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Abstract — In this paper, we propose a new algorithm for jointly
processing a set of Hermitian matrices. It is called structured joint
congruence (STJOCO) transformation. Instead of simultaneously
diagonalizing a set of matrices, the STJOCO transformation finds a
non-singular matrix which jointly minimizes the squared magnitude
of the off-diagonal elements in the ith row and the ith column of
the ith matrix in the set. The STJOCO transformation is proposed
for real-valued as well as complex-valued matrices and the corre-
sponding new scaling-invariant cost function is introduced. Numer-
ical simulations demonstrate the efficiency of the algorithm. As an
example application for the STJOCO transformation we present co-
ordinated beamforming (CBF), where the system has a smaller num-
ber of transmit antennas than the aggregate number of receive anten-
nas. In the literature, the transmit-receive beamforming weights of
CBF are obtained via iterative algorithms, where the convergence
of these iterative algorithms cannot be guaranteed. We show that
the STJOCO transformation represents an elegant closed-form solu-
tion for the transmit-receive beamforming weights of CBF and can
achieve the same sum rate performance as existing iterative algo-
rithms.

Index Terms— Hermitian matrices, matrix joint diagonaliza-
tion, coordinated beamforming

1. INTRODUCTION

Matrix joint diagonalization (JD) techniques are widely used as a
generic algorithmic tool for blind source separation (BSS) and in-
dependent component analysis (ICA) [1, 2, 3] as well as in tensor
decomposition methods [4, 5]. In these applications the JD algo-
rithm separates independent sources (components) from instanta-
neous mixtures. The goal of the JD algorithm can be described as
follows: Given a set of N symmetric real-valued matrices {Ci}N

i=1

of dimension n × n, find a non-singular matrix B such that all
BCiB

T are as diagonal as possible. Matrix joint diagonalization
is also called simultaneous matrix diagonalization.

In this paper we propose a new structured joint congruence
(STJOCO) transformation which is derived by modifying the LU-
based non-orthogonal matrix joint diagonalization [6]. However,
unlike the algorithm in [6] which was designed to simultaneously
diagonalize a set of real-valued symmetric matrices, the STJOCO
transformation finds a non-singular matrix which jointly minimizes
the squared magnitude of the off-diagonal elements in the ith row
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and the ith column of the matrix Ci (i = 1, 2, . . . , N ). Figure
1 shows an example of applying the STJOCO transformation to
N = 3 Hermitian matrices {Ci}3

i=1 of dimension 3× 3. We design

Fig. 1. STJOCO transformation of three Hermitian matrices.

the STJOCO transformation for both real-valued and complex-
valued Hermitian matrices and introduce a new scaling-invariant
cost function for both cases.

The STJOCO transformation is closely related to the BSS prob-
lem. Moreover, the application of the STJOCO transformation
can also be extended to beamforming designs in different scenar-
ios (e.g., the interference channel and multi-user MIMO broadcast
channels). In Section 3, we mainly demonstrate one application of
the STJOCO transformation to obtain the coordinated beamforming
(CBF) weights for multi-user MIMO broadcast channels in the case
that the total number of receive antennas is larger than the number
of transmit antennas. Note that in this case, many linear precoding
techniques (e.g., zero-forcing and block diagonalization) cannot be
applied due to the dimensionality constraint [7]. In contrast to the
previous CBF algorithms, which require an initial guess for the
receive beamformers first and iteratively update transmit-receive
beamformers until the changes of the beamforming weights are
quite small, the STJOCO transformation directly provides solutions
for the coordinated transmit-receive beamformers for an arbitrary
number of transmit antennas. Consequently, this STJOCO based
CBF can be considered as a closed-form CBF technique.

In this paper, we use upper case and lower case boldface letters
to indicate matrices A and column vectors a, respectively, AT and
AH denote the transpose and Hermitian transpose of the matrix A,
diag(A) is a diagonal matrix whose diagonal elements are the diag-
onal part of the matrix A, and ‖·‖F denotes the Frobenius norm.
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2. STJOCO TRANSFORMATION ALGORITHM

In this section we derive the STJOCO transformation for the case
of real-valued and complex-valued Hermitian matrices. Since the
STJOCO transformation is an extension of the LU-based non-
orthogonal joint diagonalization (NOJD) algorithm, we first review
this algorithm.

2.1. LU Based NOJD Algorithm

In [6], an LU-based NOJD algorithm was proposed as a class of
NOJD methods using triangular Jacobi matrices which are based on
the LU factorization of the sought diagonalizer. A scaling-invariant
cost function is used for the LU-based NOJD which has the form

J1(B) =

N�

i=1

��Ci − B−1diag(BCiB
T)B−T

��2

F
(1)

Here, scaling-invariant means that the cost function J1 is invariant
under scaling by a non-singular diagonal matrix Λ, e.g., J1(ΛB) =
J1(B).

The diagonalizer B is updated iteratively in the form

Bq+1 = (In + Δq)Bq (2)

where In is the n × n identity matrix, diag(Δq) = 0 and Δq is
found such that J1(Bq+1) is minimized at each step. The LU-based
NOJD algorithm considers Δq with only one non-zero element and
refers to In + Δq as a triangular Jacobi matrix. Then, the equation
(2) can be further written as

Bq+1 = LqUqBq (3)

where Lq and Uq are n×n unit lower and upper triangular matrices,
respectively. Here a unit triangular matrix is a triangular matrix with
diagonal elements of one. Unit lower and upper triangular matrices
of dimension n × n form Lie groups denoted by L(n) and U(n),
respectively. This fact simplifies the minimization process signifi-
cantly. Now we can find Lq and Uq separately in the LU form to
minimize J1 at each step.

2.2. STJOCO Transformation

2.2.1. Real-Valued Symmetric Matrices Case

It is the goal of the STJOCO transformation to jointly minimize the
squared magnitude of the off-diagonal elements in the ith row and

the ith column of the matrix Ci ∈ R
n×n (i = 1, 2, . . . , N ) with

the sought matrix B. The scaling-invariant cost function for the
STJOCO transformation is given by

J2(B) =

N�

i=1

��Ci − B−1
�
diag(BCiB

H) + Gi

�
B−H

��2

F
, (4)

where N is smaller than or equal to n and Gi = BCiB
H, ex-

cept for the diagonal elements and the off-diagonal elements of the
ith row and the ith column which are zero. We also introduce an
LU-based algorithm using triangular Jacobi matrices for the mini-
mization of J2. The matrix B is updated iteratively in the following
manner

Bq+1 = (In + Δq)Bq

= LqUqBq . (5)

The triangular matrices Lq and Uq are found separately such that
J2(Bq+1) is reduced at each step.

Let us define Ll,k(a) as a unit lower triangular matrix with pa-
rameter a ∈ R corresponding to the position (l, k), l > k and
the rest of its off-diagonal entries are zero. Ll,k(a) is an element

of L(n). Similarly, we define an unit upper triangular Jacobi ma-
trix with parameter a corresponding to the position (l, k), l < k as
Ul,k(a) which is an element of U(n). Any element of L(n) or U(n)
can be represented as a product of lower or upper triangular Jacobi

matrices. Then the
n(n−1)

2
dimensional minimization problem of

finding a Lq or Uq to minimize J2 can be replaced by a sequence of
one dimensional problems of finding the parameter a of a triangular
Jacobi matrix Ll,k(a) or Ul,k(a) for minimizing J2. We propose a
simple lemma to solve the one-dimensional problem.

Lemma 1: For Ll,k(a) with l > k, we have J2(Ll,k(a)) =
b4a

4 + b3a
3 + b2a

2 + b1a + b0. For Ul,k(a) with l < k, we have

J2(Ul,k(a)) = b4a
4 + b3a

3 + b2a
2 + b1a + b0, where

b4 = 4
�

i∈{l,k}
Ci(k, k)2

b3 = 8
�

i∈{l,k}
Ci(k, k)Ci(k, l)

b2 =
�

i∈{l,k}

N�

p=1
p �=l,k

�
2 Ci(k, k)2 + 4 Ci(k, l)2 + 2 Ci(k, p)2

�

b1 = 4
�

i∈{l,k}
Ci(k, l)Ci(k, k) + 4

N�

p=1
p �=l,k

Cl(l, p)Cl(k, p)

b0 = 2

N�

i=1

N�

m=1
m�=i

Ci(i, m)2 .

Here we use Ci(index1, index2) to represent the entry of the matrix
Ci at the position (index1, index2).

Notice that J2(Ll,k(a)) and J2(Ul,k(a)) are fourth-order poly-
nomials in a and are always non-negative. For a small a (i.e., |a| <
1) J2 is convex on R and we can always find a global minimum by

solving the cubic polynomial
∂J2(Ll,k(a))

∂a
= 0 or

∂J2(Ul,k(a))

∂a
= 0.

As a result, the value of the cost function J2 is reduced at each step.
Note that a only depends on the elements of the matrices Cl and Ck

for the minimization of J2(Ll,k(a)) or J2(Ul,k(a)). The STJOCO
transformation is summarized below.

1. Set B = In and set a threshold ε.

2. For l = 1, . . . , n and k = 1, . . . , n

• Upper triangular part (l < k): set U = In

– find a such that J2(Ul,k(a)) is minimized accord-
ing to Lemma 1.

– Update Ci and U by setting

Ci ← Ul,k(a)CiUl,k(a)T

U ← Ul,k(a)U .

• Lower triangular part (l > k): set L = In

– find a such that J2(Ll,k(a)) is minimized accord-
ing to Lemma 1.

– Update Ci and L by setting

Ci ← Ll,k(a)CiLl,k(a)T

L ← Ll,k(a)L .

3. Update B by setting B ← LUB. If
J2(Bq)−J2(Bq+1)

J2(Bq)
> ε,

then go to step 2. Otherwise, the procedure has ended.

We can also use other stopping criteria such as tracking the changes
in B (e.g., ‖LU − In‖F).
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2.2.2. Complex-valued Hermitian Matrices Case

The STJOCO transformation can be extended to complex-valued
Hermitian matrices Ci ∈ C

n×n (i = 1, 2, . . . , N ). In this case,
the cost function is the same as in equation (4). We still apply an
LU-based algorithm using complex triangular Jacobi matrices to up-
date the matrix B and minimize the cost function J2.

To this end, we define Ll,k(a · exp(jϕ)) as a unit lower trian-
gular matrix with a · exp(jϕ) at the position (l, k) for l > k, the
remaining off-diagonal entries of Ll,k(a · exp(jϕ)) are zero. The
parameters a and ϕ are real-valued and a > 0. In a similar fash-
ion we define a unit upper triangular matrix Ul,k(a · exp(jϕ)) for
l < k. A product of lower or upper triangular Jacobi matrices forms
an element of L(n) or U(n). Then we can still use a sequence of

one dimensional minimization problems to replace the
n(n−1)

2
di-

mensional minimization problem. However, in contrast to the real-
valued case, two parameters a and ϕ have to be determined. We
propose Lemma 2 to solve the complex one-dimensional problem.

Lemma 2: For Ll,k(a · exp(jϕ)) with l > k, J3(Ll,k(a ·
exp(jϕ))) = c4a

4 + c3(ϕ)a3 + c2(ϕ)a2 + c1(ϕ)a + c0. For
Ul,k(a · exp(jϕ)) with l < k, we have J3(Ul,k(a · exp(jϕ))) =
c4a

4 + c′3(ϕ)a3 + c2(ϕ)a2 + c′1(ϕ)a + c0, where

c4 = 4
�

i∈{l,k}
Ci(k, k)2

c3(ϕ) = 8
�

i∈{l,k}
Ci(k, k) · Re

�
Ci(l, k) exp(jϕ)

�

c2(ϕ) = 2
�

i∈{l,k}

N�

p=1
p �=l,k

�
Ci(k, k)2 + |Ci(l, k)|2 + |Ci(k, p)|2

+ Re
�

Ci(k, l)2 exp(2jϕ)
��

c1(ϕ) = 4
�

i∈{l,k}
Ci(k, k) · Re

�
Ci(k, l) exp(jϕ)

�

+4

N�

p=1
p �=l,k

Re
�

Cl(p, l)Cl(k, p) exp(jϕ)
�

c0 = 2

N�

i=1

N�

m=1
m�=i

|Ci(i, m)|2 ,

and c′3(ϕ) is the same as c3(ϕ), except that exp(jϕ) is replaced by
exp(−jϕ). The same change happens to c′1(ϕ).

The cost function J2(Ll,k(a·exp(jϕ))) or J2(Ul,k(a·exp(jϕ)))
is a fourth-order polynomial in a and a second-order polyno-
mial in cos(ϕ). We can compute the algebraic solutions for
∂J2(Ll,k(a·exp(jϕ)))

∂a
= 0 and

∂J2(Ll,k(a·exp(jϕ)))

∂t
= 0. How-

ever, the expressions are very complicated. Alternatively, we can
employ numerical nonlinear convex optimization methods (e.g., the
Broyden-Fletcher-Goldfarb-Shanno (BFGS) quasi-Newton method
[8] with cubic line search) to find the optimal point (a, ϕ) which
minimizes the cost function J2(Ll,k(a · exp(jϕ))), since J2 is
convex for small a and ϕ (i.e., 0 < a < 1 and |ϕ| < π

4
). In our case

these two methods reach the same optimal point for (a, ϕ). Lemma
2 shows us that the minimizations of J2(Ll,k(a · exp(jϕ))) and
J2(Ul,k(a · exp(jϕ))) only depends on the elements of the matrices
Cl and Ck.

The procedure of the STJOCO transformation for the complex-
valued case is the same as for the real-valued case, except for step

2. In step 2 we find a and ϕ for the minimization of J2(Ll,k(a ·
exp(jϕ))) or J2(Ul,k(a · exp(jϕ))) according to Lemma 2.

2.3. Numerical Simulations

We examine the convergence behavior of the cost function J2 with
the number of iterations for different number of matrices N with
different size. The Hermitian matrix Ci = AAH is generated ran-
domly such that the matrix A has i.i.d. Gaussian entries and the
Frobenius norm of Ci is normalized.

(a) Three real-valued symmetric matrices
of dimension 3 × 3

(b) Five real-valued symmetric matrices
of dimension 5 × 5

Fig. 2. Convergence progress of the STJOCO transformation cost
function for real-valued matrices

(a) Three complex-valued Hermitian
matrices of dimension 3 × 3

(b) Five complex-valued Hermitian
matrices of dimension 5 × 5

Fig. 3. Convergence progress of the STJOCO transformation cost
function for complex-valued matrices

In Figures 2(a) and 2(b), the convergence behavior averaged
over 50 independent trials is shown for real-valued symmetric ma-
trices. The cost function of the STJOCO transformation is reduced
significantly with the number of iterations.

For complex-valued Hermitian matrices, the convergence be-
havior averaged over 50 independent trials is shown in Figures 3(a)
and 3(b). The cost function of the STJOCO transformation is re-
duced efficiently with the number of iterations, but it has lower
convergence speed compared to the real-valued symmetric matrices
case.

3. APPLICATION TO COORDINATED BEAMFORMING

One application of the STJOCO transformation is coordinated beam-
forming for the multi-user MIMO broadcast channel in the case that
the system has a smaller number of transmit antennas than the aggre-
gate number of receive antennas. In this case, many linear precoding
techniques (e.g., zero-forcing and block diagonalization) cannot be
used due to the dimensionality constraint [7].

Previous coordinated beamforming (CBF) algorithms (e.g.,
[9, 10]) allow a smaller number of data streams than the number
of receive antennas by jointly optimizing the combining vectors at
the transmitter and receiver and enforce zero multi-user interfer-
ence (MUI) at each receiver. However, iterative computations are
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required to update the transmit beamformer and receive beamformer
alternately, and the convergence of these iterative algorithms cannot
be guaranteed. In order to avoid these iterative computations, in
[11] a closed-form expression for CBF was proposed, but it is only
valid for MT = 2 systems with K = 2. We show that by apply-
ing the STJOCO transformation, the coordinated transmit-receive
beamformers can be calculated directly for an arbitrary number of
MT.

3.1. System Model

We consider a multi-user MIMO system with a single base station
(BS) and K users, where the BS is equipped with MT transmit an-
tennas and the user i has MRi receive antennas. The aggregate num-

ber of receive antennas is denoted by MR (i.e., MR =
�K

i=1
MRi ).

We assume MT = K ≤ MR. The propagation channel between
the BS and each user is assumed to be flat fading. We represent the

channel between the BS and the ith user by Hi ∈ C
MRi

×MT . Let

xi denote the transmit signal for ith user, and fi ∈ C
MT×1 indicate

the unit-norm transmit beamformer. We restrict our attention to one
data stream per user. Moreover, wi ∈ C

MRi
×1 is the receive comb-

ing vector for user i. We use maximum ratio combining (matched
filters) at the receivers given by wi = Hifi. The additive zero
mean circularly symmetric complex Gaussian white noise vector ni

of size MRi × 1 is observed at the ith receiver. Then, the received
signal of the ith user after receive combining is expressed as

yi = wH
i Hifixi + wH

i Hi

K�
l=1
l�=i

flxl + wH
i ni . (6)

The coordinated transmission strategies choose the transmit beam-
forming and receive combining vectors such that each user expe-
riences zero MUI. This implies that for the ith user wH

i Hifl =
0 (∀l �= i), which is equivalent to fH

i HH
i Hifl = 0 (∀l �= i).

If F ∈ C
MT×K denotes the combined transmit beamformers

for all users and Ri ∈ C
MT×MT denotes the sample correlation

matrix of the user i, we have

F = [f1, f2, . . . , fK ] , (7)

Ri = HH
i Hi (8)

and F HRiF can be calculated as

FHRiF =

�
�����

fH
1 Rif1 · · · fH

1 Rifi · · · fH
1 RifK

.

.

.
. . .

.

.

.
.
.
.

.

.

.

fH
i Rif1 · · · fH

i Rifi · · · fH
i RifK

.

.

.
.
.
.

.

.

.
. . .

.

.

.

fH
KRif1 · · · fH

KRifi · · · fH
KRifK

�
�����

.

(9)

With the zero MUI constraint fH
i Rifl = 0 (∀l �= i), we find

that the off-diagonal elements on the ith row and the ith column of
F HRiF must be zero. This indicates that the combined transmit
beamformer F is the matrix which can jointly minimize the squared
magnitude of the off-diagonal elements on the ith row and the ith
column of a set of matrices {Ri}K

i=1. This property allows us to di-
rectly use the STJOCO transformation to obtain the combined trans-
mit beamformer F which is equal to BH, where K and MT corre-
spond to the parameters N and n, respectively. The receive beam-
former of each user (wi = Hifi, i = 1, 2, . . . , K) is matched to
the user’s effective channel. In a system where dedicated pilots are
used for the downlink, each user can estimate its own receive beam-
former.

3.2. Performance Evaluation

We evaluate the sum rate performance of the closed-form CBF based
on the STJOCO transformation. It achieves the same sum rate as the

iterative CBF methods (e.g., the iterative CBF of [9]) and performs
much better than sub-optimal iterative CBF methods (e.g., the coor-
dinated BD algorithm [7]).

Figure 4 is an example for the MT = MRi = K = 3 case.

Fig. 4. Achievable sum rates comparison for MT = MRi = K = 3.

4. CONCLUSIONS

We have proposed a new algorithm called structured joint congru-
ence (STJOCO) transformation which simultaneously minimizes the
squared magnitude of the off-diagonal elements in the ith row and
the ith column of the ith matrix in a set of Hermitian matrices. It is
applicable to both real-valued and complex-valued matrices. As an
application, we use the STJOCO transformation to design the CBF
for multi-user MIMO broadcast channels under the condition that
the system has a smaller number of transmit antennas than the total
number of receive antennas. The STJOCO based CBF avoids iter-
ative computations between the transmit-receive beamformers and
achieves the same sum rate performance as the iterative CBF.
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