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The complete graph Kk is an example of a k-critical graph and for k = 1; 2it is the only one. The only 3-critical graphs are the odd circuits, so for theremainder of this paper we shall restrict our attention to the case k � 4. Thenthere are k-critical graphs on n vertices for all n � k except for n = k + 1.For n � k + 2, let fk(n) denote the minimum number of edges possible ina k-critical graph on n vertices. Since every k{critical graph has minimumdegree at least k� 1, we have 2fk(n) � (k� 1)n: Brooks' theorem [3] implies2fk(n) � (k � 1)n + 1;and Dirac [6] proved 2fk(n) � (k � 1)n + k � 3:In [7], he also gave a complete description of the extremal cases. Dirac's proofwas rather long. Shorter and more elegant proofs were found by Kronk andMitchem [18], Weinstein [25] and, for the result in [7], by Deuber, Kostochkaand Sachs [4]. In a recent paper [15], the authors proved2fk(n) � (k � 1)n+ 2(k � 3)provided that n 6= 2k � 1. For a given constant c � 0, letgk(n; c) = (k � 1 + k � 3(k � c)(k � 1) + k � 3)n:In his fundamental paper [9] Gallai characterized the class of graphs that aresubgraphs of some k{critical graph G induced by the set of vertices havingdegree k�1 inG. Based on this result, he proved 2fk(n) � gk(n; 0). Recently,this lower bound was improved by Krivelevich [17] to 2fk(n) � gk(n; 2). Inwhat follows, let �k = 12 � 1(k � 1)(k � 2) :The following theorem is one of the main results of this paper.Theorem 1.1. If k � 6 and n � k + 2, then 2fk(n) � gk(n; (k � 5)�k). 2For further information about fk(n) the reader is referred to [12] and [17](see also section 5). 2



1.1 TerminologyConcepts and notation not de�ned in this paper will be used as in standardtextbooks.The graphs considered are �nite, undirected and without loops and mul-tiple edges. The set of vertices and the set of edges of a graph G are denotedby V (G) and E(G), respectively. An edge of G joining the distinct verticesx; y 2 V (G) is denoted by xy or yx, and the vertices x and y are said tobe adjacent in G. For x 2 V (G), let NG(x) denote the set of all verticesin G that are adjacent to x in G. The degree of x with respect to G isdG(x) = jNG(x)j.For M � E(G), let G � M = (V (G); E(G) � M). Let X � V (G).The subgraph of G induced by X is denoted by G(X), i.e., V (G(X)) = Xand E(G(X)) = fe 2 E(G) j e = xy and x; y 2 Xg; further, G � X =G(V (G)�X). The set X will be called a clique (respectively, an independentset) in G if G(X) is a complete graph (respectively, a graph without edges).A clique of G with p vertices is also said to be a p{clique of G. As usual, Kndenotes the complete graph on n vertices. For H � V (G) and x 2 V (G), letNG(x : H) = NG(x) \H and dG(x : H) = jNG(x : H)j.1.2 �{critical graphsFor the proof of Theorem 1.1 we shall use the list colouring concept. Considera graph G and assign to each vertex x of G a set �(x) of colours (positiveintegers). Such an assignment � of sets to vertices in G is referred to as acolour scheme (or brie
y, a list) for G. A �-colouring of G is a mapping 'of V (G) into the set of colours such that '(x) 2 �(x) for all x 2 V (G) and'(x) 6= '(y) whenever xy 2 E(G). If G admits a �-colouring, then G is saidto be �-colourable. In case of �(x) = f1; : : : ; kg for all x 2 V (G), we also usethe terms k-colouring and k-colourable, respectively. The chromatic numberof G denoted by �(G) is the least number k for which G is k-colourable.If �(G) = k, then G is called k{chromatic. The list colouring concept wasintroduced, independently, by Vizing [21] and Erd�os, Rubin and Taylor [8].Let G be a graph and let � be a list for G. We say that G is �{criticalif G is not �{colourable but every proper subgraph of G is �{colourable. Incase of �(x) = f1; : : : ; kg for all x 2 V (G), we also use the term k{critical.Then G is k{critical if and only if �(G0) < �(G) = k for every proper sub-3



graph of G. We shall prove the following result.Theorem 1.2.Assume that G 6= Kk is a �{critical graph where � is a list for G satisfyingj�(x)j = k � 1 for every x 2 V (G). Then2jE(G)j � gk(jV (G)j; c) = (k � 1 + k � 3(k � c)(k � 1) + k � 3)jV (G)jprovided that k � 9 and c = 13(k � 4)�k or k � 6, �(x) = f1; : : : ; k � 1g forevery x 2 V (G) and c = (k � 5)�k 2Theorem 1.2 implies immediately Theorem 1.1. The proof of Theorem 1.2 isbased on the following result.Theorem 1.3.Assume that G 6= Kk is a �{critical graph where � is a list for G satisfyingj�(x)j = k� 1 for every x 2 V (G). Let L = fx 2 V (G) j dG(x) = k� 1g andH = fx 2 V (G) j dG(x) � kg. Furthermore, let� = (k � 2 + 2k � 1)jLj � 2jE(G(L))jand �c = 2jE(G(H))j + (k � c� 2k � 1)Xy2H(dG(y)� k)where c is a constant. Then � + �c � cjHj provided that k � 9 and c =13(k � 4)�k or k � 6, �(x) = f1; : : : ; k � 1g for every x 2 V (G) andc = (k � 5)�k 2If G is �{critical where � is a list for G, then j�(x)j � dG(x) for everyvertex x of G, since otherwise we can extend a �{colouring of G � x to a�{colouring of G, a contradiction. Therefore, Theorem 1.2 is a consequenceof Theorem 1.3 and the following result.Lemma 1.4. Let G be a graph, L = fx 2 V (G) j dG(x) = k � 1g,H = fx 2 V (G) j dG(x) � kg (k � 4), and let � and �c be de�ned as inTheorem 1.3 where 0 � c � k� 2k�1 is a given constant. If �+ �c � cjHj and4



V (G) = L [H, then 2jE(G)j � gk(jV (G)j; c).Proof. Let m = jE(G)j, mL = jE(G(L))j, mH = jE(G(H))j and n =jV (G)j. Then� = (k � 2 + 2k � 1)jLj � 2mL and �c = 2mH + (k � c� 2k � 1)
where 
 = Py2H(dG(y)� k). On the one hand, since dG(x) = k� 1 for everyx 2 L and � + �c � cjHj, we have2m = 2mH + 2(k � 1)jLj � 2mL = 2mH + � + jLj(k � 2k � 1)� cjHj � 
(k � c� 2k � 1) + jLj(k � 2k � 1)= cn� 
(k � c� 2k � 1) + jLj(k � c� 2k � 1):On the other hand, we have2m = (k � 1)n + jHj+ 
 = kn� jLj+ 
:Therefore, we obtain2m(1 + k � c� 2k � 1) � (c+ k(k � c� 2k � 1))n:This implies, by an easy calculation, that2m � (k � 1 + k � 3(k � c)(k � 1) + k � 3)n = gk(n; c):This proves Lemma 1.4. 21.3 Gallai trees and bad pairsLet G be a graph. A vertex x of G is called a separating vertex of G if G�xhas more components than G. By a block of G we mean a maximal connectedsubgraph B of G such that no vertex of B is a separating vertex of B. Anytwo blocks of G have at most one vertex in common and, obviously, a vertex5



of G is a separating vertex of G i� it is contained in more than one block ofG. An end-block of G is a block that contains at most one separating vertexof G.A connected graph G all of whose blocks are complete graphs and/orodd circuits is called a Gallai tree; a Gallai forest is a graph all of whosecomponents are Gallai trees.By a bad pair we mean a pair (G,�) consisting of a connected graphG with n � 1 vertices and a list � of G such that j�(x)j � dG(x) for allx 2 V (G) and G is not �-colourable.Lemma 1.5 If (G,�) is a bad pair, then the following statements hold.(a) j�(x)j = dG(x) for all x 2 V (G).(b) If G has no separating vertex, then �(x) is the same for all x 2 V (G):(b) G is a Gallai tree. 2Lemma 1.5 was proved independently by Borodin [1, 2] and Erd�os, Rubinand Taylor [8]. Proofs of statements (a) and (b) in the graph version basedon a sequential colouring argument were given by Vizing [21] and Lov�asz [19].For a short proof of Lemma 1.5 based on the following simple reduction ideathe reader is referred to [13].Remark 1.6. Let G be a graph, � a list for G, Y � V (G), and let 'be a �{colouring of G(Y ). For the graph G0 = G� Y , we de�ne a list �0 by�0(x) = �(x)� f'(y) jy 2 Y & xy 2 E(G)gfor every x 2 V (G0). In what follows, we denote �0 by �(Y; ') and in caseof Y = fyg and '(y) = a also by �(y; a). Then it is straightforward to showthat the following statements hold.(a) If G0 is �0{colourable, then G is �{colourable.(b) If j�(x)j = dG(x) + p for some x 2 V (G0), then j�0(x)j � dG0(x) + p.(c) If (G;�) is a bad pair and G0 is connected, then (G0;�0) is a bad pair. 2Consequently, Lemma 1.5 implies immeditely the following result. Note thatthe only regular Gallai trees are the complete graphs and the odd curcuits.6



Lemma 1.7. Let G be a �{critical graph where � is a given list for G,H = fy 2 V (G) j dG(y) > j�(y)jg and L = V (G)�H. Then G(L) = G�His a Gallai forest and dG(x) = j�(x)j for every x 2 L. Furthermore, ifj�(x)j = k � 1 for every x 2 V (G), then H is non-empty or G is a Kk ork = 3 and G is an odd circuit. 2Let G be an arbitrary Gallai tree. The set of all blocks of G is denotedby B(G). If B 2 B(G), then B is a complete graph or an odd circuit and wesay that B is of type b if B is regular of degree b� 1. Two blocks which havea vertex in common (they cannot have more than one vertex in common) arecalled adjacent.Let U(G) denote the set of all mappings u that assign to every blockB 2 B(G) of type b a set u(B) of b � 1 colours such that u(B) \ u(B 0) = ;for any two adjacent blocks B;B 0 2 B(G). For a given mapping u 2 U(G)de�ne a list � = �u for the Gallai tree G by �(x) = Su(B) where B runsthrough all blocks of G containing the vertex x 2 V (G). The following resultwas proved by Borodin [2].Lemma 1.8. Let (G;�) be a bad pair. Then � = �u for some u 2 U(G).This implies, in particular, that �(x) = �(y) provided that x; y are two non-separating vertices of G contained in the same block of G. 22 Lower bounds for � and �k{graphsLet k � 4 be a given integer, and let rk = k�2+ 2k�1 . For an arbitrary graphF and x 2 V (F ), let �(x : F ) = rk � dF (x) and �(F ) = Px2V (F ) �(x : F ).Then �(F ) = jV (F )jrk � 2jE(F )j. Let Tk denote the set of all Gallai treesdistinct from Kk and with maximum degree at most k � 1. For T 2 Tkand some end-block B of T , let TB = T � (V (B) � x) where x is the onlyseparating vertex of T contained in B (if there is no such vertex, then T = Band an arbitrary vertex of B may be taken). The proof of the next Lemmais left to the reader.Lemma 2.1.(a) If B is a complete graph of order b � k � 1, then �(B) = b(rk � b+ 1).7



(b) If B is an end-block of T 2 Tk, then �(T ) = �(TB) + �(B)� rk: 2Let T 2 Tk. For a vertex x 2 V (T ), let B1; : : : ; Bl be the blocks of Tcontaining x where Bi is of type bi (i = 1; : : : ; l). Then x is said to be of type(b1; : : : ; bl) in T . For an integer b � 1, lett(b) = ( 1� �k if b = 22� 2b otherwise:For a vertex x 2 V (T ) of type (b1; : : : ; bl) in T , we now de�ne �0(x : T ) =�(x : T )+Pli=1 t(bi)�2 if x is not contained in aKk�1 (that is bi 6= k�1 for alli) and �0(x : T ) = 0 otherwise. Furthermore, let �0(T ) = Px2V (T ) �0(x : T ).Lemma 2.2.(a) If B is a complete graph of order b � k � 1 or an odd circuit, then�(B) � �0(B) + 2.(b) Let T 2 Tk be a Gallai tree with at least two blocks. Let B be an end-block of T and x the only separating vertex of T contained in B. If x isnot contained in a Kk�1, then �0(T ) = �0(TB) + �0(B)� rk + 2.Proof. For the proof of (a), let us �rst consider the case that B is a completegraph of order b � k � 1. If b = k � 1, then �0(B) = 0 and, by Lemma 2.1(a), �(B) = (k � 1)(rk � k + 2) = 2 = �0(B) + 2. If 1 � b � k � 2, then�0(B) = �(B) + (t(b) � 2)b, and, therefore, �0(B) = �(B) � 2 if b 6= 2 and�0(B) = �(B)� 2 � 2�k � �(B)� 2 if b = 2. Now assume that B is an oddcircuit. Then �0(B) = �(B) + (t(3) � 2)jBj = �(B)� (2=3)jBj � �(B)� 2.This proves (a).For the proof of (b) assume that B is a block of type b and x is of type(b1; : : : ; bl) in T where bl = b. Note that l � 2 and x is of type (b1; : : : ; bl�1)in T 0 = TB. Then, since x is not contained in a Kk�1,�0(x : T 0) = rk � dT 0(x) + l�1Xi=1 t(bi)� 2;�0(x : B) = rk � dB(x) + t(bl)� 2;and, �0(x : T ) = rk � dT (x) + lXi=1 t(bi)� 2:8



Since dT (x) = dT 0(x) + dB(x), we conclude that�0(T ) = �0(T 0) + �0(B) + �0(x : T )� �0(x : T 0)� �0(x : B)= �0(T 0) + �0(B)� rk + 2:This proves (b). 2For a graph F and an integer p � 2, let W p(F ) denote the set of all verticesof F that belong to some (p� 1){clique of F . If F 2 Tk, then W k+1(F ) = ;and F (X) is a block for every (k� 1){clique X of F . We call F an �k{graphif F 2 Tk and W k(F ) = V (F ). Clearly, a graph F 2 Tk is an �k{graph i�every separating vertex of F is of type (k � 1; 2) and every non-separatingvertex of F is of type k � 1.If a component F 0 of F (W k(F )) is an �k{graph, then F 0 is said to bean �k{subcomponent of F . Obviously, if T 2 Tk, then every component ofT (W k(T )) is an �k{graph and, therefore, an �k{subcomponent of T . Thenumber of all �k{subcomponents of T 2 Tk is denoted by s(T ).Lemma 2.3. If T 2 Tk and k � 6, then(a) �(T ) � �0(T ) + s(T )�k + 2 � �k and(b) �0(x : T ) � �k(k � 1� dT (x)) for every x 2 V (T )�W k(T ):Proof. We prove statement (a) by induction on the number of blocks ofT . If T consists of exactly one block, then T is a complete graph of orderb � k � 1 or an odd circuit and statement (a) follows from Lemma 2.2 (a).Now, assume that T has at least two blocks. Let B be some end-blockof T and x the only separating vertex of T contained in B. First, considerthe case that x 2 V (T ) � W k(T ). Then no block of T containing x is aKk�1. Therefore, s(TB) = s(T ) and, by the induction hypothesis, �(TB) ��0(TB)+s(T )�k+2��k. Using Lemma 2.1 (b) and Lemma 2.2, we concludethat �(T ) = �(TB) + �(B)� rk� �0(TB) + s(T )�k + 2� �k + �0(B) + 2� rk= �0(T ) + s(T )�k + 2 � �k:9



Now, consider the case that x 2 W k(T ). Then, since the maximum degreeof T is at most k� 1, B = Kk�1 or B = K2. If B = K2, then x 2 W k(TB) =W k(T ) and s(TB) = s(T ). Let y be the vertex of B distinct from x. ThenTB = T �y and, by Lemma 2.1, �(T ) = �(TB)+�(B)� rk = �(TB)�2(rk�1) � rk = �(TB) + rk � 2. Furthermore, since �0(x : TB) = �0(x : T ) = 0, weconclude that �0(T ) = �0(TB) + �0(y : T ) = �0(TB) + rk � 1 + 1 � �k � 2 =�0(TB) + rk � 2 � �k. By the induction hypothesis, it then follows that�(T ) = �(TB) + rk � 2� �0(TB) + s(T )�k + 2 � �k + rk � 2� �0(TB) + rk � 2� �k + s(T )�k + 2 � �k= �0(T ) + s(T )�k + 2� �k:If B = Kk�1, then we argue as follows. Since the maximum degree of Tis at most k � 1, the vertex x is contained in exactly one further blockB0 = K2. Let T 0 = (TB)B0 and let y be the vertex of B 0 distinct from x.Note that T 0 = T � V (B). From Lemma 2.1 it then follows that �(T ) =�(T 0) + �(B) + �(B 0) � 2rk = �(T 0) + 2 + 2(rk � 1) � 2rk = �(T 0). If y iscontained in a Kk�1, then s(T)=s(T') and �0(T ) = �0(T 0). Therefore, by theinduction hypothesis, we obtain �(T ) = �(T 0) � �0(T 0) + s(T )�k + 2� �k =�0(T )+s(T )�k+2��k. If y is not contained in a Kk�1, then s(T ) = s(T 0)+1and �0(T ) = �0(T 0) + �0(y : T )� �0(y : T 0) = �0(T 0) + t(2)� 1 = �0(T 0)� �k.Hence, by the induction hypothesis, we have�(T ) = �(T 0)� �0(T 0) + (s(T )� 1)�k + 2� �k= �0(T ) + s(T )�k + 2 � �k:Thus statement (a) is proved.For the proof of (b), let us consider an arbitrary vertex x 2 V (T )�W k(T ).Assume that x is of type (b1; : : : ; bl) in T where bi 6= 2 for 1 � i � mand bm+1 = : : : = bl = 2. Then bi � k � 2 for i = 1; : : : ;m. Moreover,dT (x) = Pmi=1(bi � 1) + l �m � k � 1 and we have to show that�0(x : T ) = rk � dT (x) + lXi=1 t(bi)� 2 � �k(k � 1� dT (x)): (1)10



Let M = (1 � �k)(k � 1� mXi=1(bi � 1)) + mXi=1(2� 2bi )By an easy calculation, it then follows that (1) is equivalent to M � 3� 2k�1 .If m = 0, thenM = (1��k)(k�1) and, for k � 7, this givesM � 3 and,for k = 6, this gives M = (0:5 + 1=20)5 = 2:75 � 3 � 2=5. If m = 1, thenM = (1� �k)(k � b1) + 2� 2=b1. Since b1 � k � 2,M � (1 � �k)(k � (k � 2)) + 2� 2=(k � 2)= 1 + 2(k � 1)(k � 2) = 1 + 2(k � 1)(k � 2) + 2� 2=(k � 2) = 3� 2k � 1 :If m = 2, then 3 � b1; b2 and b1 + b2 � k + 1. For b1 + b2 � k, we then haveM = (1��k)+(2�2=b1)+(2�2=b2) � 1=2+8=3 � 3 and, for b1+b2 = k+1,we haveM = (2�2=b1)+(2�2=(k+1�b1)) � (2�2=(k�2))+(2�2=3) > 3�2=(k�1):Finally, if m � 3, thenM � 3Xi=1(2� 2bi ) � 3(2 � 23) = 4:This proves (b). 23 Bipartite graphsIn this section we prove some auxiliary results concerning bipartite graphsneeded for the proof of Theorem 1.3. By F = F (A;B) we denote a bipar-tite graph with bipartition fA;Bg, i.e., V (F ) = A [ B, A \ B = ; andE(F ) � fxyj x 2 A and y 2 Bg.Lemma 3.1. Let F = F (A;B) be a bipartite graph, let r � 1 be an in-teger, and let Br be the set of all vertices of B having degree at least r in F .Then there is a subgraph F 0 of F such that(a) dF 0(x) � ddF (x)r e for every x 2 A, and11



(b) dF 0(y) = 1 for every y 2 Br.Proof. Split each vertex x 2 A into mx = ddF (x)r e vertices of degree at mostr. This results in a bipartite graph H = H(A0; B) such that dH(x0) � r forevery x0 2 A0 and dH(y) = dF (y) for every y 2 B. Then, clearly, for eachS � Br, we have jNH(S)j � jSj where NH(S) := Sy2S NH(y). Now, Hall'stheorem implies that there is a matching M in H that covers all vertices inBr. From the graph (V (H);M) we then obtain a subgraph F 0 of F such thatdF 0(x) � mx for every x 2 A and dF 0(y) = 1 for every y 2 Br. This provesLemma 3.1. 2Lemma 3.2. Let F = F (A;B) be a bipartite graph and, for an integerr � 1, let Br be the set of all vertices of B having degree at least r in F .Assume that dF (x) � 4 for every x 2 A. Then there is a subgraph F 0 of Fsuch that(a) dF 0(x) = 2 for every x 2 A,(b) dF 0(y) � dF (y)� 2 for every y 2 B4, and(c) dF 0(y) � dF (y)� 1 for every y 2 B3.Proof. Because of Lemma 3.1, there is a subgraph H of F such that dH(x) �ddF (x)4 e for every x 2 A and dH(y) = 1 for every y 2 B4. Let ~F = F � E(H)and let ~B3 be the set of all vertices of B having degree at least 3 in ~F .Obviously, B4 � ~B3. Then Lemma 3.1 implies that there is a subgraph ~H of~F such that d ~H(x) � dd ~F (x)3 e for every x 2 A and d ~H(y) = 1 for every y 2 ~B3.Let G = ~F � E( ~H) = F � E(H) � E( ~H). For y 2 B4, we havedH(y) = d ~H(y) = 1 and, therefore, dG(y) = dF (y)�dH(y)�d ~H(y) = dF (y)�2.For y 2 B3, we have dH(y) � 1 or y 2 ~B3 and, therefore, d ~H(y) = 1implying that dG(y) = dF (y) � dH(y) � d ~H(y) � dF (y) � 1. Let x 2 A.Since dF (x) � 4, we have d ~F (x) = dF (x) � dH(x) � dF (x) � ddF (x)4 e � 3and, therefore, dG(x) = d ~F (x) � d ~H(x) � d ~F (x) � dd ~F (x)3 e � 2. Conse-quently, there is a subgraph F 0 of G such that dF 0(x) = 2 for every x 2 A,dF 0(y) � dG(y) � dF (y)�2 for every y 2 B4, and dF 0(y) � dG(y) � dF (y)�1for every y 2 B3. This proves Lemma 3.2. 212



Lemma 3.3. Let F = F (A;B) be a bipartite graph and let P be a map-ping that assigns to every vertex x 2 A a partition P(x) of NF (x). Assumethat dF (x) � jP(x)j+ 2r�3 for every x 2 A where r � 3 is a given integer.Then there is a subgraph F 0 of F such that the following statements hold.(a) If x 2 A, then dF 0(x) = 2 and NF 0(x) � N for some N 2 P(x).(b) If y 2 B and dF (y) � s where 3 � s � r, then dF 0(y) � dF (y)� s+ 3.Proof (by induction on r and jE(F )j). A subgraph F 0 of F satisfying theconditions (a) and (b) of Lemma 3.3 is called a good subgraph of F withrespect to P and r. Let F1 = F1(A;B) be a subgraph of F and de�ne P1 byP1(x) = fN \ NF1(x)jN 2 P(x) & N \ NF1(x) 6= ;gfor every x 2 A. In this case we write P1 = PjF1. It is easy to check that ifF 0 is a good subgraph of F1 with respect to P1 = PjF1 and r, then F 0 is agood subgraph of F with respcet to P and r.We have to show that there is a good subgraph of F with respect to Pand r providing that dF (x) � jP(x)j+ 2r�3 for every x 2 A. For r = 3 thisis evident. Now, assume r � 4.First, consider the case that, for some x 2 A, there is a set N 2 P(x) suchthatN = fyg. Let F1 = F�fxyg and P1 = P jF1. Then dF1(x) = dF (x)�1 �jP(x)j + 2r�3 � 1 = jP1(x)j + 2r�3 and, by the induction hypothesis, thereis a good subgraph F 0 of F1 with respect to P1 and r. Then F 0 is a goodsubgraph of F with respect to P and r.Now, consider the case that jN j � 2 for every N 2 P(x) and everyx 2 A. If dF (x) > jP(x)j+2r�3 for some x 2 A, then let F1 = F �fxyg andP1 = PjF1 where y 2 NF (x). Since dF1(x) � jP(x)j+ 2r�3 = jP1(x)j+ 2r�3,it then follows from the induction hypothesis that there is a good subgraphF 0 of F1 with respect to P1 and r. Then F 0 is a good subgraph of F withrespect to P and r. If dF (x) = jP(x)j+ 2r�3 for every x 2 A, then we argueas follows. Since every set of P(x) has at least two elements, jP(x)j � 2r�3and, therefore, dF (x) � 2r�2 for every x 2 A. By Lemma 3.2, there is a sub-graph H of F such that dH(x) � ddF (x)r e � d2r�24 e = 2r�4 for every x 2 A anddH(y) = 1 for every y 2 B with dF (y) � r. Let ~F = F�E(H) and ~P = Pj ~F .Then, for every x 2 A, d ~F (x) = dF (x) � dH(x) � jP(x)j + 2r�3 � 2r�4 =jP(x)j + 2r�4 � j~P(x)j + 2r�4. Therefore, by the induction hypothesis,13



there is a good subgraph F 0 of ~F with respect to ~P and r � 1. ThenF 0 is a good subgraph of F with respect to P and r � 1. If y 2 B anddF (y) = r, then dH(y) = 1 and, therefore, d ~F (y) = r � 1 implying thatdF 0(y) � d ~F (y) � (r � 1) + 3 = dF (y) � r + 3. Consequently, F 0 is a goodsubgraph of F with respect to P and r. Thus Lemma 3.3 is proved. 2Remark. Lemma 3.3 remains valid if the condition dF (x) � jP(x)j+ 2r�3is replaced by dF (x) � jP(x)j+mr where m3;m4; ::: is a sequence of integerssatisfying m3 = 1 and mr � d2mrr e � mr�1 for r � 4. For r = 5, the case weare interested in, this gives m5 = 4.Lemma 3.4. Let F = F (A;B) be a bipartite graph, let R; d be integerswith R � d � 1 and, for every x 2 A, let a(x) � 1 be an integer. Assumethat dF (y) � R for every y 2 B. Then(R � d)jBj � Xx2A a(x)or there are non-empty subsets A0 � A and B 0 � B such that for the bipartitegraph F 0 = F (A0[B 0) we have dF 0(x) > a(x) for every x 2 A0 and dF 0(y) > dfor every y 2 B 0.Proof. We de�ne a sequence B0 = ;; A1; B1; A2; B2; ::: of sets as follows.For i � 1, let Ai = fx 2 A j dF (x : B �Bi�1) � a(x)gand Bi = fy 2 B j dF (y : Ai) � R � dg:Then, for every i � 1, we have Ai � Ai+1 � A and Bi � Bi+1 � B. LetA0 = A � SAi, B 0 = B � SBi and F 0 = F (A0 [ B0). For x 2 A0, we havedF (x : B � Bi�1) > a(x) for every i � 1 implying that dF 0(x) = dF (x :B0) > a(x) and, hence, B 0 6= ;. For y 2 B 0, we have dF (y : Ai) < R � dfor every i � 1 and, therefore, dF (y : SAi) < R � d. This implies thatdF 0(y) = dF (y : A0) = dF (y : A)�dF (y : SAi) > R� (R�d) = d and, hence,A0 6= ;. This proves Lemma 3.4 in case of A0 6= ;. If A0 = ;, then B 0 = ;and, therefore, A = SAi and B = SBi. Let E = fxy 2 E(F )jx 2 Ai andy 2 B �Bi�1 for some i � 1g. Then(R� d)jBj � jEj � Xx2A a(x):14



Thus Lemma 3.4 is proved. 24 List critical graphsFor the proof of Theorem 1.3 we need the following result.Lemma 4.1. Asumme that G 6= Kk is a �{critical graph where � is alist for G satisfying j�(x)j = k � 1 for every x 2 V (G). Let L = fx 2V (G) j dG(x) = k � 1g; X � L, Y � fy 2 V (G) j dG(y) = kg and letW = W k(G(X)). Furthermore, let C be the set of all components of G(X)and, for y 2 Y and T 2 C, letd(y) = jfT 2 C j NG(y : V (T ) \W ) 6= ;gjand d(T ) = jfy 2 Y j NG(y : V (T ) \W ) 6= ;gj:Then the following statements hold.(a) If k � 5, then d(y) � dG(y : W )� 1 for every y 2 Y .(b) If �(x) = f1; : : : ; k � 1g for every x 2 V (G) and k � 5, then d(y) � 4for some y 2 Y or d(T ) � s(T ) + 3 for some T 2 C.(c) If every member of C is an �k{graph and k � 9, then d(y) � 3 for somey 2 Y or d(T ) � 3 for some T 2 C.The proof of this result is given in subsection 4.2. First, we show how Lemma4.1 is used in the proof of Theorem 1.3.4.1 Proof of Theorem 1.3In this subsection, let G 6= Kk be a �{critical graph where k � 4 and � isa list for G satisfying j�(x)j = k � 1 for every x 2 V (G). Let L = fx 2V (G) j dG(x) = k � 1g, H = fx 2 V (G) j dG(x) � kg, W = W k(G(L)) andL0 = L�W . Moreover, let C be the set of all components of G(L) and let Dbe the set of all components of G(W ). By Lemma 1.7, H 6= ;, C � Tk and,15



therefore, every member of D is an �k{graph. Let � and �c be de�ned as inTheorem 1.3 and, for y 2 H, let�c(y) = dG(y : H) + (k � c� 2k � 1)(dG(y)� k):Then we have � = �(G(L)) = XT2C �(T ) and �c = Xy2H �c(y):From Lemma 2.3 (a) it then follows that� � XT2C(�0(T ) + s(T )�k + 2 � �k)provided that k � 6. If x 2 L belongs to some component T 2 C, thendG(x : H) = k � 1� dT (x). Therefore, Lemma 2.3 (b) implies that� � Xx2L0�kdG(x : H) + XT2C(s(T )�k + 2� �k) (2)provided that k � 6. Let H 0 = fy 2 H j dG(y) = kg and letS = � + Xy2H 0 �c(y) = � + Xy2H 0 dG(y : H):For the proof of Theorem 1.3 we consider two cases.Case 1: Assume that �(x) = f1; : : : ; k � 1g for every x 2 V (G), k � 6 andc = (k � 5)�k. We have to show that � + �c � cjHj. Since, for y 2 H �H 0,we have �c(y) � k � c � 2k�1 � c, it is su�cient to show that S � cjH 0j. Toprove this, we de�ne a bipartite graph F = F (A;B) subject to the followingconditions.(a) B = H 0 and A is the disjoint union of the sets A1; A2 and A3.(b) A1 = C and, for T 2 C, NF (T ) = fy 2 H 0 j NG(y : V (T ) \W ) 6= ;g.(c) For each vertex x of L0, let A2(x) be a set of nx = dG(x : H 0) verticesjoined in F to the set NG(x : H 0) by an matching with nx edges. LetA2 = Sx2L0 A2(x). 16



(d) For each vertex y 2 B, let A3(y) be a set of dG(y : H) vertices whichare all joined to y in F . Let A3 = Sy2BA3(y).Now, we use Lemma 4.1 with X = L and Y = H 0. Then, for y 2 B, we havedF (y : A1) = jfT 2 C j NG(y : V (T ) \ W ) 6= ;gj � dG(y : W ) � 1 and,therefore,dF (y) = dF (y : A1) + dF (y : A2) + dF (y : A3)� dG(y : W )� 1 + dG(y : L0) + dG(y : H)= dG(y : L) + dG(y : H)� 1 = dG(y)� 1 = k � 1:From (2) we infer thatS � Xx2L0 �kdG(x : H) + XT2C(s(T )�k + 2 � �k) + Xy2H 0 dG(y : H)� �kjA2j+ XT2C((s(T ) + 3)�k + jA3j� �k(jA2j+ XT2A1((s(T ) + 3) + jA3j)Now, we apply Lemma 3.4 to F = F (A;B) whereR = k�1, d = 4 and a(x) =1 if x 2 A2[A3 and a(x) = s(T )+3 if x = T 2 A1. If (R�d)jBj �Px2A a(x),then the above inequality for S implies S � �k(k � 5)jBj = cjH 0j. Other-wise, by Lemma 3.4, there are non-empty subsets A0 � A and B 0 � B = H 0such that for F 0 = F (A0 [ B 0) we have dF 0(x) > a(x) for every x 2 A0 anddF 0(y) > d = 4 for every y 2 B 0. Since every vertex of A2 [ A3 has degree1 in F , we have A0 � A1 = C. This gives a contradiction to Lemma 4.1 (b)where X = ST2A0 V (T ) and Y = B 0.Case 2: Assume that k � 9 and c = 13(k � 4)�k: We have to show that� + �c � cjHj. Since, for y 2 H � H 0, we have �c(y) � c, it is su�cient toshow that S � cjH 0j. Let F � = F �(A�; B) be the bipartite graph obtainedfrom F � A1 by adding the set A�1 = D where y 2 B and T 2 D are joinedby an edge in F � i� NG(y : V (T ) \W ) 6= ;. Since every �k{graph T 2 D isan �k{subcomponent of some member in C, we infer from (2) thatS � Xx2L0 �kdG(x : H) + XT2D�k + Xy2H 0 dG(y : H) � �kjA�j:17



We use Lemma 4.1 with X = W = W k(G(L)) and Y = H 0. As in case 2, wehave dF �(y) � k�1 for every y 2 B. Now, we apply Lemma 3.4 to F � whereR = k � 1, d = 3 and a(x) = 3 for every x 2 A�. If (R � d)jBj � 3jA�j,then we obtain S � �kjA�j � 13(k � 4)�kjBj = cjH 0j. Otherwise, by Lemma3.4, there are non-empty subsets A0 � A� and B 0 � B = H 0 such that forF 0 = F �(A0 [ B0) we have dF 0(x) > 3 for every x 2 A0 and dF 0(y) > 3for every y 2 B 0. Since every vertex of A2 [ A3 has degree 1 in F �, wehave A0 � A�1 = D. This gives a contradiction to Lemma 4.1 (c) whereX = ST2A0 V (T ) and Y = B 0. Thus Theorem 1.3 is proved. 24.2 Proof of Lemma 4.1Let G be a graph, z 2 V (G), and let � be a list for G. We call (G; z;�; k) acon�guration of type 1 if(1) G� z is a Gallai forest, G 6= Kk,(2) dG(z) � k, dG(x) � k � 1 for every x 2 V (G � z),(3) j�(z)j � dG(z)� 1, and j�(x)j � dG(x) for every x 2 V (G � z).Lemma 4.2. Let (G; z;�; k) be a con�guration of type 1 where k � 5, let mbe the number of components of G� z and let W = W k(G� z). Assume thatV (T ) \ W 6= ; for every component T of G � z. If G is not �{colourable,then m � jNG(z : W )j � 1:Proof. Let us consider a possible counterexample (G; z;�; k) such thatjV (G)j is minimum. Let T1; : : : ; Tm denote the components of G � z. Fori = 1; : : : ;m, let di = jNG(z : V (Ti) \W )j. We may assume that d1 � d2 �: : : � dm. Then dm � 1 and m � jNG(z : W )j�2 = d1+ : : : dm�2. We claimthat m = 1 and d1 � 3 or m = 2 and d1 = d2 = 2. Obviously, if m = 1, thend1 � 3. Now, assume m � 2. Let T = Tm. Then j�(x)j � dG(x) � dT (x)for all x 2 V (T ). Since z is adjacent in G to some vertex x of T , we havej�(x)j > dT (x) for this vertex x. Therefore, by Lemma 1.5, there is a �{colouring ' of T . Let G0 = G�V (T ) and �0 = �(V (T ); ') (see Remark 1.6).Since G is not �{colourable, G0 is not �0-colourable. Moreover, it is easy tocheck that (G0; z;�0; k) is a con�gration of type 1 satisfying the assumption ofLemma 4.2. Therefore, m�1 � jNG0(z :W k(G0�z))j�1 = d1+: : :+dm�1�1implying that m = 2 and d1 = d2 = 2. This proves our claim. Now, we con-sider two cases. 18



Case 1: m = 2 and d1 = d2 = 2. Let i 2 f1; 2g and let Gi = G(V (Ti) [ fzg).For x 2 V (Gi � z), we have j�(x)j � dG(x) = dGi(x). Since z has at leasttwo neigbours in Gi that belongs to (k�1){cliques of Gi�z and every vertexof Gi � z has degree at most k � 1 where k � 5, we conclude that Gi is nota Gallai tree and j�(z)j � dG(z)� 1 > dGi(z).Let Mi be the set of all colours a 2 �(z) such that '(z) 6= a for every�{colouring ' of Gi. Since G is not �{colourable, M1 [M2 = �(z). Fromj�(z)j � dG(z) � 1 = dG1(z) + dG2(z) � 1 we conclude that jMij � dGi(z)for some i, say i = 1. Now, let �0 be the list for G1 with �0(x) = �(x) forx 2 V (G1 � z) and �0(z) = M1. Since G1 is a connected graph but not aGallai tree, we infer from Lemma 1.5 that G1 is �0{colourable. This impliesthat there is a �{colouring ' of G1 with '(z) 2M1, a contradiction.Case 2: m = 1 and d1 � 3. Then T = G � z 2 Tk. Since G is not �{colourable, we may assume that j�(x)j = dG(x) for all x 2 V (G�z). LetB bean arbitrary end-block of T and letX be the set of all non-separating verticesof T that belong to B. Consider a vertex y 2 X. Since j�(y)j = dG(y) � 1,there is a colour a 2 �(y). Let G0 = G � y and �0 = �(y; a). Then G0 isnot �0{colourable and (G0; z;�0; k) is a con�guration of type 1. If no ver-tex of B belongs to NG(z : W ), then NG(z : W ) = NG0(z : W k(G0)) and,therefore, (G0; z;�0; k) is a smaller counterexample, a contradiction. HencejV (B) \NG(z : W )j � 1. Since dG(x) � k � 1 for all x 2 V (T ), this impliesthat B is a Kk�1.Let y 2 V (B) \ NG(z : W ). Since dG(y) � k � 1, we have j�(y)j =dG(y) = k � 1 and y 2 X. We claim that X � NG(z : W ). Suppose, onthe contrary, that there is a vertex x 2 X � NG(z : W ). Then j�(x)j =dG(x) = k � 2 and, therefore, there is a colour a 2 �(y) � �(x). Sincej�(z)j � dG(z)�1 � 3, there is a colour b 2 �(z) with b 6= a. Let �0 = �(z; b):Then T = G � z is not �0{colourable and j�0(u)j � dT (u) for all u 2 V (T ).Therefore, (T;�0) is a bad pair and �0(x) 6= �0(y), a contradiction to Lemma1.8. This proves our claim, i.e. X � NG(z : W ). If B is the only block ofT , then X = V (B) = V (T ) and, therefore G = Kk, a contradiction. Hence,there is an end-block B 0 6= B of T . For the set X 0 of all vertices of B 0 thatare non-separating vertices of T , we have X 0 � NG(z : W ). This yieldsdG(z) � jXj+ jX 0j � 2(k � 2) � k + 1, a contradiction.Thus Lemma 4.2 is proved. 219



Proof of Lemma 4.1 (a). Consider a vertex y 2 Y . Let C 0 be the set of allcomponents T 2 C satisfying NG(z :W \V (T )) 6= ;, let X 0 = fzg[S(V (T ))where the union is taken over all T 2 C 0 and letG0 = G(X 0). Then d(y) = jC 0jand dG(y : W ) = jNG0(z : W k(G0 � z))j. Since G is �{critical, there is a�{colouring ' of G � X 0. Let �0 = �(V (G) � X 0; '). Then G0 is not �0-colourable and, see Remark 1.6, (G0; z;�0; k) is a con�guration of type 1.From Lemma 4.2 we then infer that d(y) � dG(y : W ) � 1. This provesstatement (a) of Lemma 4.2. 2Lemma 4.3. Assume that (T;�) is a bad pair where T 2 Tk and �(z) �f1; : : : ; k � 1g for every z 2 V (T ). Let x; y be two non-separating vertices ofT contained in the same �k{subcomponent of T , then �(x) = �(y).Proof. By Lemma 1.8, � = �u for some mapping u 2 U(G). If x; y are con-tained in the same block, then the statement is evident. Otherwise, since x; ybelong to the same component of T (W k(T )) and T 2 Tk, there is a sequenceB1; B2; : : : ; B2l+1 of blocks of T such that x 2 V (B1), y 2 V (B2l+1), B2i+1 is aKk�1 for i = 0; : : : ; l and B2i is a K2 for i = 1; : : : ; l and V (Bi)\V (Bi+1) 6= ;for i = 1; : : : ; l � 1. Then u(Bi) \ u(Bi+1) = ; for i = 1; : : : ; l � 1. Sinceu(Bi) is a subset of f1; : : : ; k � 1g, ju(B2i+1)j = k � 2 and ju(B2i)j = 1, weconclude that u(B1) = u(B2l+1) and, therefore �(x) = �(y).Thus Lemma 4.3 is proved. 2Proof of Lemma 4.1 (b). Suppose, on the contrary, that d(y) � 5 forevery y 2 Y and d(T ) � s(T ) + 4 for every T 2 C.Now, let F = F (A;B) be the bipartite graph with A = C and B = Ywhere NF (T ) = fy 2 Y jNG(y : V (T ) \W ) 6= ;g for every T 2 A. Then,clearly, dF (y) = d(y) � 5 for every y 2 Y and dF (T ) = d(T ) � s(T ) + 4for every T 2 C. If NG(y : V (T ) \W ) 6= ; where y 2 Y and T 2 C, thenthere is an �k{subcomponent T 0 of T such that NG(y : V (T 0) \ W ) 6= ;.Therefore, for every T 2 A = C, there exists a partition P(T ) of NF (T )such that for every N 2 P(T ) there is an �k{subcomponent T 0 of T withN � fy 2 Y j NG(y : V (T 0)\W ) 6= ;g: Then dF (T ) � s(T )+4 � jP(T )j+4for every T 2 A and, by Lemma 3.3, there is a subgraph F 0 of F such that,for every T 2 A, dF 0(T ) = 2 and NF 0(T ) � N for some N 2 P(T ) and, forevery y 2 B, dF 0(y) � dF (y)� 2. 20



Now, let G0 be the graph with V (G0) = V (G) �X and E(G0) = E(G �X) [ fyy0 jNF 0(T ) = fy; y0g & T 2 Ag. For y 2 Y , we have dG(y) = k and,therefore, dG0(y) � dG(y)�dF (y)+dF 0(y) � k�2. Since G is �{critical, thereis a �{coluring ' of G�X�Y = G0�Y . For every y 2 Y , we have j�(y)j =k�1 � dG0 (y)+1. This implies that ' can be extended to some �{colouring'0 of G0. Let �� = �(V (G0); '0) and G� = G � V (G0) = G(X). Then G� isnot ��-colourable and j��(x)j � dG�(x) for every x 2 X. Therefore, thereis a component T of G(X), such that (T;�1) is a bad pair where �1 is therestrictzion of �� to T . Consider the two vertices y1; y2 of NF 0(T ). Then thereis a �k{subcomponent T 0 of T and two vertices x1; x2 in V (T 0) such that xiyiis an edge of G for i = 1; 2. Since every vertex of T has degree k � 1 in Gand T 0 is an �k{subcomponent of T it follows that x1 and x2 are two distinctnon-separating vertices of T and yi is the only vertex in V (G0) adjacent toxi in G. Therefore, �1(xi) = �(xi)�f'0(yi)g = f1; : : : ; k� 1g� f'0(yi)g fori = 1; 2. Since '0(y1) 6= '0(y2), this yields �1(x1) 6= �1(x2), a contradictionto Lemma 4.3.Thus Lemma 4.1 (b) is proved. 2Let G be a graph, let F be a subgraph of G, Y � V (G) and let � be alist for G. Then we call (G;F; Y;�) a con�guration of type 2 if the followingconditions hold.(1) G� Y is a Gallai forest.(2) j�(x)j � dG(x) for every x 2 V (G) � Y .(3) j�(y)j � dG(y : Y ) + dF (y) + 1 for every y 2 Y .(4) For every component T of G � Y there are two edges x1y1; x2y2 2 E(F )such that x1; x2 are two distinct non-separating vertices of T , y1 6= y2 and,for i = 1; 2, NG(xi : Y ) = fyig. Moreover, if Bi (i = 1; 2) is the only blockof T containing xi, then B1 = B2 or , for some i 2 f1; 2g, there is a non-separating vertex x of T such that x 2 Bi and NG(x : Y ) = ;.Lemma 4.4. If (G;F; Y;�) is a con�guration of type 2, then G is �{colourable.Proof (by induction on m = jV (G) � Y j). If m = 0, then G = G(Y )and j�(y)j � dG(y) + 1 for every y 2 V (G) implying that G is �-colourable.Now, assume m � 1. Then there is a component T of G � Y and two edgesx1y1; x2y2 2 E(F ) subject to condition (4). For i = 1; 2, let Bi be the only21



block of T containing xi. Let G0 = G � V (T ) and F 0 = F � V (T ). Weconsider two cases.Case 1: B1 = B2. First, assume �(x1) = �(x2). Let G� be the graphobtained from G0 by adding the edge y1y2. Then (G�; F 0; Y;�) is a con�gu-ration of type 2 and, by the induction hypothesis, there is a �{colouring 'of G�. Consider the list �0 = �(V (G�); ') for T = G � V (G�). If T is not�0{colourable, then (T;�0) is a bad pair and, since yi is the only vertex in Yadjacent to xi in G and '(y1) 6= '(y2), �0(x1) 6= �0(x2), a contradiction toLemma 1.8. Hence, T is �0-colurable implying that G is �{colourable.Now, assume �(x1) 6= �(x2), say a 2 �(x1) � �(x2). Let �0 be the listobtained from � by removing colour a from �(y1). Then (G0; F 0; Y;�0) isa con�guration of type 2 and, by the induction hypothesis, there is a �0{colouring ' of G0. Consider the list �1 = �(V (G0); ') for T = G � V (G0).Then �1(x1) 6= �2(x2) and, by Lemma 1.8, it follows that T is �1-colourableimplying that G is �{colourable.Case 2: B1 6= B2. Then, because of condition (4), in one of these two blocks,say in B1, there is a non-separating vertex x of T such that NG(x : Y ) = ;.We may assume that j�(x)j = dG(x). Then j�(x1)j � dG(x1) > dG(x) im-pliying that there is a colour a 2 �(x1) � �(x). Let �0 be the list obtainedfrom � by removing colour a from �(y1). Then (G0; F 0; Y;�0) is a con�g-uration of type 2 and, by the induction hypothesis, there is a �0{colouring' of G0. Consider the list �1 = �(V (G0); ') for T = G � V (G0). Then�1(x1) 6= �2(x) and, by Lemma 1.8, it follows that T is �1-colurable imply-ing that G is �{colourable.Thus Lemma 4.4 is proved. 2Proof of Lemma 4.1 (c). Suppose, on the contrary, that d(y) � 4 forevery y 2 Y and d(T ) � 4 for every T 2 C. Let G1 = G(X [ Y ): Since G is�{critical there is a �{colouring ' of G0 = G�X�Y . Let �1 = �(V (G0); ')be the list for G1. To arrive at a contradiction, we shall show that that thereis a �1{colouring of G1 and, therefore, a �{colouring of G.For Z � X, let N(Z) = fy 2 Y jNG(y : Z) 6= ;g, and, for a set of blocksB of G(X), let X(B) be the set of all vertices contained in some block of B.Consider an arbitrary component T 2 C of G(X). Since T is an �k{graph,V (T ) � W = W k(G(X)) = X and, therefore, jN(V (T ))j � 4. Let S denote22



the set of all vertices of T that are in G adjacent to a vertex of Y and letR denote the set of all non-separating vertices of T . Since every vertex ofT has degree k � 1 in G, S � R. From Lemma 4.1 (a) it follows that everyvertex of Y has in G at most two neighbours belonging to T . This implies,in particular, that jN(Z)j � 4 provided that jZ \ Sj � 7.Let B1 denote the set of all blocks B of T such that V (B)\ (R�S) 6= ;.We claim that there is a set B = BT of blocks of T such that all but at mostone block of B belongs to B1 and jN(X(B))j � 4. If some end-block B ofT is not in B1, then V (B) \ R � S and, since B is a Kk�1, jV (B) \ Sj =jV (B) \ Rj = k � 2 � 7 implying that the claim is satis�ed for B = fBg.Now, assume that every end-block of T belonge to B1 and jN(B1)j � 3.Since jN(V (T ))j � 4, there is a block B of T not contained in B1. LetB = B1 [ fBg: Since ; 6= V (B) \R � S and T has at least jV (B)�Rj end-blocks, we conclude that B is a Kk�1 and jX(B) \ Sj � jV (B)j = k � 1 � 8and, therefore, jN(X(B))j � 4. This proves our claim.Now, let F = F (C; Y ) be the bipartite graph where NF (T ) = N(X(BT )).Then dF (T ) � 4 for every T 2 C and, by Lemma 3.2, there is a subgraph F 0of F such that dF 0(T ) = 2 for every T 2 C and dF 0(y) � dF (y)� 2 for everyy 2 Y with dF (y) � 4 and dF 0(y) � 2 for every y 2 Y with dF (y) � 3.For every component T 2 C, NF 0(T ) consists of two distinct verticesy1(T ); y2(T ) and, moreover, there are two distinct vertices x1(T ); x2(T ) 2X(BT ) such that xi(T ) is in G adjacent to yi(T ) for i = 1; 2. Let F1be the subgraph of G1 with the same vertex set as G1 and with E(F1) =fxi(T )yi(T ) j T 2 C & i = 1; 2g. Then (G1; F1; Y;�1) is a con�guration oftype 2 and, therefore, G1 is �1{colourable. This contradiction proves Lemma4.1 (c). 25 Concluding remarksThe main result of this paper is that 2fk(n) � gk(n; c) where c = (k � 5)�kand k � 6. Our method of proof yields two upper bounds for the possiblevalues of the constant c, namely c � k � 2=(k � 1) (see Lemma 1.4) andc � 12(k � 2=(k � 1)) (see the proof of Theorem 1.3, the part where we showthat �c(y) � c provided that dG(y) > k). For integers p; k satisfying k � 423



and 2 � p � k, letck;p = fk(k + p) � 12gk(k + p; k � 2k � 1)be a constant depending on k and p, and lethk;p(n) = 12gk(n; k � 2k � 1) + ck;p = 12(k � 1 + k � 3k � 1)n+ ck;p:We claim that if n � k+2 and n � p� 1 mod (k� 1) where 2 � p � k, thenthere is a k{critical graph with n vertices and hk;p(n) edges implying that2fk(n) � 2hk;p(n) = gk(n; k � 2k � 1) + 2ck;p: (3)For n = k+p, we have hk;p(n) = fk(n) and the claim is evidently true. Now,assume n � p � 1 mod (k � 1). If G is a k{critical graph with n verticesand hk;p(n) edges, then we apply the Haj�os construction (see [11] or [12])to G and Kk. This results in a k{critical graph with n + k � 1 verticesand m = jE(G)j + �k2� � 1 edges. By an easy calculation, we then obtainm = hk;p(n) + �k2�� 1 = hk;p(n+ k� 1). This proves our claim. By a conjec-ture of Ore [23] (see also problem 5.3 in [12]) it follows that we have equalityin (3). In [10] Gallai proved that 2fk(k + p) = (k � 1)(k + p) + p(k � p)provided that 2 � p � k � 1 and in [15] it was proved that fk(2k) = k2 � 3:References[1] O.V. Borodin, Criterion of chromaticity of a degree prescription (in Rus-sian), in: Abstracts of IV All-Union Conf. on Theoretical Cybernetics(Novosibirsk) 1977, 127-128.[2] O.V. Borodin, Problems of colouring and of covering the vertex set of agraph by induced subgraphs (in Russian), Ph.D.Thesis, Novosibirsk StateUniversity, Novosibirsk, 1979.[3] R.L. Brooks, On colouring the nodes of a network, Proc. Cambridge Phil.Soc. 37 (1941) 194-197. 24
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