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ABSTRACT
We propose a non-data-aided adaptive beamforming algorithm based
on Widely Linear (WL) processing techniques and the Auxiliary
Vector Filtering (AVF) algorithm for non-circular signals, where
only the steering vector of the desired user is known. The proposed
Widely Linear Auxiliary Vector Filtering (WL-AVF) algorithm
recursively updates the filter weights by a sequence of auxiliary vec-
tors that are designed according to the Widely Linearly Constrained
Minimum Variance (WLCMV) criterion. It takes full advantage
of the second-order statistics of the non-circular data, achieving
a higher maximum signal-to-interference-plus-noise ratio (SINR)
than the linear AVF. Key properties of the proposed WL-AVF are
analyzed. Simulation results show that the WL-AVF beamforming
algorithm performs the best among the existing adaptive algorithms.

Index Terms— Widely linear, non-circular, adaptive beamform-
ing, non-data-aided, linearly constrained minimum variance

1. INTRODUCTION

Adaptive beamforming techniques have been widely used in the ar-
eas of radar, sonar, speech enhancement, etc.. One well-known non-
data-aided beamformer is referred to as the Linearly Constrained
Minimum Variance (LCMV) [1]. It minimizes the output power
of the sensor array while maintaining the desired response in the
direction of the Signal Of Interest (SOI). In many estimation and
filtering algorithms, it is always assumed that the observation data
r is second-order circular (or proper), where only the covariance
matrix R = E{rrH} is utilized. However, for most applications
such as Binary Phase Shift Keying (BPSK)-based systems, the ob-
servation vector r exhibits a second-order non-circularity, i.e., the
complementary covariance matrix Ř = E

{
rrT

}
�= 0. Thus, the

conventional LCMV beamformer designed for non-circular data be-
comes sub-optimal. In such situations, the second-order behavior of
r should be fully characterized by both R and Ř. It has been shown
that the resulting Widely Linear (WL) processing can improve the
output performance compared to the linear counterparts [2, 3, 4].
Some beamforming techniques based on the WL Minimum Vari-
ance Distortionless Response (MVDR) [5, 6] and a training-based
WL Recursive Least Squares (RLS) beamformer [7] were proposed
for non-circular signals.

In most cases, the data used for parameter estimation has a large
size due to a high processing gain, a large number of antennas, or
numerous multipath components, which considerably slows down
the convergence speed of adaptive algorithms. WL processing has
to consider both the original observation r and its complex conju-
gate r∗ for parameter estimation. This results in an increased fil-
ter length and further restricts the convergence performance. The

Auxiliary Vector Filter (AVF) algorithm proposed in [8] overcomes
the problem by iteratively updating the filter weights in a stochastic
gradient fashion. It converges to the MVDR solution with a much
shorter data record than both the Least Mean Square (LMS) and the
RLS versions of the conventional MVDR filter [8, 9]. Most existing
AVF algorithms are only based on linear processing. We have pro-
posed a novel WL-AVF method which combines the WL processing
and the iterative AVF concept in [10] for interference suppression.
However, this scheme relies on the transmitted training sequence.

In this paper, we propose a non-data-aided adaptive beamformer
based on the WL-AVF for non-circular signals, where only the a
priori knowledge of the steering vector from the SOI is required.
The WL-AVF adopts an iterative procedure and thus ensures a faster
convergence. The corresponding filter vector is designed according
to the optimal WLCMV criterion, which fully exploits the second-
order statistics of the non-circularity from both the SOI and the in-
terference. We analyze the convergence of the WL-AVF and its key
properties in comparison with the Linear-AVF (L-AVF) beamform-
ing. Simulation results are presented and show that the proposed
WL-AVF algorithm outperforms the L-AVF as well as the LCMV
and WLCMV [6] beamformers using both the LMS and RLS algo-
rithms.

Notation: The superscripts T , H , and ∗ represent transpose,
Hermitian transpose, and complex conjugation, respectively. We use
a tilde above a variable to denote the associated augmented quantity.
The operation �{·} is to take the real part of a variable.

2. SYSTEM MODEL AND LCMV BEAMFORMING

Let us assume that K narrowband signals impinge on an array with
arbitrary geometry, consisting of M (K ≤ M ) sensor elements. The
sources are assumed to be in the far field with Direction-Of-Arrivals
(DOAs) θ0,. . . ,θK−1. The received vector r can be modeled as

r = A(θ)
√
Ps+n ∈ C

M×1, (1)

where θ = [θ0, . . . , θK−1]
T ∈ R

K×1 contains the DOAs, A(θ) =
[a(θ0), . . . ,a(θK−1)] ∈ C

M×K consists of the steering vectors
a(θk) ∈ C

M×1, k = 0, . . . ,K − 1, s ∈ R
K×1 is data vector from

K sources, P = diag{P0, · · · , PK−1} contains the signal powers
on its diagonal, and n ∈ C

M×1 is the additive white Gaussian noise
with power spectrum density N0. The output of a narrowband beam-
former is y = wHr, where w = [w1, . . . , wM ]T ∈ C

M×1 is the
complex weight vector of the adaptive filter.

The conventional LCMV optimization problem aims to deter-
mine the filter parameters by solving

minimize E
{
|y|2

}
= wHRw

subject to wHa(θ0) = γ,
(2)
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where γ is a constant corresponding to the constraint. The objec-
tive of (2) is to minimize the array output power while maintaining
the contribution from θ0 constant. The weight solution is wopt =

γ∗R−1a(θ0)

aH(θ0)R−1a(θ0)
. Many adaptive filtering algorithms with LMS and

RLS adaptations have been reported to solve the optimization prob-
lem. The AVF-type algorithms are more promising due to their fast
convergence and good tracking performance [8, 9].

For the i-th received symbol, the instantaneous Signal-to-
Interference plus Noise Ratio (SINR) at the output of an adaptive

beamformer can be calculated by SINRLCMV = E{|wHd|2}

E{|wHv|2}
, where

d and v represent the desired signal and the interference plus noise,
respectively. The maximum output SINR of the LCMV beamform-
ing scheme is obtained as

SINRLCMV
max =

P0a
H (θ0)R−1a(θ0)

1− P0aH (θ0)R−1a(θ0)
. (3)

3. WIDELY LINEAR AUXILIARY VECTOR FILTER
BASED ADAPTIVE BEAMFORMING ALGORITHM

In general, the second-order statistics of the observation signal r ∈
C

M×1 are required to design a beamformer. The second-order char-
acteristics are fully described by both the covariance matrix R =
E{rrH} and the complementary covariance matrix Ř = E{rrT }.
If Ř �= 0 is satisfied, the vector r is non-circular or improper [3].
In order to exploit the information contained in Ř, the received sig-
nal r and its complex conjugate r∗ are combined into an augmented
vector using a bijective transformation T

r
T−→ r̃ : r̃ =

1√
2

[
rT , rH

]T ∈ C
2M×1. (4)

The beamformer w̃ ∈ C
2M×1, which is designed for the augmented

received vector r̃, is widely linear with respect to r, and is thus
named as a WL beamformer.
3.1. WLCMV Beamforming
Similar to the LCMV beamforming design, the WLCMV beam-
former w̃ is calculated by solving the following constrained opti-
mization problem

minimize E[|y|2] = E[|w̃H r̃|2] = w̃HR̃w̃

subject to w̃Hã(θ0) = γ,
(5)

where ã(θ0) = T {a(θ0)} is the augmented array steering vec-
tor of the SOI and γ is a constant. The augmented steering vec-
tors ã(θk), 0 = 1, · · · ,K − 1 form an augmented steering matrix
Ã(θ) = T {A(θ)} ∈ C

2M×K . The weight vector designed from
(5) minimizes the output power while preserving the response in the
direction of the augmented SOI. The optimum solution is written as

w̃opt =
γ∗R̃−1ã(θ0)

ãH (θ0)R̃−1ã(θ0)
, (6)

where R̃ = E
{
r̃(i)r̃H(i)

}
∈ C

2M×2M is the augmented covari-
ance matrix with a block structure represented as

R̃ =
1

2

[
R Ř

Ř∗ R∗

]
= Ã(θ)P ÃH (θ) +

N0

2
I2M . (7)

For the non-circular data sources, Ř = A(θ)PAT (θ) �= 0, meaning
that r (both the SOI and the interference) is non-circular.

The corresponding maximum output SINR of the WLCMV
beamformer can be calculated by

SINRWLCMV
max =

P0ã
H(θ0)R̃−1ã(θ0)

1− P0ãH (θ0)R̃−1ã(θ0)
. (8)

It is shown in [2, 11] that when the data to be estimated is real, w̃ fol-
lows the transformation defined in (4) such that w̃ = [ŵT , ŵH ]T /

√
2,

where ŵ ∈ C
M×1. Therefore, a key property of the WL filtering is

the conjugate symmetry defined as w̃H r̃ = r̃T w̃∗ = �
{
ŵHr

}
.

Thus, w̃ minimizes E
{
|�{y}|2

}
and equivalently maximizes the

output SINR

SINRWLCMV =

E

{∣∣∣�{
w̃H d̃

}∣∣∣2
}

E

{
|� {w̃H ṽ}|2

} . (9)

3.2. Proposed WL-AVF Algorithm
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Fig. 1. The iterative structure of the WL-AVF algorithm.

The block diagram of the proposed iterative WL-AVF algorithm
is illustrated in Fig. 1. The WL-AVF algorithm begins with the
conventional matched filter solution with the desired response γ

w̃0 = γ∗ ã(θ0)

‖ã(θ0)‖2
. (10)

Then the weight vector w̃d, d = 1, · · · , D is successively computed
by subtracting a d-th scaled auxiliary vector from the previous up-
date w̃d−1 w̃d = w̃d−1 − μ̃dg̃d, (11)

where μ̃d is a scaling factor and g̃d is an augmented auxiliary vector
expressed as

g̃d =

(
I2M − ã(θ0)ã

H(θ0)

‖ã(θ0)‖
2

)
R̃w̃d−1∥∥∥(I2M − ã(θ0)ãH(θ0)

‖ã(θ0)‖2

)
R̃w̃d−1

∥∥∥ . (12)

The augmented auxiliary vector g̃d maximizes the amplitude of the
cross-correlation between g̃H

d r̃ and w̃H
d−1r̃, subject to the constraint

that g̃H
d ã(θ0) = 0 and g̃H

d g̃d = 1. The scalar μ̃d is obtained by
minimizing the variance at the output of w̃d

μ̃d =
g̃H
d
R̃w̃d−1

g̃H
d
R̃g̃d

. (13)

Alternatively, the auxiliary vector g̃d can be considered as the gradi-

Table 1. The iterative WL-AVF algorithm
Initialization: w̃0 = γ∗ ã(θ0)

‖ã(θ0)‖
2

For d = 1, · · · , D
g̃d =

(
I2M − ã(θ0)ã

H (θ0)

‖ã(θ0)‖
2

)
R̃w̃d−1

If ‖g̃d − g̃d−1‖ → 0, EXIT.

μ̃d =
g̃H

d
R̃w̃d−1

g̃H

d
R̃g̃d

w̃d = w̃d−1 − μ̃dg̃d

End

ent of the WL variance cost function evaluated at the (d−1)-th stage
w̃d−1 and projected onto a subspace orthogonal to the augmented
SOI determined by ã(θ0). The scalar μ̃d can be seen as a variable
step size optimized at the d-th stage based on the minimum variance
criterion. Thus, the weight adaptation of the WL-AVF algorithm (11)
iteratively suppresses the interference in the direction of the scaled
augmented auxiliary vectors, while maintaining the desired response
of the augmented SOI.
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We summarize the adaptive algorithm of the proposed WL-AVF
beamformer in Table 1. The augmented covariance matrix R̃ is es-
timated by the sample average of N recorded data vectors R̃ =
1
N

∑N

i=1 r̃(i)r̃
H (i). For simplicity, we drop the normalization of

the augmented auxiliary vector in (12). A stopping rule for the iter-
ative procedure is adopted, i.e., if ‖g̃d − g̃d−1‖ → 0, the iteration is
terminated.

3.3. Key Properties and Analysis
For simplicity, let us assume that all the users transmit real-valued
data. Several key properties of the WL-AVF algorithm are summa-
rized in comparison with the L-AVF scheme.

(a)1 The beamforming vectors w̃d and the augmented auxil-
iary vectors g̃d, d = 1, · · · , D can be represented as the WL bi-
jective transformation T of certain vectors ŵd ∈ C

2M×1 and ĝd ∈
C

2M×1, respectively. At the initialization stage d = 0, the WL-AVF
and the L-AVF are related, i.e., w̃0 = T {w0}.

(b)1 At each iteration d = 1, · · · , D, the adapted step size μ̃d

and the resulting estimate w̃H
d r̃ are real-valued due to the conjugate

symmetry property.
(c) The scalar μ̃d is bounded by

0 <
1

λ̃max

≤ μ̃d ≤ 1

λ̃min

, d = 1, · · · ,D (14)

and has a smaller range than that of the L-AVF μd. Here λ̃max and
λ̃min are the maximum and minimum eigenvalues of the augmented
covariance matrix R̃, respectively. If the initialization w̃0 lies in the
signal subspace, only the eigenvalues corresponding to the signal
subspace are critical for the convergence [12]. Thereby, the upper
limit of (14) can be further tightened by 1/λ̃s

min, where λ̃s
min de-

notes the minimum signal subspace eigenvalue of R̃. Similarly to
the proof of 0 < 1

λmax
≤ μd ≤ 1

λmin
, d = 1, · · · , D for the L-

AVF in [8], where λmax and λmin are the maximum and minimum
eigenvalues of R, we can easily show that the range of μ̃d for the
WL-AVF is bounded by (14). We then introduce Theorem 1 to com-
pare the ranges of μ̃d and μd.

Theorem 1 The maximum/minimum signal subspace eigenvalues of
R̃ and R satisfy λ̃max ≤ λmax, λ̃

s
min ≥ λs

min.

The eigenvalues of R̃ and R corresponding to the signal subspace are
also the eigenvalues of

√
PÃH (θ)Ã(θ)

√
P and

√
PAH (θ)A(θ)

√
P ,

respectively. Using the Rayleigh-Ritz theorem in [13], we can obtain

λ̃max = max
x∈C

K×1

xHx=1

{
xH

√
PÃH (θ)Ã(θ)

√
Px

}
,

λmax = max
x∈C

K×1

xHx=1

{
xH

√
PAH (θ)A(θ)

√
Px

}
.

We remove the normalization constraint of x for convenience. Ac-
cording to Weyl’s theorem in [13], we can write the following

λ̃max = max
x

{
xH

√
PÃH (θ)Ã(θ)

√
Px

}

=
1

2
max
x

{
xH

√
P

[
AH (θ)A(θ) +AT (θ)A∗(θ)

]√
Px

}

≤ 1

2
max
x

{
xH

√
PAH (θ)A(θ)

√
Px

}

+
1

2
max
x

{
xH

√
PAT (θ)A∗(θ)

√
Px

}

=
1

2
λmax +

1

2
λ∗
max = λmax,

1The properties (a) and (b) have been shown in [10].

given that
√
PAH (θ)A(θ)

√
P is Hermitian. We can prove λ̃s

min ≥
λs
min in the same manner. From (14) and Theorem 1, it is thus con-

cluded that μ̃d, d = 1, · · · , D for the WL-AVF has a smaller range
than μd for the L-AVF.

(d) The WL-AVF solution w̃d, d = 1, · · · , D converges to w̃opt

expressed in (6), i.e.,
lim

d→∞
w̃d =

γ∗R̃−1ã(θ0)

ã(θ0)HR̃−1ã(θ0)
. (15)

This convergence (15) can be shown using the similar strategy as in
[8]. It indicates that the maximum output SINR of the WL-AVF al-
gorithm at the steady state satisfies SINRWL−AVF

max → SINRWLCMV
max .

(e) The steady-state performance of the WL-AVF outperforms
that of the L-AVF in terms of SINR presented in Theorem 2.

Theorem 2 The maximum output SINRs of the WL-AVF and the L-
AVF satisfy SINRWL−AVF

max ≥ 2 SINRL−AVF
max , i.e., the WL-AVF pro-

vides at least 3 dB gain over the L-AVF.

To compare the linear and WL beamformers, we introduce the SINR
after the �{·} operation given by (9). The optimal LCMV solu-
tion can be considered as a WLCMV with the augmented beam-
former w̃ = [wT

opt, 0M ]T ,wH
opta(θ0) = 1. From (9), the resulting

ˆSINR
LCMV

=
E{|�{wopt

Hd}|2}

E{|�{wopt
Hv}|2}

≤ SINRWLCMV
max obtained by (6)

holds. Compared to (3), since �{·} leads to half of the interference
plus noise power, we can obtain ˆSINR

LCMV ≈ 2 SINRLCMV
max .

4. SIMULATIONS
In this section, we first verify the theoretical analysis. Then the out-
put SINR performance of the proposed WL-AVF algorithm is evalu-
ated and compared to the WLCMV-LMS [4], the WLCMV-RLS [7],
and the linear counterparts. A uniform linear array consisting of M
= 24 sensors is considered. We assume that among K sources, the
DOA of the SOI is known beforehand at the receiver and let θ0 = 0◦

without loss of generality. The interferers impinge on the array with
DOAs of

(
±10◦ · [1, · · · , K−1

2
]
)
. All the signals are assumed to

be BPSK-modulated with an input SNR = 10 dB, where SNR =
10 log10 (P0/N0). Theorem 1 is validated in Fig. 2, which shows
the maximum/minimum signal subspace eigenvalues of R and R̃ as
a function of (a) the Signal-to-Interference Ratio (SIR) and (b) the
number of users K. In the following we choose K = 15 and SIR
= -20 dB for the simulations. All the curves in Figs. 2, 3, and 4 are
obtained by averaging over 1000 runs.

LCMV

WLCMV

LCMV

WLCMV

o
f

a
n
d

λ
s
max

λ̃
s
max

λ
s
min

λ̃
s
min

R
R̃

Fig. 2. Maximum/Minimum eigenvalues of R and R̃.

Fig. 3 shows the output SINR convergence performance of
the WL-AVF with the iteration number D = 2, where the other
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existing approaches are also included for comparison. The step size
considered for the LCMV-LMS is 0.055 and for the WLCMV-LMS
is 0.045. All the WL methods provide substantial performance
improvements over the linear ones. Specifically, the proposed al-
gorithm, which suppresses the interference by iteratively updating
the filter weight, outperforms the adaptive WLCMV-LMS and the
WLCMV-RLS in terms of both the convergence and the steady state.
In agreement with Theorem 2, the WLCMV exhibits a larger max-
imum output SINR than the LCMV due to the advantage of fully
exploiting the second-order statistics of the non-circular signal.

In Fig. 4, we use the same scenario and analyze the impact of
the iteration number D on the output SINR in order to find the D
that leads to the best performance. The number of snapshots is fixed
to N = 100 and the number of iterations is varied from 1 to 10. We
observe that for the WL-AVF, the most adequate number to obtain
the best performance is D = 2, whereas D = 4 for the L-AVF case.
This can be explained by the fact that processing of the augmented
weight vector provides more information to reach the optimum solu-
tion with fewer iterations. Notice that in our simulations the number
of iterations is fixed for all the realizations. The performance can be
improved by applying an automatic scheme to adaptively adjust D.
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5. CONCLUSIONS

Based on the AVF concept, a novel non-data-aided adaptive WL
beamformer is proposed for non-circular (or improper) signals. The

WL-AVF beamforming algorithm utilizes an iterative procedure to
generate a sequence of auxiliary vectors based on the optimized
WLCMV criterion. The filter weights are adapted in a stochastic
gradient fashion by successively subtracting the auxiliary vector g̃d

multiplied with an optimized step size (or scalar) μ̃d at each stage.
Several key properties of the WL-AVF algorithm are addressed in
comparison with the L-AVF, including the bounded range of the vari-
able step size μ̃d, the analysis on the maximum/minimum eigenval-
ues, and the convergence performance. The WL-AVF fully exploits
the second-order statistics of the non-circular data, including both
the SOI and the interference. It provides at least a 3 dB SINR gain
over the L-AVF scheme when the source signals are real-valued.

The simulation results compare the proposed WL-AVF algo-
rithm with the L-AVF as well as the LCMV and the WLCMV with
both LMS and RLS adaptations. The WL-AVF provides a better
convergence performance than all the other tested algorithms. The
number of iterations D influences the convergence performance of
the WL-AVF, where the highest SINR can be achieved by D = 2.
Even with a smaller number of iterations D, the WL-AVF exhibits a
superior performance than the L-AVF.
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