
DISTRIBUTED BEAMFORMING FOR TWO-WAY RELAYING NETWORKS WITH
INDIVIDUAL POWER CONSTRAINTS

Jianshu Zhang, Florian Roemer, and Martin Haardt

Communications Research Laboratory
Ilmenau University of Technology

P. O. Box 10 05 65, 98684 Ilmenau, Germany
web page: http://www.tu-ilmenau.de/crl

ABSTRACT

In this paper we study the sum rate maximization problem in a multi-
pair two-way relaying network with multiple single antenna amplify-
and-forward relays where each relay has its own transmit power con-
straint. The optimization problem is non-convex and in general NP-
hard. First, we propose a monotonic optimization based algorithm.
Due to its high computational complexity, this algorithm can only be
used as a benchmark. Afterwards, inspired by the polynomial time
difference of convex functions (POTDC) method, we develop a sub-
optimal solution which has lower complexity but comparable perfor-
mance. To further reduce the computational complexity, we propose
two other algorithms, i.e., the total SINR eigen-beamformer and an
interference neutralization based design which are the low SNR and
high SNR approximations of the original optimization problem, re-
spectively. Simulation results show that all the proposed suboptimal
methods only suffer small losses compared to the global optimal so-
lution especially when there is a sufficient number of relays in the
network.

Index Terms— Two-way relaying, amplify and forward, sum
rate maximization, monotonic optimization.

1. INTRODUCTION

Relay networks are important for future mobile networks since they
can improve the network performance by extending the coverage and
increasing the network capacity. In contrast to one-way relaying,
two-way relaying techniques can compensate the spectral efficiency
loss due to the half-duplex constraint of the relay and, therefore, use
the radio resources in a more efficient manner. Multi-pair two-way
amplify-and-forward (AF) relay networks have been investigated in
[1], [2], and [3]. Reference [1] deals with the adaptive power al-
location problem while assuming only orthogonal transmission in
the network, i.e., no inter-pair interference is created during the data
transmission. References [2] and [3] propose beamforming tech-
niques for networks with inter-pair interference. Moreover, the opti-
mum beamforming design for maximizing the sum rate of this sys-
tem is developed in [3]. However, a sum power constraint is assumed
in [3]. Thereby, this motivates us to extend it to the case where each
relay has its own transmit power constraint because this case has not
been dealt with prior to our work.

This work has been performed in the framework of the European re-
search project SAPHYRE, which is partly funded by the European Union
under its FP7 ICT Objective 1.1 - The Network of the Future. Florian Roe-
mer is now affiliated with Digital Broadcasting Research Laboratory, Ilmenau
University of Technology, Ilmenau, Germany.

In this paper, we consider the problem of maximizing the sum
rate of a multi-pair two-way AF relaying network where each relay
has its individual power constraint. This optimization problem is
non-convex and in general NP-hard. Since the maximization prob-
lem fulfills the monotonic optimization framework, we first propose
an (ǫ, η)-global optimal solution which is obtained using the poly-
block approximation algorithm. However, due to its high computa-
tional complexity, this algorithm is only suitable for benchmarking.
Afterwards, inspired by the polynomial time difference of convex
functions (POTDC) method in [4], we develop a sub-optimal algo-
rithm which converges faster than the polyblock algorithm and has a
comparable performance. To further reduce the computational com-
plexity, we propose the total SINR eigen-beamformer and the in-
terference neutralization based design which are the low SNR and
the high SNR approximation of the original optimization problem,
respectively. Simulation results have demonstrated that especially
when there are enough relays in the network all the proposed subop-
timal algorithms have close to optimum performance. Moreover, the
interference neutralization based design yields the lowest computa-
tional complexity.

Notation: Uppercase and lower case bold letters denote ma-
trices and vectors, respectively. The expectation operator, trace of
a matrix, transpose, conjugate, and Hermitian transpose are denoted
byE{·}, Tr{·}, {·}T, {·}∗, and{·}H, respectively. Them×m iden-
tity matrix isIm. The Euclidean norm of a vector is denoted by‖ · ‖
and� is the generalized inequality. The Hadamard (element-wise)
product is denoted by⊙ anddiag{v} creates a diagonal matrix by
aligning the elements of the vectorv onto its diagonal entries. The
natural logarithmic function is denoted aslog(·).

2. SYSTEM MODEL

The scenario under investigation is shown in Fig. 1.K pairs
of single-antenna users would like to communicate with each
other via the help ofN single-antenna relays. We assume per-
fect synchronization and the channel is frequency flat and quasi-
static block fading. The channel vector from the(2k − 1)th
user (on the left-hand side of Fig. 1) to the relays is denoted as
f2k−1 = [f2k−1,1, f2k−1,2, . . . , f2k−1,N ]T ∈ C

N , while the chan-
nel from the2kth user (on the right-hand side of Fig. 1) to the
relay is denoted asg2k = [g2k,1, g2k,2, . . . , g2k,N ]T ∈ C

N , for
k ∈ {1, 2, · · · ,K}. For notational simplicity, we assume an ideal
time-division duplex (TDD) system, i.e., the channels arerecipro-
cal. The transmission takes two time slots. In the first time slot, the
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Fig. 1. Multi-pair two-way relaying with multiple single-antenna
amplify and forward relays.

signal received at all relays can be combined in a vector as

r =
K∑

k=1

(f2k−1s2k−1 + g2ks2k) + nR ∈ C
N (1)

wheres2k−1 and s2k are i.i.d. symbols with zero mean and unit
power. The vectornR contains the zero-mean circularly symmet-
ric complex Gaussian (ZMCSCG) noise andE{nRn

H
R} = σ2

r IN .
Afterwards, the AF relays broadcast the weighted signal as

r̄ = W · r (2)

whereW = diag{w∗} andw = [w1, w2, . . . , wN ]T is the vector
which consists of theN complex weights of all the relays.

In the second time slot, the received signal at the(2k−1)th user
(on the left-hand side of Fig. 1) is expressed as [2]

y2k−1 = w
H
F2k−1g2ks2k

︸ ︷︷ ︸

desired signal

+w
H
F2k−1f2k−1s2k−1

︸ ︷︷ ︸

self-interfernce

+ w
H
F2k−1

K∑

ℓ6=k
ℓ=1

(f2ℓ−1s2ℓ−1 + g2ℓs2ℓ)

︸ ︷︷ ︸

inter-pair interference

+ w
H
F2k−1nR + n2k−1

︸ ︷︷ ︸

effective noise

(3)

whereF2k−1 = diag{f2k−1} andn2k−1 is the ZMCSCG noise
with varianceσ2

u,∀k. Similar expressions can be obtained for the
2kth user.

We assume that perfect channel knowledge can be obtained such
that the self-interference terms can be canceled and perfect synchro-
nization is available. LetPR,i be the transmit power constraint of
the ith relay in the network. Our goal is to find the optimal weight-
ing vectorwopt such that the sum rate of the system is maximized
subject to these individual power constraint.

3. SUM RATE MAXIMIZATION

The optimization problem can be formulated as

max
w

1

2

2K∑

m=1

log2(1 + SINRm)

subject to E{‖r̄i‖
2} ≤ PR,i, ∀i ∈ {1, 2, · · · , N} (4)

where the factor1/2 is due to the two channel uses (half duplex).
Whenm = 2k − 1, from the expression (3), the SINR of themth
UT is described as [3]

SINR2k−1 =
wHB2k−1w

wH(D2k−1 +E2k−1)w + σ2
2k−1

(5)

whereD2k−1 =
∑

ℓ6=k
ℓ=1

(h̃
(o)
2k−1,ℓh̃

(o)H

2k−1,ℓ + h̃
(e)
2k−1,ℓh̃

(e)H

2k−1,ℓ) and

B2k−1 = h2k−1h
H
2k−1 areN ×N positive semidefinite Hermitian

matrices. The matricesD2k−1 andB2k−1 are related to the inter-
ference power and the desired signal power, respectively, (h2k−1 =

f2k−1 ⊙ g2k, h̃(o)
2k−1,ℓ = f2k−1 ⊙ f2ℓ−1 andh̃(e)

2k−1,ℓ = f2k−1 ⊙
g2ℓ). The term which is related to the forwarded noise from the re-
lay is denoted by anN × N full rank diagonal matrixE2k−1 =
σ2
RF2k−1F

H
2k−1. Similar SINR expressions can be obtained when

m = 2k. Furthermore, theith relay’s transmit power is given by
E{‖r̄i‖

2} = wH
Υiw with Υi = Γi,ieie

H
i . The vectorei is the

ith column of an identity matrix. The scalarΓi,i is the(i, i)th ele-
ment of the following diagonal matrix

Γ =
K∑

k=1

(F2k−1F
H
2k−1 +G2kG

H
2k) + σ2

RIN . (6)

Given the above definitions, problem (4) can be rewritten as

max
w

2K∏

m=1

wHAmw + σ2
u

wHCmw + σ2
u

subject to w
H
Υiw ≤ PR,i, ∀i (7)

or equivalently

max
w

2K∑

m=1

(
log(wH

Amw + σ2
u)− log(wH

Cmw + σ2
u)
)

subject to w
H
Υiw ≤ PR,i, ∀i (8)

whereCm = Dm +Em andAm = Bm +Cm are positive defi-
nite. Note that for simplicity the scalar1

2
is dropped and the natural

logarithm is used instead. The formulations (7) or (8) are still non-
convex.

3.1. Generalized Polyblock Algorithm

In [3] we have proven that the sum rate maximization problem
in such a relay network with a total power constraint satisfies the
monotonic optimization framework. Similarly, problem (7) is also a
monotonic optimization problem which can be solved using a unified
algorithm, which is called the polyblock approximation approach
[5]. In the following we prove that the problem (7) is a monotonic
optimization problem and then adapt the polyblock algorithm to
solve it.

Problem (7) is equivalent to the following problem

max
y

{Φ(y)|y ∈ D} (9)

whereΦ(y) =
∏2K

m=1 ym andD = G ∩ L. The setsG = {y ∈

R
2K
+ |ym ≤ maxw

wHAmw+σ2
u

wHCmw+σ2
u
} and L = {y ∈ R

2K
+ |ym ≥

minw
wHAmw+σ2

u

wHCmw+σ2
u
} are a normal set and a reverse normal set, re-

spectively [5]. The domain ofw is defined as{w ∈ C
N |wH

Υiw ≤
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PR,i, ∀i}. Moreover, the functionΦ(y) is an increasing function
sinceΦ(ȳ) ≥ Φ(ỹ), ∀ȳ � ỹ. Thereby, problem (7) is the max-
imization of an increasing function over an intersection of normal
and reverse normal sets. As shown in [5], such a formulation is a
monotonic optimization problem. The definitions of the increasing
function, the normal set, and the reverse normal set are the same as
in [5].

Now let us briefly review the polyblock algorithm in [3]. A poly-
blockP with vertex setT ⊂ R

2K
+ is defined as the finite union of all

the boxes[0, z], z ∈ T. It is dominated by its proper vertices. A
vertexz is proper if there is nōz 6= z andz̄ � z for z̄ ∈ T. The
global maximum of a monotonic optimization problem, if it exists,
is obtained on∂+

D, i.e., the upper boundary ofD. The main idea
of the polyblock approximation algorithm for solving (9) is to ap-
proximate∂+

D by polyblocks, i.e., to construct a nested sequence
of polyblocks which approximateD from above, that is,

P1 ⊃ P2 ⊃ · · · ⊃ D s.t. max
y∈Pk

Φ(y) → max
y∈D

Φ(y) (10)

whenk → ∞ andyk � yℓ for all ℓ ≥ k [5].
Following the same procedure as in [3], the(ǫ, η)-optimal so-

lution of problem (7) is obtained. Note that the major difference
between the problem in [3] and our problem is the calculation of
αk ∈ (0, 1] at thekth step. The scalarαk determines the unique
intersection between the ray through0 andȳk and the upper bound-
ary∂+

D whereȳk is the vertex inTk which maximizes the function
Φ(y). Instead of solving an unconstrained max-min problem as in
[3], we need to solve the following constrained problem

αk = max
w

min
m

wHAmw + σ2
u

ȳk,mwHCmw + σ2
u

subject to w
H
Υiw ≤ PR,i, ∀i (11)

Similar as in [3], problem (11) is solved using semidefinite relax-
ation together with the bisection search (the concept of this method
is elaborated in Section 3.3).

3.2. POTDC Inspired Approach

As illustrated in [3], the computational complexity of the polyblock
algorithm can be non-polynomial time in the worst case. Thus, it
is worth to look for a polynomial time solution. In this section, we
develop a suboptimal but polynomial time solution.

Let us first defineX = wwH. Then problem (8) can be refor-
mulated as

min
X,αm,βm,∀m

−
2K∑

m=1

log(αm)−

(

−
2K∑

m=1

log(βm)

)

subject to Tr{ΥiX} ≤ PR,i, ∀i,

Tr{AmX}+ σ2
u = αm,

Tr{CmX}+ σ2
u = βm, ∀m,

X � 0, rank{X} = 1. (12)

If we further drop the non-convex rank-1 constraint, such a method
is called semidefinite relaxation (SDR) [6].

The objective function of problem (12) is the difference of con-
vex functions (D.C.) and therefore is non-convex and in general NP-
hard. Inspired by the POTDC algorithm in [4], we replace the con-
cave part of the objective function in (12) by its linear approxima-
tion, i.e., log(βm) is replaced by its first order Taylor polynomial

log(βm,0)+
βm−βm,0

βm,0
,∀m. After the substitutions, the cost function

in (12) becomes convex. Finally, we obtain the following problem:

min
X,αm,βm,tm∀m

−

2K∑

m=1

log(αm) +

2K∑

m=1

tm

subject to Tr{ΥiX} ≤ PR,i, ∀i,X � 0

Tr{AmX}+ σ2
u = αm,

Tr{CmX}+ σ2
u = βm

log(βm,0) +
1

βm,0
(βm − βm,0) ≤ tm. (13)

Problem (13) is a convex semidefinite programming (SDP) problem
and can be solved using the standard interior-point algorithm [7].

Clearly, the first order Taylor polynomial approximation in prob-
lem (13) is the true Taylor expansion oflog(βm) in (12) only ifβm,0

equals to the optimalβm,opt. Thus, similarly as in [4], we propose
an iterative algorithm as described in Table 1 for obtaining the op-
timal Xopt of problem (13). The proposed algorithm has preserved
the convergence properties from the original POTDC. That is, the
optimal values obtained over the iterations are non-decreasing. Fur-
thermore, the proposed algorithm provides a polynomial-time solu-
tion since it solves a sequence of convex problems.

Table 1. Iterative algorithm for obtainingXopt inspired by POTDC
Initialization step : set initial valuesβm,0, ∀m
maximum iteration numberNmax and the tolerance factorǫ.
Main step:

1: for p = 1 toNmax do
2: Solve (13) finding optimal valuef⋆(p) andβ(p)

m .
3: β

(p+1)
m,0 = β

(p)
m ,m = 1, · · · , 2K

4: if
∣
∣
∣f⋆(p) − f⋆(p−1)

∣
∣
∣ ≤ ǫ then

5: break
6: end if
7: end for

In the end, to obtainwopt we need to extract a rank-1 solution
from Xopt. In our work, the randomization technique described in
[6] is applied.

3.3. Total SINR Eigen-Beamformer

Although the POTDC inspired algorithm has a comparable perfor-
mance and guaranteed polynomial time solution compared to the
polyblock algorithm, it requires iterations and therefore is still com-
putationally inefficient. To further reduce the computational com-
plexity, we propose a low SNR approximation of problem (4), i.e.,
the total SINR eigen-beamformer (denoted as ToT in the simulation
results). As stated in [3], the total SINR eigen-beamformer aims at
maximizing the ratio between the sum of the received signal powers
of all the UTs and the sum of interference plus noise power of all the
UTs. This beamformer design can be applied to our problem but a
closed-form solution as in [3] cannot be obtained due to the individ-
ual relay power constraints. In the following we apply the concept
of the total SINR eigen-beamformer and develop the solution to it.

Let us defineStot =
∑2K

m=1 Bm andUtot =
∑2K

m=1 Cm.
Thus,wHStotw andwHUtotw are the sum of the signal power and
the sum of the interference power plus the forwarded noise power
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from all the relays, respectively. Then our proposed total SINR
eigen-beamformer solves the following problem

max
w

wHStotw

wHUtotw + 2Kσ2
u

subject to w
H
Υiw ≤ PR,i, ∀i (14)

Although problem (14) is in general non-convex and NP-hard, it is
well studied in the literature, e.g., [8], [9]. In our work, we use the
SDR together with a bisection search which is similar to [8]. In the
following we briefly introduce this algorithm. Applying the SDR
method, problem (14) is reformulated as

max
X,t

− t

subject to Tr{ΥiX} ≤ PR,i, ∀i,X � 0

Tr{(tUtot − Stot)X} ≤ −2Ktσ2
u, ∀i (15)

For a fixedt, problem (15) is a feasibility check problem. Thereby,
the optimalXopt can be obtained via a bisection search over an in-
terval [tmin, tmax]. In our case, we selecttmin = 0 and tmax =

P((Utot + 2Kσ2
uΓ/(

∑N

i
PR,i))

−1Stot) whereP(·) is the domi-
nant eigenvalue of a square matrix. After obtainingXopt, the op-
timal beamforming vectorwopt is found using the randomization
techniques described in [6].

Next we prove that problem (14) is the low SNR approximation
of the original problem (4). Applying the the Taylor expansion of
the logarithmic functionlog(1 + x), we have∀m

log

(

1 +
wHBmw

wH(Dm +Em)w + σ2
u

)

≈
wHBmw

wH(Dm +Em)w + σ2
u

.

Using the fact that in the low SNR regime (σ2
r → +∞) we have

wHDmw ≪ wHEmw ≈ σ2
r , ∀m, we can rewrite the objective

function in (4) as

1

2K

2K∑

m=1

log

(

1 +
wHBmw

wH(Dm +Em)w + σ2
u

)

≈
1

2K

2K∑

m=1

wHBmw

wH(Dm +Em)w + σ2
u

≈

2K∑

m=1

w
H
Bmw

2K(σ2
r + σ2

u)

≈

2K∑

m=1

w
H
Bmw

2K∑

m=1

(wH(Dm +Em)w + σ2
u)

=
wHStotw

wHUtotw + 2Kσ2
u

.

3.4. Interference Neutralization Based Design

In this section, we propose a high SNR approximation of the origi-
nal problem (4). The proposed algorithm is based on the interference
neutralization which is a technique that tunes the interfering signals
such that they neutralize each other at the receiver [10]. Mathemati-
cally, interference neutralization for our scenario requires that







(f2k−1 ⊙ f2ℓ−1)
Hw · s2ℓ−1 = 0 ∀ℓ, k, ℓ 6= k

(f2k−1 ⊙ g2ℓ)
Hw · s2ℓ = 0 ∀ℓ, k, ℓ 6= k

(g2k ⊙ f2ℓ−1)
Hw · s2ℓ−1 = 0 ∀ℓ, k, ℓ 6= k

(g2k ⊙ g2ℓ)
Hw · s2ℓ = 0 ∀ℓ, k, ℓ 6= k

(16)

or equivalently


















(f1 ⊙ f3)
H

(f1 ⊙ g4)
H

(g2 ⊙ f3)
H

(g2 ⊙ g4)
H

...
(f2K−3 ⊙ f2K−1)

H

(f2K−3 ⊙ g2K)H

(g2K−2 ⊙ f2K−1)
H

(g2K−2 ⊙ g2K)H


















︸ ︷︷ ︸

H(e)

·w = 0 (17)

Utilizing the commutative property of the Hadamard product, dupli-
cat rows inH(e) are removed. The matrixH(e) is found to have a
dimension of2K(K − 1) × N . Equation (17) is solvable only if
the null space ofH(e) is not empty, i.e.,N > 2K(K − 1). De-
fine the SVD ofH(e) = UΣ[Vs Vn]

H, whereVn contains the
last (N − 2K(K − 1)) right singular vectors and thus forms an or-
thonormal basis for the null subspace ofH(e). Without loss of gen-
erality, we define the interference neutralization based beamformer
(denoted as IntNeu in the simulation results) asw = Vnw̄, where
w̄ ∈ C

N−2K2+2K has a smaller dimension thanw ∈ C
N . In other

words, searching over̄w yields a lower computational complexity.
Furthermore, observing that we havewHEmw → σ2

r , ∀m also in
the high SNR regime (σ2

r → 0), the cost function in (8) is then re-
formulated as

2K∑

m=1

log(w̄H
V

H
n AmVnw̄ + σ2

u)−
2K∑

m=1

log(σ2
r + σ2

u) (18)

Replacing the cost function in (8) by (18) and dropping the con-
stant terms, we obtain the following problem

max
w̄

2K∑

m=1

log(w̄H
Āmw̄ + σ2

u)

subject to w̄
H
Ῡiw̄ ≤ PR,i, ∀i (19)

whereĀm = V H
n AmVn, ∀m andῩi = V H

n Γiieie
H
i Vn. Again

applying the SDR, we have the following convex SDP problem

min
X̄,ᾱm,∀m

−
2K∑

m=1

log(ᾱm)

subject to Tr{ῩiX̄} ≤ PR,i, ∀i,X � 0

Tr{ĀmX̄}+ σ2
u = ᾱm. (20)

whereX̄ = w̄w̄H. After obtaining the optimalX̄opt, the rank-1
extraction ofVnX̄V H

n , which is computed using the randomization
technique, yields the finalwopt.

4. SIMULATION RESULTS

In this section, the performance of the proposed algorithms is eval-
uated via Monte-Carlo simulations. The simulated flat fading chan-
nels are spatially uncorrelated Rayleigh fading channels. Each relay
has an identical transmit power constraint of1/N . The noise vari-
ances at all nodes are the same, i.e.,σ2

r = σ2
u and the SNR is defined

as SNR= 1/σ2
m. There areK = 2 pairs of users in the network. All
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the simulation results are obtained by averaging over 1000 channel
realizations. “Polyblock”, “POTDC”, “ToT”, and “IntNeu” denote
the algorithms in Sections 3.1, 3.2, 3.3, and 3.4, respectively. For
the polyblock algorithm, the POTDC algorithm, and the ToT algo-
rithm, the stopping criterion is set to be a tolerance factor of10−4.
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Fig. 2. Sum rate comparison of the polyblock algorithm and the
POTDC algorithm.

Fig. 2 shows the comparison of different algorithms withN = 6
relays andN = 12 relays in the network. Clearly, the POTDC
algorithm has close to optimal performance especially in the low
SNR regime and when there is a sufficient number of relays in the
network (e.g.,N = 12). Thus, the POTDC algorithm can also be
used as a benchmark for the other sub-optimal algorithms since it
has a lower computational complexity but a comparable performance
when compared to the global optimal solution.
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Fig. 3. Sum rate comparison of the POTDC algorithm and the total
SINR eigen-beamfomer (low SNR approximation) and the interfer-
ence neutralization based design (high SNR approximation).

Fig. 3 demonstrates the comparison of different suboptimal algo-

rithms. As depicted in the figure, the total SINR eigen-beamformer
(ToT) and the interference neutralization based design (IntNeu) show
a low SNR performance and a high SNR performance of the global
optimum solution, respectively. Moreover, when there are enough
relays in the network, both the total SINR eigen-beamformer and
the interference neutralization based design are very close to the op-
timum solution but have much lower computational complexity.

5. CONCLUSION

In this paper, we have investigated the sum rate maximization prob-
lem in two-way AF relaying networks where each relay has its own
transmit power constraint. The optimization problem fits into the
monotonic optimization framework and thus can be solved using the
generalized polyblock approximation algorithm. Since the D.C. for-
mulation of the original problem has a similar structure as in [4],
we develop a generalized POTDC algorithm which is inspired by
the POTDC algorithm in [4]. To further reduce the computational
complexity, we propose the total SINR eigen-beamformer which
maximizes the total SINR of the network. The total SINR eigen-
beamformer is a low SNR approximation of the original problem and
it only suffers a little loss compared to the polyblock algorithm and
the generalized POTDC algorithm when there is a sufficient number
of relays in the network. The same performance can be observed
for the proposed interference neutralization based design which pro-
vides a high SNR approximation of the optimum solution. Moreover,
the interference neutralization based design has the lowest computa-
tional complexity among all the proposed algorithms.
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