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.4bstrnct - Exact expressions for the symbol er
ror probability at the output of the maximum like
lihood (ML) decoder are obtained for multiple-input 

multiple-output (MIMO) systems coded by orthogo
nal space-time block codes (OSTBCs) over correlated 
fading channels. Such expressions are derived for 

the general case of arbitrary input signal constella
tions and OSTBC, as well as arbitrary correlations of 

RayleighjRician fading channel coefficients. 

I. INTRODUCTION 

Orthogonal space-time block codes (OSTBCs) Pl, [2J have 
been a topic of growing interest because they enjoy high perfor
mance and offer simple maximum likelihood (ML) decoding. 

Recently, several attempts to analyze the error probability of 
OSTBCs have been made for the coherent receiver case where 
the channel state information is known at the decoder l31, [4], 
[5J, [6], [7J. However, the results of these papers are limited by 
the case of uncorrel ated Rayleigh fading channel, and the error 
probability analysis in [3\, [4], [5], [61, and [71 is either approx
imate or is restricted because of assuming some specific class 
of input signal constellations. For example, an approximat.e ex
pression for the probability of error of any space-time code in 
the BPSK case was obtained in [3], while an upper bound on the 
pairwise symbol error probabili ty of OSTBCs was found in (4). 
In [5\, an approximate expression was derived for the bit error 
rate (BER) of OSTBCs that use the M-PSK modulation. Exact 
BER results were obtained in [6], but these results are limited to 
the Alamouti code and M-PSK modulation. Exact eJ(pressions 
for the symbol error probability of an arbitrary OSTBC were 
derived in [7J, but the analysis in this paper is applicable to the 
M-PSK and M-QAM input constellations only. 

Recently, an exact and more general analysis of the symbol 
error probability of OSTBCs has been reported in [8] and [9J. 
The results of [8J and [9] apply both to the Rayleigh and Rician 
uncorrelated channel cases, and to the general case of an arbi
trary OSTBC and arbitrary input constellation of each symboL 
However, these results cannot be directly applied to the corre
lated channel case. 
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An interesting contribution to the OSTBC error probability 
analysis in the correlated channel case has been recently re
ported in (10). However , the analysis presented in this work is 
restricted to the Rayleigh channel case and the pairwise error 
probability (or, equivalently, BPSK input constellation) only. 
Also, the authors of [10) have limited their consideration to a 
particular channel model which assumes independent transmit 
and recei\'e antenna correlations [Ill. 

In this letter, we extend the results of [81 and [9J to the cor
related channel case. In contrast to (10], our erTor probability 
analysis IS exact and applies to the general case of arbitrary in
put constellations, arbitrary channel correlations, and both to 
the Rayleigh and Rician channel cases. 

II. OSTBC BACKGROUND 
The input-output relationship for a MIMO system with N 

transmit and 111 receive antennas and flat block-fading channel 

can be expressed as 

yet) "" x(t)H + vet) (1) 
where H is t.he N x AI complex channel matrix, and 

yet) [Yl(t) Y2(t) ... YAI(t») 
x(t) [XJ(t) X2(t) .. , XN(t)] 

vet) [Vl (t) V2(t) ... VAl (t)] 
are the complex row vectors of the received signals, transmitted 
signals, and noise, respectively. 

Assuming that the channel is used at times t = 1,2, . . . , T, 
and H does not change during this period, we can rewrite (1) 
as 

Y=XH+V (2) 
where Y is the T x M complex mat.rix of the received signals, X 
is the T x N complex matrix of t.he transmitted signals, and V is 
the T x 111 complex matrix of zero-mean independent identically 
distributw (Li.d.) Gaussian nQise with the variance 62 per real 
dimension. 

Let us denote the complex information-bearing symbols prior 
to space-time encoding as 51" " ,  5K and define the vector 

s £ [SJ 52 . . . sKf 
where (. f stands for the transpose. If an OSTBC is used, then 
the matrix X = Xes) in (2) has the following properties [2]: 
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• aU the elements of Xes) are linear functions of 
81,82,· . . , SK and their complex conjugates; 



• XH (S)X(S) = (lslI� IN for all SEeK where 11·112 denotes 
the Euclidean norm, OH denotes the Hermitian trans

pose, and IN is the N x N identity matrix. 

Let us assume that each information symbol Sk is drawn from 
a possibly different constellation given by the set 

of cardinality h, where each member of the set Uk belongs to 
the complex plane C. In turn, the selected complex vector s is 
a member of the constellation set 

where 

k=l 

The OSTBC is then applied to the complex vector s to form t.he 

T x N matrix X(s). The space-time coded signal X belongs to 
a constellation 

where 
Xc = X(sel , e = L 2, . . . , L. 

\\'e consider the case when the coherent ML decoder is used, i.e., 
H is known at the receiver, The constellation of the received 
symbols is given by 

where 
Yc = XcH. 

The task of the ML decoder is to find 

COP' = arg-min IIY - YdlF eEf), .... L} 
where 11 . II F denotes the Frobenius norm. 

In [12], [13], and [14), it has been shown that the 1I1L decoder 
for an OSTBC modulated signal is made up of a linear combiner 
followed by a quantizer, and the K complex outputs of the linear 
combiner, denoted by Wk, k = 1,2, . . . , K, can be written as 

(3) 
where �k are Li.d. complex Gaussian variables with variance 
a2 per real dimension, This shows that the effecth'e channel 
from before the 05TBC encoding to after t.he linear combiner is 
equivalent to K parallel single-input single-output (5ISO) addi
tive white Gaussian noise cllannels. This property is sometimes 
called the SISO equivalency of the OSTBC, 

If we use the notations 

W £!, [Wl,W2"",WKf 
� £!, [�1'�2"" ,�Kf 

then (3) may be rewritten as 

W = IIH\lFs + �. (4) 
We will denote the constellation of w by W, Equation (4) im

plies that the combined effect of the OSTBC, the channel and 
the linear processing at the ML receiver on the input constella
tion S is equimlent to a uniform scaling of S by the foctor of 

IfHfIF, and that the shapes of the constellations Wand S are 
the same except for a scaling factor. 

Equation (4) follows more intuitively from a stronger con
steUation invariance property of OSTECs i81, which says that 
for any OSTBC, the constellation invariance not only exits be

tween S and W, but also between S, X, and Y in the sense 
that X and Y have exactly the same "shape" as S except for 
scaling factors of IN and I\HIIF, respectively. In contrast to 
the invarlance implied by the 51S0 equivalency ofthe 05TBC, 
the constellation invariance is not related to the type of decoder 
used. This property is due to the fact that the OSTBC posi
tions the transmitted signal constellation in a certain subspace 
of the inner product space of complex ]V x T matrices that is 
immune to the skewing effects of the channeL 

In the case of fixed H, let us denote the error probability of 
decoding the syrnbolsk by the coh�rellt ML decoder as P(Ck IH). 
In the case of random H, let this error probability averaged over 
realizations of H b� denoted as P([k) £!, E{P(CkIH)}, where 
EO is the statistical exp�ctation operator. In [8) and [9J., (4) 
has been used to show that 

P([k) = 1- :k t fl,:'X'y(X � Re(ui,k),y - Im{Ui.k))dxdy 
(5) 

where Z ,£ IIH(lj,., pz{z) is the pdf of Z, Ri,k is the optimal 
decision region for Ui,k in C, and 

loc z (X2 + y2 ) 
px.y(x, y) = ?2 exp -z-2-2- pz(z) dz 

o _11fT (7 
(6) 

is the "effective" pdf of the noise. In the uncorrelated channel 
case, the real and imaginary parts of the �lem�nts of H are all 
independent Gaussian random yariables with the same variance 
and Z has a chi-square distribution. In this case, the pdf pz(z) 
has a closed-form expression. In l8j and [9], this expression was 

5ubsbtuted in (6) and then the resulting integral was evaluated 
to obtain pX.y (x, y). However, in the general case when the 
elements of H are correlated Gaussian random variables, the 
pdf of Z does not have any closed form [15, Chapter 29], and 
the method of [8\ and (9] cannot be applied to compute peEk). 

III. ERROR PROBABILITY ANALYSIS FOR CORRELATED 

ivIIIvlO CHAJ\NEL5 
In this se<;tion, we will use a moment generating function 

(MGF) based tec!mique2 to extend the results of (8) and [9) to 
the correlated channel case and to compute P(Ek) explicitly. 
Using the notations 

'" 1 " x� + y2 
a � 21i(T2 ' b = - ----z;;:z- (7) 

equation (6) can be written in the following form 

px.y(x, y) = a l""z iZpz(z) dz. (8) 

lfwe denote the MGF of Z as 111(t), and its derivative as M'(t), 
then 

.M(t) ,£ E{eZt} = 1000 eztpz(z)dz 

M'(t) E{ZeZt} = lco zeztpz(z)dz. (9) 

2Note that MGF-related techniques have found numerous applica
tions to error probability analysis of fading single-input single-output 

(SlSO) and $ingle-input multiple-output (51]1.-10) channels, see [16] 
and references therein. 
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Using (9), equation (8) can be written as 

px,r(x,Y) = aM'(b). (10) 

Fortunately, simple closed-form expressions can be obtained for 

the MGF of Z. 
Let us introd uce the ""underline" operator that for any I x P 

complex matrix A is defined as 

A � [ vec{Re(A)} ] 
- vec{lm(A)} 

(11) 

where vec{ ·} is the vectorization operator stacking all columns 
of a matrix on top of each other. Note that A is a 2PJ x 1 real 
vector. 

The covariance matrix of H is given by 

Using the eigendecomposition of C, we can write 

(12) 

\I'here 
A = diag{pr, . .. , P�MN} 

is the diagonal matrix of the eigenvalues P7 (i = 1, ... , 2M N) of 
C, and U is the 2M N x 2M N real unitary matrix of its corre
sponding eigenvectors. Note that C is symmetric and positive 
semi-definite and, therefore, all its eigenvalues are non-negative. 
If we use the notation 

then it is easy to show that IV, (i = 1,2, . . . , 2AfN) are all 
independent Gaussian random variables Kith the '\lariances P; 
(i = 1,2, . . . ,2101 N), respectively. If we denote the mean of lV; 
by Pi, then 

(13) 
It is clear that 

2MN 
Z = IIHII� = IIHII� = IlfIll� = I: Wr 

i=l 

As all W? are independent, the MGF of Z is the product of the 
MGFs of W?, The random variables W? have a noncentral chisquared distribution with one degree of freedom whose MGF is 
knmvn to be [15] 

(1-?t 2)-1/2 (�) - p, exp 1 -2tpr . 

Therefore, the MGF of Z and its derivative become 

M(t) = 

M'(t) 

�MN ( ( 2)) 
II (1 - 2tpn -1/2 exp 1 �'it 2 �l A 

(14) 

(2f' PI (1 - 2tp;1 : /17) 
;=1 (1 - 2tpJ 

X n (1- 2tp7) -1/2 exp ( �/1i 2) . (15) 
(2MN 2 ) 

i�1 1 2tp; 

respectively. Substituting (7) and (15) into (10) yields 

_ 1 (2MN � (1 + (x2 +y2)�) + ;J ) 
Px,Y(x,y) -:2 L 2 2 

7r ;=1 (1+ (x2 +y2)9z) 

:ff�(l + (x2 + y2) P; )-�:p (_ !(x2 + y2)� 2)) . 
i=l \ � 1+(x2+y2)� 

(16) 

Equations (5) and (16) express the probability of error in the 
case of an arbitrary correlated Rician channel in a closed form. 

Note that, according to (12), the channel correlation properties 
are determined in (16) by the values of pf (i = 1, ... , 2M N). 
In particular, if pi = p� = .. . = P�M N � pZ, then the channel 
is uncorrelated with the covariance matrix C = /IzMN' 

There are severa.! interesting obsen'ations that can be made 
from (5) and (16). If the parameter !If N is fixed, then the sym
bol error probability does not depend on specific values of M 
and N (this property shows a certain reciprocity between the 
transmitter and the receiver). Also, if loIN and input constel
lations {Udr�1 are all given, then the symbol error probability 
is independent of the particular choice of OSTBC. 

In the special case of uncorrelatl'd channel (PI = P2 = . . ' = 

P2MN £ p), equation (16) reduces to 

PX,y(x,y) 

(17) 

where 
.\ §, \lE{H}II}jp2. 

Equation (17) coincides with (24) of [8], 
In the case of correlated Rayleigh fading channel, we haye 

Jii = 0 (i = 1,2, . .. ,21H N), and (15) can be simplified to 

(18) 

In the next section, our theoretical results (16) and (IS) will 
be compared with simulation results. 

IV. CO�lPARISON OF THEORETICAL AND SIMULATION 
RESULTS 

In order to see the effect of the channel correlation on the 
effective pdf of the noise for a Rayleigh channel, Fig. 1 shows 
the one-dimensional slice of PX,y(x, y) eyaluated using (18) and 
by simulations at y = ° for different correlation levels. In this 
figure, we assumed 

!If N = 4 
(12 1 
p; 

{ 
11/J, i = 1, . . . , J 
0, i = J + 1, . . . , 2MN 

11 10. 
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Figure 1: Px.Y(X, 0) for different values of J in the Rayleigh 
fading channel case. Smaller J correspond to more corre
lated channeL 

Here, J is the rank of C and the parameter T) characterizes the 
strength of t.he channel . Low values of J correspond to a highly 
correlated channel (whose covariance matrix is low rank) , while 
higher values of this parameter correspond to a less correlated 
channel, so t.hat at the maximal value of J, JJn<U: = 2AfN = 32, 
the channel become$ uncorrelated. The simulation points in 
Fig. 1 are obtained using the half-rate code of [2], the QPSK 
input constellation with the minimum distance of ..;2, and 4 x 
108 symbols transmitted. This figure shows fine agreement of 
the theoretical and simulation points. It also demonstrates that 
increasing the correlation of the channel enhances the tails of 
the effective pdf of the noise (while making the central part 
of this pdf narrower) . This explains qualitatively why channel 
correlation leads to higher symbol error rates (SERs). 

Fig. 2 shows the SER versus the correlation (in terms of J) 
fot' the same example as before and for different values of fl. For 
each simulation point in Fig. 2, symbols were transmitted until 
at least 2 x 104 symbol errors occurred. Similar to the previous 
figure, this figure shows fine agreement of the theoretical and 
simulation results. It can be seen from Fig. 2 that the SER 
reduces as the channel becomes more and more uncorrelated. 
This effect is especially pronounced at large values of fl. 

In the Riclan case. the channel matrix is given by the sum 

of the line-of-sight (LOS) and non-line-of-sight (NLOS) compo-
nents 

H = HLOS + HNLOS 

where 
HLOS � E{H} 

and 
HNLOS � H - HLOS' 

A commonly used yet specific model for correlated llician fad
ing channels [10,11] assumes independent transmit and receive 
correlation matrices. According to this model, 

HNLOS = R..�j2HwR�2 

where Rn is the Al x AI correlation matrix of the receive an
tennas, RT is the N x N correlation matrix of the transmit 

10° 
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Figure 2: SER versus channel correlation (in terms of J) 
for different values of 1] in the Rayleigh fading channel case. 

antennas. and H", is a complex N x lU matrix whose elements 
are zero-�ean i.i.d. complex Gaussian random variables. 

In our next example, we use this particular channel modeL 
\Ve consider the case of ]l;f = N = 2 and model H ru; 

where the constants etos and C�LOS characterize the powers 
of the LOS and ]'.;LOS components of H and jointly determine 
t.he SNR and the power ratio Q: of the LOS and NLOS compo

nents, and the parameters (R and (T characterize the receive 
and transmit correlations, respectively. In this example, the 

Alamouti code is used and the QPSK input constellation is as
sumed. Fig. 3 shows the SER versus 8]'.;R for different values 
of Ct in the case when (T = (n = 0.4. Fig . 4 shows the SER 
versus SNR for different values of (T and eR in the case when 
Ct = 1. Similar to the previous two figures, Figs. 3 and 4 both 

show fine agreement of the theoretical and the simulation re
sults. From Fig. 3, we see that increasing the LOS component 
with respect to the NLOS one improves the SER at high SNRs. 
Fig. 4 shows that if the power ratio between the LOS and 1'1L08 
components is fixed, then the correlation of the NLOS part of 
the channel worsens the SER. This effect is similar to that ob
served from Fig. 2 in the Rayleigh channel case (where only the 
]'.;LQS component is present). 

V. CONCLUSIOl':S 

Exact expressions for the symbol error probability at the 

output of the coherent maximum likelihood (ML) decoder 
have been derived for r..U110 wireless systems using orthog

onal space-time block codes (OSTBCs) over correlated fad
ing channels. Such expressions are derived for the general 

case of arbitrary input signal constellations and OSTBC, as 
well as arbitrary correlations of the Rayleigh or Rician fad
ing channel coefficients. Numerical simulation results show 
fine agreement with the results of our theoretical analysis. 
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Figure 3: SER versus SNR for different values of cr and 
fixed (T "'" (R = 0.4 in the Rician fading channel case. 
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