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Abstract

A graph G is called k-critical if it has chromatic number k, but
every proper subgraph of it is (k — 1)-colourable. We prove that
every k—critical graph (k > 6) on n > k + 2 vertices has at least
%(k—l—l—(k_c)(gﬁ)n edges where ¢ = (k—5)(5— m) This
improves earlier bounds established by Gallai [9] and, more recently,
by Krivelevich [17].

1 Introduction

A graph G is k—critical for some integer k > 1if (¢ is not (k—1)—colourable but
every proper subgraph of (i is (k—1)—colourable. Then every k—critical graph
has chromatic number k and every k—chromatic graph contains a k—critical
subgraph. The importance of the concept of criticality consists in the fact
that problems for k—chromatic graphs may often be reduced to problems for
k—critical graphs, and that the class of k—critical graphs is a narrow subclass
of the class of k—chromatic graphs. Critical graphs were first defined and
used by Dirac [5] in 1951. In the present paper a new lower bound for the
number of edges in a k—critical graph on n vertices is established.
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The complete graph K} is an example of a k-critical graph and for k = 1,2
it is the only one. The only 3-critical graphs are the odd circuits, so for the
remainder of this paper we shall restrict our attention to the case k > 4. Then
there are k-critical graphs on n vertices for all n > k except for n = k + 1.
For n > k + 2, let fi(n) denote the minimum number of edges possible in
a k-critical graph on n vertices. Since every k—critical graph has minimum
degree at least k — 1, we have 2fy(n) > (k — 1)n. Brooks’ theorem [3] implies

2fk(n) > (E—1)n+1,
and Dirac [6] proved
2fr(n) > (k—1)n +k—3.

In [7], he also gave a complete description of the extremal cases. Dirac’s proof
was rather long. Shorter and more elegant proofs were found by Kronk and

Mitchem [18], Weinstein [25] and, for the result in [7], by Deuber, Kostochka
and Sachs [4]. In a recent paper [15], the authors proved

2fk(n) > (k= 1)n+2(k —3)
provided that n # 2k — 1. For a given constant ¢ > 0, let

k3
a1k

ge(n,c) =(k—1+

In his fundamental paper [9] Gallai characterized the class of graphs that are
subgraphs of some k—critical graph G induced by the set of vertices having
degree k—1 in (. Based on this result, he proved 2f,(n) > gr(n,0). Recently,
this lower bound was improved by Krivelevich [17] to 2fx(n) > gr(n,2). In

what follows, let
1 1

2 (k—1)(k—2)

The following theorem is one of the main results of this paper.

ap =

Theorem 1.1. Ifk > 6 and n > k + 2, then 2fi(n) > gi(n,(k —5)ag). O

For further information about fi(n) the reader is referred to [12] and [17]
(see also section 5).



1.1 Terminology

Concepts and notation not defined in this paper will be used as in standard
textbooks.

The graphs considered are finite, undirected and without loops and mul-
tiple edges. The set of vertices and the set of edges of a graph G are denoted
by V(G) and FE(G), respectively. An edge of (& joining the distinct vertices
z,y € V(G) is denoted by xy or yx, and the vertices x and y are said to
be adjacent in GG. For « € V(G), let Ng(x) denote the set of all vertices
in (¢ that are adjacent to z in (G. The degree of + with respect to G is
dg(r) = |Na(z)|.

For M C E(G), let G — M = (V(G),E(G) — M). Let X C V(G).
The subgraph of GG induced by X is denoted by G(X), i.e., V(G(X)) = X
and E(G(X)) = {e € F(G) | e = 2y and x,y € X}; further, G — X =
G(V(G)—X). The set X will be called a clique (respectively, an independent
set) in G'if G(X) is a complete graph (respectively, a graph without edges).
A clique of G with p vertices is also said to be a p—clique of G. As usual, K,
denotes the complete graph on n vertices. For H C V(G') and = € V((G), let
Ng(x: H) = Ng(x) N H and dg(x : H) = |[Ng(x : H)|.

1.2 ®—critical graphs

For the proof of Theorem 1.1 we shall use the list colouring concept. Consider
a graph (¢ and assign to each vertex x of G a set ®(x) of colours (positive
integers). Such an assignment ® of sets to vertices in (i is referred to as a
colour scheme (or briefly, a list) for G. A ®-colouring of (i is a mapping ¢
of V(@) into the set of colours such that ¢(x) € ®(x) for all 2 € V(&) and
o(x) # ¢(y) whenever xy € E(G). If GG admits a ®-colouring, then ¢ is said
to be ®-colourable. In case of ®(x) = {1,...,k} for all @ € V(G), we also use
the terms k-colouring and k-colourable, respectively. The chromatic number
of ¢ denoted by Y(G) is the least number k for which G is k-colourable.
If Y(G') = k, then G is called k—chromatic. The list colouring concept was
introduced, independently, by Vizing [21] and Erdés, Rubin and Taylor [§].

Let G be a graph and let ® be a list for . We say that G is ®—critical
if G 1s not ®—colourable but every proper subgraph of ¢ is ®—colourable. In
case of ®(x) = {1,...,k} for all # € V((), we also use the term k—critical.
Then G is k—critical if and only if \(G’) < y(G) = k for every proper sub-



graph of G. We shall prove the following result.

Theorem 1.2.

Assume that G # K}, is a ®—critical graph where ® is a list for G satisfying
|®(x)] =k —1 for every x € V(G). Then

AB(G) 2 0 V(G)e) = (k= 1+ =y IV(E)

provided that k > 9 and ¢ = $(k — 4)oy, or k > 6, ®(x) ={1,...,k — 1} for
every © € V(G) and ¢ = (k — 5)ay, O

Theorem 1.2 implies immediately Theorem 1.1. The proof of Theorem 1.2 is
based on the following result.

Theorem 1.3.

Assume that G # K}, is a ®—critical graph where ® is a list for G satisfying
|®(x)| =k—1 for every x € V(G). Let L ={x € V(G) | dg(x) =k —1} and
H={x e V(G) | dg(x) > k}. Furthermore, let

2

| L] = 2| E(G(L))]

and
2
o = 2B(GUH) |+ (k= ¢~ o) Y (day) — b)
T yeH
where ¢ is a constant. Then o + 7. > ¢|H| provided that k > 9 and ¢ =
(k=4 or k > 6, ®(x) = {1,...,k — 1} for every x € V(G) and
c=(k—=>5)ag a

If G is ®—critical where @ is a list for G, then |[®(z)] < dg(x) for every
vertex x of (4, since otherwise we can extend a ®—colouring of G — x to a
®—colouring of (7, a contradiction. Therefore, Theorem 1.2 is a consequence
of Theorem 1.3 and the following result.

Lemma 1.4. Let G be a graph, L = {x € V(G) | dg(z) = k — 1},
H ={x € V(GQ) | dg(z) > k} (k > 4), and let o and 7. be defined as in
Theorem 1.3 where 0 < ¢ < k— kzj is a given constant. If o+ 7. > ¢|H| and
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Proof. Let m = |E(G)|, my = |E(G(L))|, mg = |E(G(H))| and n =
|[V(G)|. Then
—(k—2+i)|[/|—2 d7.=2myg+ (k- —L)
o= 1 myp and 7, = 2imgyg c k_l’)/
where v = 3, cp(da(y) — k). On the one hand, since dg(x) = k—1 for every
z € Land o+ 7. > ¢|H|, we have

om = 2mu 420k — D|L| — 2my, = 2mu + o + | L|(k kQ—l)
> clH] =5k~ e~ ) + LIk - )
= R meT T E—1
= en— (ke o)+ LIk - e - )
= cn—v e c——71)
On the other hand, we have
2m=(k—1Un+|H|+~v=Fkn—|L|+~.
Therefore, we obtain
2m(1 4k = e = ) 2 e+ k(k— e — )
m ¢l le ¢c— )
This implies, by an easy calculation, that
k—3
2m > (k—1 = :
mz k-1t e m T e e
This proves Lemma 1.4. a

1.3 Gallai trees and bad pairs

Let GG be a graph. A vertex x of (¢ is called a separating vertex of G if G —x
has more components than . By a block of (¢ we mean a maximal connected
subgraph B of G such that no vertex of B is a separating vertex of B. Any
two blocks of (G have at most one vertex in common and, obviously, a vertex
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of GG is a separating vertex of GG iff it is contained in more than one block of
G. An end-block of G is a block that contains at most one separating vertex
of G.

A connected graph G all of whose blocks are complete graphs and/or
odd circuits is called a Gallat tree; a Gallai forest is a graph all of whose
components are Gallai trees.

By a bad pair we mean a pair (G,®) consisting of a connected graph
G with n > 1 vertices and a list ® of G such that |®(x)| > dg(x) for all
x € V(@) and G is not $-colourable.

Lemma 1.5 If (G,®) is a bad pair, then the following statements hold.
(a) |®(2)] = dg(z) for all x € V(G).
(b) If G has no separating vertex, then ®(z) is the same for all x € V(G).
(b) G is a Gallai tree. 0

Lemma 1.5 was proved independently by Borodin [1, 2] and Erdés, Rubin
and Taylor [8]. Proofs of statements (a) and (b) in the graph version based
on a sequential colouring argument were given by Vizing [21] and Lovasz [19].
For a short proof of Lemma 1.5 based on the following simple reduction idea
the reader is referred to [13].

Remark 1.6. Let GG be a graph, ® a list for G, Y C V(G), and let ¢
be a ®—colouring of G(Y'). For the graph ' = G — Y, we define a list ' by

() = O(z) —{¢(y) ly € Y & ay € B(G)}

for every z € V(G’). In what follows, we denote ®' by ®(Y,¢) and in case
of Y = {y} and ¢(y) = a also by ®(y,a). Then it is straightforward to show
that the following statements hold.

(a) If G’ is ®'—colourable, then G is ®—colourable.

(b) If |®(2)| = dg(x) + p for some x € V(G'), then |®'(z)| > dg:(x) + p.

(c) If (G, ®) is a bad pair and G’ is connected, then (G’,®') is a bad pair. O

Consequently, Lemma 1.5 implies immeditely the following result. Note that
the only regular Gallai trees are the complete graphs and the odd curcuits.



Lemma 1.7. Let GG be a ®—critical graph where ® is a given list for G,
H={y e V(GQ) |da(y) > |®(y)|} and L =V(G)—H. Then G(L)=G - H
is a Gallai forest and dg(x) = |®(x)| for every x € L. Furthermore, if
|®(x)] = k=1 for every @ € V(G), then H is non-empty or G is a Ky or
k=3 and G is an odd circuit. O

Let G be an arbitrary Gallai tree. The set of all blocks of (G is denoted
by B(G). If B € B(G), then B is a complete graph or an odd circuit and we
say that B is of type b if B is regular of degree b— 1. Two blocks which have
a vertex in common (they cannot have more than one vertex in common) are
called adjacent.

Let U(G) denote the set of all mappings u that assign to every block
B € B(G) of type b a set u(B) of b — 1 colours such that u(B)Nu(B’) =
for any two adjacent blocks B, B’ € B((). For a given mapping u € U(G)
define a list & = @, for the Gallai tree G by ®(2) = Ju(B) where B runs
through all blocks of (G containing the vertex x € V(). The following result
was proved by Borodin [2].

Lemma 1.8. Let (G, ®) be a bad pair. Then ® = &, for some u € U(G).
This implies, in particular, that ®(x) = ®(y) provided that x,y are two non-
separating vertices of G contained in the same block of (3. O

2 Lower bounds for ¢ and ¢,—graphs

Let k > 4 be a given integer, and let r;, = k—24 7. For an arbitrary graph
Frand z € V(F), let o(x : F') = 1y — dp(x) and o(F) = ¥ cypyolz : ).
Then o(F) = |V(F)|r, — 2|E(F)|. Let Ti denote the set of all Gallai trees
distinct from K} and with maximum degree at most &k — 1. For T € T
and some end-block B of T', let Tg =T — (V(B) — ) where z is the only
separating vertex of T contained in B (if there is no such vertex, then T' = B
and an arbitrary vertex of B may be taken). The proof of the next Lemma
is left to the reader.

Lemma 2.1.

(a) If B is a complete graph of order b <k —1, then o(B) = b(ry —b+1).



(b) If B is an end-block of T € Ti, then o(T) = o(Tg) + o(B) — ry. O

Let T € Ti. For a vertex @ € V(T), let By,...,B; be the blocks of T
containing « where B; is of type b; (i = 1,...,1). Then z is said to be of type
(b1,...,b) in T For an integer b > 1, let

t(b):{ l—ap ifb=2

2 — % otherwise.

For a vertex « € V(T) of type (by,...,b) in T, we now define o'(z : T') =
o(x: T)—I—Zi»zl t(b;)—2 if x is not contained in a K;_; (that is b; # k—1 for all
i) and o'(z : T) = 0 otherwise. Furthermore, let o/(T') = Y cv(ryo'(x : T').

Lemma 2.2.

(a) If B is a complete graph of order b < k — 1 or an odd circuit, then
o(B) >d'(B)+2.

(b) Let T € Ty, be a Gallai tree with at least two blocks. Let B be an end-
block of T' and x the only separating vertex of T' contained in B. If x is
not contained in a Ky_y, then o'(T') = o'(Tg) + 0o'(B) — i, + 2.

Proof. For the proof of (a), let us first consider the case that B is a complete
graph of order b < k—1. If b = k — 1, then ¢/(B) = 0 and, by Lemma 2.1
(a), o(B)=(k=1)(rx —k+2)=2=0(B)+2. If 1 <b< k-2, then
o'(B) = o(B) + (t(b) — 2)b, and, therefore, o'(B) = o(B) — 2 if b # 2 and
o' (B)=0(B)—2—2a, < o(B)—2if b =2. Now assume that B is an odd
circuit. Then ¢'(B) = o(B) + (t(3) — 2)|B| = o(B) — (2/3)|B| < o(B) — 2.
This proves (a).

For the proof of (b) assume that B is a block of type b and z is of type
(b1,...,b) in T where by = b. Note that [ > 2 and «x is of type (by,...,b1_1)
in T" = Tpg. Then, since z is not contained in a Kj_q,

-1

o(x: T =ry—dp(z)+ Zt(bi) -2,

=1

and



Since dr(x) = dri/(x) + dg(x), we conclude that

a(T) = od(T"Y+d(B)+o'(x:T)—0'(x:T")—0o'(z: B)
= o (T")+d(B)—ri+2.

This proves (b). O

For a graph F' and an integer p > 2, let WP(F') denote the set of all vertices
of F' that belong to some (p — 1)-clique of F. If I’ € T, then W*t1(F) =10
and F(X) is a block for every (k — 1)—clique X of F. We call F' an ¢,—graph
if '€ Ty and WK(F) = V(F). Clearly, a graph F' € T}, is an ¢;—graph iff
every separating vertex of F'is of type (k — 1,2) and every non-separating
vertex of F'is of type k — 1.

If a component I of F(W¥(F)) is an ¢;-graph, then F’ is said to be
an ¢p—subcomponent of F. Obviously, if T € T, then every component of
T(WHT)) is an ¢;—graph and, therefore, an ¢,-subcomponent of 7. The
number of all ¢,—subcomponents of T' € Ty is denoted by s(T').

Lemma 2.3. If T € T and k > 6, then
(a) o(T) > o' (T)+ s(Tar + 2 — ay and
(b) o'(z:T) > ap(k — 1 — dr(x)) for every x € V(T) — W¥(T).

Proof. We prove statement (a) by induction on the number of blocks of
T. If T consists of exactly one block, then T' is a complete graph of order
b <Fk—1oran odd circuit and statement (a) follows from Lemma 2.2 (a).

Now, assume that 7" has at least two blocks. Let B be some end-block
of T and z the only separating vertex of T' contained in B. First, consider
the case that = € V(T) — W*(T). Then no block of T' containing z is a
Ki—1. Therefore, s(Tg) = s(T') and, by the induction hypothesis, o(Tg) >
o'(Tg)+s(T)ag+2— . Using Lemma 2.1 (b) and Lemma 2.2, we conclude
that

a(T)

o(T) + o(B) —ri
o (Tg)+ s(T)ar+2 —ar+0'(B)+2—ry
= o(T)+ s(T)ag + 2 — ay.

Y



Now, consider the case that * € W¥(T'). Then, since the maximum degree
of Tis at most k — 1, B= Kj_; or B=K,. If B= K,, then x € W*(Tg) =
WH(T) and s(Tg) = s(T). Let y be the vertex of B distinct from x. Then
Tg =T —yand, by Lemma 2.1, o(T) = o(Tg)+0(B)—ry = o(Tg) — 2(ry —
1) —ry = o(TB) 4 rp — 2. Furthermore, since o'(x : 1) = o'(x : T') = 0, we
conclude that o/(T) =o' (Tg) +0'(y : T)=0'(Tg)+rr — 1+ 1 —ap —2 =
o'(Tg) + r, — 2 — ay. By the induction hypothesis, it then follows that

o(lT) = o(Tg)+ry—2
> o (Tg)+ s(T)ar+2 —ar +1p — 2
> o'(Tg)+r—2—ar+s(T)ar+2 — ay
= o(T)+ s(T)ag + 2 — a.
If B = Kj_1, then we argue as follows. Since the maximum degree of T'

is at most k — 1, the vertex = is contained in exactly one further block
B' = K. Let T" = (Tg)p and let y be the vertex of B’ distinct from x.
Note that 7" = T — V(B). From Lemma 2.1 it then follows that o(T) =
o(T"y+ o(B)+o(B') —2ry = o(T")+ 24 2(rp — 1) = 2r, = o(T"). If y is
contained in a Kj_y, then s(T)=s(T’) and o'(T) = ¢'(1"). Therefore, by the
induction hypothesis, we obtain o(T) = o(T") > o'(T") + s(T)ar + 2 — oy =
o' (T)+s(T)or+2—ay. If yis not contained in a Ky_y, then s(T') = s(T")+1
and o'(T) =o' (T")+ o' (y:T)—o'(y:T") =" (T")+1(2) =1 =o'(T") — a.
Hence, by the induction hypothesis, we have

a(T) = oT")
> T+ (s(T)— oy +2 — ay
= o(T)+ s(T)ag + 2 — ay.

Thus statement (a) is proved.

For the proof of (b), let us consider an arbitrary vertex x € V(T)—W*(T).
Assume that = is of type (by,...,0;) in T where b, # 2 for 1 < i < m
and b,41 = ... = b = 2. Then b < k-2 for: = 1,...,m. Moreover,
dr(z)=",(b; = 1)+ 1 —m < k — 1 and we have to show that

l

o'(z:T)=rp—dr(z)+ Zt(bi) — 2> ap(k =1 —dr(a)). (1)

=1
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Let

m m 2
M= —an(k=1=3 b= 1)+ 22— 1)
=1 =1 v
By an easy calculation, it then follows that (1) is equivalent to M >3 — kzj
If m =0, then M = (1 —ay)(k—1) and, for k > 7, this gives M > 3 and,
for k = 6, this gives M = (0.5 4+ 1/20)5 = 2.75 > 3 —2/5. If m = 1, then

M=(1—ap)(k—>0b)+2—2/b;. Since by < k — 2,

M > (L—op)k—(k—2))+2—2/(k—2)

2 2 2
o Ty Bt v vy R R G Rt Sl s

If m =2, then 3 < by,b; and by + by < k + 1. For b; + by < k, we then have
M= (1-oar)+(2-2/b))+(2-2/by) > 1/248/3 > 3 and, for by +by = k+1,

we have
M= (2=-2/by)+(2-2/(k+1-by)) > (2—2/(k—2))+(2—2/3) > 3-2/(k—1).

Finally, if m > 3, then

Mzi(Q—b%)Zi’)(Q—g):ZL

This proves (b). O

3 Bipartite graphs

In this section we prove some auxiliary results concerning bipartite graphs
needed for the proof of Theorem 1.3. By F' = F(A, B) we denote a bipar-
tite graph with bipartition {A, B}, i.e., V(F) = AU B, AN B = ) and
E(F)C{zy|x € Aand y € B}.

Lemma 3.1. Let F' = F(A, B) be a bipartite graph, let r > 1 be an in-
teger, and let B, be the set of all vertices of B having degree at least r in F.
Then there is a subgraph I'' of I' such that

(a) dpr(x) < [dF(x)w for every x € A, and

r
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(b) dp:(y) =1 for every y € B,.

Proof. Split each vertex x € A into m, = [%ﬂw vertices of degree at most
r. This results in a bipartite graph H = H(A’, B) such that dy(z') < r for
every ' € A" and dy(y) = dp(y) for every y € B. Then, clearly, for each
S C B,, we have |Ng(5)| > |S| where Ng(S) := Uyes Nu(y). Now, Hall’s
theorem implies that there is a matching M in H that covers all vertices in
B,. From the graph (V(H), M) we then obtain a subgraph F" of F' such that
dpi(x) < my for every @ € A and dp:(y) = 1 for every y € B,. This proves
Lemma 3.1. O

Lemma 3.2. Let F' = F(A,B) be a bipartite graph and, for an integer
r > 1, let B, be the set of all vertices of B having degree at least r in F.
Assume that dp(x) > 4 for every @ € A. Then there is a subgraph F' of F
such that

(a) dpi(x) =2 for every x € A,
(1) do(y) < di(y) — 2 for cvery y € By, and
(¢) dpi(y) < dp(y) — 1 for every y € Bs.

Proof. Because of Lemma 3.1, there is a subgraph H of F' such that dy(x) <
[ £z )W for every # € A and dH( ) =1 for every y € By. Let F=F-— E(H)
and let Bs be the set of all vertices of B having degree at least 3 in F.
Obviously, By C Bs. Then Lemma 3.1 implies that there is a subgraph H of
F such that d ( ) < [ Pl )W for every € A and dy(y) = 1 for every y € Bs.
Let G = F — E(H) = F — B(H) — E(ﬁ). For y € By, we have
dr(y) = dg(y) = 1 and, therefore, dg(y) = dFN(y)—dH(y)—dH(y) =dp(y)—
For y € Bs, we have dy(y) > 1 or y € Bs and, therefore, dg(y) = 1
implying that de(y) = dr(y) — du(y) — dg(y) < dpr(y) — 1. Let x € A.
Since dp(x) > 4, we have dz(x) = dp(x) — dy(x) > dp(x) — [dFT(l’)W > 3
and, therefore, dg(z) = dp(x) — dg(z) > dp(z) — [dFT(x)W > 2. Conse-
quently, there is a subgraph F' of GG such that dp:/(x) = 2 for every x € A,
dri(y) < dg(y) < dp(y)—2 for every y € By, and dpi(y) < da(y) < dr(y) -1
for every y € Bs. This proves Lemma 3.2. O
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Lemma 3.3. Let F' = F(A, B) be a bipartite graph and let P be a map-
ping that assigns to every vertex x € A a partition P(x) of Np(x). Assume
that dp(x) > |P(z)| + 272 for every x € A where r > 3 is a given integer.
Then there is a subgraph I'' of I' such that the following statements hold.

(a) If x € A, then dp:(x) =2 and Npi(x) C N for some N € P(x).
(b) Ify € B and dp(y) > s where 3 < s < r, then dp:/(y) < dp(y) — s+ 3.

Proof (by induction on r and |E(F)|). A subgraph I’ of F satisfying the
conditions (a) and (b) of Lemma 3.3 is called a good subgraph of F with
respect to P and r. Let Iy = Fi(A, B) be a subgraph of F' and define P; by

Pi(z) ={NNONp(2)|N € P(z) & NN Ng,(z) # 0}

for every @ € A. In this case we write P; = P|F;. It is easy to check that if
F' is a good subgraph of F; with respect to Py = P|F; and r, then F’ is a
good subgraph of F' with respcet to P and r.

We have to show that there is a good subgraph of F' with respect to P
and r providing that dp(z) > |P(x)| 4+ 2772 for every x € A. For r = 3 this
is evident. Now, assume r > 4.

First, consider the case that, for some @ € A, there is a set N € P(«) such
that N ={y}. Let Iy = F—{axy}and Py = P|Fi. Then dp (z) = dp(x)—1 >
|P(z)] +277% — 1 = |Py(x)] + 22 and, by the induction hypothesis, there
is a good subgraph F” of Fy with respect to Py and r. Then F' is a good
subgraph of F' with respect to P and r.

Now, consider the case that |[N| > 2 for every N € P(x) and every
v € A Mdp(z) > |P(z)|+2 77 for some x € A, then let F} = F — {xy} and
Py = P|F, where y € Np(x). Since dp, (z) > |P(x)| + 2773 = |Py(z)| + 2772,
it then follows from the induction hypothesis that there is a good subgraph
F' of Fy with respect to Py and r. Then F” is a good subgraph of F' with
respect to P and r. If dp(x) = |P(z)| + 2"~ for every @ € A, then we argue
as follows. Since every set of P(x) has at least two elements, |P(z)| < 2773
and, therefore, dp(z) < 2772 for every € A. By Lemma 3.2, there is a sub-
graph H of F' such that dy(z) < [222] < [22] = 27~* for every « € A and
di(y) = 1 for every y € B with dp(y) > r. Let F= F—E(H) and P ="P|F.
Then, for every x € A, dp(v) = dp(z) — dg(z) > |P(a)| + 2772 — 271 =
IP(x)] + 2% > |P(z)| + 27~*. Therefore, by the induction hypothesis,
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there is a good subgraph F’ of F with respect to P and r — 1. Then
F'" is a good subgraph of F' with respect to P and r — 1. If y € B and
dr(y) = r, then dgy(y) = 1 and, therefore, dz(y) = r — 1 implying that
dp(y) < dg(y) — (r — 1)+ 3 = dp(y) — r + 3. Consequently, F’ is a good
subgraph of F' with respect to P and r. Thus Lemma 3.3 is proved. O

Remark. Lemma 3.3 remains valid if the condition dp(x) > |P(x)| + 2773
is replaced by dp(x) > |P(x)|+ m, where ms,my,... is a sequence of integers
satisfying ms = 1 and m, — [%:—ﬂ > m,_y for r > 4. For r = 5, the case we
are interested in, this gives ms = 4.

Lemma 3.4. Let F' = F(A, B) be a bipartite graph, let R,d be integers
with R > d > 1 and, for every x € A, let a(x) > 1 be an integer. Assume
that dp(y) > R for everyy € B. Then
(R—d)|B] <> a(x)
rz€EA

or there are non-emply subsets A’ C A and B' C B such that for the bipartite
graph F' = F(A"UB’) we have dp(x) > a(x) for every x € A" and dp(y) > d
for every y € B'.

Proof. We define a sequence By = ), Ay, By, Ay, Ba, ... of sets as follows.
For : > 1, let
Ai={e € A|dp(x: B—Bi_1) <a(z)}
and
BZ:{yEB|dF(yA2)ZR—d}
Then, for every ¢ > 1, we have A; C A;1; € Aand B; C B;1; € B. Let
A=A-UA, B =B-UB;and I' = F(AUB'). For € A’, we have
dp(x : B — Bi—1) > a(x) for every ¢ > 1 implying that dp(x) = dp(x :
B') > a(x) and, hence, B' # (). For y € B’, we have dp(y : A;)) < R—d
for every 1 > 1 and, therefore, dp(y : UA;) < R — d. This implies that
dpi(y) =dp(y: A)=dp(y: A)—dp(y : UA;)) > R—(R—d) = d and, hence,
A" # (. This proves Lemma 3.4 in case of A’ # (. If A’ = (), then B’ = ()
and, therefore, A = A; and B =UB,. Let E = {xy € E(F)|x € A; and
y € B— B;_y for some ¢ > 1}. Then
(R—d)|B| < |B| < 3 alx).

z€A
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Thus Lemma 3.4 is proved. O

4 List critical graphs

For the proof of Theorem 1.3 we need the following result.

Lemma 4.1. Asumme that G # Ky is a ®—critical graph where ® is a
list for G satisfying |®(x)] = k — 1 for every @ € V(G). Let L = {x €
V(G) | da(x) =k =1}, X C LY C{y € V(G) | daly) = k} and let
W = WHG(X)). Furthermore, let C be the set of all components of G(X)
and, fory € Y and T € C, let

d(y) ={T € C | No(y: V(T)nW) # 0}

and

dT)=Hy €Y | Naly:V(T)NW) # 0}
Then the following statements hold.

(a) If k> 5, then d(y) > da(y : W) —1 for every y € Y.

(b) If ®(x)={1,...,k—1} for every x € V(G) and k > 5, then d(y) < 4
for somey €Y ord(T) < s(T)+3 for someT € C.

(c) If every member of C is an ex—graph and k > 9, then d(y) < 3 for some
yeY ord(T)<3 for someT €C.

The proof of this result is given in subsection 4.2. First, we show how Lemma
4.1 is used in the proof of Theorem 1.3.

4.1 Proof of Theorem 1.3

In this subsection, let G # K} be a ®—critical graph where £ > 4 and ® is
a list for G satisfying |®(z)] = k — 1 for every € V(G). Let L = {z €
V(G) | dg(z) =k =1}, H={x € V(G) | dg(x) > k}, W = W*(G(L)) and
L' = L —W. Moreover, let C be the set of all components of G(L) and let D
be the set of all components of G(W). By Lemma 1.7, H # (), C C 7T}, and,
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therefore, every member of D is an ¢,—graph. Let o and 7. be defined as in
Theorem 1.3 and, for y € H, let

() = doly : ) + (k= ¢~ =){do(y) — b)

Then we have
o=o0(G(L)) = Z o(T)and 7. = Z 7(y).
TeC yeH
From Lemma 2.3 (a) it then follows that
o> Z (o"(T) + s(T)ay + 2 — ay)
=l

provided that & > 6. If x € L belongs to some component T' € C, then
de(x: H) =k — 1 —dg(x). Therefore, Lemma 2.3 (b) implies that
o> Z apde(x: H) + Z (s(Tog + 2 — ay) (2)

zel’ TEC

provided that k > 6. Let H' = {y € H | dg(y) = k} and let

S=0+ > 1(y)=0+ > daly: H).

yeH’ yeH’
For the proof of Theorem 1.3 we consider two cases.
Case 1: Assume that ®(z) = {1,...,k — 1} for every # € V(G), k > 6 and
¢ = (k —5)ay. We have to show that o + 7. > ¢|H|. Since, for y € H — H’,
we have 7.(y) > k — ¢ — % > ¢, it is sufficient to show that S > ¢|H’|. To

prove this, we define a bipartite graph F' = F(A, B) subject to the following
conditions.

(a) B= H'and A is the disjoint union of the sets Ay, Ay and As.
(b) Ay =Cand, for T € C, Np(T)={y € H' | Na(y : V(T)N W) £ 0}.

(c¢) For each vertex = of L', let As(x) be a set of n, = dg(x : H') vertices
joined in F' to the set Ng(x : H') by an matching with n, edges. Let

A2 = UxEL' AQ(Q?)
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(d) For each vertex y € B, let As(y) be a set of dg(y : H) vertices which
are all joined to y in F'. Let As = U,ep As(y).

Now, we use Lemma 4.1 with X = L and Y = H'. Then, for y € B, we have
drly s Ay) = {T € C | Naly: V(T)N W) # Y] = daly : W) — 1 and,

therefore,

dr(y) = dr(y: A1) +dr(y: A2) +dr(y : As)
da(y : W) —=1+dg(y: L")+ da(y : H)
= doly: L)+dely: H) —1=dg(y)—1=k—1.

Y

From (2) we infer that

S > Z apde(z: H) + Z(S(T)ozk—l—Z —ag) + Z da(y: H)
weL! 1eC yEeH'
2 il T 3o+ A4
> an(lAaf + 30 ((5(T) +3) + [4s])

TEAl

Now, we apply Lemma 3.4 to F' = F(A, B) where R = k—1,d =4 and a(z) =
life € AjUAzand a(z) = s(T)+3ifx =T € A,. f (R—d)|B| <Y ,c4a(x),
then the above inequality for S implies S > ag(k — 5)|B| = ¢|H'|. Other-
wise, by Lemma 3.4, there are non-empty subsets A’ C A and B'C B = H’
such that for F' = F(A'"U B') we have dpi(x) > a(x) for every € A" and
dpi(y) > d = 4 for every y € B’. Since every vertex of Ay U A3 has degree
lin F, we have A" C A; = C. This gives a contradiction to Lemma 4.1 (b)
where X = Upea V(T)and Y = B'.

Case 2: Assume that £ > 9 and ¢ = %(k — 4)a. We have to show that
o+ 7. > c¢|H|. Since, for y € H — H', we have 7.(y) > ¢, it is sufficient to
show that S > ¢|H'|. Let F* = F*(A*, B) be the bipartite graph obtained
from F'— A, by adding the set A7 =D where y € B and T' € D are joined
by an edge in F™* iff Ng(y : V(T)N W) #£ 0. Since every ¢;—graph T € D is

an ex—subcomponent of some member in C, we infer from (2) that

S > Z arde(x: H) + Z o + Z da(y: H) > ag|A™|.
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We use Lemma 4.1 with X = W = W*(G(L)) and Y = H'. As in case 2, we
have dp«(y) > k —1 for every y € B. Now, we apply Lemma 3.4 to F* where
R=k—1,d=3and a(x) = 3 for every x € A*. If (R —d)|B|] < 3|A,
then we obtain S > ay|A*| > $(k — 4)ai|B| = c[H'|. Otherwise, by Lemma
3.4, there are non-empty subsets A’ C A* and B’ C B = H’ such that for
F' = F*(A"U B') we have dp/(x) > 3 for every v € A" and dp/(y) > 3
for every y € B’. Since every vertex of Ay U Az has degree 1 in F™*, we
have A" C A7 = D. This gives a contradiction to Lemma 4.1 (c) where
X =Urea V(T) and Y = B’. Thus Theorem 1.3 is proved. O

4.2 Proof of Lemma 4.1

Let G be a graph, z € V(G), and let ® be a list for G. We call (G, z, ®, k) a
configuration of type 1 if

(1) G — z is a Gallai forest, G # K,

(2) da(2) <k, da(x) <k —1 for every € V(G — z),

(3) |®(2)| = da(2) — 1, and |®(x)| > dg(x) for every x € V(G — z).

Lemma 4.2. Let (G,z,®,k) be a configuration of type 1 where k > 5, let m
be the number of components of G — z and let W = WH(G — z). Assume that
V(I(TYNW £ 0 for every component T of G — z. If G is not ®—colourable,
then m > |Ng(z : W)| — 1.

Proof. Let us consider a possible counterexample (G, z, ®,k) such that
|[V(G)] is minimum. Let T4,...,T,, denote the components of G — z. For
i=1,...,m, let d; = |[Ng(z : V(T;) N W)|. We may assume that d; > dy >
oo 2 dy. Thend,, > 1and m < |[Ng(z: W)|=2=di+...d, —2. We claim
that m =1 and d; > 3 or m = 2 and d; = d; = 2. Obviously, if m =1, then
d; > 3. Now, assume m > 2. Let T'=T,,. Then |®(2)| > dg(x) > dr(x)
for all @ € V(T). Since z is adjacent in (G to some vertex a of T', we have
|®(x)] > dr(x) for this vertex x. Therefore, by Lemma 1.5, there is a ®—
colouring p of T'. Let G' = G—V(T) and &' = ®(V(T), ¢) (see Remark 1.6).
Since (G is not ®-colourable, ' is not ®'-colourable. Moreover, it is easy to
check that (G, z, ®', k) is a configration of type 1 satisfying the assumption of
Lemma 4.2. Therefore, m—1 > |Ngi(z : WG —2))| -1 =di+...+dp_1—1
implying that m = 2 and dy = dy = 2. This proves our claim. Now, we con-
sider two cases.
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Case I: m=2and dy = dy =2. Let 1 € {1,2} and let G; = G(V(T;) U{z}).
For « € V(G; — z), we have |®(x)| > dg(x) = dg,(x). Since z has at least
two neigbours in (7; that belongs to (k—1)-cliques of (¢; — z and every vertex
of GG; — z has degree at most & — 1 where £ > 5, we conclude that (; is not
a Gallai tree and |®(2)| > da(z) — 1 > dg,(2).

Let M; be the set of all colours a € ®(z) such that ¢(z) # « for every
d—colouring ¢ of ;. Since GG is not ®—colourable, M; U My = ®(z). From
|®(2)| > da(z) — 1 = dg,(2) + dg,(2) — 1 we conclude that |M;| > dg,(2)
for some i, say ¢ = 1. Now, let ®' be the list for G with ®'(z) = ®(x) for
v € V(G — z) and ®'(2) = M,. Since (G is a connected graph but not a
Gallai tree, we infer from Lemma 1.5 that (G} is ®'~colourable. This implies
that there is a ®—colouring ¢ of G4 with ¢(z) € My, a contradiction.

Case 2: m = 1 and dy > 3. Then T'= G — z € T,. Since G is not &
colourable, we may assume that |®(x)| = dg(z) for all 2 € V(G—=z). Let B be
an arbitrary end-block of T and let X be the set of all non-separating vertices
of T' that belong to B. Consider a vertex y € X. Since |®(y)| = da(y) > 1,
there is a colour a € ®(y). Let ' = G — y and ' = ®(y,a). Then G is
not ®'—colourable and (G, z,®' k) is a configuration of type 1. If no ver-
tex of B belongs to Ng(z : W), then Ng(z : W) = Na(z : WHG')) and,
therefore, (G', z, ®', k) is a smaller counterexample, a contradiction. Hence
[V(B) N Ng(z: W)| > 1. Since dg(x) < k —1 for all @ € V(T'), this implies
that Bis a Ki_;.

Let y € V(B)N Ng(z : W). Since dg(y) < k — 1, we have |®(y)| =
do(y) = k —1 and y € X. We claim that X C Ng(z : W). Suppose, on
the contrary, that there is a vertex @ € X — Ng(z : W). Then |®(x)| =
de(x) = k — 2 and, therefore, there is a colour a € ®(y) — ®(x). Since
|®(z)| > dg(2)—1 > 3, thereis a colour b € ®(z) with b # a. Let ' = &(z,b).
Then T' = G — z is not ®'—colourable and |®'(u)| > dr(u) for all w € V(T).
Therefore, (T, ®') is a bad pair and ®'(z) # ®'(y), a contradiction to Lemma
1.8. This proves our claim, i.e. X C Ng(z : W). If B is the only block of
T, then X = V(B) = V(T) and, therefore ¢ = K}, a contradiction. Hence,
there is an end-block B’ # B of T'. For the set X’ of all vertices of B’ that
are non-separating vertices of T', we have X' C Ng(z : W). This yields
da(z) > | X| 4+ |X'| > 2(k —2) > k 4 1, a contradiction.

Thus Lemma 4.2 is proved. a
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Proof of Lemma 4.1 (a). Consider a vertex y € Y. Let C’ be the set of all
components 7' € C satisfying Ng(z : WNV(T)) £ 0, let X' = {z}UU(V(T))
where the union is taken over all T € C’ and let G/ = G(X’). Then d(y) = |C'|
and dg(y : W) = |Nei(z : WHG — 2))|. Since G is ®-critical, there is a
®-colouring ¢ of G — X’. Let ®' = ®(V(G) — X', ¢). Then G’ is not ¢'-
colourable and, see Remark 1.6, (G',z,®' k) is a configuration of type 1.
From Lemma 4.2 we then infer that d(y) > dg(y : W) — 1. This proves
statement (a) of Lemma 4.2. 0

Lemma 4.3. Assume that (T,®) is a bad pair where T" € Ty and ®(z) C
{1,...,k =1} for every z € V(T). Let x,y be two non-separating vertices of
T contained in the same e,—subcomponent of T', then ®(x) = ®(y).

Proof. By Lemma 1.8, & = ¢, for some mapping u € U(G). If x,y are con-
tained in the same block, then the statement is evident. Otherwise, since z,y
belong to the same component of T(W*(T)) and T' € Ty, there is a sequence
By, By, ..., Bay1 of blocks of T such that @ € V(B1), y € V(Baiy1), Baiy1 is a
Kip_yfori=0,....,land By isa Ky fori=1,...,l and V(B;) NV (Bjy1) # 0
fori =1,...,0—1. Then w(B;)) N u(Biy1) =0 for i = 1,...,0 — 1. Since
u(B;) is a subset of {1,...,k — 1}, |u(Baiy1)] = k — 2 and |u(By;)| = 1, we
conclude that u(By) = u(By41) and, therefore ®(x) = ®(y).

Thus Lemma 4.3 is proved. O

Proof of Lemma 4.1 (b). Suppose, on the contrary, that d(y) > 5 for
every y € Y and d(T') > s(T) + 4 for every T € C.

Now, let F' = F(A, B) be the bipartite graph with A =C and B =Y
where Np(T) = {y € Y [Na(y : V(T)NW) #£ (0} for every T € A. Then,
clearly, dp(y) = d(y) > 5 for every y € Y and dp(T') = d(T') > s(T) + 4
for every T € C. If Ng(y : V(T)NW) # () where y € Y and T € C, then
there is an ¢;-subcomponent 7”7 of T' such that Ng(y : V(T7) N W) £ 0.
Therefore, for every T € A = C, there exists a partition P(T') of Np(T)
such that for every N € P(T) there is an ¢,—subcomponent 7" of T' with
NC{yeY | Ng(y:V(T)NW) £0}. Then dp(T) > s(T)+4 > |P(T)|+4
for every T' € A and, by Lemma 3.3, there is a subgraph F’ of F' such that,
for every T' € A, dp:(T) = 2 and Np:(T) C N for some N € P(T) and, for
every y € B, dio(y) < dr(y) — 2.
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Now, let ' be the graph with V(G') = V(G) — X and E(G') = E(G —
X)U{yy INp:(T) ={y,y'} & T € A}. For y € Y, we have dg(y) = k and,
therefore, dei(y) < da(y)—dp(y)+dp(y) < k—2. Since (i is —critical, there
is a ¢—coluring p of G— X —Y = G' =Y. For every y € Y, we have |®(y)| =
k—1>de/(y)+1. This implies that ¢ can be extended to some ®—colouring
¢ of G'. Let & = ®(V(G'),¢’) and G* = G — V(G') = G(X). Then G* is
not ®*-colourable and |®™(x)| > dg«(x) for every & € X. Therefore, there
is a component T" of G(X), such that (T, ®,) is a bad pair where ®; is the
restrictzion of ®* to T'. Consider the two vertices yy, y5 of Ng/(T'). Then there
is a ez—subcomponent T of T" and two vertices xq, x5 in V(1) such that x,y;
is an edge of G for 1 = 1,2. Since every vertex of T" has degree k — 1 in &
and T" is an eg—subcomponent of T' it follows that x; and x, are two distinct
non-separating vertices of T and y; is the only vertex in V(G') adjacent to
z; in GG. Therefore, ®(x;) = ®(x;) —{ " (vi) = {1,..., k= 1} —{¢'(yi)} for
i = 1,2. Since ¢'(y1) # ¢'(y2), this yields ®4(x1) # ®1(x2), a contradiction
to Lemma 4.3.

Thus Lemma 4.1 (b) is proved. O

Let G be a graph, let F' be a subgraph of G, Y C V(@) and let ® be a
list for G. Then we call (G, F|Y, ®) a configuration of type 2 if the following
conditions hold.

(1) G =Y is a Gallai forest.

(2) |®(x)] > da(x) for every x € V(G) =Y.

(3) [®(y)| > da(y: YY)+ dp(y)+ 1 for every y € Y.

(4) For every component T' of GG — Y there are two edges x1y1, x2ys € F(F)
such that xy,zy are two distinct non-separating vertices of T, y; # y2 and,
for i = 1,2, Ng(z; : Y) = {y;}. Moreover, if B; (i = 1,2) is the only block
of T' containing z;, then B; = By or , for some ¢ € {1,2}, there is a non-
separating vertex x of T' such that © € B; and Ng(z:Y) = 0.

Lemma 4.4. [f (G,F,Y,®) is a configuration of type 2, then G is &—
colourable.

Proof (by induction on m = |V(G) = Y]). If m = 0, then ¢ = G(Y)
and |®(y)| > da(y) + 1 for every y € V(@) implying that G is ®-colourable.
Now, assume m > 1. Then there is a component T of G — Y and two edges
T1y1, X2y2 € F(F) subject to condition (4). For i = 1,2, let B; be the only
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block of T' containing x;. Let G' = G — V(T) and F' = F — V(T). We

consider two cases.

Case 1: By = By. First, assume ®(x1) = ®(x3). Let G* be the graph
obtained from G’ by adding the edge y1y2. Then (G*, F', Y, ®) is a configu-
ration of type 2 and, by the induction hypothesis, there is a ®—colouring ¢
of G*. Consider the list ®" = ®(V(G*),p) for T = G — V(G*). If T is not
®'—colourable, then (7, ®’) is a bad pair and, since y; is the only vertex in Y’
adjacent to z; in G and (y1) # ¢(y2), ®'(21) # ®'(22), a contradiction to
Lemma 1.8. Hence, 1" is ®'-colurable implying that G is ®-colourable.

Now, assume ®(xy) # ®(x3), say a € ®(xy) — ®(x3). Let &' be the list
obtained from ® by removing colour a from ®(y;). Then (G', F',Y,®') is
a configuration of type 2 and, by the induction hypothesis, there is a ®'-
colouring ¢ of GG'. Consider the list & = ®(V(G'),¢) for T = G — V(G").
Then ®4(x1) # ®y(x2) and, by Lemma 1.8, it follows that T is ®4-colourable
implying that ' is ®—colourable.

Case 2: By # B,. Then, because of condition (4), in one of these two blocks,
say in By, there is a non-separating vertex x of 7" such that Ng(z :Y) = (.
We may assume that |®(2)| = dg(x). Then |®(x1)| > dg(x1) > de(x) im-
pliying that there is a colour a € ®(z1) — ®(x). Let &' be the list obtained
from ® by removing colour a from ®(y;). Then (G', F',Y,®') is a config-
uration of type 2 and, by the induction hypothesis, there is a ®'-colouring
¢ of G'. Consider the list &; = &(V(G'),¢) for T = G — V(G'). Then
®y(x1) # Py(x) and, by Lemma 1.8, it follows that T is ®;-colurable imply-
ing that GG is ®—colourable.

Thus Lemma 4.4 is proved. a

Proof of Lemma 4.1 (c). Suppose, on the contrary, that d(y) > 4 for
every y € Y and d(T) > 4 for every T' € C. Let Gy = G(X UY). Since G is
$—critical there is a @—colouring p of G/ = G—X =Y. Let &, = ®(V(G'), ¢)
be the list for GG;. To arrive at a contradiction, we shall show that that there
is a ®;—colouring of (G and, therefore, a ®—colouring of G.

For Z C X,let N(Z)={y € Y |[Ng(y: Z) # 0}, and, for a set of blocks
B of G(X), let X(B) be the set of all vertices contained in some block of B.

Consider an arbitrary component T € C of G(X). Since T is an e;—graph,
V(T) C W = W*G(X)) = X and, therefore, |N(V(T))| > 4. Let S denote
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the set of all vertices of T that are in G adjacent to a vertex of ¥ and let
R denote the set of all non-separating vertices of T'. Since every vertex of
T has degree k — 1 in GG, S C R. From Lemma 4.1 (a) it follows that every
vertex of Y has in G at most two neighbours belonging to T'. This implies,
in particular, that |N(Z)| > 4 provided that |Z N S| > 7.

Let By denote the set of all blocks B of T' such that V(B)N (R —5) # (.
We claim that there is a set B = Bt of blocks of T such that all but at most
one block of B belongs to By and |N(X(B))| > 4. If some end-block B of
T is not in By, then V(B)N R C S and, since B is a K1, |[V(B)N S| =
[V(B) N R| =k —2 > 7 implying that the claim is satisfied for B = {B}.
Now, assume that every end-block of T' belonge to By and |N(B;)| < 3.
Since |[N(V(T))| > 4, there is a block B of T' not contained in B;. Let
B=5B,U{B}.Since ) £ V(B)N R C S and T has at least |V(B) — R| end-
blocks, we conclude that B is a Ky_; and [X(B)NS| > |[V(B)|=k—12>38
and, therefore, [N(X(B))| > 4. This proves our claim.

Now, let F' = F(C,Y) be the bipartite graph where Ng(T) = N(X(Br)).
Then dp(T) > 4 for every T' € C and, by Lemma 3.2, there is a subgraph F”
of F' such that dp/(T) = 2 for every T € C and dp:(y) < dp(y) — 2 for every
y € Y with dp(y) > 4 and dp(y) < 2 for every y € Y with dp(y) > 3.

For every component T" € C, Np/(T) consists of two distinct vertices
y1(T),y2(T) and, moreover, there are two distinct vertices x1(T'),x2(T) €
X(Br) such that «,(T) is in G adjacent to y;(T) for ¢ = 1,2. Let Fy
be the subgraph of (; with the same vertex set as (4 and with E(Fy) =
{z:(TMy(T) | T € C & v =1,2}. Then (Gy, F1,Y,®;) is a configuration of
type 2 and, therefore, Gy is ®;—colourable. This contradiction proves Lemma

4.1 (c). O

5 Concluding remarks

The main result of this paper is that 2fix(n) > gx(n,c) where ¢ = (k — 5)ay
and £ > 6. Our method of proof yields two upper bounds for the possible
values of the constant ¢, namely ¢ < k — 2/(k — 1) (see Lemma 1.4) and
¢ < 2(k—2/(k —1)) (see the proof of Theorem 1.3, the part where we show
that 7.(y) > ¢ provided that dg(y) > k). For integers p, k satisfying k > 4
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and 2 < p <k, let
1 2
chp = frlk+p) — §gk(k + ik — m)
be a constant depending on k and p, and let

1 2 1 k—3
frn(n) = gou(nok = g7 ) ey = 5k =14 3=

n + ckp

We claim that if n > k42 and n = p—1 mod (k— 1) where 2 < p < k, then
there is a k—critical graph with n vertices and hy ,(n) edges implying that

2filn) < 2hip(n) = geln b — o) + 2er 3)
For n = k4 p, we have hy ,(n) = fr(n) and the claim is evidently true. Now,
assume n = p — 1 mod (k —1). If G is a k—critical graph with n vertices
and hy,(n) edges, then we apply the Hajoés construction (see [11] or [12])
to GG and Kj. This results in a k—critical graph with n + k — 1 vertices
and m = |E(G)| + (g) — 1 edges. By an easy calculation, we then obtain

m = hg,(n)+ (5) —1 = hgp(n+k—1). This proves our claim. By a conjec-
ture of Ore [23] (see also problem 5.3 in [12]) it follows that we have equality
in (3). In [10] Gallai proved that 2fi(k 4+ p) = (kK — 1)(k + p) + p(k — p)
provided that 2 < p <k — 1 and in [15] it was proved that fy(2k) = k* — 3.
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