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Multidimensional Harmonic Retrieval Problems
Martin Haardt, Senior Member, IEEE, Florian Roemer, Student Member, IEEE, and Giovanni Del Galdo

Abstract—Multidimensional harmonic retrieval problems are
encountered in a variety of signal processing applications in-
cluding radar, sonar, communications, medical imaging, and
the estimation of the parameters of the dominant multipath
components from MIMO channel measurements. -dimensional
subspace-based methods, such as -D Unitary ESPRIT, -D
RARE, or -D MUSIC, are frequently used for this task. Since
the measurement data is multidimensional, current approaches
require stacking the dimensions into one highly structured matrix.
However, in the conventional subspace estimation step, e.g., via an
SVD of the latter matrix, this structure is not exploited. In this
paper, we define a measurement tensor and estimate the signal
subspace through a higher-order SVD. This allows us to exploit
the structure inherent in the measurement data already in the
first step of the algorithm which leads to better estimates of the
signal subspace. We show how the concepts of forward-backward
averaging and the mapping of centro-Hermitian matrices to
real-valued matrices of the same size can be extended to tensors.
As examples, we develop the -D standard Tensor-ESPRIT and
the -D Unitary Tensor-ESPRIT algorithms. However, these new
concepts can be applied to any multidimensional subspace-based
parameter estimation scheme. Significant improvements of the
resulting parameter estimation accuracy are achieved if there is
at least one of the dimensions, which possesses a number of
sensors that is larger than the number of sources. This can already
be observed in the two-dimensional case.

Index Terms—Antenna arrays, array signal processing, direc-
tion of arrival estimation, harmonic analysis, HOSVD, multidi-
mensional signal processsing, parameter estimation, subspace es-
timation, Tensor-ESPRIT.

I. INTRODUCTION

HIGH-resolution parameter estimation from -dimen-
sional ( -D) signals is a task required for a variety of ap-

plications, such as estimating the multidimensional parameters
of the dominant multipath components from MIMO channel
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measurements [11], which may be used for geometry-based
channel modeling. In this case, the dominant multipath com-
ponents may be parametrized in terms of their azimuth and
elevation angles at the transmitter (directions of departure),
their azimuth and elevation angles at the receiver (directions of
arrival), as well as the corresponding propagation delays and
Doppler shifts, leading to an -dimensional harmonic re-
trieval problem [11]. Other applications include radar, wireless
communications [21], sonar, seismology, and medical imaging.
Numerous multidimensional harmonic retrieval techniques
have been developed, ranging from Fourier-based methods to
parametric high resolution techniques, cf. [20] for an overview.
Efficient solutions to this problem are given by subspace-based
algorithms like ESPRIT- or MUSIC-based techniques [26]
and their multidimensional extensions such as 2-D Unitary
ESPRIT [33], -D Unitary ESPRIT [10], -D MUSIC [32],

-D multidimensional folding (MDF) [22], or the -D rank
reduction estimator (RARE) [23].

In the existing approaches to subspace-based parameter
estimation, the -D signals are stored in matrices by means of
a stacking operation. Obviously, this representation does not
account for the -D grid structure inherent in the data. A more
natural approach to store and manipulate multidimensional data
is given by tensors. Tensors have already been used in parallel
factor (PARAFAC) analysis techniques to obtain important
identifiability results for the multidimensional harmonic re-
trieval problem [13], [19]. Parameter estimates based on the
PARAFAC model are often obtained via iterative techniques
such as alternating least squares (ALS) [16] that might re-
quire many iterations and do not guarantee convergence to the
global optimum [24]. Therefore, it has been proposed to use
ESPRIT-type methods to initialize these iterative techniques
[28]. In contrast to existing tensor approaches using PARAFAC
[28], we focus on a direct analogy to the matrix case by using
higher-order extensions of the SVD, i.e., the higher-order SVD
(HOSVD) [5], and their low-rank approximations [6]. The
HOSVD can be viewed as a Tucker3 model [31], which has a
long history in tensor analysis [16], [15], [14]. Note that the
COMFAC algorithm [4], [29], which is a fast implementation
of trilinear ALS, also uses a low-rank approximation based on
the Tucker3 model as a preprocessing step. This “Tucker3 com-
pression” is used to speed up the iterative least squares fitting
procedure of the PARAFAC model (without the Vandermonde
structure that is specific to the harmonic retrieval problem), and
thereby avoids a brute force implementation of ALS in the raw
data space.
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In this paper, we show that the tensor representation allows us
to exploit the structure inherent in the data further. We demon-
strate how existing concepts like forward-backward averaging
[18], the mapping of complex centro-Hermitian covariance
matrices to real-valued matrices of the same size [17], [18],
and spatial smoothing [27] can be generalized to tensors. We
also discuss how an HOSVD-based low-rank approximation
leads to an improved estimate of the signal subspace which
can be used to improve any multidimensional subspace-based
parameter estimation scheme, e.g., -D Unitary ESPRIT, -D
MUSIC, or -D RARE. As examples, we derive the -D
standard Tensor-ESPRIT and the -D Unitary Tensor-ESPRIT
algorithms explicitly.

This paper is organized as follows: Section II introduces the
tensor and matrix notation, important tensor operations, and the
data model for multidimensional harmonic retrieval problems.
Then, HOSVD-based signal subspace estimation techniques
are presented in Section III. After the direct data approach in
Section III-A, an alternative covariance approach is developed
in Section III-B. To this end, covariance tensors, Hermitian
tensors, and Hermitian unfoldings are defined. Then, the mul-
tidimensional invariance equations required for ESPRIT-type
algorithms are described in tensor notation, and the -D stan-
dard Tensor-ESPRIT algorithm is developed in Section IV as
an extension of the well-known standard ESPRIT algorithm
[26]. After that, concepts like forward-backward averaging and
the mapping of complex centro-Hermitian covariance matrices
to real-valued matrices of the same size are extended to tensors
in Section V. This facilitates the development of the -D
Unitary Tensor-ESPRIT algorithm at the end of this section.
Spatial smoothing concepts are extended to the tensor case in
Section VI to deal with more than two coherent sources if for-
ward-backward averaging is used (and more than one coherent
source without forward-backward averaging) or with situations
where not enough snapshots are available. The benefits of
the new HOSVD-based parameter estimation algorithms are
demonstrated through numerical simulations in Section VII,
before the conclusions are drawn in Section VIII. In Appendix I,
we compare the HOSVD-based signal subspace estimate with
its matrix-valued counterpart. In particular, we identify condi-
tions for which both yield the same signal subspace estimate
(as, for example, in the noiseless case). The equivalence of the
direct data approach and the covariance approach is shown in
Appendix II. Finally, the real-valued invariance equations in
tensor notation are derived in Appendix III. They are used in
Section V for the development of -D Unitary Tensor-ESPRIT.

II. NOTATION AND DATA MODEL

A. Tensor and Matrix Notation

In order to facilitate the distinction between scalars, matrices,
and tensors, the following notation is used: Scalars are denoted
as italic letters , column vectors
as lower-case bold-face letters , matrices as bold-face
capitals , and tensors are written as bold-face calli-
graphic letters . Lower-order parts are consistently

named: the -element of the matrix is denoted as and
the -element of a third-order tensor as .

We use the superscripts for transposition,
Hermitian transposition, complex conjugation, matrix inver-
sion, and the Moore–Penrose pseudo-inverse of a matrix,
respectively. Moreover, the Kronecker product of two matrices

and is denoted as and the Khatri–Rao product
(column-wise Kronecker product) as . An -mode vector
of an -dimensional tensor is an -di-
mensional vector obtained from by varying the index and
keeping the other indices fixed.

The tensor operations we use are consistent with [5].
• The outer product of the tensors and

is given by

(1)

In other words, the tensor contains all possible combina-
tions of pairwise products between the elements of and

. This operator is very closely related to the Kronecker
product defined for matrices.

• The scalar product of two tensors
is denoted by and computed by summing the ele-
ment-wise product of and over all indices, i.e.,

(2)

The scalar product allows us to define the higher-order
norm of a tensor as .

• The -mode product of a tensor and
a matrix along the th mode is denoted as

(3)

It may be visualized by multiplying all -mode vectors of
from the left-hand side by the matrix .

• The -mode contraction product or inner product
of a tensor and a tensor

is defined if and
. In this case, it is given by

(4)

Here, is of size
.

Therefore, the inner product is similar to the outer product,
but it additionally involves a sum over the th index. This
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operation facilitates the definition of covariance tensor
estimates.

• The higher-order SVD (HOSVD) of a tensor
is given by

(5)

where is the core tensor which
satisfies the all-orthogonality conditions [5] and

, are the unitary ma-
trices of -mode singular vectors.

A subtensor of the tensor , denoted by , is obtained by
fixing the th index to some value . Moreover, a matrix un-
folding of the tensor along the th mode is denoted by
and can be understood as a matrix containing all the -mode
vectors of the tensor . The order of the columns is chosen in
accordance with [5]. We also define the concatenation of two
tensors along the th mode via the operator .

The operations we have defined so far satisfy the following
properties that can easily be verified:

(6)

(7)

(8)

where denotes the Kronecker product. It is easily verified that
for every tensor

(9)

B. Data Model for Multidimensional Harmonic Retrieval

The algorithms discussed in this paper are applicable to -di-
mensional harmonic retrieval problems if the data is sampled on
an -dimensional lattice. A typical example is the parameter es-
timation step which follows channel sounding [11] in which pa-
rameters like directions of arrival (DOAs), directions of depar-
ture (DODs), Doppler shifts, and time delays of arrival (TDOAs)
of the dominant paths are estimated from a multidimensional
measurement. The latter consists of sampling the channel in sev-
eral dimensions, such as time, frequency, and space (at both link
ends). The observations are modeled as a superposition of un-
damped exponentials1 sampled on an -dimensional grid of size

1For the sake of notational simplicity, we restrict our formulas to the case of
undamped exponentials. If, however, forward-backward averaging is not used,
as in the case of R-D standard Tensor-ESPRIT (derived in Section IV), the pa-
rameters of a superposition of dR-dimensional damped exponentials can be es-
timated, and (8) may be generalized to

y = s (t ) e

+n

where � � 0 denotes the damping factor of the ith signal in the rth mode.

at subsequent time instants [10]. The
measurement samples are given by

(10)

where denotes the
complex amplitude of the th exponential at time instant
symbolizes the spatial frequency of the th exponential in the th
mode, and represents the additive noise com-
ponent inherent in the measurement process, which is modeled
as a zero-mean random process that is uncorrelated in all dimen-
sions. Note that (10) assumes a uniform sampling in the spa-
tial domain. However, this assumption can be relaxed to more
generic geometries as long as they feature shift invariances, e.g.,
[25].

In the context of array signal processing, each of the -di-
mensional exponentials represents one planar wavefront and the
complex amplitudes are the symbols. It is our goal to es-
timate the spatial frequency vectors

that correspond to the -dimensional signals and their correct
pairing since they are directly related to the physical parameters
we want to estimate, e.g., the directions of arrival and the direc-
tions of departure [11].

In the classical matrix approach, (10) is transformed into a
matrix-vector equation by defining an array steering matrix [10]

(11)

, where and the vector

denotes the array response in the th dimension for the th
source. All the spatial dimensions are stacked into column
vectors. This stacking operation allows us to write the measure-
ment equation in matrix form

(12)

where contains the measurements stacked in a
similar fashion as in , the matrix is composed of
the symbols and the noise samples are collected in the
matrix . It is obvious that the stacking operation
does not capture the structure inherent in the lattice that is used
to sample the data.

We, therefore, replace the measurement matrix by a mea-
surement tensor . Its elements are
given by (10). Similarly to (12), can be modeled as

(13)
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Here the matrix is the same as in (12), the tensor
contains the noise samples as defined in (10), and

is the array steering tensor, con-
structed in the following fashion:

(14)

where represents the concatenation operation along mode
. The -dimensional array steering tensor of the th signal,

denoted by , is obtained from the array
response vectors in the th dimension through the
outer product operator

(15)

. Using (14) and (15) in (13), we obtain

(16)

where is the th row of . An important consequence we can
draw from (16) is that in the absence of noise the tensor has
rank since it is computed through a sum of rank-1 terms2

[6]. Consequently, all the -ranks of , i.e., the ranks of all the
unfoldings , are less than or equal to .

A strong connection between the matrix and tensor data
model is given by the identities

(17)

i.e., the measurement matrix is equal to the transpose of the
unfolding of the measurement tensor along the last dimen-
sion.

III. HOSVD-BASED SIGNAL SUBSPACE ESTIMATION

A. Direct Data Approach

In this section, we generalize the signal subspace estimation
concept to the tensor case. We therefore introduce the HOSVD
of the measurement tensor given by

(18)

and the core tensor is of same size as .

2The rank cannot be larger than d, but it might be smaller. This occurs only
in degenerate cases which are not relevant for our discussion, e.g., two coherent
sources at exactly the same position. A rank-1 tensor of order R+1 is a tensor
that consists of the outer product of R + 1 vectors. If and only if a tensor has
rank d, it can be decomposed into a sum of d, but not less than d, rank-1 terms.

As aforementioned, in the noiseless case, the tensor is of
rank and, therefore, all the -ranks are at most equal to [5].
Thus, we can express the noiseless in terms of an “economy
size” HOSVD in the following fashion:

(19)

where for
, and . Note that it

is assumed that the number of wavefronts is known. We
also require that . If less snapshots are available, pre-
processing schemes such as forward-backward averaging or
spatial smoothing have to be applied. They will be covered in
Sections V and VI, respectively.

Equation (19) holds exactly if the -ranks (i.e., the ranks
of the -mode unfoldings) of are less or equal than

which is true in the absence of noise.3

In the presence of noise, (19) represents an HOSVD-based
low-rank approximation of . This low-rank approximation
can be obtained by truncating the core tensor to elements in
the th mode and the corresponding matrices to columns
for . In the last dimension we need to
truncate the core tensor to elements and to columns.
However, in [6] it is shown that the best rank-
approximation in the least squares sense can only be computed
through an iterative procedure. Nevertheless, for practical
cases, the parameter estimates resulting from the two low-rank
approximations (i.e., the truncation of the HOSVD and the one
described in [6]) are very similar. There are, however, some
applications (as the estimation of damping factors in low SNR
regions) for which this is not true [3].

In the following, we compare the tensor-based signal sub-
space estimate to its matrix-based counterpart. In the matrix
case, represents a basis for the estimated signal
subspace and may be determined by truncating the SVD of
in the following fashion:

(20)

where and . As a multidimensional
extension of the basis we define a tensor in the following
way:

(21)

Note that can be based on any HOSVD-based low-rank ap-
proximation of , e.g., the iterative solution described in [6] or
the truncated HOSVD outlined above. The relationship between
the subspace spanned by the columns of and the columns of

is explored further in Appendix I. In particular, we
identify conditions for which both yield exactly the same signal
subspace estimate as, for instance, in the noiseless case or if

.

3Note that without additive noise and under the assumption that d < M , the
r-rank of YYY is less than p = d if there are at least two common frequencies in
the rth mode.
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TABLE I
COMPARISON OF THE REQUIRED NUMBER OF MULTIPLICATIONS FOR SIGNAL SUBSPACE ESTIMATION IN CASE OF THE

MATRIX-BASED APPROACH AND THE TENSOR-BASED APPROACH

In the matrix case, it can be shown that in the absence of noise
or with an infinite number of measurements,4 the array steering
matrix and the matrix span the same column space. Simi-
larly, the -spaces (i.e., the vector space spanned by the -mode
vectors) of and are equal for . This im-
plies that

(22)

for some nonsingular transform matrix . In the pres-
ence of noise and with a finite number of measurements , (22)
holds only approximately.

Computational Complexity: In order to compare the re-
quired number of multiplications for the computation of the
signal subspaces, we have to know the complexity of the SVD
algorithm. There is a large variety of methods to compute the
SVD and their complexities differ. An efficient solution is
given by the method of Orthogonal Iterations [8, pp. 410–411]
which for an matrix truncated to rank has a com-
plexity in terms of the required number of multiplications of

, where is a constant that depends on the design
of the algorithm. To compute in the matrix approach, a
single SVD of the measurement matrix truncated
to rank has to be computed. In the tensor case, we need
the HOSVD of the measurement tensor which is equivalent
to SVDs of all its unfoldings. Additional multiplications are
required to compute the core tensor as well as the tensor
from the HOSVD. The total number of required multiplica-
tions is compared in Table I. It shows that the computational
complexity is higher in the tensor approach than in the matrix
approach but of the same order. Nevertheless, the performance
improvement demonstrated in Section VII justifies this increase
of the computational complexity.

B. Covariance Approach

The method discussed in the previous subsection operates
directly on the measurement data and is therefore termed the
“direct data approach.” Similarly to the matrix case [26], [9],
[10], we define a covariance approach operating on a covariance
tensor as well. This covariance approach is particularly efficient
if the number of independent snapshots is very large (i.e.,

) since then the covariance matrix/tensor represents a
sufficient statistic of the measurement data with less elements.

4In these special cases, the matrix approach and the tensor approach result in
the same error-free estimate of the signal subspace.

If a multidimensional stochastic process (with constant param-
eters) is observed during a long period of time, it requires less
memory to store all the data in such a covariance tensor than
to store the measurement tensor itself. This covariance tensor
can be updated incrementally with every time snapshot that be-
comes available. Moreover, some windowing may be included
in this procedure. To this end, we define a covariance tensor in
the following fashion.

Definition 1: Let denote a
random process that describes the measurements at one
time instant. Then, the corresponding covariance tensor

is defined as

(23)

Given a set of subsequent time snapshots in a measure-
ment tensor , the corresponding sample
covariance tensor can
by computed through

(24)

Obviously, this rectangular window can also be replaced by
other windows.

For the derivation of the covariance approach, we introduce
the following definitions. As an extension to the concept of Her-
mitian matrices, we first define a Hermitian tensor.5

Definition 2: A tensor is
Hermitian, iff

(25)

It is easy to show that and are always Hermitian tensors
according to this definition.

Next, we introduce a matrix representation of a tensor which
differs from the -mode unfoldings defined before, in that it
rearranges the elements of the tensor in a Hermitian matrix.

Lemma 1: For every Hermitian tensor there exists a matrix
unfolding , such that .

This matrix unfolding is not unique. The Hermitian unfolding
that is used in this paper is obtained by letting the first indices
vary along the columns (the th index is the fastest, then index

, then index , and so on) and the last indices
along the rows (in the same order) of . For example, for

the unfolding takes the following

5Note that this is not the only possible definition of the term “Hermitian
tensor.”
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form shown in (26) at the bottom of the page. Definition 2 and
Lemma 1 facilitate the computation of a square-root factor of a
Hermitian tensor in the following sense.

Lemma 2: For every Hermitian tensor
there exists a square-root

factor such that

(27)

Here, is equal to the rank of .
In order to compute the square-root factor, we exploit the fol-

lowing identity:

(28)

which is verified using straightforward calculations. Equation
(28) shows how the tensor factorization problem (27) can be
solved by transforming it into a matrix factorization problem
which has a solution since is Hermitian.

Consequently, from the “economy size” version of the SVD
of given by

(29)

where is the rank of , we find defined through its
-mode unfolding

(30)

The size of along its last mode (which we denoted as in
Lemma 2) is equal to . We can also choose to be smaller than
the actual rank of which results in an additional low-rank
approximation. For our tasks, is a reasonable choice.

Recall that every covariance tensor estimate defined
through (24) is Hermitian. This allows us to compute
a signal subspace estimate from by factorizing it into

. Then, can be computed by replacing
by in the HOSVD-based signal subspace estimation

technique discussed in Section III-A. In Appendix II, we show
that this covariance approach is equivalent to the direct data
approach covered before.

IV. SHIFT INVARIANCE EQUATIONS AND -D STANDARD

TENSOR-ESPRIT

In order to apply -D ESPRIT-type methods, the -dimen-
sional array must feature shift invariances in each of its modes
[10]. We can therefore express shift invariance equations in
tensor notation in the following fashion:

...

(31)

where

Here, , represent the selection ma-
trices for the th mode, , that select out
of elements for the first and the second sub-
array, between which the shift invariance is defined. If the array
is uniformly spaced in the th mode, and we
can use

in case of maximum overlap. The unknown array steering tensor
is eliminated from (31) by applying (22) which yields

...

(32)

Here and are related through the eigenvalue-pre-
serving transformation . Consequently,
the eigenvalues of are estimates of .

In order to solve the shift invariance equations, we gener-
alize the concept of matrix least squares to the tensor case. The

...
...

...
...

...
...

...

...
...

...
...

...
...

...

(26)
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solution of (32) is formulated as a tensor-valued least squares
problem in the following fashion:

(33)

for . This tensor least squares problem can be
rewritten as a matrix least squares problem by applying (9) for

. The latter yields

(34)

(35)

The solution to the matrix least squares problem in (34) is given
by

(36)

If we compare this solution to the least squares solution obtained
by solving the shift invariance equations from the classical ma-
trix approach

(37)

we notice strong similarities. Neglecting the transpose operation
for the in (36) (which does not change its eigenvalues), the
matrix and the tensor least squares solution are essentially iden-
tical except for the fact that the estimated basis for the signal
subspace is replaced by . The latter represents an
improved signal subspace estimate. This improvement results
from the fact that in the tensor approach we take into account
the special structure of the -dimensional lattice while com-
puting a low-rank approximation based on the HOSVD of the
measurement tensor. This allows us to “denoise” the measure-
ments more efficiently.

However, there is a limitation to this improvement. If
, it is shown in Appendix I that

and span exactly the same subspace. Conversely, the
signal subspace estimate obtained through the HOSVD is only
better than in the matrix case if the number of signals is strictly
less than the number of sensors in at least one of the modes

. Otherwise, the tensor approach yields the
same result as the matrix approach.

The final step of the -D standard Tensor-ESPRIT algorithm
is the joint eigenvalue estimation step. After computing the ma-
trices via (36), their joint eigenvalues need to be es-
timated through a joint Schur decomposition (e.g., [1], [2]) or a
simultaneous diagonalization algorithm (e.g., [7]). This guaran-
tees the correct pairing of the sources over the modes. The spa-
tial frequencies are related to these eigenvalues through

.

We, therefore, conclude that the entire -D standard ESPRIT
algorithm can be formulated in terms of tensors and that the least
squares solution to the tensor-valued shift invariance equations
leads to a similar solution as in the classical matrix approach,
now being based on an improved signal subspace estimate.

V. FORWARD-BACKWARD AVERAGING AND -D UNITARY

TENSOR-ESPRIT

Many high-resolution parameter estimation schemes use for-
ward-backward averaging as a preprocessing step in order to
enhance the estimation accuracy [18]. Thereby, the number of
available snapshots is virtually doubled without sacrificing array
aperture. If forward-backward averaging is used, the spatial co-
variance matrix or its square-root factor can efficiently be trans-
formed into a real-valued matrix, which significantly reduces
the computational complexity of the subsequent signal subspace
estimation step [18], [9]. If such a transformation is used for
Unitary ESPRIT, real-valued computations can be maintained
for all steps of the algorithm [9], [10].

In this section, the concepts of forward-backward averaging
and real-valued subspace estimation are extended to the tensor
case. Then, -D Unitary Tensor-ESPRIT is derived.

Definition 3: The forward-backward averaged version of the
measurement tensor is computed through

(38)

Here denotes the concatenation of and along
the th mode and is the exchange matrix having ones
on its antidiagonal and zeros elsewhere.

As an analogy to centro-Hermitian matrices [17], [12], we
also define centro-Hermitian tensors.

Definition 4: A tensor is called centro-
Hermitian if it satisfies

(39)

Lemma 3: For each measurement tensor , the for-
ward-backward averaged tensor , according to (36), is
centro-Hermitian.

Lemma 4: The set of centro-Hermitian tensors
can be mapped onto the set of real-valued

tensors using the transformation

(40)

where are left- -real matrices, i.e., they satisfy
, and they are also assumed to be unitary.

Proof: First assume that is centro-Her-
mitian, i.e., it satisfies (40). Therefore

(41)
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Next use the fact that the matrices , are
left- -real, i.e.,

(42)

Substituting (42) into (41) yields

(43)

Therefore, is real-valued.
In the same manner it can be shown that the inverse mapping,

i.e., multiplying by in each of the modes ,
transforms every real-valued tensor into a centro-Hermitian
tensor.

Consequently, as in the classical matrix version of Unitary ES-
PRIT,wefirstapplyforward-backwardaveragingandthenusethe
real-valued transformation to obtain a real-valued measurement
tensor . Its HOSVD is then also real-valued and given by

(44)

where is the multidimensional extension of the real-valued
basis knownfromthematrixapproach.Thisdefinitionenables
us to establish the real-valued shift invariance equations given by

...

(45)

where

and the eigenvalues of are asymptotically equal to
, as shown in

Appendix III.
As before, (45) represents a tensor least squares problem that

is solved in a similar manner as discussed in Section IV. The
solution is given by

(46)

where and are defined in (35). As in the complex-
valued case, this solution is similar to the matrix approach if
the real-valued basis for the signal subspace is replaced by

and additionally if for the real-valued transformation
in the matrix case we use left- -real matrices of the form

(47)

The final step of the -D Unitary Tensor-ESPRIT algorithm is
the simultaneous Schur decomposition (SSD) of the matrices

to estimate their joint eigenvalues [10]. This guaran-
tees the correct pairing of the sources over the modes. The spa-
tial frequencies are related to these eigenvalues through

.

VI. COHERENT SOURCES

In signal subspace based algorithms (like standard ESPRIT or
Unitary ESPRIT), the rank of the signal subspace has to be equal
to the number of sources . In case of standard ESPRIT, this con-
dition is not fulfilled if two or more sources are coherent, i.e.,
the correlation coefficient has magnitude one (in case of Uni-
tary ESPRIT up to two coherent sources are allowed due to the
forward-backward averaging inherent in the algorithm) or if not
enough snapshots are available.6 A solution to this problem
is given by the spatial smoothing preprocessing scheme [27],
which leads to a decorrelation of the sources and an increase
in the number of available snapshots. The key idea is to split
the array into smaller subarrays and to average the covariance
matrix over all these subarrays. Consequently, array aperture is
sacrificed.

Spatial smoothing is readily formulated in terms of tensors.
The smoothed measurements with subarrays in mode

are given by the equation at the bottom of the page,
where the subtensor , for , is of
size with

and . It can be computed through

where the selection matrix in the th dimension is defined as

The smoothed tensor replaces the measurement tensor in
all subsequent steps of the corresponding algorithms.

An overview of the conditions when the different versions
of -D standard Tensor-ESPRIT and -D Unitary Tensor-ES-
PRIT should be used is given in Table II. Here it is assumed that

6N � d is required without forward-backward averaging, and N � (d=2)
is required with forward-backward averaging, e.g., in case of Unitary ESPRIT.
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TABLE II
OVERVIEW OF THE CONDITIONS FOR WHICH THE DIFFERENT VERSIONS OF R-D STANDARD TENSOR-ESPRIT AND R-D UNITARY TENSOR-ESPRIT SHOULD BE

USED. HERE IT IS ASSUMED THAT c OF THE d IMPINGING WAVEFRONTS ARE COHERENT. IF THERE ARE NO COHERENT WAVEFRONTS, c = 1

among the impinging wavefronts, of them are coherent. If
there are no coherent wavefronts, .

VII. SIMULATION RESULTS

In this section, we demonstrate the improvements introduced
by the tensor approach through numerical computer simula-
tions. This evaluation is based on two criteria: First, we com-
pare the true signal subspace (given by the span of the columns
of the array steering matrix) with the estimated signal subspace
obtained through different approaches. The comparison is based
on the largest principal angle (LPA, cf. [8]) which measures the
“distance” between two subspaces. The LPA between two ma-
trices containing a basis for the signal sub-
space can be computed through

(48)

where , is an orthonormal basis for the linear
vector space spanned by the columns of and de-
notes the smallest singular value of the matrix . The LPA is
usually given in degrees.

The second criterion is the root mean square estimation error
(RMSE) for the standard ESPRIT (SE) algorithm, the Unitary
ESPRIT algorithm, and their corresponding tensor versions in
various scenarios. The total RMSE in the spatial frequency do-
main is defined as

where represents an estimate of .
In the sequel, we assume sources in the far field of the re-

ceiving antenna array. If not stated otherwise, the source sym-
bols are drawn from a circular complex Gaussian distribution
without any correlation, the number of temporal snapshots is
set to 10, and the SNR at the receiver equals 10 dB.

The scenario for the simulations shown in Fig. 1 consists of
two uncorrelated sources emitting BPSK symbols that are lo-
cated at and , impinging on a uni-
form rectangular array (URA) that consists of 8 8 elements.
The SNR is varied between -5 and 20 dB. We observe an im-
provement in the LPA between SE and STE by a factor of two.
A similar improvement can be seen by comparing Unitary ES-
PRIT (UE) and Unitary Tensor-ESPRIT (UTE).

Fig. 1. LPA versus SNR for two uncorrelated sources positioned at ��� =
[1; 1] and ��� = [�1;�1] for a URA of size 8� 8 and N = 10 snapshots
comparing SE, UE, STE, and UTE.

Fig. 2. Total RMSE of spatial frequencies versus the SNR for d = 2 highly
correlated sources. Along with the direct data approach, the covariance approach
is shown. The source positions are ��� = [1;�0:5] and ��� = [�0:5;1] , the
array is a URA of size 8� 8, and the number of snapshots N is set to 10.

To demonstrate the covariance approach introduced in
Section III-B, we present simulation results in Fig. 2. Here,

sources emitting complex Gaussian distributed symbols
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Fig. 3. Performance of the algorithms versus the number of dimensions R:
The number of sensors is fixed to 256 and distributed among R dimensions
with uniform spacing in all modes (R = 2: 16� 16, R = 3: 8� 8� 4,
R = 4: 4� 4� 4� 4, R = 6: 4� 4� 2� 2� 2� 2, and R = 8:
2� 2� 2� 2� 2� 2� 2� 2). Two sources are positioned at � = 1;

� = 0:95; 8r = 1; 2; . . . ; R. The SNR is fixed to 40 dB, N = 10

snapshots are used. Top: LPA of the estimated subspaces, bott om: RMSE of
the estimated spatial frequencies.

are captured by a URA of size 8 8, and the number of tem-
poral snapshots is equal to . The sources are correlated
with a correlation coefficient , and the source
positions are fixed to and
(the performance is very similar if the source positions are set
to the same values as in Fig. 1). Since the forward-backward
averaging decorrelates the sources, the RMSE for UE is sig-
nificantly lower than the RMSE for SE. The corresponding
tensor versions, i.e., STE and UTE, are clearly advantageous
compared to standard ESPRIT and Unitary ESPRIT. In all
cases, the covariance approach delivers exactly the same results
as the direct data approach, which confirms the equivalence of
the direct data approach and the covariance approach shown in
Appendix II.

Fig. 4. Performance of the algorithms versus the number of dimensions R:
The number of sensors is fixed to 256 and distributed among R dimensions
with uniform spacing in all modes (R = 2: 16� 16, R = 3: 8� 8� 4,
R = 4: 4� 4� 4� 4, R = 6: 4� 4� 2� 2� 2� 2, and R = 8:
2� 2� 2� 2� 2� 2� 2� 2). Two sources are positioned at � = 1;

� = �0:5; 8r = 1; 2; . . . ; R. The SNR is fixed to 40 dB, N = 10

snapshots are used. Top: LPA of the estimated subspaces, bottom: RMSE of
the estimated spatial frequencies.

The simulations results depicted in Figs. 3 and 4 provide a
comparison of the performance as a function of the number of
dimensions . In both simulations, a total of sensors
is distributed among a varying number of dimensions . The
point corresponds to a 16 16 URA, for , a
8 8 4 dimensional harmonic retrieval problem is simulated,
and , and correspond to -dimensional harmonic
retrieval problems of size 4 4 4 4, 4 4 2 2 2 2,
and 2 2 2 2 2 2 2 2, respectively. The SNR is
fixed to 40 dB and snapshots are used. In Fig. 3 the

sources are relatively close to each other since there
and for . On the other

hand, in Fig. 4, the source spacing is increased by changing
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Fig. 5. Performance of the algorithms versus SNR in dB. Two sources are posi-
tioned at ��� = [1; 1] and ��� = [0:95; 0:95] , a 16� 16 URA and Top: LPA
of the estimated subspaces, bottom: RMSE of the estimated spatial frequencies.

to for . Both, the LPA of the esti-
mated subspaces as well as the RMSE of the estimated spatial
frequencies are shown. The latter is defined as

to facilitate a fair comparison for different values of . The re-
sults show that there is a significant improvement both in terms
of the LPA as well as the RMSE. We observe the largest im-
provement in the 2-D case . Note that the improvement
of the tensor approach diminishes as increases. This gain van-
ishes completely if . In this case, we have
sensors in each of the dimensions and, therefore, the condi-
tion in (52) is fulfilled. Conse-
quently, the HOSVD-based signal subspace estimate is equal to
the one obtained through the matrix approach as demonstrated

Fig. 6. Performance of the algorithms versus the separation of the two sources.
The first source is fixed at ��� = [1; 1] and the second source is moved to the
positions ��� = [1 � ��; 1 � ��] , where �� is the separation shown on
the horizontal axis. The SNR is fixed to 40 dB, a 16� 16 URA, and N = 2
snapshots are used. Top: LPA of the estimated subspaces, bottom: RMSE of the
estimated spatial frequencies.

in Appendix I. As a comparison, we have also plotted the cor-
responding deterministic Cramér-Rao bounds (det. CRB) [30].

In Fig. 5 we vary the SNR for closely spaced sources at
and . Again, only snapshots

are used, and a URA of size 16 16 is employed. As before, the
improvements in terms of the LPA and the RMSE are clearly
visible.

Finally, we study the effects of varying the source separation
in the simulation results shown in Fig. 6. The simulation setup is
similar to the previous case. However, now the SNR is fixed to 40
dB and the source positions are varied in the following fashion:
The first source is fixed at , while the second source
is moved to the positions for var-
ious values of the separation parameter , which is also shown
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on the horizontal axis. We can see that increasing the separation
above 0.5 does not alter the performance any further. The im-
provements of standard Tensor- ESPRIT and Unitary Tensor-
ESPRIT in terms of the LPA and the RMSE are significant.

VIII. CONCLUSION

In this contribution a tensor approach to subspace-based high
resolution parameter estimation is developed. It is shown how
the HOSVD-based low-rank approximation leads to an improved
signal subspace estimate which can be used for any multidimen-
sional subspace-based parameter estimation scheme. This im-
provement results from the fact that in the tensor case we take the
special structure of the -dimensional lattice into account while
computing a low-rank approximation based on the HOSVD of
the measurement tensor. This allows us to “denoise” the mea-
surements more efficiently. Moreover, it is demonstrated how
standard ESPRIT and Unitary ESPRIT can be generalized to the
tensor case, leading to the -D standard Tensor-ESPRIT algo-
rithm and the -D Unitary Tensor-ESPRIT algorithm.

In addition to the square-root version operating directly on
the measurement tensor, a covariance version that uses the co-
variance tensor is described. The forward-backward averaging
and the spatial smoothing preprocessing schemes are also ex-
pressed in terms of tensors.

Significant improvements of the resulting parameter estima-
tion accuracy can be achieved if there is at least one dimension

, where the number of sensors in this dimension
is larger than the number of sources . This is particularly

relevant in critical scenarios, e.g., if there is only a small number
of snapshots, if there are highly correlated sources, or if some
of the sources are closely spaced. Note that these improvements
can already be observed in the two-dimensional case .

APPENDIX I
PROPERTIES OF THE HOSVD-BASED

SIGNAL SUBSPACE ESTIMATE

Here, we compare the HOSVD-based signal subspace esti-
mate with its matrix-valued counterpart. In particular, we iden-
tify conditions for which both yield the same signal subspace
estimate. In order to gain more insight into the significance of
the tensor

(49)

that represents the HOSVD-based signal subspace estimate and
is defined in (21), consider the following cases:

• Noiseless case: In the noiseless case, the rank of the mea-
surement matrix and the rank of the measurement tensor
are equal to and, therefore, (19) and (20) hold exactly.
Substituting these two equations into (17) we obtain, using
the definition of in (49) and property (8)

(50)

(51)

Notice that is of size . This leads to the

conclusion that contains a basis for the signal
subspace exactly in the same way does, i.e., both ma-
trices deliver the same estimate for the signal subspace.

• Large number of wavefronts: Next, consider the case
where

(52)

Note that if there are not more than two coherent sources,
the maximum number of sources which can be estimated
jointly using Unitary Tensor-ESPRIT is significantly larger
and is given by

(53)

if snapshots are available.
In the case described in (52), the HOSVD-based low-rank
approximation of is given by

where now

(54)

Applying the -mode unfolding and taking its trans-
pose, we obtain

(55)

by using (8). Let us define a matrix , such
that

(56)

where is a diagonal matrix with the dom-
inant -mode singular values on its main diagonal.

The matrix is, therefore, obtained from the matrix
by normalizing its rows to unit norm. Substi-

tuting (56) into (55) yields

(57)

The last equation shows how is decomposed into
a product of an unitary matrix, a diagonal
matrix with positive entries and a unitary matrix.
Consequently, it represents an SVD of truncated
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to singular values. Remembering that leads
to the conclusion that and span exactly the same
subspace even under an arbitrary additive noise influence.
Finally, applying the -mode unfolding and the trans-
pose operation to the definition of in (49) results in

(58)

Therefore, in this case estimated through the
HOSVD of spans exactly the same subspace as esti-
mated through the SVD of .

• All other cases: In the remaining cases, i.e., in the presence
of noise and if the number of signals is strictly less than
the number of sensors in at least one of the modes

, the estimated basis for the signal subspace
given by differs from the one given by if a
finite number of snapshots is available. The “quality” of
this subspace estimate can be assessed, for instance, via the
largest principal angle between the estimated signal sub-
spaces and the true signal subspace given by the span of
the columns of which is demonstrated in Section VII. As
a result, a significant improvement in the estimation of the
signal subspace is observed. The reason for this improve-
ment is that through the HOSVD of the tensor, the structure
inherent in the dimensional measurement data is already
exploited in the subspace estimation step. Using the matrix
approach, this structure cannot be captured by the measure-
ment matrix. The tensor approach allows us to filter out
noise in each of the modes of separately which results
in an improved noise suppression. It is important to note
that the improved signal subspace estimation can be used
to enhance any multidimensional subspace-based param-
eter estimation scheme.

APPENDIX II
EQUIVALENCE OF THE DIRECT DATA APPROACH AND THE

COVARIANCE APPROACH

In this Appendix, we show the equivalence of the direct
data approach described in Section III-A and the covariance
approach covered in Section III-B. To this end, consider a
tensor . Its HOSVD is given by

(59)

Let and .

The -mode unfolding of can be expressed in the fol-
lowing fashion:

(60)

where we have defined . More-
over, the matrix is obtained from by
normalizing its rows to unit norm, i.e.,

. Here, is a diagonal matrix of size that
has the -mode singular values ,
of on its main diagonal. From the all-orthogonality condi-
tions of the HOSVD it is clear that has orthogonal
rows. Hence, has unitary rows. Let us define the following
“economy-size” matrices and tensors:

Here, the notation represents a matrix containing the
columns to of the matrix . Similarly, the symbol
denotes a matrix containing the rows to of the matrix . Note
that the tensor is obtained by truncating to elements in
the th mode. Since we conclude
that (60) can also be expressed as

(61)

which represents an “economy-size” singular value
decomposition, because as well as have unitary
columns.

According to (24), the sample covariance tensor is defined
as . Using property (28), its Hermi-
tian unfolding can be expressed in terms of in the following
fashion:

(62)

Inserting (61) into (62) we obtain

(63)

It is easy to see that (63) represents a singular value decompo-
sition of the Hermitian matrix , where the th singular

value is given by for and zero for
. We conclude that a square-root factor of is defined

through

(64)
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The corresponding tensor that satisfies
this condition is given by

(65)

which can be verified by computing the -mode unfolding
of .

(66)

Comparing (59) and (65) we conclude that an HOSVD of the
measurement tensor and an HOSVD of the square-root factor
of the corresponding covariance tensor agree in the core tensor
as well as the first singular vector matrices. Since the sub-
space tensor , defined in (21), is computed from these quan-
tities, the corresponding subspace tensors must also span the
same -spaces, .

APPENDIX III
REAL-VALUED INVARIANCE EQUATIONS

In this Appendix, we derive the real-valued invariance equa-
tions (45) from their complex-valued counterparts in (32) using
the real-valued HOSVD of in (44).

In the noiseless case, we obtain from the HOSVD of
in (44)

(67)

In this case, can be replaced using its definition in (40)
which yields

(68)

The HOSVD of can be expressed as

(69)

where we have used the fact that can be obtained from in
a similar fashion as from . Using (69) in (68) leads to a relation
between the complex-valued signal subspace tensor and its
real-valued counterpart

(70)

This relationship is used to express the shift invariance
equations in terms of the real-valued signal subspace tensor

. In the absence of noise, the th shift invariance equation
is given by

(71)

The tensor is eliminated by applying (70)

(72)

Equation (72) can be multiplied with along the modes
to eliminate the transforma-

tions along the unused modes and with along the th
mode.

(73)

Note that has the same eigenvalues as . Let us define
transformed selection matrices and such that

(74)

These matrices satisfy

(75)
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Using (75), (73) can be rewritten in the following fashion:

(76)

Similar to the matrix approach [9], it can be shown that the
eigenvalues of are equal to , for

and , i.e., from an estimate of ,
estimates for the spatial frequencies are readily obtained. More-
over, since and , are real-valued, must
be real-valued as well.
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