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ABSTRACT

In this work, we propose adaptive frequency-domain biased estima-
tion algorithms with mechanisms to automatically adjust the shrink-
age factors. The proposed estimation algorithms improve the per-
formance of the conventional least squares (LS) estimator in terms
of mean-squared error (MSE), while requiring a very modest in-
crease in complexity. An extension of the Cramér-Rao Lower Bound
(CRLB) is computed in order to serve as a performance benchmark
for the MSE performance of the biased estimators. We consider an
application of the proposed algorithms to single-carrier frequency
domain equalization (SC-FDE) of direct-sequence ultra-wideband
(DS-UWB) systems, in which the channel estimation is performed
by the proposed algorithms. The simulation results show that the
proposed algorithms significantly outperform existing methods.

Index Terms— Biased estimation, parameter estimation, CRLB.

1. INTRODUCTION

A common estimation problem in engineering is to estimate a param-
eter vector from noisy observations. In the context of our discussion,
we consider a deterministic estimation problem with additive white
Gaussian noise (AWGN). The M -dimensional observation vector is
given by y = Xh + n, where X is a given M -by-L matrix con-
taining the training sequence and n is the M -dimensional vector
that represents the AWGN. The L-dimensional parameter vector h
is the target parameter vector to be estimated. A classical approach
to solve this problem is the least-square (LS) method, which min-
imizes the cost function ‖y − ŷ‖2, where ŷ = Xĥ contains the
reconstructed measurements using the estimated h [2]. Note that the
typical objective of the parameter estimation is to minimize the es-
timation error ‖h − ĥ‖, rather than minimizing the error ‖y − ŷ‖.
Although the LS solution is a minimum variance unbiased estimator
(MVUE) [1], it has been shown that a lower MSE can be achieved
by adding an appropriately chosen bias to the conventional LS esti-
mators [2]-[7].

Some biased estimators have been proposed to achieve a smaller
estimation error than the LS solutions by removing the unbiasedness
of the conventional estimators with a shrinkage factor. The earli-
est shrinkage estimators that reduce the MSE over the MVUE in-
clude the well known James-Stein (J-S) estimator [4] and the work
of Thompson [5]. Some extensions of the J-S estimator have been
proposed in [6] and [7]. In [8], blind minimax estimation (BME)
techniques have been proposed, in which the biased estimators were
developed to minimize the worst case MSE among all possible val-
ues of h within a parameter set. If a spherical parameter set is as-
sumed, the shrinkage estimator obtained is named spherical BME
(SBME) [8].

To the best of our knowledge, biased estimators with shrinkage
factors are rarely implemented into real-world signal processing and
communication systems. One possible reason might be that some
assumptions required for the signal model may not be satisfied. For
example, in the time-hopping UWB (TH-UWB) systems, the multi-
ple access interference (MAI) cannot be accurately approximated by
a Gaussian distribution for some values of the signal-to-noise ratio
(SNR) and the signal-to-interference ratio (SIR) [9]. Another pos-
sible reason is that the existing shrinkage-based estimators usually
require some statistical information such as the noise variance and
the norm of the actual parameter vector. In this work, we propose
adaptive frequency-domain estimation algorithms that employ bias
shrinkage estimators, which do not require this information and are
able to improve the performance of the recursive least squares (RLS)
algorithm that recursively computes the LS estimator. We develop
mechanisms to automatically adjust the shrinkage factors used in the
proposed estimation algorithms. An extended CRLB is derived to
examine the MSE performance of the proposed biased estimators.
We consider an application of the proposed algorithms to SC-FDE
of DS-UWB systems, in which the channel estimation is performed
by the proposed algorithms. With an additional complexity that is
only linearly dependent on the size of the parameter vector, the pro-
posed biased channel estimation algorithm obtains a considerably
lower MSE than the conventional RLS algorithm.

The rest of this paper is structured as follows. In Section 2, we
review the LS solution for the parameter estimation scenario. The
channel estimation problem in SC-FDE of DS-UWB systems is pre-
sented in Section 3. The proposed adaptive shrinkage estimators that
can achieve a lower estimation error is presented in Section 4. Then
the extended CRLB is calculated in Section 5. In Section 6, simula-
tion results demonstrate that the proposed biased estimators perform
better than the RLS algorithms. The conclusions are drawn in Sec-
tion 7.

2. LS PARAMETER ESTIMATION

Let us consider an observation data vector expressed as:

y = Xh+ n, (1)

where the M -by-L training data matrix X and the M -dimensional
received signal y are given, n is AWGN with zero mean and vari-
ance σ2. In this scenario, the typical target is to estimate the L-
dimensional parameter vector that leads to the minimum MSE. The
MSE consists of the estimation variance and the bias. It is given by

E[‖h− ĥ‖2] = E[(ĥ−E[ĥ])H(ĥ−E[ĥ])]+E[‖E[ĥ]−h‖2]. (2)

To solve the parameter estimation problem, the conventional LS
estimator can be obtained by minimizing the following cost function

4268978-1-4577-0539-7/11/$26.00 ©2011 IEEE ICASSP 2011



JLS(h) = ‖y −Xh‖2. (3)
Assuming that the matrix XHX is a full rank matrix, the LS solution
is given by

ĥLS = (XHX)−1XHy. (4)
Under the assumption of AWGN with zero mean and variance σ2,
the LS estimator is an unbiased estimator because E[ĥLS] = h.
Hence, the MSE for the LS estimator is

E[‖h− ĥLS‖2] = E[(ĥLS −h)H(ĥLS −h)] = var(h, ĥLS). (5)

In this case the minimum MSE (MMSE) is v = var(h, ĥLS) =
tr{σ2(XHX)−1} [1].

In the following section, the channel estimation problem in SC-
FDE of DS-UWB systems that has the same estimation model as in
(1) will be introduced in detail.

3. ADAPTIVE FREQUENCY DOMAIN RLS ESTIMATION

Let us consider the channel estimation problem of a synchronous
downlink block-by-block transmission binary phase shift keying
(BPSK) DS-UWB system based on SC-FDE with K users. A
Nc-by-1 Walsh spreading code sk is assigned to the k-th user.
The spreading gain is Nc = Ts/Tc, where Ts and Tc denote the
symbol duration and chip duration, respectively. At each time in-
stant, a N -dimensional data vector bk(i) is transmitted by the k-th
user. We define the signal after spreading as xk(i) = Dkbk(i),
where the M -by-N (M = N · Nc) block diagonal matrix Dk

performs the spreading of the data block. In order to prevent in-
ter block interference (IBI), a cyclic-prefix (CP) is added and the
length of the CP is assumed to be larger than the length of the
channel impulse response (CIR). With the insertion of the CP at
the transmitter and its removal at the receiver, the equivalent chan-
nel is denoted as an M -by-M circulant Toeplitz matrix Hequ,
whose first column is composed of hequ zero-padded to length M ,
where hequ = [h(0), h(1), . . . , h(L − 1)] is the equivalent CIR.
At the receiver, a chip matched-filter (CMF) is applied and the re-
ceived sequence is then sampled at chip-rate and organized in an
M -dimensional vector. This signal then goes through the discrete
Fourier transform (DFT). The frequency-domain received signal is
given by

z(i) = FHequ

K∑
k=1

xk(i) +Fn(i) = ΛHF
K∑

k=1

xk(i) + Fn(i),

where n(i) is the AWGN, ΛH = FHequFH is a diagonal ma-
trix whose diagonal vector is defined as h̃ and its a-th entry
is given by h̃a =

∑L−1
l=0 hlexp{−j(2π/M)al}, where a ∈

{0, 1, 2, . . . ,M − 1}. F represents the M -by-M DFT matrix and
its (a, b)-th entry is Fa,b= (1/

√
M)exp{−j(2π/M)ab}, where

a, b ∈ {0, 1, 2, . . . ,M − 1}. By defining an M -by-L matrix FM,L

that contains the first L columns of the DFT matrix F, we obtain the
following relationship

h̃ =
√
MFM,Lhequ, (6)

For unstructured channel estimation (UCE), the M -dimensional
vector h̃ is the target to be estimated, while for the structured chan-
nel estimation (SCE), we take into account the fact that L < M and
the L-dimensional vector hequ is the parameter vector to be esti-
mated. The concept of SCE was proposed in [13], in which the SCE
has a better performance than the UCE. In our work [14], adaptive
MMSE detection schemes for SC-FDE in multi-user DS-UWB sys-
tems based on SCE are developed, where the estimated hequ is adap-
tively calculated for the detection and the RLS version outperforms

the least-mean squares (LMS) and the conjugate gradient (CG) ver-
sions. We consider user 1 as the desired user and omit the subscript
of this user for simplicity. Note that the frequency domain received
signal can be expressed as

z(i) =
√
MΔ(i)FM,Lhequ + ne(i), (7)

where we define a diagonal matrix Δ(i) = diag[Fx(i)], ne(i) con-
sists of the MAI and the noise and is assumed to be AWGN. In the
framework of equation (1), the SCE problem is an implementation
example of the parameter estimation problem that we have discussed
in this work. The LS solution of hequ is given by

hequ,LS(i) = R−1
h (i)ph(i) (8)

where Rh(i) =
∑i

j=1 λ
i−jFH

M,LΔ
H(j)Δ(j)FM,L, ph(i) =∑i

j=1 λ
i−jFH

M,LΔ
H(j)z(j) and λ is the forgetting factor. Then

the LS solution can be computed recursively by the following RLS
algorithm [13]

ĥRLS(i+ 1) = ĥRLS(i) +R−1
h (i)FH

M,LΔ
H(i)eh(i), (9)

where eh(i) = z(i) − Δ(i)FM,LĥRLS(i) is the M -dimensional
error vector. In what follows, a shrinkage factor is incorporated into
the unbiased LS estimator that is able to improve the performance in
terms of the MSE.

4. PROPOSED ADAPTIVE SHRINKAGE FACTORS

Let us define the biased estimator as

ĥb = (1 + α)ĥLS, (10)

where α is a real-valued variable and (1+α) is defined as the shrink-
age factor. The MSE of such a biased estimator is given by

E[‖h− ĥb‖2] = (1 + α)2v + α2‖h‖2, (11)

where v = var(h, ĥLS). Recalling the target of the biased estima-
tion that is to reduce the MSE introduced by ĥLS, we can express
the objective as

E[‖h− ĥb‖2] ≤ E[‖h− ĥLS‖2]. (12)

Substituting (11) and (5) into the left hand side and the right hand
side of (12), respectively, and rearranging the terms, the objective
becomes (1+α)2v+α2‖h‖2 − v ≤ 0. Note that the value of ‖h‖2
is not given. Hence, we make the assumption that ‖h‖2 ≤ Pm,
where Pm is a positive real-valued constant. Now, the problem to be
solved becomes

f(α) = (1 + α)2v + α2Pm − v ≤ 0. (13)

The solutions for f(α) = 0 are

α1 = 0 and α2 =
−2v

v + Pm
. (14)

Note that f(α) < 0 for all the values of α ∈ (α2, α1) because v and
Pm are both nonnegative quantities. The optimal solution is

αopt =
−v

v + Pm
. (15)

For the adaptive implementation, the LS estimator can be computed
recursively by using the RLS algorithm. However, the value of Pm

and the variance of the LS estimator are both unknown and must be
estimated. To the best of our knowledge, this problem has not been
addressed in the literature. In this work, we propose the following
LMS-based algorithm to update the value of α.
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The gradient of f(α) with respect to α is given by gα = (1 +
α)v + αPm, and the LMS update equation can be expressed as

α(i+ 1) = α(i) − μĝα(i), (16)

where μ is the step size and the estimated gradient of f(α) with re-
spect to α is given by ĝα(i) =

(
1+α(i)

)
v̂(i)+α(i)P̂m(i), in which

the instantaneous estimator is employed as v̂(i) =
(
ĥRLS(i) −

h(i)
)H(

ĥRLS(i) − h(i)
)
, and h is replaced by the time averaged

RLS channel estimator, that is h(i) = 1
i

∑i
j=1 ĥRLS(j).

In order to determine the values of P̂m(i), two approaches
are developed. In the first approach, which is named estimator
based (EB) method, the values of P̂m(i) are simply replaced by
ĥH
RLS(i)ĥRLS(i). Note that in this case, the equation (15) has the

same expression as the SBME that is proposed in [8]. However, the
knowledge of the noise variance is not required in our work. In the
second approach, which is named automatic tuning (AT) method,
an LMS-based algorithm is proposed to update the values of P̂m(i)
within a given range. In this method, P̂m(i) is considered as a
variable of the following function

f(P̂m(i)) =
(
1 + αo(i)

)2v + αo(i)2P̂m(i)− v, (17)

where αo(i) = −v/
(
v + P̂m(i)

)
. Then the LMS algorithm is em-

ployed to update the values of P̂m(i) as follows

P̂m(i+ 1) = P̂m(i)− μpĝp(i)

= P̂m(i) + μp

(
2v̂(i)

(
v̂(i) + v̂(i)α(i) + α(i)P̂m(i)

)
(
v̂(i) + P̂m(i)

)2 − α2(i)

)
,

(18)

where μp is a small positive constant defined as the step size and
ĝp(i) is the estimated gradient of the function f(P̂m(i)) with respect
to P̂m(i). Recalling the equation (14), the range of the α is given as
α ∈ (α2, α1) and it is dependent on the positive constant Pm. If
Pm → 0, the range approaches (−2, 0). If Pm → ∞, the range
approaches a null set. Also note that Pm is assumed to be a constant
that is larger than the value of hHh. Hence, for the second approach,
we set lower and upper limits for the values of P̂m(i). If the value
of P̂m(i) exceeds these limits, it is set to the medium value of the
thresholds and the adaptation is continued.

Note that the biased estimator with the EB approach, in which
P̂m(i) = ĥH

RLS(i)ĥRLS(i), requires 4L+3 complex multiplications
and 4L+2 complex additions for one update of the shrinkage factor.
For the AT approach, in which P̂m(i) is updated by using equation
(18), the number of complex multiplications required to update the
shrinkage factor is 3L + 9 and the number of complex additions
required is 3L + 8. It will be demonstrated by the simulations that
the performance of the AT approach is better than the EB approach,
but there is no need to set the upper and lower limits for the values
of P̂m(i) in the EB approach.

5. THE CRAMÉR-RAO LOWER BOUND AND ITS
EXTENSION TO BIASED ESTIMATORS

Consider the estimation problem y = Xh + n, where X is a
given training matrix and n is the AWGN with zero mean and
variance σ2. We define p(y;h) as the probability density function
(PDF) of the received signal y, which is characterized by h. As-
sume that p(y;h) satisfies the regularity condition [1], which is

given by E[∂p(y;h)/∂h] = 0, for all h. In this work, we con-
sider the shrinkage estimator which is given in (10) and we have
E[ĥb] = h + αh = h + B(h), where B(h) = αh represents
the bias which is a function of h. Then, the biased CRLB for the
shrinkage estimator is given by

E[(ĥb − E[ĥb])H(ĥb − E[ĥb])] ≥
(
1 + dB(h)

dh

)2

−E
[
∂2 ln p(y;h)

∂h2

] , (19)

Bearing in mind that the noise is assumed to be white Gaussian
and its covariance is defined as σ2I, we obtain the CRLB for the
variance of the shrinkage estimators with bias B(h) as

E[(ĥb−E[ĥb])H(ĥb−E[ĥb])] ≥ (1+α)2tr{σ2(XHX)−1}, (20)

and the CRLB for the unbiased estimator can be expressed as

E[(ĥu − E[ĥu])H(ĥu − E[ĥu])] ≥ tr{σ2(XHX)−1}. (21)

It must be noted that the biased CRLB shown in (20) gives the
minimum variance that a shrinkage estimator can achieve and indi-
cates that the shrinkage estimators attain this lower bound. However,
it is not as meaningful as the CRLB for the unbiased estimator that
is shown in (21). The main reason is that for the unbiased estimator,
the CRLB can also be considered as the lower bound of the MSE
performance. However, for the biased estimators, recalling equation
(11), the MSE performance is determined not only by the variance
of the estimator but also the bias, which is α2‖h‖2 in our case. We
extend the analysis here to obtain a lower bound for the MSE per-
formance of the biased estimators. The MSE of a shrinkage biased
estimator is given by

E[‖h− ĥb‖2] = (1 + α)2tr{σ2(XHX)−1}+ α2‖h‖2. (22)

If we consider the MSE expression as a function of α, then the op-
timal solution of α that corresponds to the minimum MSE can be
obtained by computing the gradient with respect to α and setting it
to zero. The optimal α can be expressed as

αopt =
−tr{σ2(XHX)−1}

tr{σ2(XHX)−1}+ ‖h‖2 . (23)

Hence, the extended CRLB for the MSE performance of the shrink-
age estimator is

E[‖h− ĥb‖2]
≥ 1(

tr{σ2(XHX)−1}/‖h‖2)+ 1
tr{σ2(XHX)−1}. (24)

This lower bound indicates the following:
1: The value of the scalar term tr{σ2(XHX)−1}/‖h‖2) is al-

ways larger than 0, which means the lower bound of the shrinkage
MSE is always lower than the CRLB for the unbiased estimators that
is given in (21).

2: The difference between the bounds of unbiased estimators (in
(21)) and the extended CRLB for shrinkage estimators (in (24)) is
dependent on the noise variance σ2. Interestingly, in the low SNR
scenarios where σ2 is large, the difference becomes larger than in
the high SNR scenarios. If the SNR is high and σ2 → 0, then these
two bounds tend to be the same. The simulation results will also
demonstrate this phenomenon as the gain of the shrinkage estimator
over the unbiased LS solution is increasing as the SNR reduces.

3: If a white Gaussian distribution is assumed for the noise and
the shrinkage estimator is obtained based on an MVUE, then the
biased estimators with optimal α attains the lower bound shown in
(24).
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6. SIMULATIONS

In this section, we apply the biased estimators that are detailed in
Section 4 to improve the LS solution of the hequ in SC-FDE of DS-
UWB systems which is computed by the RLS algorithm described in
(9). The length of the data block is set to N = 32 symbols. A Walsh
spreading code with a spreading gain Nc = 8 is generated for the
simulations. The pulse-width is set to Tc = 0.375 ns and the pulse
waveform is modeled as the root-raised cosine (RRC) pulse with a
roll-off factor of 0.5 [11]. We adopt the IEEE 802.15.4a standard
channel model for the indoor residential non-line of sight environ-
ment and the number of taps is set to 100 in the time domain [12].
We assume that the channel is constant during the whole transmis-
sion. For all the simulations, the adaptive filters are initialized as
null vectors and the curves are obtained by averaging 200 indepen-
dent runs.
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Fig. 1. MSE performance (‖h − ĥ‖2) of the biased structured
channel estimation (SCE). The parameters used: RLS: λ = 0.998,
δ = 10. Proposed EB: μ = 0.075 and proposed AT: μ = 0.075,
μp = 0.05, P̂m,min = 0.05, P̂m,max = 0.15.
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Fig. 2. MSE performance (‖h− ĥ‖2) of the biased SCE with differ-
ent SNRs.

In the first experiment, we examine the proposed biased estima-
tors for the SCE in a single user system with 0 dB SNR. In Fig. 1,

the MSE performance of the channel estimators are compared as a
function of number of blocks transmitted. The RLS algorithm ap-
proaches the unbiased CRLB as given in (21) while the proposed bi-
ased estimators approach the extended CRLB as given in (24). The
biased estimators converge faster than the RLS algorithm and the
steady-state performance is also improved. The proposed AT algo-
rithm in this scenario outperforms the EB algorithm and the RLS-
based J-S estimator that is proposed in [7]. Note that the additional
complexity to employ the proposed biased estimation techniques in-
creases linearly with the length of the channel.

Fig. 2 illustrates the MSE performance of different channel es-
timators in a scenario with 3 users and different SNRs. The parame-
ters for the adaptive algorithms are the same as those used to obtain
Fig. 1 and 200 training blocks are transmitted for each run. For
all the simulated SNRs, the proposed biased algorithms outperform
the RLS algorithm. In low SNR scenarios, the gain achieved by the
biased estimator is larger than in the high SNR scenarios.

7. CONCLUSION

In this work, adaptive shrinkage biased estimators are developed in
the scenario of parameter estimation. An LMS-based adaptive algo-
rithm is devised to obtain the shrinkage factor. The biased CRLB
has been computed and we have extended it to obtain a lower bound
for the MSE performance of the shrinkage biased estimators. The
incorporation of the proposed estimators has been considered in a
detection scheme based on SCE for SC-FDE in DS-UWB systems.
The simulation results demonstrate the improved MSE performance
of the biased estimators in different scenarios.
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