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Generalized Design of
Multi-User MIMO Precoding Matrices

Veljko Stankovic and Martin Haardt, Senior Member, IEEE

Abstract— In this paper we introduce a novel linear precoding
technique. The approach used for the design of the precoding
matrix is general and the resulting algorithm can address several
optimization criteria with an arbitrary number of antennas at
the user terminals. We have achieved this by designing the
precoding matrices in two steps. In the first step we minimize
the overlap of the row spaces spanned by the effective channel
matrices of different users using a new cost function. In the
next step, we optimize the system performance with respect to
specific optimization criteria assuming a set of parallel single-
user MIMO channels. By combining the closed form solution
with Tomlinson-Harashima precoding we reach the maximum
sum-rate capacity when the total number of antennas at the user
terminals is less or equal to the number of antennas at the base
station. By iterating the closed form solution with appropriate
power loading we are able to extract the full diversity in the
system and reach the maximum sum-rate capacity in case of
high multi-user interference. Joint processing over a group of
multi-user MIMO channels in different frequency and time slots
yields maximum diversity regardless of the level of multi-user
interference.

Index Terms— MIMO systems, multi-user MIMO, SDMA,
transmit signal processing.

I. INTRODUCTION

MULTIPLE-input, multiple-output (MIMO) systems are
a key component of future wireless communication

systems, because of their promising improvement in terms of
performance and bandwidth efficiency [1], [2], [3], [4], [5].
An important research topic is the study of multi-user (MU)
MIMO systems. Such systems have the potential to com-
bine the high throughput achievable with MIMO processing
with the benefits of space division multiple access (SDMA).
This allows the transmission of multiple spatially multiplexed
(SMUX) data streams to multiple users which results in very
high data rates. In this case, the base station has the ability
to coordinate the transmission from all of its antennas. The
challenge is that the receiving antennas that are associated
with different users are typically unable to coordinate with
each other. By mitigating or ideally completely eliminating
multi-user interference (MUI), the BS exploits the channel
state information (CSI) available at the transmitter to allow
these users to share the same channel. It is essential to have
CSI at the base station since it allows joint processing of
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all users’ signals which results in a significant performance
improvement and increased data rates.

The information theoretic results in [3], [6], [7], [8], [9]
have shown that it is necessary to use some kind of Costa’s
”dirty-paper” coding (DPC) or Tomlinson-Harashima precod-
ing to reach the sum capacity of a multi-user MIMO downlink
system. DPC can achieve the maximum sum rate of the system
and can provide the maximum diversity order. However, these
techniques require the use of a complex sphere-decoder or an
approximate closest-point solution, which makes them hard to
implement in practice. THP is strongly related to DPC, and it
represents a suboptimal implementation of DPC.

Generalized designs of a jointly optimum linear precoder
and decoder for a single user (SU) MIMO system, using a
mean-squared error (MSE) criterion are given in [10] and
[11]. The framework presented in these papers is general
and addresses several optimization criteria like minimum
MSE (MMSE), minimum bit error rate (BER), and maximum
information rate. However, these results are limited only to
point-to-point communication where the transmitter and the
receiver are able to perform a joint processing over all of the
transmit and the receive antennas. There are a lot of results
in the literature which address the optimization of multi-user
MIMO downlink systems using different optimization criteria.
However, there is no general solution like in the case of point-
to-point communications. For the optimization of such systems
it is often assumed that the users are equipped with only
one antenna, [12], [13], [14], [8], [9]. Solutions that consider
an arbitrary number of antennas at the user terminals (UT)
often assume zero multi-user interference which imposes a
constraint regarding the total number of antennas at the BS and
the UTs, [15], [16], [17], [18]. The solutions that overcome
this dimensionality constraint, i.e., when the number of receive
antennas is greater than the number of antennas at the base
station either use only a subset of antennas or a subset of
eigenmodes [16], [19], and usually require a large control
overhead in order to feedback the decoding matrices to the
user terminals. One approach that is addressing the problem of
the system dimensionality was proposed in [20] and it is called
successive MMSE precoding (SMMSE). SMMSE provides
higher antenna and diversity gain than MMSE by suppressing
the interference only between the antennas located at the two
different terminals. SMMSE in combination with THP [21]
reaches the sum-rate capacity of the broadcast channel at low
SNRs.

In this paper we use a different approach. We separate the
problem of MUI mitigation and the optimization of the overall
system performance with respect to the different optimization
criteria. Our goal is to use as much as possible of the available
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Fig. 1. Block diagram of a multi-user MIMO downlink system.

users’ spatial resources and at the same time minimize the
interference between different users. In combination with THP
or by iterating the closed form solution we reach the maximum
sum rate capacity of the broadcast channel in simulations. By
iterating or by joint precoding in two other dimensions, time
and frequency, we are able to extract the maximum diversity
in the system.

This paper is organized as follows. In Section II, we de-
scribe the MU downlink system and the precoding techniques
that will be compared. In Section III, we present the results
of simulations. A short summary follows in the Section IV.

II. REGULARIZED BLOCK DIAGONALIZATION (RBD)

A. System model

We consider a MU MIMO downlink channel, where MT

transmit antennas are located at the base station and MRi

receive antennas are located at the i-th user terminal (UT),
i = 1, 2, . . . ,K. There are K users (or UTs) in the system.
The total number of receive antennas is

MR =
K∑

i=1

MRi
.

A block diagram of such a system is depicted in Fig. 1.
We use the notation {MR1 , . . . ,MRK

} × MT to describe
the antenna configuration of the system. First, we assume
frequency flat slow fading channels. In case of frequency
selective channels, we assume transmission using OFDM
where the same MIMO processing is performed on each
subcarrier. Let the MIMO channel of user i be denoted as
Hi ∈ CMRi

×MT . Then, the combined channel matrix is given
by

H =
[

HT
1 HT

2 · · · HT
K

]T ∈ CMR×MT . (1)

The data vectors xk ∈ Crk×1, k = 1, . . . ,K, for the K UTs
are stacked in the vector x =

[
xT

1 , . . . ,xT
K

]T ∈ Cr×1. The
received vector is given by

y = G (HFx + n) (2)

where y =
[

yT
1 · · · yT

K

]T ∈ Cr×1 is the received data

vector, n =
[

nT
1 · · · nT

K

]T ∈ CMR×1 is the stacked
vector of the zero mean additive white Gaussian noise at
the input of the receive antennas. The joint precoding and
decoding matrices are denoted by F and G, respectively.

Let us define the joint precoder matrix as

F =
[

F1 F2 · · · FK

] ∈ CMT ×r (3)

where Fi ∈ CMT ×ri is the i-th user’s precoder matrix.
Moreover, r =

∑K
i=1 ri ≤ rank (H) ≤ min (MR,MT ) is

the total number of the transmitted data streams, whereas ri

is the number of data stream sequences transmitted to the i-th
user. The decoding matrix G can be written as

G =

⎡⎢⎣ G1 · · · 0
...

. . .
...

0 · · · GK

⎤⎥⎦ ∈ Cr×MR (4)

where Gi ∈ Cri×MRi is the i-th user’s decoding matrix.

B. Precoder design

In a TDD system, it is possible to exploit the estimated
uplink channel for downlink transmission due to the reci-
procity principle. This information can be used to perform
joint precoding of the users’ signals at the BS/AP.

Consider the precoding technique block diagonalization
(BD) that was first proposed in [15]. We can find the optimal
precoding matrix F such that all MUI is zero by choosing
the i-th user’s precoding matrix Fi such that it lies in the
null space of the other users’ channel matrices. Thereby, a
MU MIMO downlink channel is decomposed into multiple
parallel independent SU MIMO channels [16], [17]. However,
this results in a quite poor performance if the row subspaces
of the users’ channel matrices overlap significantly and it has
the dimensionality constraint that the total number of receive
antennas at the UTs has to be less or equal then the number
of antennas at the BS, MR ≤ MT .

MMSE precoding can improve the system BER perfor-
mance by allowing a certain amount of interference especially
for users equipped with a single antenna [13]. However, it
suffers a performance loss when it attempts to mitigate the
interference between two closely spaced antennas as in the
case when the user terminal is equipped with more than one
receive antenna. Our goal is to perform MIMO precoding in
such a way that the loss due to the multi-user interference
mitigation is reduced, to better use multiple antennas at the
UTs and to remove any constraint regarding the number of
antennas at the UTs.

It has been shown that the best performance for the single
antenna receivers r = K = MR, is achieved by designing the
precoding matrix F using the MMSE criterion [13]. Let us
define the precoding matrix F as F = βFa. The precoding
matrix Fa and the scaling factor β result from the following
optimization

Fa = minFa
E
{∥∥x − β−1y

∥∥2
}

= minFa
E
{
‖(IMR

− HFa) x‖2 + ‖n‖2

β2

} (5)

where the parameter β is used to fulfill the transmit power
constraint. This can be interpreted as choosing the matrix Fa

to minimize the Frobenius norm of the off-diagonal elements
of the effective channel HFa at the high SNRs, while the
elements on the main diagonal should converge to 1.
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In order to facilitate the generalized design of the precoding
matrix in a MU MIMO scenario we use a different approach.
We separate the MUI suppression and the system performance
optimization. Therefore, the precoder design is performed in
two steps. In the first step we balance the MUI suppression
which is achieved by reducing the overlap of the row spaces
spanned by the effective channel matrices of different users
and any MIMO processing gain which requires that the users
use as much as possible the available subspaces. In the second
step we optimize the system performance assuming parallel
SU MIMO channels. Thus, the precoding matrix in equation
(3) is rewritten as

F = βFa · Fb, (6)

where

Fa =
[

Fa1 Fa2 · · · FaK

] ∈ CMT ×Mx ,

and

Fb =

⎡⎢⎢⎢⎣
Fb1 0 · · · 0
0 Fb2 · · · 0
...

...
. . .

...
0 0 · · · FbK

⎤⎥⎥⎥⎦ ∈ CMx×r,

with Fai
∈ CMT ×Mxi and Fbi

∈ CMxi
×ri , Mxi

≤ r,
and Mx =

∑K
i=1 Mxi

depending on the specific choice of
the precoding algorithm. The matrix Fa is used to suppress
the MUI interference first, and then the matrix Fb is used
to optimize the system performance according to a specific
criterion assuming that the MU MIMO channel has been
transformed into a set of parallel SU MIMO channels. Finally,
the parameter β is chosen to set the total transmit power to
PT . Let us define H̃i as

H̃i =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

H1

...
Hi−1

Hi+1

...
HK

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ C(MR−MRi

)×MT . (7)

First we address the design of the matrix Fa. The equivalent
combined channel matrix of all users after the precoding is
equal to

HFa =

⎡⎢⎢⎢⎣
H1Fa1 H1Fa2 · · · H1FaK

H2Fa1 H2Fa2 · · · H2FaK

...
...

. . .
...

HKFa1 HKFa2 · · · HKFaK

⎤⎥⎥⎥⎦ (8)

where the i-th user’s effective channel is given by HiFai
and

the interference generated to the other users is determined by
H̃iFai

.

The Frobenius norm of the matrix H̃iFai
is related to the

level of the overlap of the row subspaces of the effective
channels of different users HiFai

, i = 1, . . . ,K. Analogous
to (5), the matrix Fa is chosen such that the off-diagonal block
matrices converge to zero as the SNR increases. The specific
optimization of the block matrices on the main diagonal is
addressed in the next step where we design the matrix Fb.

We rewrite the optimization criterion in (5) as

Fa = min
Fa

E

{
K∑

i=1

∥∥∥H̃iFai

∥∥∥2

+
‖n‖2

β2

}
(9)

where vector n ∈ CMR×1 contains the samples of a zero
mean additive white Gaussian noise at the input of the
receive antennas and β is chosen to fulfill the transmit power
constraint β2 ‖FaFbx‖2 ≤ PT . We assume that the noise at
the input of different receive antennas is uncorrelated with the
same variance σ2

n. Therefore, the matrices Fai
are obtained

by minimizing the Frobenius norm of the effective channels
between different users and the Frobenius norm of the scaled
noise vector. The parameter β is a function of Fa and Fb, and
it influences the receive SNR, [13].

It is shown in the Appendix that each user’s precoding
matrix Fai

can be written as Fai
= Mai

· Dai
, where

Mai
∈ CMT ×MT is a unitary matrix and Dai

∈ RMT ×MT

is a diagonal power loading matrix with elements on the
main diagonal greater than or equal to zero [11]. Let us
define the singular value decomposition (SVD) of H̃i as
H̃i = ŨiΣ̃iṼ

H
i . The solution to the minimization of (9)

results in

Mai
= Ṽi,

Dai
=
(
Σ̃T

i Σ̃i + MRσ2
n

PT
IMT

)−1/2

.
(10)

The complete proof is given in the Appendix. Note that the
power loading matrices do not depend on β since it is used
to set the transmit power to PT as shown in the Appendix.

From equation (10) we can see that the cost function in
equation (9) is minimized if each user transmits in the space
spanned by the combined matrix of all other users with the
power that is inversely proportional to the singular values of
the combined channel matrix of these users H̃i. As a result,
at high SNRs each user transmits only in the null space of all
other users as in BD.

The equivalent combined channel matrix of all users after
the first step of the precoding is equal to HFa ∈ CMR×KMT .
For high SNRs and MR ≤ MT , this matrix will also be block
diagonal. We can now apply any other previously defined SU
MIMO technique on the i-th user’s equivalent channel matrix
HiFai

.

After we have suppressed MUI using Fa we optimize the
system performance by optimizing each SU MIMO channel
separately under the total transmit power constraint. Now we
use the results presented for the generalized design of SU
MIMO precoding and decoding matrices [11]. The matrix Fbi

,
has the form Fbi

= Mbi
· Dbi

where Mbi
∈ CMT ×MT is

a unitary matrix and Dbi
∈ RMT ×MT is a diagonal power

loading matrix, with elements on the main diagonal greater or
equal to zero, [11]. If the BS transmits ri data streams to the
i-th user, then only ri elements on the diagonal of Dbi

will
be greater than zero. The optimum Mbi

is obtained from the
SVD of the i-th user’s equivalent channel

HiFai
= UiΣiV

H
i (11)

as Mbi
= Vi [11], [22]. The choice of the power loading

matrix Dbi
depends on the optimization criteria.
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C. Power loading

Let us define the matrix Σe as

Σe =

⎡⎢⎢⎢⎢⎣
Σ(r1)

1 0 · · · 0
0 Σ(r2)

2 · · · 0
...

...
. . .

...

0 0 · · · Σ(rK)
K

⎤⎥⎥⎥⎥⎦ ∈ Rr×r, (12)

where Σ(ri)
i is a diagonal matrix containing the largest ri

values of Σi which is obtained from the SVD given in
equation (11). By applying the water-pouring (WP) algorithm
on this matrix we can optimize the system information rate.

The maximum signal-to-noise ratio (SNR) at the user ter-
minals is obtained by transmitting only over the strongest
eigenmode, i.e., ri = 1, i = 1, . . . ,K.

To minimize the average BER in the system we introduce
a new power loading algorithm. Here we rely on the fact
that the overall system BER performance is limited by the
performance of the weakest user, i.e., the one with the highest
BER. Therefore, we assign the power to users in such a
way as to balance the SNR over all users, average the BER
performance and improve the system BER. Thus, we first
introduce a power loading matrix for which we use the term
”MMSE” power loading (PL):

DMMSE =
(
ΣT

e Σe + αIr

)−1
ΣT

e

=
(
Σ2

e + αIr

)−1
Σe ∈ Rr×r

(13)

where α = σ2
nMR/PT . Additive noise is the dominant source

of interference at the low SNRs. Thus, no power loading (No
PL)

Dbi
=
[

Iri
0

0 0

]
∈ RMT ×MT ,

reduces the BER, while at high SNRs, MMSE power loading
yields a lower BER. For this reason, we introduce an improved
diversity power loading which adapts from no power loading at
low SNRs to MMSE power loading at high SNRs. Therefore,
we define the improved diversity (impD) precoding matrix as

Db = DimpD =
(
Σ2

e + αIr

)−1
α

+
(
Σ2

e + αIr

)−1
Σe

(
Ir −

(
Σ2

e + αIr

)−1
α
) (14)

These power loading matrices are used to redistribute the
total transmit power over the eigenmodes. After we have
generated the matrices Fa and Fb, the parameter β is used to
set the total transmit power to PT , i.e., β2 = PT / ‖FaFbx‖2.

D. Regularized successive optimization THP precoding
(RSO THP)

In this section we introduce a combination of RBD and
THP which we call regularized successive optimization THP
(RSO THP). We combine RBD and THP in order to reach
the maximum sum rate capacity of the Gaussian broadcast
channel. The block diagram of the RSO THP system is shown
in Figure 2.

The combination of RBD and THP is performed by suc-
cessively calculating RBD, then the reordering of users, and
in the end precoding with THP. Instead of examining all K!
possibilities for ordering to maximize the total capacity in

MOD

B

F H

n

MOD

modulo
operator

modulo
operator

diag([ ] )GHF
ii

-1

transmitter channel receiver

G

Fig. 2. Block diagram of the RSO THP system.

the system, we propose a heuristic simplification where we
minimize the capacity difference when we precode all users
jointly and when the users are served separately. Using RBD,
the modulation matrix for each user is designed in such a
way that it lies only in the row space of the effective channel
matrices of previous users. As a consequence, only they will
generate the interference to this user. Let us define the previous
i − 1 users’ combined channel matrix as

Ĥi =
[

HT
1 · · · HT

i−1

]T
(15)

and its corresponding SVD as

Ĥi = ÛiΣ̂iV̂
H

i . (16)

Using RBD, the precoding matrix of the i-th user is calculated
as

Mai
= V̂i,

Dai
=
(
Σ̂T

i Σ̂i + MRσ2
n

PT
IMT

)−1/2

.
(17)

The whole RSO THP algorithm is summarized in Table 1.
We use the following notation: RBD (•) is RBD as previously
explained, Pk is an auxiliary matrix where we store the
precoding matrices generated using RBD, S is a set of indices
of the users to be processed, Gi is the i-th user’s demodulation
matrix obtained by using the RBD algorithm and B is the THP
feedback matrix. Note that matrices Ui are given in (11). In
short, we first calculate the information rate that an individual
user can achieve assuming there are no other users in the
system. Then, we look for the user with minimum difference
between its information rate when it is served alone and its
information rate when it is served jointly with other users and
generate the precoding matrix of this user. In each step we find
the user with the minimum information rate loss and place it as
the last one. Afterwards, we form the new combined channel
matrix Haux without this user’s channel matrix Hki

. We
repeat these steps until the combined channel matrix is empty.
The order of the users is the reverse of the order in which
their precoding matrices are generated. The lower triangular
feedback matrix B, used in THP precoding, is generated from
the equivalent combined channel matrix after the elements in
each row are divided by the elements on the main diagonal,
as it can be seen from the last equation in Table 1.

In Figure 2 we show the block diagram of the RSO THP
system. The individual users’ channel matrices and demod-
ulation matrices are grouped in matrices H and G. The
feedback matrix B, generated in the last step of the RSO
THP algorithm, is now used to precode the users’ data streams
starting with the data stream of the first user whose precoding
matrix F1 was generated as the last one.

By using THP at the transmit side we significantly increase
the transmit power and therefore a modulo operation is intro-
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TABLE I

REGULARIZED SUCCESSIVE OPTIMIZATION THP (RSO THP)

ALGORITHM.

for i = 1 : K

Hi = WiΣi

�
V

(1)
i V

(0)
i

�H

;

Fmax,i = V
(1)

i ;
Cmax,i = log2det

�
I + σ−2

n HiFmax,iF
H
max,iH

H
i

�
;

end;
S = {1, . . . , K} ;
Haux = H ;
for i = K : 1�

P1, . . . Pi, U1, . . . Ui

�
= RBD (Haux) ;

for k = 1 : i
Ck = log2det

�
I + σ−2

n HkPkP H
k HH

k

�
;

end;
ki = arg mink∈S (Cmax,k − Ck) ;
Fi = Pki ;
Gi = UH

ki
;

S = S\{ki};
Haux =

�
HT

1 . . . HT
ki−1 HT

ki+1 . . . HT
K

�T
;

end;
F =

�
F1 . . . FK

�
;

G =

�
�	

G1

. . .
GK



�� ;

B = lower triangular
�
GHF · diag

�
[GHF ]−1

ii

��
;

duced at the transmitter and the receiver in order to limit the
constellation size.

E. Iterative regularized BD (IRBD)

The performance of RBD can be further improved by
exploiting the row subspace that remains unused after the
precoding. In RBD, the precoding matrix for each user is
generated under the assumption that the other UTs use all
the available right singular vectors for transmission. However,
after the power loading some singular values remain unused
and they can be exploited to improve the system performance.

We can identify two cases. In the first case, if the number
of the transmitted data streams of the i-th user ri is less than
the rank of the i-th user’s channel matrix, then other users
could also transmit in this unused subspace without causing
additional interference. In the second case, when MT ≤ MR

and K ≤ MT , users must leave a part of their own subspaces
unused in order to reduce the overall MUI.

We assume a random ordering of the users since simulation
results have shown that the performance of the algorithm does
not depend on the user ordering. In iterative RBD (IRBD), the
precoding matrices Fai

are calculated by repeatedly perform-
ing RBD. The difference to RBD is that after calculating Fai

for the i-th user, for all other users we use U
(ri)
i

H
Hi instead

of the channel matrix Hi to generate the matrix H̃j , j �= i,
where H̃j is defined in equation (7) and U

(ri)
i is a matrix

containing the first ri singular vectors of the matrix Ui which
is given in equation (11).

Similar iterative solutions were previously introduced as,
for example, coordinated beamforming [16] or the technique
proposed in [23]. However, the difference compared to our

proposal is that the authors assume cooperation between UTs
and the BS which requires that a large portion of the system
throughput is used for the transmission of demodulation ma-
trices from the UTs back to the BS. In our case, the matrices
Ui are calculated using only the CSI available at the BS. The
optimum receive MIMO processing at the UTs is still MMSE
spatial filtering of the equivalent channel HiFi.

F. Joint multi dimensional RBD (JRBD)

Joint multi dimensional RBD (JRBD) exploits the other
two dimensions, time and frequency, to reduce the overlap
of the row subspaces of users’ channel matrices. Let us
assume that MR ≤ MT . At high SNRs, RBD will in this
case reduce to regular BD as described in [16]. If the rank
of H̃i is L̃i, the dimension of the i-th user’s equivalent
channel is MRi

×
(
MT − L̃i

)
and is equivalent to a system

with MT − L̃i transmit antennas and MRi
receive antennas.

The maximum diversity order that this system can provide is
then MRi

(
MT − L̃i

)
. By increasing the number of transmit

antennas we could reduce the diversity loss. However, an
increase of the number of antennas is very expensive so we
have to consider other solutions.

This problem can be avoided by combining the chan-
nel matrices in equation (1) from several OFDM symbols
and subcarriers. However, if we use channel matrices from
adjacent subcarriers and consecutive OFDM symbols this
grouping will not result in any performance improvement
since the channel matrices are correlated. This is equivalent to
scaling of the vector basis. Another option is to use channel
matrices from subcarriers that are separated in frequency by
more than the coherence bandwidth and in time by more
than the coherence time interval. The second option is to
perform subspace perturbation on the adjacent subcarriers and
consecutive OFDM symbols. The subspace perturbation is
performed at the UTs by multiplying the channel matrices on
different subcarriers and OFDM symbols with pseudo-random
sequences. For example, we precode jointly the signals over
SP adjacent subcarriers in one OFDM symbol by using

Ȟi =

⎡⎢⎣ c1H
T
i (1)
...

cSP
HT

i (SP )

⎤⎥⎦
T

∈ CMR×SP MT (18)

instead of Hi in (1). Hi (k) is the i-th user’s channel matrix
on the k-th subcarrier, and

[
c1 · · · cSP

]
is the pseudo-

random sequence of length SP . After substituting Ȟi for Hi

in (1) the precoding is performed in the same manner as
described previously.

The difference between JRBD and multi-carrier CDMA
(MC-CDMA) is that in MC-CDMA, MIMO processing is
performed on every subcarrier separately and then the data
is spread over a group of adjacent subcarriers. In JRBD every
channel matrix is multiplied with one chip of a pseudo random
sequence, and then these matrices are grouped into one big
channel matrix. This matrix is used for precoding.
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III. NUMERICAL RESULTS

In this section we compare the performance of systems
employing the precoding techniques introduced in this paper
to SMMSE, SMMSE THP, BD, and TDMA. To this end we
simulate a purely stochastic spatially white channel Hw and
the second is a frequency selective MIMO channel with a
power delay profile as defined by IEEE802.11n - D with non-
line of sight conditions [24]. The elements of the channel
matrices on each subcarrier are zero mean, unit variance com-
plex Gaussian variables. We assume data transmission using an
OFDM system with DFT size N = 64, a subcarrier spacing
of 150 kHz and a cyclic prefix that is Npre = 4 samples
long. The data is encoded using a convolutional code rate 1/2
(561, 753)oct. After coding the data is mapped using QAM
and 16 QAM modulation. Coded and modulated symbols are
transmitted using Nc = 48 subcarriers and Nsymb = 2 OFDM
symbols.

In the second channel model we also consider antenna
correlation at the BS and UTs. Antenna correlation is modeled
in the delay domain using the Kronecker model such that the
channel of each user’s l-th path component is modeled as

H
(l)
i = R

(l)
Ri

1/2
H(l)

wi
R

(l)
Ti

1/2
(19)

where H
(l)
wi is a spatially white unit variance flat fading MIMO

channel of dimension MRi
×MT , whereas R

(l)
Ri

and R
(l)
Ti

are

receive and transmit covariance matrices with tr
(
R

(l)
Ri

)
=

MRi
and tr

(
R

(l)
Ti

)
= MT .

For the simulations we assume a scenario where the MS is
surrounded by a rich scattering environment and the BS/AP
antennas are separated by less than the coherence distance.
These propagation conditions correspond to a cellular com-
munication systems typically characterized by a low angular
spread at the BS/AP. On the other hand, the angular spread at
the mobile is often very large and thus low spatial correlation
can be achieved with relatively small antenna separation.
Hence, we can write

R
(l)
Ri

= IMRi
, R

(l)
Ti

=
MT

tr
(
A(l)∗A(l)T

)A(l)∗A(l)T
(20)

and the l-th path of i-th user channel is modeled as

H
(l)
i =

√√√√ MT

tr
(
A(l)∗A(l)T

)H(l)
wi

A(l)T
(21)

where A(l) ∈ CMT ×N is an array steering matrix containing
N array response vectors of the transmitting antenna array
corresponding to N directions of departure [25], and H

(l)
wi ∈

CMR×N is a spatially white unit variance flat fading MIMO
channel.

In Figure 3 we show the 10 % outage capacity as a function
of the ratio of the total transmit power PT and the power of
additive white Gaussian noise at the input of every antenna,
σ2

n. The information rate is calculated using the results on the
capacity of MIMO broadcast channels in [3],

C = log
(
det

(
I + σ−2

n HFF HHH
))

.
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The information rate of a system employing THP is calculated
as

C =
K∑

i=1

log
(
det

(
I + R−1

Ii
HiFiF

H
i HH

i

))
where RIi

=
∑K

j>i HjFjF
H
j HH

j + σ2
n. We have assumed

that the users’ precoding matrices are designed for the K-th
user first and for the first user at the end. We also present
capacity results for a TDMA system as a comparison. As this
figure shows, SMMSE provides higher capacity than BD at
low SNRs while BD is better at high SNRs. RBD practically
adapts to different levels of noise, allowing more MUI at
low SNRs and canceling MUI at high SNRs to improve the
capacity of the system. When MT > MR RSO THP will
provide the maximum achievable sum rate capacity of the MU
MIMO downlink system as it can be seen from Figure 4. RBD
and IRBD have a loss in this scenario of around 5 bps/Hz.

If the subspaces of the users’ channel matrices significantly
overlap, e.g., if MR > MT , MUI will substantially degrade the
system capacity. In a system with K = 3 users each equipped
with MRi

= 4 antennas and with MT = 4 antennas at the
BS, RSO THP fails to reach the DPC bound. However, IRBD
with dominant eigenmode transmission approaches this bound



STANKOVIC and HAARDT: GENERALIZED DESIGN OF MULTI-USER MIMO PRECODING MATRICES 959

−4 0 4 8 12 16 20 24 28 32 36 40
0

10

20

30

40

50

60

{4,4,4} × 4, Hw , flat fading channel

P
T

 / σ
n
2 [dB]

10
%

 O
ut

ag
e 

ca
pa

ci
ty

 [b
ps

/H
z]

TDMA
DPC bound
RSO THP
RBD DET No PL
IRBD # iter = 1
IRBD # iter = 3
IRBD # iter = 11

Fig. 5. 10 % outage capacity as a function of receive SNR.

10 15 20 25 30
10

−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

P
T

 / σ
n
2 [dB]

BE
R

{N, N
c
, N

pre
, N

symb
} = {64,48,4,2}

BD
SMMSE
RBD No PL
RBD MMSE PL
SMMSE THP
RBD impD
IRBD impD # iter = 3

H
correlated

 {2,2,2} × 8

IEEE802.11n D
f
0

 = 150 kHz

QAM CC 1/2

Fig. 6. BER performance comparison of RBD with different power loading
algorithms with BD, SMMSE and SMMSE THP.

as the number of iterations increases. From Figure 5 we see
that after 11 iterations, IRBD reaches the DPC bound.

In Figure 6 we compare the BER performance of BD,
SMMSE, SMMSE THP, RBD and IRBD. By introducing
MUI, SMMSE outperforms BD, and its diversity order can be
further improved by combining it with THP. The performance
of RBD depends on the power loading algorithm being used.
No power loading produces better results at low SNRs and
MMSE power loading is more advantageous at high SNRs. By
combining these two power loading strategies, RBD, which
is a linear precoding technique, provides an SNR gain of
more than 3 dB over SMMSE THP which is a non-linear
precoding technique. IRBD with only 3 iterations provides a
further improvement and a higher diversity than RBD.

In Figure 7 we show the BER performance of RBD,
IRBD, JRBD, MC-CDMA and the BER curve for a similar
”genie aided” system where the users are assumed perfectly
orthogonal in order to show the diversity inherent in this type
of system. In MC-CDMA spatial processing is done on each
subcarrier separately. Unlike in Figure 6, IRBD has a better
performance than RBD only at very high SNRs. JRBD out-
performs both RBD and IRBD at very high SNRs. However,
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0 4 8 12 16 20 24 28
10

−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

P
T

 / σ
n
2 [dB]

BE
R

{N, N
pre

, N
c
, N

symb
} = {64,4,48,2}

JRBD 16QAM S P  = 4

RSO THP
SMMSE No PL
RBD
IRBD # iter = 3
orth. users

RBD impD PL
Hcorrelated  {4,4,4} × 4

IEEE802.11n D
f0 = 150 kHz

BPSK CC 1/2

Fig. 8. BER performance of RBD, IRBD, JRBD, RSO THP and MU MIMO
system with orthogonal users in configuration {4, 4, 4} × 4.

both JRBD and IRBD manage to provide the full diversity of
the system. The difference between these precoding techniques
becomes more visible in case of high MUI as shown in Figure
8. In this case both SMMSE and RSO THP experience an
error floor. By using IRBD we provide an additional gain of
2 dB in comparison with RBD, and by further increasing the
computational complexity using JRBD we manage to reduce
the loss compared to the ”genie aided” system to only 2 dB.

IV. CONCLUSION

In this paper we have introduced a novel precoding tech-
nique RBD and three modifications, RSO THP, IRBD, and
JRBD. Our goal is to reach the maximum sum data rate of the
broadcast channel and to extract the full diversity of the MU
MIMO system. The design of the precoding matrix presented
in this paper is general and can target several optimization
criteria like maximum information rate, maximum receive
SNR, minimum BER, etc. We have achieved this by separating
the problem of MUI suppression and optimization. In the first
step we minimize the overlap of the row spaces spanned by
the effective channels of different users. In the next step,
we optimize the system performance with respect to specific
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optimization criteria assuming that we have a set of parallel
single user MIMO channels. However, when the total number
of antennas at the user terminals is greater than the number
of antennas at the base station there will be some residual
MUI. To suppress this interference we iterate the closed form
solution or perform the joint processing over a group of MU
MIMO channels. Different modifications of the original RBD
algorithm provide different performance improvements.

RBD is capable to adapt to different levels of SNR in order
to provide a higher information sum rate of the system. At high
SNRs and high MUI it is able to provide the high diversity.
RBD represents a good compromise between capacity/BER
performance and computational complexity. RSO THP reaches
the DPC bound when the dimensionality constraint is satisfied,
but its BER performance is not very good and with high MUI,
i.e., when the total number of antennas at the users terminals
is greater than the number of antennas at the base station,
it experiences an error floor. IRBD reaches the maximum
sum rate capacity with high MUI and is capable of providing
maximum diversity. The improvements that IRBD provides
compared to RBD are especially visible for high MUI, when
the total number of antennas at the users terminals is greater
than the number of antennas at the base station. By joint
precoding over a group of channel matrices on different
subcarriers and OFDM symbols we minimize the gap to a
”genie aided” system with orthogonal users. JRBD is the most
complex linear variant, but it is also capable of minimizing the
loss due to the overlapping of the row subspaces of the users’
channel matrices. By using JRBD we can reduce the cost of
the RF hardware by using fewer antennas at the expense of
more demanding baseband processing.

APPENDIX I
DERIVATION OF RBD

In order to define a general design of a precoding matrix
(3) such that we can address several optimization criteria like
in case of SU MIMO, we use the following approach. We
factorize the precoding matrix (3) as in equation (6). The
matrix Fa is designed to minimize the overlap between the
row subspaces spanned by the effective channel matrices of
different users, and the matrix Fb is designed to target a
specific optimization criterion under the assumption that the
MU MIMO channel is decomposed into a set of SU MIMO
channels. The power of the transmission of the i-th user into
the subspace spanned by the rows of the other users’ channel

matrices is
∥∥∥H̃iFai

∥∥∥2

. The matrix Fa is designed to minimize
the power of this interference plus noise:

Fa = min
Fa

E

{
K∑

i=1

∥∥∥H̃iFai

∥∥∥2

+
‖n‖2

β2

}
(22)

or similarly

Fa = minFa
E
{∑K

i=1 tr
(
H̃iFai

F H
ai

H̃H
i

)
+ ‖n‖2

β2

}
= minFa

(∑K
i=1 tr

(
H̃iFai

F H
ai

H̃H
i

)
+ E

{
‖n‖2

β2

})
= minFa

(∑K
i=1 tr

(
H̃iFai

F H
ai

H̃H
i

)
+ MRσ2

n

β2

)
.

(23)

The parameter β is chosen to set the total transmit power to
PT

β2E

{
K∑

i=1

‖Fai
Fbi

xi‖2

}
≤ PT (24)

where the vector x =
[
xT

1 , . . . ,xT
K

]T ∈ Cr×1 is a collection
of all data vectors xi transmitted to the users. We can write

β2E
{∑K

i=1 ‖Fai
Fbi

xi‖2
}

= β2E
{∑K

i=1 tr
(
Fai

Fbi
xix

H
i F H

bi
F H

ai

)} (25)

If we assume that the users’ data are uncorrelated, uniformly
distributed, with zero mean and unit power, E

{
xix

H
i

}
= Iri

and that Fbi
is unitary which is justified if we assume that

we use all eigenmodes of the equivalent channel HiFai
for

transmission with an equal power distribution, we have

β2E
{∑K

i=1 tr
(
Fai

Fbi
xix

H
i F H

bi
F H

ai

)}
= β2

∑K
i=1 tr

(
Fai

F H
ai

) ≤ PT

⇒ β2 = PT�K
i=1 tr(Fai

F H
ai

) .

(26)

From the previous equation we see that the matrix Fa is a
function of the matrix Fb, and vice versa, the matrix Fb is a
function of the matrix Fa. In order to desing the matrix Fa

independently from the matrix Fb we have initially assumed
that the matrix Fb is unitary. This assumtion means that
when we design the matrix Fa we assume that each user
uses all singular vectors of the equivalent channel HiFai

for
data transmission with equal priority, i.e., he uses all of his
available subspace. If later, a user does not use all of the
available subspace, the performance can be improved by using
IRBD as explained in Section II-E.

By substituting β2 from (26) in (23), we get

minFa

∑K
i=1

(
tr
(
H̃iFai

F H
ai

H̃H
i

)
+ MRσ2

n

PT
tr
(
Fai

F H
ai

))
= minFa

∑K
i=1 tr

(
H̃H

i H̃iFai
F H

ai
+ MRσ2

n

PT
Fai

F H
ai

)
= minFa

∑K
i=1 tr

((
H̃H

i H̃i + MRσ2
n

PT
IMT

)
Fai

F H
ai

)
= minFa

∑K
i=1 tr

(
F H

ai

(
H̃H

i H̃i + MRσ2
n

PT
IMT

)
Fai

)
.

(27)
If the SVD of H̃i is given by

H̃i = ŨiΣ̃iṼ
H

i ∈ C(MR−MRi
)×MT (28)

then

minFa

∑K
i=1 tr

(
F H

ai

(
H̃H

i H̃i + MRσ2
n

PT
IMT

)
Fai

)
= minFa

∑K
i=1 tr

(
F H

ai
Ṽi

(
Σ̃T

i Σ̃i + MRσ2
n

PT
IMT

)
Ṽ H

i Fai

)
(29)

Using the results from [26], the expression in (29) is mini-
mized by choosing Fai

as Fai
= Mai

Dai
and

Mai
= Ṽi ∈ CMT ×MT , (30)

Then (29) reduces to

min
Dai

K∑
i=1

tr
((

Σ̃T
i Σ̃i +

MRσ2
n

PT
IMT

)
D2

ai

)
(31)

Since the elements on the main diagonal of
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(
Σ̃T

i Σ̃i + MRσ2
n

PT
IMT

)
are greater than zero, matrices

Dai
have to be positive definite if we would like to find a

nontrivial solution. Using the results from [11] (Appendix F),
the solution to (31) is

Dai
=
(
Σ̃T

i Σ̃i +
MRσ2

n

PT
IMT

)−1/2

(32)

so that the minimum and maximum eigenvalues of (31)
coincide. Note that there is no additional constraint regarding
the values of Dai

except that it is positive definite.

REFERENCES

[1] R. W. Heath, M. Airy, and A. J. Paulraj, “Multiuser diversity for MIMO
wireless systems with linear receivers,” in Proc. 35th Asilomar Conf. on
Signals, Systems, and Computers, Pacific Grove, CA, IEEE Computer
Society Press, Nov. 2001.

[2] Q. H. Spencer, C. B. Peel, A. L. Swindlehurst, and M. Haardt, “An
introduction to the multi-user MIMO downlink,” IEEE Commun. Mag.,
vol. 42, no. 10, pp. 60–67, Oct. 2004.

[3] S. Vishwanath, N. Jindal, and A. J. Goldsmith, “On the capacity
of multiple input multiple output broadcast channels,” in Proc. IEEE
International Conference on Communications (ICC), New York, April
2002.

[4] Z. Pan, K. K. Pan, and T. Ng, “MIMO antenna system for multi-
user multi-stream orthogonal space time division multiplexing,” in Proc.
IEEE International Conference on Communicaions, Anchorage, Alaska,
May 2003.

[5] K. K. Wong, “Adaptive space-division-multiplexing and bit-and-power
allocation in multiuser MIMO flat fading broadcast channel,” in Proc.
IEEE 58th Vehicular Technology Conference, Orlando, FL, Oct. 2003.

[6] G. Caire and S. Shamai, “On the achievable throughput of a multi-
antenna gaussian broadcast channel,” IEEE Trans. Inf. Theory., vol. 49,
no. 7, pp. 1691–1706, July 2003.

[7] M. Costa, “Writing on dirty paper,” IEEE Trans. Inf. Theory, vol. 29,
no. 12, pp. 439–441, May 1983.

[8] C. Peel, B. Hochwald, and L. Swindlehurst, “A vector-perturbation
technique for near-capacity multi-antenna multi-user communication,”
in Proc. 41st Allerton Conference on Communication, Control, and
Computing, Oct. 2003.

[9] C. Windpassinger, R. F. H. Fischer, and J. B. Huber, “Lattice-reduction-
aided broadcast precoding,” in Proc. 5th International ITG Conference
on Source and Channel Coding (SCC), Erlangen, Germany, Jan. 2004,
pp. 403–408.

[10] H. Sampath, P. Stoica, and A. Paulraj, “Generalized linear precoder
and decoder design for MIMO channels using the weighted MMSE
criterion,” IEEE Trans. Commun., vol. 49, no. 12, pp. 2198–2206, Dec.
2001.

[11] A. Scaglione, P. Stoica, S. Barbarossa, G. Giannakis, and H. Sampath,
“Optimal designs for space-time linear precoders and decoders,” IEEE
Trans. Signal Processing, vol. 50, no. 5, pp. 1051–1064, May 2002.

[12] M. Joham, K. Kusume, M. H. Gzara, W. Utschick, and J. A. Nossek,
“Transmit Wiener filter for the downlink of TDD DS-CDMA systems,”
in Proc. IEEE International Symposium on Spread Spectrum Techniques
and Applications (ISSSTA’02), vol. 1, Sept. 2002, pp. 9–13.

[13] M. Joham, J. Brehmer, and W. Utschick, “MMSE approaches to
multiuser spatio-temporal Tomlinson-Harashima precoding,” in Proc.
5th International ITG Conference on Source and Channel Coding (ITG
SCC’04), Jan. 2004, pp. 387–394.

[14] M. Schubert and H. Boche, “Solution of the multiuser downlink beam-
forming problem with individual SINR constraints,” IEEE Trans. Veh.
Technol., vol. 53, no. 4, pp. 18–28, Jan. 2004.

[15] Q. Spencer and M. Haardt, “Capacity and downlink transmission algo-
rithms for a multi-user MIMO channel,” in Proc. 36th Asilomar Conf. on
Signals, Systems, and Computers, Pacific Grove, CA, IEEE Computer
Society Press, Nov. 2002.

[16] Q. H. Spencer, A. L. Swindlehurst, and M. Haardt, “Zero-forcing meth-
ods for downlink spatial multiplexing in multiuser MIMO channels,”
IEEE Trans. Signal Processing, vol. 52, no. 2, pp. 461–471, Feb. 2004.

[17] L. U. Choi and R. D. Murch, “A transmit preprocessing technique for
multiuser MIMO systems using a decomposition approach,” IEEE Trans.
Wireless Commun., vol. 3, no. 1, pp. 20–24, Jan. 2004.

[18] V. Stankovic and M. Haardt, “Successive optimization Tomlinson-
Harashima precoding (SO THP) for multi-user MIMO systems,” in
Proc. IEEE Int. Conf. Acoust., Speech, and Signal Processing (ICASSP),
Philadelphia, PA, USA, March 2005.

[19] P. Tejera, W. Utschick, G. Bauch, and J. Nossek, “A novel decomposition
technique for multi user MIMO,” in Proc. 6th International ITG
Conference on Source and Channel Coding (ITG SCC’05), Apr. 2005.

[20] V. Stankovic and M. Haardt, “Multi-user MIMO downlink precoding for
users with multiple antennas,” in Proc. 12-th Meeting of the Wireless
World Research Forum (WWRF), Toronto, ON, Canada, Nov. 2004.

[21] ——, “Novel linear and non-linear multi-user MIMO downlink precod-
ing with improved diversity and capacity,” in Proc. 16-th Meeting of the
Wireless World Research Forum (WWRF), Shanghai, China, Apr. 2006.

[22] A. Paulraj, R. Nabar, and D. Gore, Introduction to Space-Time Wireless
Communications. Cambridge University Press, 2003.

[23] Z. Pan, K. Wong, and T. Ng, “Generalized multiuser orthogonal space-
division multiplexing,” IEEE Trans. Wireless Commun., vol. 3, no. 6,
pp. 1960–1973, Nov. 2004.

[24] “IEEE P802.11 wireless LANs, TGn channel models,” IEEE, Tech. Rep.
IEEE 802.11-03/940r2, Jan. 2004.

[25] M. T. Ivrlac and J. A. Nossek, “Correlated fading in MIMO-systems–
blessing or curse?” in Proc. 39st Allerton Conference on Communica-
tion, Control, and Computing, Monticello, IL, USA, Oct. 2001.

[26] S. Zhou and G. Giannakis, “Optimal transmitter eigen-beamforming and
space-time block coding based on channel mean feedback,” IEEE Trans.
Inf. Theory, vol. 50, pp. 2599–2613, Oct. 2002.

Veljko Stankovic received the Dipl.-Ing. degree in
electronic engineering and telecommunications and
the Magister of Science in telecommunications from
the Faculty of Electronic Engineering Nis, Serbia
in 2000 and 2003, respectively, and the Dr.-Ing.
degree from the Ilmenau University of Technology,
Germany in 2007. He worked as a research assis-
tant at the Faculty of Electronic engineering Nis,
Serbia from 2000 until 2003, and at the Ilmenau
University of Technology, Germany from 2004 until
2007. Currently, he is an Assistant Professor at the

University of Novi Pazar, Novi Pazar, Serbia. His research interests are in the
general areas of wireless communication systems and networks, and advanced
signal processing for wireless communications. He has worked in the areas of
spread spectrum systems, source coding, OFDM synchronization, and multi-
user MIMO systems. His current research focuses on cooperative multi-user
MIMO processing, channel estimation, and the impact of MIMO on spectrum
sharing.

Martin Haardt (S’90-M’98-SM’99) has been a
Full Professor in the Department of Electrical En-
gineering and Information Technology and Head
of the Communications Research Laboratory at Il-
menau University of Technology, Germany, since
2001. After studying electrical engineering at the
Ruhr-University Bochum, Germany, and at Purdue
University, USA, he received his Diplom-Ingenieur
(M.S.) degree from the Ruhr-University Bochum
in 1991 and his Doktor-Ingenieur (Ph.D.) degree
from Munich University of Technology in 1996.

In 1997 he joint Siemens Mobile Networks in Munich, Germany, where
he was responsible for strategic research for third generation mobile radio
systems. From 1998 to 2001 he was the Director for International Projects
and University Cooperations in the mobile infrastructure business of Siemens
in Munich, where his work focused on mobile communications beyond the
third generation. During his time at Siemens, he also taught in the international
Master of Science in Communications Engineering program at Munich Uni-
versity of Technology. Martin Haardt received the Vodafone (formerly Man-
nesmann Mobilfunk) Innovations-Award for outstanding research in mobile
communications, the ITG best paper award from the Association of Electrical
Engineering, Electronics, and Information Technology (VDE), and the Rohde
& Schwarz Outstanding Dissertation Award. In the fall of 2006 he was a
visiting professor at the University of Nice in Sophia-Antipolis, France. His
research interests include wireless communications, array signal processing,
high-resolution parameter estimation, and numerical linear algebra. Prof.
Haardt has served as an Associate Editor for the IEEE Transactions on Signal
Processing (2002-2006) and the IEEE Signal Processing Letters (since 2006).
He also served as the technical co-chair of the IEEE International Symposiums
on Personal Indoor and Mobile Radio Communications (PIMRC) 2005 in
Berlin, Germany.


