits to p1, since the proof is similar for homoclinic orbits to p2.
In this case, such a homoclinic orbit corresponds to a k-periodic ω sequence with ω1,1 = ∞.
The bifurcation equations then read as follows:

Ξi(ω, µ) =

(

µ1 + L11(ω1,i+1, µ) − L21(ω2,i, µ) + r1,i(ω, µ)

µ2 + L12(ω1,i+1, µ) − L22(ω2,i, µ) + r2,i(ω, µ)

)

= 0

i = 1, . . . , k − 1

Ξk(ω, µ) =

(

µ1 − L21(ω2,k, µ) + r1,k(ω, µ)

µ2 − L22(ω2,k, µ) + r2,k(ω, µ)

)

= 0.

(4.14)

These equations may be solved in a similar way to those for k-(2,1) heteroclinic orbits, see
section 4.2.1. The difference is that in solving the truncated form of the equation Ξk(ω, µ) = 0,
we obtain a one parameter family of (µ1, µ2)-values parameterised by ω2,k. If λs

2(µ) is complex,
this is a logarithmic spiral centred on (0,0) in the (µ1, µ2)-plane; otherwise it is a line terminating
at the origin in the (µ1, µ2)-plane. The solutions of (4.14) can also be parameterised by ω2,k:
(ω1,2, . . . , ω1,k, ω2,1, . . . , ω2,k−1, µ)(ω2,k). The curve Lhom

k as stated in Lemma 1.3 is given by
µ = µ(ω2,k).

This completes the proof of Lemma 1.3.

4.3 Proof of Theorem 1.4

We assume the eigenvalue Case (RR), where there are two real eigenvalues. We have that
Lij(t, µ) = e−2ρi(µ)tcij(µ). Therefore the solutions of the truncated equation L((ω1, ω2), µ) = 0
corresponds to intersections of the two lines L1(µ) = (µ1, µ2) + s1(c11(µ), c12(µ)) and L2(µ) =
s2(c21(µ), c22(µ)), where si > 0 in each case, see Figure 3. In this case we make the following
hypothesis:

(H4) W cu(p2) tq1(0) W
cs(p1)

It may be shown (see below) that this is a necessary and sufficient condition to guarantee that
the vectors (c11(µ), c12(µ)) and (c21(µ), c22(µ)) are linearly independent. Now it is clear that
there exists at most one solution (ω̂1(µ), ω̂2(µ)) to the equation L((ω1, ω2), µ) = 0. Moreover,
the set QL of parameter values for which L((ω1, ω2), µ) = 0 has a solution is open, since by
(H4) each solution of L((ω1, ω2), µ) = 0 corresponds to a transversal intersection of L1(µ) and
L2(µ). The boundary ∂QL is the set of parameter values where the ‘endpoint’ of one of the
lines lies on the other line, see also Figure 2.

We note that (H 4) in fact implies the earlier hypothesis (H 3). Now we outline the argu-
ment that the vectors (c11(µ), c12(µ)) and (c21(µ), c22(µ)) are linearly independent. Assuming
(H4), it may be shown that ψ1 = (Tq1(0)W

cu(p2) + Tq1(0)W
s(p1))

⊥ and ψ2 = (Tq1(0)W
cs(p1) +

Tq1(0)W
u(p2))

⊥ form a basis of Z such that the corresponding vectors (c11(µ), c12(µ)) and
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(c21(µ), c22(µ)) are linearly independent. Also any (nonsingular) linear transformation of this
basis corresponds to a linear transformation of the vectors {(ci1(µ), ci2(µ))}, i = 1, 2. Similarly
we show that where (H 4) does not hold, the vectors {(ci1(µ), ci2(µ))}, i = 1, 2 must be linearly
dependent.

4.3.1 Periodic Orbits

The bifurcation equations for k-periodic orbits are as follows:

Ξi(ω, µ) =

(

µ1 + L11(ω1,i+1, µ) − L21(ω2,i, µ) + r1,i(ω, µ)

µ2 + L12(ω1,i+1, µ) − L22(ω2,i, µ) + r2,i(ω, µ)

)

= 0

i = 1, . . . , k.

(4.15)

We find easily that for µ ∈ QL the only solutions to the truncated equations L(ω, µ) = 0 are
(ω1,i+1(µ), ω2,i(µ)) = (ω̂1(µ), ω̂2(µ)), i = 1, . . . , k.

We may then use Lemma 4.1 to solve the full bifurcation equations Ξi(ω, µ) = 0 to find ωω̂(µ)
for µ ∈ Q, where ∂Q and ∂QL are tangent at the origin. Due to the uniqueness statement of
Lemma 4.1 we find ωω̂(µ) with (ω1,i+1(µ), ω2,i(µ)) =: (ω1(µ), ω2(µ)), i = 1, . . . , k. Therefore,
due to Theorem 2.2, the corresponding orbits are 1-periodic orbits for each µ ∈ Q, and there
are no k-periodic orbits for k ≥ 2.

The period of these orbits is 2(ω1(µ)+ω2(µ)). If µ→ ∂Q then ω̂1(µ) or ω̂2(µ) tends to infinity
and hence ω1(µ) or ω2(µ) tends to infinity.

4.3.2 k-(2,1) heteroclinic orbits

The bifurcation equation for k-(2,1) heteroclinic orbits is given by equation (4.10). We will
show that the subsystem Ξ1 = 0, Ξk = 0 has no solution: assume that there is a solution ω, µ
of these equations. Then this is also a solution of Ξ1 − Ξk = 0, that means

(

L11

L12

)

(ω1,2, µ) +

(

L21

L22

)

(ω2,k, µ) +

(

r1,1

r2,1

)

(ω, µ) −

(

r1,k

r2,k

)

(ω, µ) = 0. (4.16)

Because of the linear independence of (c11(µ), c12(µ)) and (c21(µ), c22(µ)) the truncated form
of (4.16) is different from zero. And therefore, due to the estimates given in Lemma 3.2 this
equation has no solutions for sufficiently large ω1,2, ω2,k. Hence there are no k-(2,1) heteroclinic
orbits for any µ.

4.3.3 k-(1,2) heteroclinic orbits

Recall from section 4.2.2 that the bifurcation equation for k-(1,2) heteroclinic orbits is given
by equation (4.13).

For µ = 0 the argument used in in Section 4.3.2 can be applied to each single equation Ξi = 0
to show that there are no solutions.
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For µ ∈ Q̃ the equations Ξi(ω, µ) = 0, i = 1, . . . , k − 1 may be solved in the same way as in
section 4.3.1 to give a unique k-(1,2) heteroclinic orbit for each µ ∈ Q̃, k ≥ 2.

4.3.4 Homoclinic Orbits

The bifurcation equation for homoclinic orbits to the fixed point p1 is given by equation (4.14).
Here, the truncated form of Ξk(ω, µ) = 0 may be solved to give ω̂2,k(µ), for some µ ∈ ∂QL.
For k = 1, we have Ξi(ω, µ) = Ξk(ω, µ) for all i, and similar to section 4.2.3, we solve the full
bifurcation equation to find a unique 1-homoclinic solution to p1. Those homoclinic solutions
correspond to parameter values µ which are located on ∂Q. Similarly we may find a unique
1-homoclinic solution to p2.

This completes the proof of Theorem 1.4.

5 Reversible systems

In this section we consider the system (1.1) in R
2n+1. We suppose that the family (1.1) is

reversible with respect to a linear involution R, thus

Rf(x, µ) = −f(Rx, µ),

and we assume that the fixed point space of R is n-dimensional, dim Fix R = n. Further the
fixed points p1 and p2 are non-symmetric but lie in the same group orbit, that is R(p1) = p2.
As well we assume that the heteroclinic cycle Γ is symmetric, that means

RΓ = Γ.

Altogether an orbit O of a reversible vector field is called symmetric if R(O) = O. The
symmetry of Γ implies that both Γ1 and Γ2 are symmetric heteroclinic orbits. Besides these
conditions due to the symmetry we want, on the whole, to make the same assumptions as in the
general situation. However, the reversibility which we imposed on the system enforces several
particular properties and statements.

First of all we want to mention that such a symmetric heteroclinic cycle is a codimension-one
configuration; so in the present case it is sufficient to consider a one-parameter family of vector
fields, that means µ ∈ R and f : R

2n+1 × R → R
2n+1.

The involution R maps the stable manifold of pi onto the unstable manifold of Rpi. We assume
that the fixed point p1 has an n-dimensional stable manifold, and an (n+1)-dimensional unstable
(focus) manifold, and then due to the symmetry vice versa for p2. This makes it possible to
adopt the transversality assumption (1.2); then, by our assumptions, the second transversality
assumption (1.3) is automatically fulfilled.

Due to the reversibility, the following relation for the principal stable and unstable eigenvalues
holds true

−λs
2 = λu

1 =: λu − λu
2 = λs

1 =: λs.
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We then only have two eigenvalue cases to consider: the complex-complex case (CC), and the
real-real case (RR). So −λu (also −λu in case (CC)), and −λs are the principal stable and
unstable eigenvalues respectively of D1f(p2, 0). In particular for the real and imaginary parts
of the leading complex eigenvalues in case (CC), that means

ρ1 = ρ2 =: ρ, φ1 = φ2 =: φ.

We adopt the Hypotheses (H 2) and (H3) as they are. We only want to remark that in the
present case there is some redundancy in their formulation – the second assumption follows in
each case from the first one. We also keep Hypothesis (H 1). But in the case under consideration
it turns out that ξ∞(·) can be seen as a mapping R → R, see Lemma 5.4.

In the discussion of general systems transversal intersections of certain spirals play a key role.
In order to ensure transversal intersections of the corresponding spirals in case (CC) of the
reversible context we assume:

(H5) φ(0)
ρ(0)

6= tan(ϕ2 − ϕ1)

The main results regarding reversible systems are summarised in the following Theorem, which
generalises results of [18] to higher dimensions.

Theorem 5.1. Consider a reversible system as described above. Assume the eigenvalue case
(CC). Then

1. At µ = 0, there exists for each N ≥ 2 a set SN
0 ⊂ Σ1 which is invariant under the first-

return-map Π (defined by the flow), and (SN
0 ,Π) is topologically conjugated to the full shift

on N symbols. Each set SN
0 is setwise symmetric, that is R(SN

0 ) = SN
0 . The collection

of all these sets exists only for µ = 0, although each set is individually structurally stable
meaning that for µ close to 0 there is a set SN

µ which converges to SN
0 in the Hausdorff-

metric as µ→ 0, and (SN
µ ,Π(µ)) is topologically conjugated to a full shift on N symbols.

2. At µ = 0, there is a countably infinite set of symmetric 1-periodic orbits, with difference
in period asymptotically tending to π/2φ(µ). For µ 6= 0 there are finitely many symmetric
1-periodic orbits. With the addition of the parameter to the phase space these periodic
orbits form a 1 parameter family parameterised by period, see Figure 6. The periodic
orbits converge to the heteroclinic cycle as the period tends to infinity.

3. For each k ≥ 2, k ∈ N there is a countable set Mk of parameter values, for which
there exists a symmetric k-(2,1)-heteroclinic orbit. In particular there are sequences
(µ+

n (k))n∈N, (µ
−
n (k))n∈N ⊂ Mk with µ+

n (k) ↘ 0, µ−
n (k) ↗ 0 as n → ∞. There are no

non-symmetric k-(2,1)-heteroclinic orbits.

4. At µ = 0 there exist countably many k-(1,2)-heteroclinic orbits for each k ≥ 2. Moreover,
for fixed k, q1(0) is an accumulation point of the intersections of the k-(1,2)-heteroclinic
orbits with Σ1. Each such k-(1,2)-heteroclinic orbit can be continued for µ 6= 0. But for
fixed µ 6= 0 and fixed k there are only finitely many k-(1,2)-heteroclinic orbits.

5. For each k ≥ 2, k ∈ N there is a countable set Mhom
k of parameter values, for which there

exists a k-homoclinic orbit. In particular there are sequences (µ+
n (k))n∈N, (µ

−
n (k))n∈N ⊂

Mhom
k with µ+

n (k) ↘ 0, µ−
n (k) ↗ 0 as n→ ∞.
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This theorem is proved in section 4.3. We also state the following theorem for the simpler case
(RR) of real eigenvalues. We omit the proof as it is similar to the proof of Theorem 1.4.

Theorem 5.2. Consider a reversible system as described above. Assume the eigenvalue case
(RR). Then we have the following:

1. There exists an open set Q in parameter space, which is defined by either µ > 0 or µ < 0
(depending on the signs of the constants c11(µ), c12(µ), see (5.2)), for which there exists
a 1-periodic orbit at each point µ ∈ Q. The period of these periodic orbits tend to infinity
as µ→ 0. There are no k-periodic orbits for k ≥ 2.

2. There are no k-(2,1)-heteroclinic orbits for each k ≥ 2, k ∈ N, for any parameter value
µ.

3. At µ = 0 there are no k-(1,2)-heteroclinic orbits for k ≥ 2. But for each µ ∈ Q there
exists a k-(1,2)-heteroclinic orbit for k ≥ 2.

4. There are no homoclinic orbits for all µ.

Hereafter we assume the complex-complex eigenvalue case (CC). Before starting our analysis
we want to remark on the discovered dynamics. The symmetry property of the sets SN

0 makes
sense if we introduce cross-sections Σj of Γj, j = 1, 2, containing FixR. The existence of
shift dynamics can be explained as in the general case. Here we have the additional feature
that the corresponding 1-periodic orbits are symmetric. However, the sets SN

0 contain also
nonsymmetric orbits.

Figure 6 depicts the solutions of the bifurcation equation for 1-periodic orbits, see Section 5.3.2.
The oscillatory behaviour exhibited in Figure 6 is characteristic of the Shilnikov homoclinic

PSfrag replacements

µ

ω0

Figure 6: Bifurcation diagram for 1-periodic orbits. Here 2ω is the period of the corresponding
1-periodic orbits.
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orbit to a saddle-focus under certain eigenvalue conditions (the non-real eigenvalues are closer
to the imaginary axis than the real one), where there exists chaotic dynamics. This represents
a marked difference in our analysis: we do not require any eigenvalue condition to have this
oscillatory behaviour, which is due to the fact that only the complex eigenvalues of p1 and p2

appear in the bifurcation equations.

Note that the cylinder orbit theorem that states that symmetric periodic orbits generically
come in 1-parameter families, see Devaney [6] or Vanderbauwhede [27], does not work in the
present context – dim FixR 6= dim Fix (−R). So there may exist isolated symmetric periodic
orbits as stated in the theorem.

We also note that the bifurcation equation for 1-periodic orbits may be solved to find non-
symmetric 1-periodic orbits. Those do not exist at µ = 0. They are associated to the families
of homoclinic orbits to each fixed point, see point 5 of Theorem 5.1 and Section 5.3.5. Of
course the homoclinic orbits are nonsymmetric – the R-image of a homoclinic orbit to pi is a
homoclinic orbit to Rpi.

We remark that our Hypothesis (H 1), see Section 3, which prescribes that the stable manifold
of p1 and the unstable manifold of p2 split with positive speed, implies that there is just one
1-(2,1)-heteroclinic orbit, and this is the original one that exists at µ = 0. In R

3, n = 1, the
statement on k-(2,1)-heteroclinic orbits is partly obvious. It is clear that there can only be
at most one k-(2,1)-heteroclinic orbit for each parameter value, because in this case the stable
manifold of p1 is one-dimensional. Consequently such a connection must be symmetric, because
the R-image is also a k-(2,1)-heteroclinic orbit.

5.1 Special features of Lin’s method for reversible systems

First we want to remark that there are R-invariant C∞ bump function transformations that
make p1(µ), p2(µ) constant, and that there are R-invariant C∞ bump function transforma-
tions, with disjoint supports, based around each of the fixed points pi, that bring the local
stable/unstable manifolds into the form (2.4).

In order to establish the direct sum decomposition (2.3) we use here an R-invariant inner
product 〈·, ·〉. Such an inner product exists because {R, id} forms a finite group. Further fix
the heteroclinic solutions so that q1(0), q2(0) ∈ FixR. The reversibility of the vector field f
implies that f(x) ∈ Fix (−R) for x ∈ FixR. Therefore Yi and hence also Σi, i = 1, 2, are
R-invariant, see also (2.2). Moreover, Yi, i = 1, 2, contain FixR and an n-dimensional subspace
of Fix (−R).

Lemma 5.3. The space Z has a direct sum decomposition into one-dimensional subspaces of
FixR and Fix (−R).

Proof. The vector field direction f(q1(0), 0) belongs to Fix (−R). The spaces W+
1 and W−

1 are
R-images of each other. So W+

1 ⊕W−
1 has a direct sum decomposition into (n−1)-dimensional

subspaces of FixR and Fix (−R), mind dimW+
1 = dimW−

1 = n−1. Since Z is R-invariant it has
a direct sum decomposition into subspaces of FixR and Fix (−R). Now, counting dimensions
gives the lemma.
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Next we turn to the splitting of the stable and unstable manifolds which we considered in
Section 2.1 for the general case. In addition to the discussion in Section 2.1, we observe that
also Rq2,µ ∈ Σ2 ∩W u(p1, µ) ∩W s(p2, µ). So, due to uniqueness we have Rq2,µ = q2,µ, hence
q2,µ ∈ FixR; the 1-(1,2)-heteroclinic orbit through q2,µ is symmetric.

Further Lemma 2.1 remains true in the present case, with the following “reversible supplemen-
tation”.

Lemma 5.4. Due to the reversibility, it holds that

q+
1 (µ)(0) − q−1 (µ)(0) ∈ Fix (−R).

Proof. Also the pair (Rq−1 (µ)(·), Rq+
1 (µ)(·)) fulfils (i)-(iii) of Lemma 2.1. Therefore the unique-

ness part of Lemma 2.1 provides Rq−1 (µ)(0) = q+
1 (µ)(0).

In order to detect symmetric (periodic) orbits we use symmetric Lin orbits to construct the
bifurcation equations. We define equality and periodicity of Lin orbits.

Definition 5.5. 1. Two Lin orbits X(ω) = (Xi)i∈Z and X̂(ω̂) = (X̂i)i∈Z are equal, X(ω) =
X̂(ω̂), if there is an i0 ∈ Z such that for all i ∈ Z it holds Xi = X̂i+i0 .

2. A Lin orbit X(ω) = (Xi)i∈Z is k-periodic, k ∈ N, if for all i ∈ Z it holds Xi = Xi+k.

If X(ω) = X̂(ω̂) then

(i) ∪
i∈Z

Xi = ∪
i∈Z

X̂i ;

(ii) for all i ∈ Z and j ∈ {1, 2} it holds ωj,i = ω̂j,i+i0; this condition is also sufficient for the

equality of X and X̂;

(iii) for all i ∈ Z it holds Ξi = Ξ̂i+i0.

If X(ω) is an k-periodic Lin orbit then for all i ∈ Z we have Ξi = Ξi+k.

Now fix µ. Let X := X(ω, µ) = (Xi(ω, µ))i∈Z be a Lin orbit associated to a given sequence
ω = (ω1,i, ω2,i)i∈Z.

Lemma 5.6. The R-image RX of X is a Lin orbit X̂ := X̂(ω̂, µ) = (X̂i(ω̂, µ))i∈Z associated
to the sequence ω̂ = (ω̂1,i, ω̂2,i)i∈Z, with ω̂j,i = ωj+1,−i.

Proof. Let x±j,i(·) be the solutions of (1.1) which we introduced at the beginning of Section 2.2.
With that we define solutions x̂±j,i(·) of (1.1) by

x̂+
j,i(t) := Rx−j,−i(−t), x̂−j,i(t) := Rx+

j,−i(−t).

By construction x̂+
1,i, x̂

+
2,i, x̂

−
1,i and x̂−2,i are defined on [0, ω2,−i], [0, ω1,−i], [−ω1,−i, 0] and [−ω2,−i, 0],

respectively. With
ω̂j,i := ωj+1,−i

the functions x±j,i(·) satisfy the coupling conditions (2.9) and also the jump conditions (2.10).

This shows that X̂ = (X̂i) with X̂i = RX−i is indeed a Lin orbit associated to ω̂; by construction
RX = X̂.
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Corollary 5.7. Let X be a Lin orbit and let (Ξi)i∈Z be the corresponding sequence of jumps
(see (2.10)). For the sequence (Ξ̂i)i∈Z associated to RX it holds that RΞi = −Ξ̂i. �

Definition 5.8. A Lin orbit X(ω) is symmetric if X = RX.

Lemma 5.9. A Lin orbit X(ω) is symmetric if and only if there is i0 ∈ Z such that for all
i ∈ Z and j ∈ {1, 2} it holds that ωj+1,−i = ωj,i−i0. �

From Corollary 5.7 and Lemma 5.9 we get

Corollary 5.10. Let X(ω) be a symmetric Lin orbit, and let i0 ∈ Z be such ωj+1,−i = ωj,i−i0,
for all i ∈ Z, j ∈ {1, 2}. Then RΞi = −Ξ−i−(i0+1). �

5.2 The bifurcation equation

Lemma 5.4 says that ξ∞(µ) ∈ Z ∩ Fix (−R), and according to Lemma 5.3 this space is one-
dimensional. So, by introducing appropriate coordinates, ξ∞(·) can be seen as a mapping

ξ∞(·) : R → R.

Hypothesis (H 1) says that the JacobianDξ∞(0) is non-singular. Because the image of ξ∞ is one-
dimensional, a one-dimensional preimage space of ξ∞ suffices to guarantee the non-singularity
of Dξ∞(0). This justifies our setting µ ∈ R.

Remark 5.11. Hypothesis (H 1) can be made more explicit by using a representation of ξ∞

by means of a Melnikov-type integral.

Let ψ1, ψ2 be an orthonormal basis for Z, such that Z∩Fix R = span{ψ1} and Z∩Fix (−R) =
span{ψ2}. Set

ψj(t) := Ψ(t, 0)ψj ∀t ∈ R, j = 1, 2

where Ψ(·, ·) is the transition matrix of the adjoint (with respect to 〈·, ·〉) of (2.8).

Representations (3.5) of ξ∞ and (2.5) of q±1 give

ξ∞(µ) = v+(µ)(0) − v−(µ)(0).

On the other hand we have, recall that ξ∞ ∈ Fix (−R),

ξ∞(µ) = 〈ψ2, ξ
∞(µ)〉ψ2.

Combining these two representations of ξ∞, using further representations of v+(µ)(0) or v−(µ)(0)
and exploiting the fact that that the involved direct sum decompositions are orthogonal with
respect to the scalar product 〈·, ·〉 we obtain

ξ∞(µ) = −ψ2

∫ ∞

−∞

〈ψ2(s), g1(s, v(µ)(s), µ)〉ds,

where v(µ)(t) := v−(µ)(t), t ≤ 0, and v(µ)(t) := v+(µ)(t), t > 0. From this we find, see also
(2.7),

Dξ∞(0) = −ψ2

∫ ∞

−∞

〈ψ2(s), D2f(q1(s), 0)〉ds.

�
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Throughout let {ψ1, ψ2} be the basis for Z which has been introduced in Remark 5.11.

Lemma 5.12. S1(t, ψ1, µ) = S2(t, ψ1, µ), S1(t, ψ2, µ) = −S2(t, ψ2, µ).

Proof. The scalar product 〈·, ·〉 is R-invariant. Therefore

S1(t, ψj, µ) := 〈RΨ+
1 (µ, t, 0)Q+

1
∗
(µ, 0)ψj, R Q̃1(µ, t)q

−
2 (µ)(−t)〉.

Now the lemma follows immediately from the following symmetry properties:

(i) RΨ+
1 (µ, t, 0) = Ψ−

1 (µ,−t, 0)R;

(ii) RQ+
1
∗
(µ, 0) = P−

1
∗
(µ, 0)R;

(iii) Rψ1 = ψ1, Rψ2 = −ψ2;

(iv) R Q̃1(µ, t) = (id− Q̃2,(µ, t))R;

(v) R q−2 (µ)(−t) = q+
2 (µ)(t), t ∈ R

+.

Item (i) follows from the reversibility of (1.1) and Rq+
1 (µ)(0) = q−1 (µ)(0), see Lemma 2.1 and

its proof.

The relation Rq+
1 (µ)(0) = q−1 (µ)(0) also implies Tq+

1 (µ)(0)W
s(p1) = Tq−1 (µ)(0)W

u(p2). This again
implies

RQ+
1 (µ, 0) = P−

1 (µ, 0)R. (5.1)

Since R is self-adjoint with respect to the R-invariant scalar product 〈·, ·〉, so that R = R∗,
item (ii) holds true.

The symmetry properties of ψ1 and ψ2 which are stated in (iii) follow immediately from their
definition.

From (5.1) we can conclude RQ+
1 (µ, ω) = P−

1 (µ,−ω)R. In the same way we find RQ+
2 (µ, ω) =

P−
2 (µ,−ω)R. For the latter equality we used that q2(µ)(0) ∈ FixR, see at the beginning of

Section 2.1. So R
(

imQ+
j (ω)

)

= imP−
j+1(−ω), j = 1, 2. This provides item (iv).

Finally item (v) is a simple consequence of q2(µ)(0) ∈ FixR.

As a consequence of the previous lemma we get

ϕ11 = ϕ21 =: ϕ1, ϕ12 = ϕ22 =: ϕ2,

From Lemma 5.12 we see that the leading terms of S2 read

L21(t, µ) = e−2ρ(µ)tc11(µ) sin(2φ(µ)t+ ϕ1) = L11(t, µ),

L22(t, µ) = −e−2ρ(µ)tc12(µ) sin(2φ(µ)t+ ϕ2) = −L12(t, µ).

Altogether our considerations show that the bifurcation equation for orbits staying for all time
close to the primary cycle reads:

Ξi(ω, µ) =

(

L11(ω1,i+1, µ) − L11(ω2,i, µ) + r1,i(ω, µ)

µ+ L12(ω1,i+1, µ) + L12(ω2,i, µ) + r2,i(ω, µ)

)

= 0, i ∈ Z. (5.2)
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5.3 Proof of Theorem 5.1

In order to prove Theorem 5.1 we proceed in principle as in Section 4.1. But we have to take
the particular features of reversible systems into account.

Our discussion in Section 4.1 was mainly based on the dicussion of the intersections of cer-
tain spirals. In particular we used that the spirals under consideration have infinitely many
transversal intersections if the ratio of the real parts of the leading complex eigenvalues of the
fixed points p1 and p2 is irrational, see Lemma 4.5. Here, due to the reversibility, this ratio is
one. But in the current case we are able to state the necessary transversal intersections of the
corresponding spirals explicitly. The remainder indeed runs parallel to our considerations in
Section 4.1 – we have only to take care about additional symmetry statements.

As in Section 4.1 we introduce the truncated bifurcation equation:

L((ω1,i+1, ω2,i), µ) :=

(

L11(ω1,i+1, µ) − L11(ω2,i, µ)
µ+ L12(ω1,i+1, µ) + L12(ω2,i, µ)

)

= 0. (5.3)

Again we denote L(ω, µ) := (L((ω1,i+1, ω2,i), µ))i∈Z. Then L : (l∞ × l∞) × R → (l∞ × l∞).

We note that Lemma 4.1 remains valid in the symmetric case, and so our strategy for solving
the bifurcation equations remains the same as in Section 4.

5.3.1 Symbolic Dynamics

As in Section 4.1.2 we first consider L(ω, 0) = 0. Let

Ωn0 := {(ω, ω) : ω = (nπ − ϕ2)/2φ(0), n ≥ n0}. (5.4)

Again Ωn0,N is a subset of Ωn0 with N elements and

ΩZ

n0,N := {ω : (ω1,i+1, ω2,i) ∈ Ωn0,N}.

The set Ωn0 corresponds to transversal intersections of the spirals (L11(ω1,i+1, 0), L12(ω1,i+1, 0))
and (−L11(ω2,i, 0), L12(ω2,i, 0)). Indeed, for ω1,i+1 = ω2,i we have L11(ω1,i+1, 0)−L11(ω2,i, 0) = 0,
and it holds that L12((nπ−ϕ2)/2φ(0), 0) = 0. Hypothesis (H 5) implies that ρ(0) sin(nπ−ϕ2 +
ϕ1) + φ(0) cos(nπ − ϕ2 + ϕ1) 6= 0, and this ensures that D1L(ω̂, 0) is invertible, see also
Lemma 3.3. So we can proceed as in Section 4.1.2. This includes the construction of the sets
SN

µ and the first return map Πµ as well as the topological conjugacy of (SN
µ ,Πµ) to the full

shift on N symbols.

It remains to show that SN
µ is setwise symmetric, that is R SN

µ = SN
µ . It can easily be checked

that
R : ΩZ

n0,N → ΩZ

n0,N , ω 7→ τ , τj,i = ωj+1,−i

is an involution on ΩZ

n0,N , see also Lemma 5.6. Again from the uniqueness part of Theorem 2.2
and from the construction of ωω̂(µ) it follows that

Rxω̂(µ)(0) = xRω̂(µ)(−2(ω1,0 + ω2,0)) = xζ−1(Rω̂)(µ)(0).
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This eventually proves the first statement of the theorem.

We would like to remark that the addressed spirals (which can be regarded as spirals in Z)
are, for µ = 0, R-images of each other, and the above introduced set Ωn0 corresponds to
intersections of these spirals in FixR; the first components (corresponding to ψ1 ∈ FixR)
coincide, L11(ω1,i+1, 0) = L11(ω2,i, 0), and the second one vanishes in each case, L12((nπ −
ϕ2)/2φ(0), 0) = 0.

5.3.2 1-periodic orbits

Let X(ω) be a symmetric 1-periodic Lin orbit. In accordance with our results concerning
symmetric Lin orbits we find

Corollary 5.13. 1. A 1-periodic Lin orbit X(ω) is symmetric if and only if for all i ∈ Z it
holds that ω1,i = ω2,i := ω.

2. For the jumps of a symmetric 1-periodic Lin orbit it holds that Ξi ≡ Ξ, i ∈ Z, and moreover
Ξ ∈ Fix (−R). �

Then the bifurcation equation for symmetric 1-periodic orbits reduces down to a 1-dimensional
equation:

µ+ 2c12(µ)e−2ρ(µ)ω sin(2φ(µ)ω + ϕ2) + o(e−2ρ(µ)ω) = 0. (5.5)

Equation (5.5) has at µ = 0 a countably infinite set of solutions. Therefore we have at µ = 0 a
countably infinite set of symmetric 1-periodic orbits, with difference in period asymptotically
tending to π/2φ(µ). Using the Implicit Function Theorem each of these solutions can be
continued for µ 6= 0. However, for fixed µ 6= 0 there are only finitely many solutions of (5.5)
and hence only finitely many 1-periodic orbits. With the addition of the parameter to the phase
space these periodic orbits form a 1 parameter family parameterised by period, see Figure 6.

We note that one can also find non-symmetric 1-periodic orbits. These are associated to
sequences ω with ω1,i ≡ ω1, ω2,i ≡ ω2, i ∈ Z, and ω1 6= ω2. The corresponding bifurcation
equation is two-dimensional (the FixR-component does not vanish as in the above situation).
Such 1-periodic orbits are associated to the families of homoclinic orbits to each fixed point.
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5.3.3 k-(2,1)-heteroclinic orbits

In this section we search for k-(2,1)-heteroclinic orbits for k ≥ 2. Hence the bifurcation equation
for these orbits reads, see also Section 4.2.1, Equation (4.10):

Ξ1(ω, µ) =

(

L11(ω1,2, µ) + r1,1(ω, µ)

µ+ L12(ω1,2, µ) + r2,1(ω, µ)

)

= 0

Ξi(ω, µ) =

(

L11(ω1,i+1, µ) − L11(ω2,i, µ) + r1,i(ω, µ)

µ+ L12(ω1,i+1, µ) + L12(ω2,i, µ) + r2,i(ω, µ)

)

= 0

i = 2, . . . , k − 1

Ξk(ω, µ) =

(

−L11(ω2,k, µ) + r1,k(ω, µ)

µ+ L12(ω2,k, µ) + r2,k(ω, µ)

)

= 0.

(5.6)

First we search for symmetric k-(2,1)-heteroclinic orbits. From Lemma 5.9, with i0 = −2, the
k-periodicity of the corresponding sequence ω, and ω1,1 = ω2,1 we get

ω1,i = ω2,−i+2, i = 1, . . . , k. (5.7)

Then Corollary 5.10 provides

RΞi = −Ξ−i+1, i = 1, . . . , k. (5.8)

So the set of bifurcation equations (5.6) reduces down to

Ξ1(ω, µ) =

(

L11(ω1,2, µ) + r1,1(ω, µ)

µ+ L12(ω1,2, µ) + r2,1(ω, µ)

)

= 0

Ξi(ω, µ) =

(

L11(ω1,i+1, µ) − L11(ω2,i, µ) + r1,i(ω, µ)

µ+ L12(ω1,i+1, µ) + L12(ω2,i, µ) + r2,i(ω, µ)

)

= 0

i = 2, . . . , b(k + 1)/2c,

(5.9)

where bxc denotes the integer part of x. Note that in these bifurcation equations ω has the
form (5.7). Further, if k is odd, then due to (5.8), Ξb(k+1)/2c ∈ Fix (−R).

First we consider
L11(ω1,2, µ) = 0

µ+ L12(ω1,2, µ) = 0 .

The second equation can be solved for µ(ω1,2) (by applying for sufficiently large ω1,2 the Banach
fixed point theorem). Similar to Section 4.2.1 this yields (0, µ) = L̃1(ω1,2), where L̃1 can be
seen as a spiral in the plane centred at (0, 0). Intersections of this spiral with the abscissa axis
yields parameter values (ω̂1,2)m and corresponding µ̂m, m ∈ Z. Similar to Section 4.2.1 we have
((ω̂1,2)m, µ̂m) → (∞, 0) as m → ∞. Now we can proceed in the same way as in Section 4.2.1
to solve the full equation (5.9) This proves the existence of a countable set of parameter values
for which k-(2,1)-heteroclinic orbits exist. From this construction it follows that µ = 0 is a
accumulation point of this set.
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The leading term of the right-hand side of µ = −L12(ω1,2(µ), µ) − r2,1(ω(µ), µ) has the form

c(µ)e−( ρ(µ)
φ(µ)

(nπ−ϕ1)) sin(nπ + ϕ2 − ϕ1) = c̃(µ)e−( ρ(µ)
φ(µ)

(nπ−ϕ1))(−1)n,

see Lemma 4.3. This proves the existence of sequences (µ+
n ) and (µ−

n ) as stated in the theorem.

Finally, we comment on the non-existence of non-symmetric k-(2,1)-heteroclinic orbits. For that
we emphasise that the bifurcation equations for detecting those orbits do not depend on the
dimension of the phase space. In other words the existence or non-existence of non-symmetric
k-(2,1)-heteroclinic orbits does not depend on the dimension of the phase space. In R

3 however
there are no such non-symmetric heteroclinic orbits for a simple geometrical reason: in this
case the unstable manifold of p2 is one-dimensional – and non-symmetric orbits arise in pairs.

5.3.4 k-(1,2)-heteroclinic orbits

Next we search for k-(1,2)-heteroclinic orbits for k ≥ 2. The bifurcation equation for these
orbits reads, see also Section 4.2.2:

Ξi(ω, µ) =

(

L11(ω1,i+1, µ) − L11(ω2,i, µ) + r1,i(ω, µ)

µ+ L12(ω1,i+1, µ) + L12(ω2,i, µ) + r2,i(ω, µ)

)

= 0

i = 1, . . . , k − 1.

(5.10)

In order to solve these equations we can proceed similar as in Section 4.2.2. We simply choose
ω̂ ∈ Ωn0 , defined by (5.4).

In this way we find at µ = 0 countably many solutions of (5.10). Therefore there are countably
many k-(1,2)-heteroclinic orbits (for each k) at µ = 0.

By construction q1(0) is an accumulation point of the set of intersections of these orbits with
Σ1 because {(nπ − ϕ2)/φ(0), n ≥ n0} is unbounded.

Let, for fixed ω̂, Ok be the k-(1,2)-heteroclinic orbit which corresponds to the solution (ωω̂(0), 0)
of (5.10). Since ωω̂(·) is also defined for µ close to 0, the orbit Ok can be continued for those
µ.

Again as in Section 4.2.2 we find that for fixed µ 6= 0 equation Ξi(ω, µ) = 0 has only finitely
many solutions, see also Section 5.3.2 and Figure 6. So there are only finitely many k-(1,2)-
heteroclinic orbits for those µ.

5.3.5 Homoclinic Orbits

It is sufficient to consider k-homoclinic orbits to p1 because their R-images are just the k-
homoclinic orbits to p2.
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The bifurcation equation for those orbits reads, see also (4.14):

Ξi(ω, µ) =

(

L11(ω1,i+1, µ) − L11(ω2,i, µ) + r1,i(ω, µ)

µ+ L12(ω1,i+1, µ) + L12(ω2,i, µ) + r2,i(ω, µ)

)

= 0

i = 1, . . . , k − 1

Ξk(ω, µ) =

(

−L11(ω2,k, µ) + r1,k(ω, µ)

µ+ L12(ω2,k, µ) + r2,k(ω, µ)

)

= 0.

(5.11)

These equations have the same structure as (5.9); they differ only in the number of equations and
variables. So the discussion of (5.11) runs along the same lines as the discussion in Section 5.3.3.
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