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ABSTRACT

In this paper, we propose a reduced-rank direction of arrival (DOA)
estimation algorithm based on joint and iterative subspace optimiza-
tion (JISO) with grid search . The reduced-rank scheme includes a
rank reduction matrix and an auxiliary reduced-rank parameter vec-
tor. They are jointly and iteratively optimized with a recursive least
squares algorithm (RLS) to calculate the output power spectrum.
The proposed JISO-RLS DOA estimation algorithm provides an ef-
ficient way to iteratively estimate the rank reduction matrix and the
auxiliary reduced-rank vector. It is suitable for DOA estimation with
large arrays and can be extended to arbitrary array geometries. It ex-
hibits an advantage over MUSIC and ESPRIT when many sources
exist in the system. A spatial smoothing (SS) technique is employed
for dealing with highly correlated sources. Simulation results show
that the JISO-RLS has a better performance than existing Capon and
subspace-based DOA estimation methods.

Index Terms— DOA estimation, array processing, joint opti-
mization, rank reduction.

1. INTRODUCTION

Direction of arrival (DOA) estimation algorithms have been exten-
sively studied in the past due to their widespread applications [1].
Among the well known methods are Capon’s methods [2], subspace-
based [3, 4], and maximum likelihood (ML) techniques [8]. Capon
[2] is a simple scheme that scans possible angles and locates peaks
in the output power spectrum to estimate the DOAs of the signals.
Its resolution strongly depends on the number of snapshots and the
array size. MUSIC [3] and ESPRIT [4] are subspace-based algo-
rithms that exploit the eigen-structure of the input covariance matrix
for direction finding. Previously reported subspace-based methods
suffer from correlated sources and a poor estimation of the input co-
variance matrix. In order to employ subspace-based algorithms and
avoid a direct eigen-decomposition for the computation of the sig-
nal subspace, one can resort to subspace tracking algorithms [5] that
exhibit an attractive trade-off between performance and complexity.
The auxiliary vector (AV) [6] and conjugate gradient (CG) [7] algo-
rithms are two subspace-based algorithms proposed recently. They
utilize the AV basis vectors or CG residual vectors to form the signal
subspace without the need for an eigen-decomposition. Both algo-
rithms work well in severe conditions with low SNR for both corre-
lated and uncorrelated sources. The maximum-likelihood (ML) al-
gorithm [8] exhibits a superior resolution compared with the Capon
and subspace-based methods but requires a high computational cost.

In this paper, we introduce a novel reduced-rank DOA estima-
tion algorithm. The proposed JISO algorithm is robust against model-
order selection and is suitable for DOA estimation with large arrays
and a small number of snapshots. It is suited for problems of highly
correlated sources or direction finding for a large number of users.
The existing Capon and subspace-based algorithms cannot achieve
a high resolution when many signals are present. Although the ML

technique is powerful under these conditions, with large arrays it re-
sults in an even higher complexity that is not acceptable in practice.
The proposed JISO algorithm consists of a rank reduction matrix and
an auxiliary reduced-rank parameter vector. They are jointly opti-
mized according to the minimum variance (MV) design criterion for
the calculation of the output power spectrum over the possible scan-
ning angles. We also present a constrained adaptive recursive least
squares (RLS) algorithm to iteratively estimate the rank reduction
matrix and auxiliary reduced-rank parameter vector. The proposed
JISO-RLS algorithm is more practical, in comparison with the ex-
isting methods, since its implementation is not limited by the array
structure, does not require the eigen-decomposition, and works well
without the knowledge of the number of sources. A spatial smooth-
ing (SS) technique [9] is employed in the proposed DOA estimation
algorithm to deal with the correlated sources. Simulation results il-
lustrate the advantages of the proposed algorithms.

The rest of this paper is organized as follows: we outline the
system model used for DOA estimation and state the problem in
Section 2. Section 3 introduces the reduced-rank scheme and de-
rives the proposed DOA estimation algorithm. The application of
the SS technique in the proposed algorithm is introduced briefly in
this part. Simulation results are provided and discussed in Section 4,
and conclusions are drawn in Section 5.

2. SYSTEM MODEL AND PROBLEM STATEMENT

Let us suppose that q narrowband signals impinge on a uniform lin-
ear array (ULA) of M (M ≥ q) sensor elements. The ULA is
adopted here for simplicity. The proposed algorithm can be extended
to arbitrary array structures and this will be sought in a future work.
The ith snapshot’s vector of sensor array outputs x(i) ∈ C

M×1 can
be modeled as

x(i) = A(θ)s(i) + n(i), i = 1, . . . , N (1)

where θ = [θ0, . . . , θq−1]
T ∈ R

q×1 contains the DOAs of the sig-
nals, A(θ) = [a(θ0), . . . , a(θq−1)] ∈ C

M×q is the matrix that con-

tains the steering vectors a(θk), where a(θk) = [1, e
−2πj d

λc
cosθk , . . . ,

e
−2πj(M−1) d

λc
cosθk ]T ∈ C

M×1, (k = 0, . . . , q − 1), λc is the
wavelength, d (d = λc/2 in general) is the inter-element distance of
the ULA, s(i) ∈ C

q×1 contains the source symbols, n(i) ∈ C
M×1

is the white sensor noise, which is assumed to be a zero-mean spa-
tially uncorrelated and Gaussian process, N is the number of snap-
shots, and (·)T denotes transpose. To avoid mathematical ambigu-
ities, the steering vectors a(θk) are considered to be linearly inde-
pendent [11]. The input covariance matrix is

R = E[x(i)xH(i)] = A(θ)RsA
H(θ) + σ2

nI (2)

where Rs = E[s(i)sH(i)] denotes the signal covariance matrix,
which is diagonal if the sources are uncorrelated and is nondiagonal
and nonsingular for partially correlated sources, and E[n(i)nH(i)] =
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σ2
nIM×M with IM×M being the corresponding identity matrix. The

matrix R must be estimated in practice. In this work, we use a time-
average estimate given by

R̂(i) =
1

N

N∑

i=1

x(i)xH(i) (3)

The number of snapshots determines the estimation accuracy of the
input covariance matrix, which significantly impacts the resolution
of the DOA estimation of Capon’s method and subspace-based al-
gorithms. The use of large arrays could compensate this loss to a
certain extent but increases the computational cost and is inefficient
when highly correlated or a large number of sources are present [11].

3. PROPOSED REDUCED-RANK SCHEME
AND DOA ESTIMATION ALGORITHM

In this section, we present a reduced-rank strategy to design the
rank reduction matrix and the auxiliary reduced-rank parameter vec-
tor. We present a joint and iterative subspace optimization (JISO)
technique for computing the rank reduction matrix and the auxiliary
reduced-rank parameter vector. Then, we derive an RLS algorithm
to compute the rank reduction matrix and the reduced-rank vector for
obtaining the output power spectrum and the DOAs of the sources.

3.1. Proposed Reduced-Rank DOA Estimation Scheme

We introduce a rank reduction matrix T r = [t1, t2, . . . , tr]
∈ C

M×r , which is responsible for the dimensionality reduction. Ba-
sically, T r maps the M×1 input vector x(i) into a lower dimension
yielding

x̄(i) = T H
r x(i), (4)

where tl = [t1,l, t2,l, . . . , tM,l]
T ∈ C

M×1, (l = 1, . . . , r) is the
lth column of T r , x̄(i) ∈ C

r×1 is the reduced-rank input vector,
and the subscript r is the rank that is assumed to be less than M .
The dimension is reduced and the key features of the original signal
is retained in x̄(i) according to the design criterion. In what follows,
all r dimensional quantities are denoted with a “bar”. The reduced-
rank input vector is then processed by the auxiliary filter with the
reduced-rank vector ḡθ = [ḡθ,1, ḡθ,2, . . . , ḡθ,r]

T ∈ C
r×1 to obtain

the output power with respect to the current scanning angle. The
computational cost for large arrays will be reduced if r is much less
than M . The proposed reduced-rank method is formulated as the
optimization problem

θ̂ = arg min
θ

ḡH
θ T H

r RT rḡθ; subject to ḡH
θ T H

r a(θ) = 1, (5)

where we notice that the minimization problem (5) is equivalent to
the joint optimization of the rank reduction matrix T r and the auxil-
iary reduced-rank vector ḡθ . These quantities are employed to obtain
the output power spectrum for the possible directions and search the
peaks that correspond to the DOAs of the sources.

To compute T r and ḡθ , we need to transform (5) into an uncon-
strained cost function with the method of Lagrange multipliers:

J = ḡH
θ T H

r RT rḡθ + 2 R
{
λ[ḡHT H

r a(θ) − 1]
}
, (6)

where λ is a scalar Lagrange multiplier and the operator R(·) selects
the real part of the argument in (6).

Assuming ḡθ is known and taking the gradient of (6) with re-
spect to T r [10], we get

∇JTr = RT rḡθḡ
H
θ + λTr a(θ)ḡH

θ . (7)

Equating the gradient to a zero matrix and post multiplying the terms
by ḡθ , we obtain

T rḡθ = −λTr R−1a(θ), (8)

where for a small number of snapshots, R−1 can in practice be cal-
culated by either employing diagonal loading or the pseudo-inverse.

The matrix T r can be viewed as finding a solution to the linear
equation T rḡθ = f for f = −λTr R−1a(θ). Given a ḡθ �= 0,
there exist multiple T r satisfying the linear equation in general.
Thus, we derive the minimum Frobenius-norm solution for stabil-
ity. Let us express the quantities involved by

T r =
[
t̄1, t̄2, . . . , t̄M

]H
; f =

[
f1, f2, . . . , fM

]T
. (9)

where t̄j = [t̄∗j,1, . . . , t̄
∗
j,r]

T ∈ C
r×1 with j = 1, . . . , M .

The computation of the minimum Frobenius-norm solution is
reduced to the following M subproblems:

min ‖t̄j‖2, subject to t̄
H
j ḡθ = fj . (10)

The solution to (10) is the projection of t̄j onto the hyperplane Hj =

{t̄j ∈ C
r×1} : t̄

H
j ḡθ = fj , which is given by

t̄j = f∗
j

ḡθ

‖ḡθ‖2
, (11)

and thus the rank reduction matrix is

T r = f
ḡH

θ

‖ḡθ‖2
. (12)

Substituting the definition of f into (12) and incorporating the con-
straint in (5) to get λTr , we have the expression of T r , which is

T r =
R−1a(θ)

aH(θ)R−1a(θ)

ḡH
θ

‖ḡθ‖2
. (13)

On the other hand, fixing T r , taking the gradient of (6) with respect
to ḡθ , and equating it to a zero vector, we obtain

∇Jḡθ = R̄ḡθ + λḡθ T H
r a(θ), (14)

where R̄ = E[x̄(i)x̄H(i)] ∈ C
r×r is the reduced-rank covariance

matrix. Following the same procedures as for the computation of
T r , the auxiliary reduced-rank parameter vector is expressed by

ḡθ =
R̄

−1
ā(θ)

āH(θ)R̄
−1

ā(θ)
, (15)

where ā(θ) = T H
r a(θ) ∈ C

r×1 is the reduced-rank steering vector
with respect to the current scanning angles. Note that the proposed
auxiliary reduced-rank vector ḡθ is more general when dealing with
DOA estimation. Specifically, for r = M and T r = IM×M , it is
equivalent to the minimum variance weight solution, and, for 1 <
r < M , it operates with a lower dimension to reduce the complexity
and suppress the noise.

3.2. Proposed JISO RLS Algorithm

Using (13) and (15), the rank reduction matrix and auxiliary reduced-
rank vector are jointly optimized. It is necessary to perform an ini-
tialization for the calculation. Here, we develop an adaptive RLS
implementation of the proposed JISO reduced-rank scheme. As ex-
plained before, both R and R̄ are not available but have to be esti-
mated in practice. We employ the recursive form to estimate them,
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which are R̂(i) = αR̂(i − 1) + x(i)xH(i) and ˆ̄R(i) = α ˆ̄R(i −
1) + x̄(i)x̄H(i), respectively, where α is a forgetting factor, which
is a positive constant close to, but less than 1.

To avoid the matrix inversion and to reduce the complexity, we

employ the matrix inversion lemma [12] to update R̂
−1

(i) itera-

tively. Defining Φ̂(i) = R̂
−1

(i) for concise presentation, the re-
cursive estimation procedures are given by

k(i) =
α−1Φ̂(i − 1)x(i)

1 + α−1xH(i)Φ̂(i − 1)x(i)
, (16)

Φ̂(i) = α−1Φ̂(i − 1) − α−1k(i)xH(i)Φ̂(i − 1), (17)

where k(i) ∈ C
M×1 is the Kalman gain vector. We set Φ̂(0) =

δIM×M where δ > 0 is a scalar for numerical stability.

For the calculation of ḡθ , we define ˆ̄Φ(i) = ˆ̄R(i) and thus

k̄(i) =
α−1 ˆ̄Φ(i − 1)x̄(i)

1 + α−1x̄H(i) ˆ̄Φ(i − 1)x̄(i)
, (18)

ˆ̄Φ(i) = α−1 ˆ̄Φ(i − 1) − α−1k̄(i)x̄H(i) ˆ̄Φ(i − 1), (19)

where k̄ ∈ C
r×1 is the reduced-rank gain vector and the recursive

procedures are performed by initializing ˆ̄Φ(0) = δ̄Ir×r for δ̄ > 0.
Substituting the expressions of the rank reduction matrix and the

auxiliary reduced-rank vector with respect to the possible scanning
angles θ ∈ (0o, 180o) into (5), we have the corresponding output
power spectrum for DOA estimation

P (θn) =
(
āH(θn) ˆ̄Φā(θn)

)−1
, (20)

where ˆ̄Φ is the estimate of the input covariance matrix after all N
snapshots are available, the scanning angles θn = n�o, �o is the
search step, and n = 1, 2, . . . , 180o/�o. For a convenient search,
we make 180o/�o an integer. The output power in (20) is much
higher if the scanning angle θn = θk (k = 0, . . . , q− 1), which cor-
responds to the transmitted sources, compared with other scanning
angles that correspond to the noise level. By finding the peaks in the
output power spectrum, we can determine the DOAs of the sources.

The proposed JISO-RLS DOA estimation algorithm for each
scanning angle θn is summarized in Table 1. Since T r(i) and ḡθ(i)
depend on each other, it is necessary to initialize T r(0) to start the
iteration. The selection of δ and δ̄ depends on the input signal-to-
noise ratio (SNR) [12]. The specific values will be given in the sim-
ulations. The proposed JISO-RLS algorithm provides an iterative
exchange of information between the rank reduction matrix and the
reduced-rank vector, which leads to an improved resolution.

For correlated sources, we use a forward-backward SS technique
[9] in the JISO scheme with a least squares algorithm and call it
JISO-SS. The SS preprocessing technique operates on x(i) to es-
timate the forward and backward covariance matrix. We divide the
ULA into overlapping subarrays of size n, with elements {1, . . . , n}
forming the first subarray, elements {2, . . . , n +1} forming the sec-
ond one, and so on with J = M − n + 1 being the number of
forward subarrays [9]. We carry out a similar but reverse procedure
for the backward subarrays and then take the average of the esti-
mated covariance matrices obtained with the forward and backward
recursions [9]. Since it is a well-known technique for dealing with
correlated sources, the details are omitted but can be found in [9].

In terms of the computational cost, the Capon, MUSIC, and
ESPRIT algorithms work with O(M3), and the recent AV and CG
methods have a higher complexity [7]. The subspace tracking method

Table 1. Proposed JISO-RLS algorithm for DOA estimation

Initialization:
T r(0) = [IT

r 0T
r×(M−r)]; δ, δ̄ =positive constants;

Φ̂(0) = δIM×M ; ˆ̄Φ(0) = δ̄Ir×r .
Update for each time instant i = 1, . . . , N

x̄(i) = T H
r (i − 1)x(i)

ā(θn) = T H
r (i − 1)a(θn)

k̄(i) = α−1 ˆ̄Φ(i−1)x̄(i)

1+α−1x̄H (i) ˆ̄Φ(i−1)x̄(i)

ˆ̄Φ(i) = α−1 ˆ̄Φ(i − 1) − α−1k̄(i)x̄H(i) ˆ̄Φ(i − 1)

ḡθ(i) =
ˆ̄Φ(i)ā(θ)

āH (θ) ˆ̄Φ(i)ā(θ)

k(i) = α−1Φ̂(i−1)x(i)

1+α−1xH (i)Φ̂(i−1)x(i)

Φ̂(i) = α−1Φ̂(i − 1) − α−1k(i)xH(i)Φ̂(i − 1)

T r(i) = Φ̂(i)a(θ)

a(θ)HΦ̂(i)a(θ)

ḡH
θ (i)

‖ḡθ(i)‖2

Output power
P (θn) = 1/

(
āH(θn) ˆ̄Φā(θn)

)

denoted as approximated power iteration (API) [5] for use with the
MUSIC and ESPRIT algorithms requires O(qM + q3). The API is
significantly simpler than the direct eigen-decomposition [5], how-
ever, its complexity can become very high as the number of sources
q becomes large. For the proposed algorithm, the complexity is
O(M2) due to the use of the matrix inversion lemma [12]. Besides,

the cost of computing Φ̂(i) is invariable for the grid search, namely,
the result computed for the first scanning angle can be used for the
rest. The complexity of the reduced-rank process is O(r2), which is
much less than O(M2) if r is much less than M for large arrays.

4. SIMULATIONS

Simulations are performed for a ULA with half a wavelength in-
terelement spacing. We compare the proposed JISO-RLS algorithm
with Capon’s method, subspace-based methods with the API imple-
mentation [5], the ML method [8], and carry out K = 1000 runs to
get each curve. BPSK sources separated by 3o with powers σ2

s = 1
are considered and the noise is spatially and temporally white Gaus-
sian. The search step is �o = 0.5o. We suppose that the DOAs

are resolved if |θ̂ − θk| < |θk − θk−1|/2 [6]. In the first experi-
ment, there are q = 2 highly correlated sources in the system with
correlation value c = 0.9, which are generated as follows:

s1 ∼ N (0, σ2
s) and s2 = cs1 +

√
1 − c2s3, (21)

where s3 ∼ N (0, σ2
s). The array size is M = 30 and the number

of snapshots N = 10 is fixed. We set α = 0.998, r = 4, and
δ = δ̄ = 10−3. The SS technique is employed in the existing and
proposed algorithms (except ML) to improve the resolution. The
subarray size is n = 26 for the proposed method. The probability of
resolution [6], [7], [11] is plotted against the input SNR values. The
resolution of the ML algorithm is superior to that of other methods.
However, the complicated implementation and heavy computational
load prevent its use in practice for large arrays. The proposed JISO-
SS algorithm outperforms other existing methods except ML for all
input SNR values.

In Fig.2, we set the sources to be uncorrelated but increase the
number of sources by setting q = 10. The number of snapshots
is N = 20 and the array size is M = 40. From Fig.2, the curves
between the proposed and the ESPRIT algorithms are shown to inter-
sect when the input SNR values increase. The proposed JISO-RLS
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DOA estimation algorithm shows a better resolution with low SNRs.
The complexity of the ESPRIT algorithm is high due to the eigen de-
composition. The API approach estimates the signal subspace with
a low-complexity to implement ESPRIT. This estimation is insuffi-
cient with a small number of snapshots and thus results in a poorer
resolution, so does MUSIC(API). The recent AV and CG algorithms
exhibit inferior performance with many sources.
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In Fig.3, we keep the scenario as that in Fig. 2 and assess the
root-mean-squared error (RMSE) performance of the proposed and
existing algorithms, and compare them with the Cramér-Rao bound
(CRB). As can be seen from this figure, the RMSE values of the pro-
posed algorithm are around 10 dB away from the CRB in the thresh-
old region (low input SNR) and then closely follow the CRB curve
with the increase of the SNR. The improved RMSE performance of
the proposed algorithm over existing methods is evident.

5. CONCLUDING REMARKS

We have introduced a reduced-rank method based on a rank reduc-
tion matrix and an auxiliary reduced-rank parameter vector for DOA
estimation. The rank reduction matrix maps the full-rank covari-
ance matrix into a lower dimension and the auxiliary reduced-rank
vector is combined to calculate the output power spectrum for each
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Fig. 3. RMSE versus input SNR.

scanning angle. We have derived an efficient algorithm to jointly
update the rank reduction matrix and the auxiliary vector. The pro-
posed JISO-RLS algorithm shows a superior resolution for large ar-
rays with uncorrelated or correlated sources.
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