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Abstract—We propose a widely linear multistage Wiener filter
(WL-MSWF) receiver to suppress inter-/intra-symbol interfer-
ence, multiuser interference, and narrowband interference in a
high data rate direct-sequence ultra wideband (DS-UWB) system.
The proposed WL receiver fully exploits the second-order sta-
tistics of the received signal, yielding a smaller Minimum Mean
Square Error (MMSE) than the linear receiver. The WL-MSWF
receiver mainly consists of a low-rank transformation and an
adaptive reduced-rank filter. The rank-reduction is achieved via
a transformation matrix. Based on the linear MSWF concept,
two constructions of this rank-reduction matrix, namely total WL
(TWL) and quasiWL (QWL), are proposed.We develop stochastic
gradient (SG) and recursive least squares (RLS) adaptive versions
of the proposed TWL/QWL-MSWF and theoretically analyze
their convergence behavior. The comparison of the proposed
TWL/QWL-MSWF and the existing algorithms is carried out in
terms of the computational complexity and the resulting MMSE
performance. Extensive simulation results show that the proposed
TWL/QWL-MSWF schemes outperform the existing schemes in
both convergence and steady-state performance under various
conditions.

Index Terms—Direct-sequence ultrawideband, multistage
Wiener filter, narrowband interference, noncircular, reduced-
rank, widely linear.

I. INTRODUCTION

C OMPLEX-VALUED signals have been widely used in
various fields such as mobile communications, smart an-

tennas, radar, biomedicine, optics and seismics, etc. Complex-
domain representations are quite convenient to physically char-
acterize the signals in practice [1]–[3]. Most parameter estima-
tion and filtering techniques for complex-valued signals, whose
samples are often organized in a vector , are based on their
second-order statistics. It is often assumed that the signal is
second-order circular (or proper). As a result, only the covari-
ance matrix is utilized for signal processing.
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However, it is shown that in many applications when is non-
circular or improper, the second-order behavior should be de-
scribed by both the covariance matrix and the pseudo-covari-
ance (also called complementary covariance in [2], [4]) matrix

, where is not vanishing [5]. The improper-
ness may arise frommodulations which employ improper signal
constellations such as binary phase shift keying (BPSK), am-
plitude shift keying (ASK), biorthogonal keying (BOK), or the
ones that can be interpreted as a real constellation after refor-
mulation such as offset quadrature phase shift keying (OQPSK),
minimum shift keying (MSK), or Gaussian MSK (GMSK) [6].
Widely linear (WL) processing, which fully exploits the

second-order statistics ( and ) of improper signals, can
significantly improve the estimation performance [4], [5], [7],
[8]. The WL filtering techniques have gained a great popularity
in the applications of interference suppression, equalization,
and synchronization. Data-aided and blind adaptive WL min-
imum mean square error (MMSE) receivers based on recursive
least squares (RLS) [9] and stochastic gradient (SG) [10]
techniques are proposed to achieve interference suppression
in BPSK-based direct sequence code division multiple sccess
(DS-CDMA) systems. Different equalization strategies based
on WL processing have been developed for DS-CDMA [11]
and DS ultra wideband (DS-UWB) [12]. The authors of [13]
provide new insights into the optimum WL array receivers
for their applications to single antenna interference cancella-
tion techniques [14] as well as to synchronization schemes
[15] for GSM systems, considering BPSK, MSK, and GMSK
signals in the presence of noncircular interferences. Com-
pared to the linear processing, these WL receivers exhibit
an increased robustness against interference, and the related
adaptive algorithms are able to provide a better convergence
performance. One important property is that the WL estimate of
the real-valued data from a sequence of complex and improper
observations results in a real-valued estimate. This not only
produces a smaller estimation error than the linear estimate
but may also reduce the receiver complexity since only the
real-valued signal is processed [9], [11].
In many situations, the observation data used for parameter

estimation has a large size due to a high processing gain, a
large number of antennas, or numerous multipath components,
which requires a long receive filter. However, a filter with
a large number of taps requires substantial training, which
considerably slows down the convergence speed, and becomes
highly sensitive to interference. Thereby, in order to decrease
the number of estimated parameters (e.g., filter coefficients),
reduced-rank processing can be applied such that the received
vector is transformed into a lower dimensional subspace and the
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filtering optimization is carried out within this subspace. Com-
pared to the full-rank techniques, the reduced-rank methods are
able to achieve a faster convergence, an increased robustness
against interference, and a lower complexity by estimating
a reduced number of parameters. There have been several
reduced-rank techniques proposed for interference suppression.
Some well-known approaches, namely the “principal compo-
nents” (PC) [16], [17] and the ”cross spectral” metric [18],
exclusively rely on the eigen-decomposition for estimating
the signal subspace. This demands huge computational efforts
and an often large rank to reach a satisfactory performance
[18]. A more effective method called multistage Wiener filter
(MSWF) was proposed in [19] and [20]. In contrast to the
eigen-decomposition algorithms, the MSWF does not require
the knowledge of the signal subspace but utilizes a successive
orthogonal decomposition for parameter estimation. It is ca-
pable of attaining an improved convergence with a filter rank
which is much less than the dimension of the signal subspace
[21]. Another reduced-rank approach is called auxiliary vector
filtering (AVF), which iteratively updates the filter weights
according to a sequential and conditioned optimization of aux-
iliary vectors [22]. Both the MSWF and the AVF estimators can
be combined with different design criteria such as MMSE [23],
constrained minimum variance (CMV) [24], or constrained
constant modulus (CCM) [24], [25]. The AVF outperforms the
MSWF but has a higher complexity. In the WL case, both the
original received signal and its complex conjugate have to
be considered, which further increases the filter length and thus
decelerates the convergence [3], [26]. Reduced-rank techniques
are thus more attractive and efficient in WL signal processing.
So far, most of the reduced-rank algorithms are based on linear
processing [24], [27]–[29]. One of the few algorithms that com-
bine both is the WL reduced-rank Wiener filter investigated in
[4], where the computationally expensive eigen-decomposition
is employed. This reduced-rank WL estimator usually requires
twice the rank of its linear counterpart.
Wireless communication systems can substantially benefit

from the use of UWB signals. However, in high data rate
DS-UWB applications [30], the system performance may be
deteriorated by inter-/intra-symbol interference (ISI), multiuser
interference (MUI), or even by the interference from other
non-UWB systems operating in the same bandwidth. The
emissions of the IEEE 802.11a wireless local area network
(WLAN) in the range of 5.2 GHz [31], for example, occur in
a frequency band which is permitted for UWB operations in
the US [32]. The IEEE 802.11a WLAN signal may exhibit
a much higher power than the UWB signal and is treated as
narrowband interference (NBI). The large bandwidth requires
a high sampling rate and leads to a received vector with a large
size. The reduced-rank techniques are thus very promising
for interference suppression in DS-UWB systems [33]. One
mandatory modulation scheme for DS-UWB systems is the
noncircular BPSK modulation [30]. Therefore, the combination
of the robust MSWF method and the WL processing is moti-
vated to ensure a faster convergence and a lower complexity
than the full-rank and/or the linear counterparts.
In this paper, we propose a WL-MSWF receiver for interfer-

ence suppression in DS-UWB systems. The proposed receiver

consists of a bijective transformation to form an augmented ob-
servation vector, a rank-reduction block to perform the low-rank
transformation, and an adaptive reduced-rank filter. In contrast
to the WL reduced-rank Wiener filter based on PC [4], the pro-
posed receiver applies the linearMSWF concept in theWL case.
It does not require the eigen-decomposition and thus its compu-
tational complexity is considerably reduced. Combining theWL
processing with the MSWF not only achieves a lower MMSE
than that of the linear case, but also has a better convergence
performance compared to the full-rank techniques.
The main contributions of our work are summarized as

follows:
1) We derive theWL-MSWF and characterize some key prop-
erties. Two constructions of the rank-reduction matrix are
introduced, namely the total WL (TWL) and the quasi WL
(QWL) designs.

2) For both low-rank WL projection methods (TWL and
QWL), we develop the SG and the RLS adaptive algo-
rithms to compute the WL-MSWF.

3) We analyze the statistical performance in terms of mean
square error (MSE) for the adaptive SG and RLS algo-
rithms, including the stability and the convergence perfor-
mance.

4) We estimate and compare the computational complexity
of the proposed and the existing schemes in terms of real
additions and multiplications.

5) The proposed TWL/QWL-MSWF schemes are examined
for interference suppression in a DS-UWB system under
realistic scenarios and compared with the linear MSWF
counterparts, linear/WL full-rank schemes, as well as the
linear/WL PC-based methods. We mainly focus on the sce-
nario when both the signal and the interference (MUI and
NBI) are noncircular. We also show the suitability of the
proposed methods applied in the case when the desired
signal is strictly circular but the interference (MUI or NBI)
is noncircular.

Section II introduces the data model for the DS-UWB system.
Section III reviews the linear reduced-rank Wiener filter ac-
cording to the MSWF design. The WL-MSWF receiver is pre-
sented along with its key properties in Section IV. Section V
details the SG/RLS adaptive algorithms for the WL-MSWF and
analyzes the corresponding convergence and transient behavior.
The computational complexity of all the studied algorithms is
evaluated in Section VI. Section VII provides extensive simula-
tion results of the proposed TWL/QWL-MSWF algorithms and
compares them to the existing schemes.
Notation: The superscripts , , and stand for transpose,

conjugate transpose, and complex conjugation, respectively.We
use as the subscript to denote the associated augmented quan-
tities. The reduced-rank quantities are symbolized with a “bar”.
The Hadamard (element-wise) product is denoted by . The ex-
pectation and the trace operations are expressed by and

. The floor/ceiling operator rounds the argument
down/up to the closest integer that is less/greater than or equal

to . The operation is to take the real part of a variable. We
use the bold capital letters to represent matrices and the bold
small letters for vectors.
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II. SYSTEM MODEL

We consider the uplink of a BPSK DS-UWB system with
asynchronous users in the presence of NBI. In the complex

baseband, the transmitted signal for the th user is given by

(1)

where is the th BPSK symbol for the user
with unit variance , is the bit du-

ration, and denote the corresponding
energy per bit and the multiple access code with chip interval
. The baseband reference pulse is the impulse response

of a Root Raised Cosine (RRC) low pass filter with 30% excess
bandwidth, i.e., the roll-off factor is . For both the low
and high frequency bands, the filter cutoff frequency (
point) is [30]. The processing gain is equal to .
Since the signal bandwidth is constrained to ,

the complex-valued impulse response of the multipath
UWB channel can be fully described by the discrete re-
sponse, i.e., tapped-delay line model written as

, where is the th complex
channel tap for the th user and . In our
case, the channel is assumed to be time-invariant block fading.
For UWB communications with , the statistics of
the path gains are different from those in narrowband systems.
The large bandwidth also results in a significant number of
resolvable multipath components and severe ISI.
The received signal at the output of a pulse matched filter with

the impulse response can be expressed as

(2)

where represents the delay to ensure that the received pulse
filter is causal, , ,
and are the filtered pulse, NBI, and noise,
respectively. The zero-mean, complex additive white Gaussian
noise (AWGN) is assumed to have a power spectral den-
sity . Asynchronous (but chip synchronous) transmission is
assumed, meaning that , where the random
variable takes values in with equal prob-
ability. Without loss of generality, we assume that the delay of
the desired user is known and is chosen.
The NBI is often modeled as a single tone. It is more real-

istic to consider the orthogonal frequency division multiplexing
(OFDM) signal from the IEEE 802.11a WLAN that overlays
the UWB emission spectrum. Such an OFDM signal can be re-
garded as a sum of multiple single-tone NBIs, given by

(3)

where is the NBI power, is the number of subcarriers,
is a BPSK-modulated symbol, is the frequency

difference between the carrier frequencies of the NBI and the
UWB signal, denotes the subcarrier frequency spacing, and
a random phase is uniformly distributed in . The Signal
to NBI ratio is computed as , where is the
signal energy per symbol and for BPSK. Usually in
UWB communications, it is assumed that the duration of a NBI
is greater than .
At the receiver, by sampling at a chip rate , the re-

ceived signal vector is obtained. For the th transmitted bit
, the corresponding received vector of length
can be written as

(4)

including the desired user signal, the MUI part , all the in-
terference from the chips of the current symbols (intrasymbol)
as well as from the previous and subsequent symbols (inter-
symbol) , the NBI vector observed in the th bit, and
the AWGN. The code matrix for the th user is a
Toeplitz matrix, which can be expressed as

...
...

. . .
...

...
...

. . .
...

(5)

In what follows, we denote as a matrix consisting
of the rows in that are indexed from to .
The NBI vector is expressed as

(6)

where ,

, and .1 We
represent the asynchronous MUI each with an offset by

, where is con-
structed from a zero matrix and the first rows of
defined as

(7)

The ISI is expressed as

(8)

1For a quantity, either a vector or a matrix , the expression or
returns the exponential for each element in or (MATLAB-like notation).
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where and include the last
and the first rows of , respectively, given
by

with

with (9)

III. LINEAR REDUCED-RANK WIENER FILTER

This section recalls the key concept of linear reduced-rank
filters as preliminaries and summarizes the major results on the
Linear MSWF (L-MSWF) algorithm. The cost function of the
linear MMSE filter is given by2

(10)

The Wiener solution with can
be estimated by adaptive algorithms such as SG and RLS [34].
However, when a large amount of data is processed, the con-
ventional full-rank filter that has the same length as
the received vector exhibits a slow convergence
and a high interference sensitivity. The reduced-rank technique
is able to exploit the key features of the data and to reduce the
number of adaptive parameters. The rank-reduction is achieved
by transforming the received vector onto a -dimensional
subspace with . Let us denote the rank-reduction ma-
trix as and the reduced-rank vector is given by

. The weight vector is esti-
mated based on and the filter length can be significantly
reduced. The linear reduced-rank Wiener solution can be ob-
tained as , where the reduced-rank covariance ma-
trix is and the reduced-rank
cross-correlation vector is . We can
then calculate the corresponding MMSE

(11)

and the SINR

(12)

A. Linear MSWF

One method to construct the rank-reduction matrix is to apply
the L-MSWF [19], [20]. It is shown in [21] that the rank-reduc-
tion matrix for the L-MSWF is spanned by normalized
basis vectors , where can be chosen.
In other words, the linear reduced-rank filter transforms the re-
ceived signal into the Krylov subspace represented by

(13)

2In some cases when the observation data vector is not stationary, e.g., it
contains time-varying interference, the cost function shown in (10) also depends
on the time index [9]. For notational simplicity, we remove the index in some
cases that are related with nonstationary variables such as and shown in
(15).

The MMSE and the output SINR of the L-MSWF asymptoti-
cally converge to the linear full-rank case, i.e., and

. Another important property is that the rank
required to achieve the full rank performance does not scale sig-
nificantly with the system size such as the number of users
and the length of the received vector . Generally, can
be chosen. The analysis in [19] and [20] also indicates that
can be decreased without considerably increasing the MSE.
The associated adaptive algorithms based on the powers of
given in (13) can be carried out in terms of SG or RLS [24].

Compared to the full-rank adaptive algorithms, the adaptive
L-MSWF with a small rank can provide a faster convergence
speed and a better steady state performance for a given data
record.

IV. WIDELY LINEAR MULTISTAGE WIENER FILTER

The main purpose of this section is to investigate the
WL-MSWF techniques and compare them to the linear
counterpart.

A. Preprocessing: Augmented Vector Formulation

In order to exploit the information contained in both
second-order statistics, i.e., and , the received signal
and its complex conjugate are formulated into an aug-
mented vector using a bijective transformation

(14)

The filter with coefficients , which is designed according to
the augmented received vector , is widely linear with .
It is thus named as a WL filter.
For example, the solution for a WL Wiener filter has a sim-

ilar expression as in the linear case shown in Section III but with
a subscript “a,” denoting the augmented quantities. Let us then
analyze the augmented covariance matrix, which can be repre-
sented by the covariance matrix and the pseudo-covariance
matrix of as

(15)

where

and

The covariance and pseudo-covariance matrices of ISI are
denoted by and as
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Since the modulated symbols on different subcarriers are
uncorrelated, the second-order statistics of the BPSK-modu-
lated OFDM NBI vector can be expressed as

(16)

where

...
...

. . .
...

and

...
...

. . .
...

If is an integer, does not vary with respect to the time
index . The matrix is time-varying with respect to . In
our case where BPSKmodulated signals are considered, the im-
properness of arises from signals of all users, the ISI, and the
NBI. Since is nonzero, the WL processing is able to take full
advantage of this improper nature.
It is shown in [5] and [9] that when the data to be estimated are

real, the WL Wiener filter weight vector follows the trans-
formation defined in (14) such that ,
where . Therefore, for the real estimated data, a key
property of the WL filtering is conjugate symmetry defined by

(17)

In contrast to the conventional linear filter whose estimate is
generally complex, the WL procedure exploits the statistics of
both the covariance matrix and the pseudo-covariance matrix,
yielding a real estimate with a smaller error [5], [9].

B. Widely Linear Reduced-Rank Filter

In the WL case, the augmented vector with twice the size of
the received signal has to be considered. This requires a large
number of symbols to reach the steady-state performance and
imposes an even higher complexity on the receiver. To this end,
the reduced-rank signal processing techniques can be combined
with the WL filter to achieve a fast convergence, increased ro-
bustness to interference, and a lower complexity.
The principle of the proposed WL reduced-rank receiver is

shown in Fig. 1, where the reduced-rank signal processing and
the adaptive receiver design follow after the bijective transfor-
mation . The augmented received signal of dimension
is then transformed by a rank-reduction matrix
onto a -dimensional subspace, yielding a reduced-rank vector

. The WL reduced-rank Wiener solu-

tion is written as . Using augmented notations,

Fig. 1. Block diagram of the WL reduced-rank receiver in the complex
baseband.

Fig. 2. Structure of 4-stage WL-MSWF.

the resulting MMSE and the SINR can also be
represented in the same fashion as (11) and (12), respectively.
It is worth mentioning that if the received signal is circular,

the WL solutions become equivalent to the linear case. There-
fore, the proposed WL reduced-rank receiver, which addition-
ally requires a bijective transformation before the filtering im-
plementation, can be regarded as a generalized framework.

C. The WL-MSWF Strategies

1) Total-WL Construction (TWL): One way to construct
the rank-reduction matrix is to extend the L-MSWF to
the widely linear case. Fig. 2 represents the four-stage MSWF,
which consists of several nested filters
and a combining procedure via the weighting coefficients

. The “observation” data is succes-
sively decomposed by the filters into one direction of the
cross-correlation vector and the other subspace orthogonal to
this direction by a blocking matrix . This matrix satisfies

and can be chosen as the -dimensional

matrix . In Fig. 2, denotes the output
of the filter and is the output of . When ,

is the desired signal and is the
augmented vector of the received signal. At the th stage,
the filter is calculated according to the cross-correlation
between the “desired” data and the “observation” data
vector from the previous stage

(18)
Then the forward recursion can be continued by

(19)

(20)

In the combining phase, the weighting coefficients are de-
signed based on the MMSE criterion, i.e., is chosen so that
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is minimized. For , the backward
recursion is completed by

(21)

(22)

Note that when , and when ,
is the estimate for .

Similarly to [21], the rank-reduction matrix defines the
-dimensional subspace spanned by and can be constructed

by the Krylov subspace, i.e.,

(23)

(24)

The TWL construction of the rank-reduction matrix fully uti-
lizes the second-order statistics of the observation signal. This
scheme is denoted as TWL-MSWF.
2) Quasi-WL Construction (QWL): A simpler way to con-

struct the rank-reduction matrix is based on adopting a transfor-
mation on using the L-MSWF

(25)

where represents the Krylov subspace as shown
in (13). The reduced-rank vector is thus calculated by

, i.e., by taking the real
part of the reduced-rank vector from the L-MSWF algorithm.
With the QWL design, the general block diagram shown in
Fig. 1 can be simplified to an equivalent model depicted in
Fig. 3, where the block “Widely Linear Reduced-Rank Filter”
is still preserved. Compared to the TWL method, the only
difference lies in how to construct the rank-reduction matrix

. Both constructions (24) and (25) can be generalized
in the form of , where

contains the difference between the linear and the widely
linear designs, i.e., the first rows of .
If , we have a QWL construction, which does
not exploit the second-order information contained in the
pseudo-covariance matrix . However, the succeeding filter
design still takes advantage of the improper signals, providing
a better performance than the L-MSWF. The associated fil-
tering method is named QWL-MSWF. When , i.e.,

, the QWL-MSWF and the
TWL-MSWF methods have the same performance. We will
show in Sections IV-E and VIII that in most cases for improper
signals, the TWL-MSWF outperforms the QWL-MSWF.

D. Comparison With the PC Methods

One of the few WL reduced-rank filters has been proposed in
[4] using the PC technique. It is based on the eigen-decomposi-
tion of the augmented covariance matrix , where
the columns of are the eigenvectors of and
is a diagonal matrix with the ordered eigenvalues on its

diagonal such that . The rank-reduction
matrix obtained via PC is , which contains
the first columns of , corresponding to the largest eigen-

Fig. 3. Receiver structure of QWL-MSWF.

values with a descending order. A modified PC method intro-
duced in [21] improves the performance. It chooses the eigen-

vectors associated with the largest values of , where
is the th column of . This method selects a set of eigen-

vectors to form the rank-reduction matrix that minimizes the
MSE.
Compared to the proposed TWL/QWL-MSWF, there are

some disadvantages of the above WL-PC techniques:
1) a larger rank is required than that for the MSWF;
2) these methods rely on the eigen-decomposition, which is
much more computationally expensive;

3) the WL-PC requires a larger to achieve a better perfor-
mance than the linear PC [4].

E. MMSE and SINR Analysis of the WL-MSWF

Let us first consider the L-MSWF described in Section III.
The eigenvalue decomposition of the reduced-rank covariance
matrix can be obtained by , where contains the
eigenvectors and is a diagonal matrix con-
sisting of eigenvalues in a descending order. Applying (13)
to (11), the MMSE of the L-MSWF can thus be expressed as

(26)

where it can be easily proven that is real-valued.
Similarly to the linear case, the eigenvalue decomposition of

the reduced-rank augmented covariance matrix is computed by
, where the columns of are the eigenvectors
and contains the eigenvalues in a

descending order on its diagonal. With and
, the resultingMMSE of theWL-MSWF can be written

by

(27)

The MMSE is mainly determined by the eigenvalues of . In
Appendix A, we show that
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with being the number of eigenvectors of (or )
that correspond to the signal subspace. This applies to
both the TWL and the QWL constructions. If the QWL is
applied, holds and thus (27) is simplified to

. When the TWL is used,
more information can be explored, yielding a smaller MMSE
than the QWL. Therefore, a comparison of (26) and (27)
indicates that even with the same filter length , the MMSE
of the WL-MSWF estimate with both constructions is smaller
than that of the L-MSWF, i.e., . Since the SINR
has a simple relationship with the MMSE as shown in (12),

holds. This will be verified in Section VII-A.

F. Properties of the WL-MSWF

With the real-valued data being estimated, the WL-MSWF
has the following key properties:
1) It has been shown in [35] that after the multistage decom-
position, the reduced-rank vector , the filter weight
vector , the decision variable , and the estima-
tion error are all real-valued.

2) With increasing , the MMSE and the output SINR of the
WL-MSWF converge to the solutions of the WL full-rank
Wiener filter.

3) In contrast to the eigen-decomposition methods, the
WL-MSWF inherently extracts key characteristics of the
processed data and the rank required to achieve the
full-rank performance is much smaller.

4) With the same rank , the WL-MSWF outperforms the
L-MSWF in terms of the MMSE and the maximum SINR.

5) The rank required to approach the full-rank performance
is only slightly affected by the system load such as the
number of users , the NBI, as well as the processing
gain and the number of channel taps , which determine
the ISI impact.

6) Compared to the full-rank filters, the complexity is signifi-
cantly reduced by using the reduced-rank techniques [21],
[24]. On one hand, due to the processing on the augmented
received vector, the WL forward decomposition has a
higher complexity compared to the linear case. On the
other hand, it has been shown that the combining phase
of the WL-MSWF is carried out on the real-valued data,
which alleviates the computational efforts. It is worth
mentioning that the QWL-MSWF design simply deals
with the real part of the reduced-rank vector from the
L-MSWF algorithm. Consequently, it has an even lower
complexity than the L-MSWF. The complete computa-
tional complexity analysis will be addressed in Section VI.

V. ADAPTIVE ALGORITHMS AND CONVERGENCE ANALYSIS

In this section we develop two training-based adaptive al-
gorithms, the SG and the RLS, for the proposed WL-MSWF
techniques. The convergence performance of the WL adaptive
schemes based on the SG has been discussed in [1], [10]. How-
ever, it is of prime interest to evaluate the convergence behavior
of the adaptive reduced-rank algorithms. In this section, we
focus on the convergence analysis of both the SG and the RLS
versions of the WL-MSWF as well as the comparison with their
linear counterparts.

TABLE I
SG ADAPTIVE ALGORITHM FOR WL-MSWF3

A. SG and RLS Adaptive Algorithms for the WL-MSWF

The rank-reduction matrix for the TWL is constructed
based on estimating the augmented covariance matrix and
the augmented cross-correlation vector by

(28)

(29)

where is the forgetting factor and is the th
training symbol. Using (24), the rank-reduction matrix at time
instant can thus be calculated by

(30)

The QWL construction is obtained by (25), where
and are recursively estimated. Tables I and II show the re-
lated SG and RLS algorithms for the WL-MSWF, where and
are initialization scalars to ensure the numerical stability. In

Table II, the reduced-rank augmented covariancematrix is given
by and the RLS scheme esti-

mates its inverse .

B. Convergence Analysis of the WL-MSWF With SG

1) Step Size: As discussed in [34], to ensure the convergence,
the step size should be chosen such that

(31)

Similarly, the step size of the L-MSWF-SG approach sat-
isfies . Since for

is observed, indicating
that the step size of the WL-MSWF-SG algorithm can be larger
than the L-MSWF-SG.
2) The Mean Square Error Learning Curve: The MSE of the

WL-MSWF-SG algorithm at time can be expressed as [34]

(32)

3We use this “complex conjugate” to have a general expression, since for
linear filtering methods, the estimate might be complex-valued. The real-
valued estimate is observed as one special property of the WL algorithms, when
the data to be estimated is real (e.g., BPSK).
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TABLE II
RLS ADAPTIVE ALGORITHM FOR WL-MSWF

Applying the eigen-decomposition of , when the steady state
is achieved, i.e., , we get

(33)

where is calculated by (11). The excess MSE
can be represented as

(34)

meaning that . Considering that
shown

in Section IV-E, we can conclude that the steady-state MSE
and excess MSE of the WL-MSWF-SG method are both
smaller than that of the linear case, i.e., and

.
The transient behavior of the MSE is mainly determined

by the excess MSE, consisting of the transient excess MSE
and the steady-state excess MSE [34] as

(35)

It will be shown via experiments that the WL-MSWF-SG algo-
rithm has a smaller transient excessMSE than the linear method,
showing a superior convergence performance for the WL case
even with the same rank .

C. Convergence Analysis of the WL-MSWF With RLS

1) Weight Error Correlation Matrix: To analyze the RLS
implementation of the WL-MSWF receiver shown in Table II,
we assume the forgetting factor and obtain the weight
error as follows [34]

(36)

where is the estimation error
produced by the optimal solution . We assumed

to be white with zero-mean and variance , where

. The weight

error correlation matrix can then be expressed as

(37)

(38)

2) The Learning Curve of A Priori Estimation Error: In
RLS algorithms, the a priori estimation error defined by

is chosen to characterize the learning
curve [34]. By eliminating based on the expression of

, we can represent in terms of the weight error
as

(39)

The resulting learning curve is expressed as

(40)

Compared to SG in (34) and (35), the learning curve of RLS in-
dicates that the excess MSE vanishes
as and does not depend on the eigenvalue spread of
. In the steady state, a zero excess MSE can be reached by

the RLS algorithm, exhibiting a faster convergence and a higher
robustness than the SG method. Since , the tran-
sient excess MSE of the WL-MSWF-RLS approach is smaller
than those of the linear counterparts even with the same rank ,
i.e., .

VI. COMPLEXITY ANALYSIS

The computational complexity of the adaptive algorithms is
estimated according to the number of real additions and real
multiplications per iteration for each received symbol of size
. The estimated computational complexity of the proposed

WL-MSWF schemes is summarized in Table III, where we con-
sider the existing algorithms for comparison. Fig. 4 illustrates
the total number of real operations (additions and multiplica-
tions) per iteration per symbol for each algorithm as a func-
tion of , where the rank of the MSWF is chosen.
For all the algorithms, the SG always has a lower complexity
than RLS. In the full-rank case, the WL-SG is slightly sim-
pler than the L-SG due to the conjugate symmetric property
of the WL approaches, while the multiplication of bigger ma-
trices results in a higher complexity of the WL-RLS than that
of the L-RLS. In the MSWF, the construction of the rank-re-
ductionmatrix that requires a higher-order matrix multiplication
imposes more computational efforts than the full-rank case. A
larger will considerably increase the computational costs. We
can observe that the proposed TWL-MSWF SG/RLS methods
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Fig. 4. Computational complexity in terms of real additions andmultiplications
per iteration per symbol as a function of . For MSWF schemes, is
chosen. The zoomed-in curves are also shown at .

TABLE III
ESTIMATED COMPUTATIONAL COMPLEXITY ACCORDING TO

THE NUMBER OF REAL OPERATIONS

exhibit the highest complexity. It is worth emphasizing that
the proposed QWL-MSWF SG/RLS algorithms are slightly less
complex than the L-MSWF counterparts and significantly re-
duce the complexity compared to the full-rank WL-RLS.

VII. SIMULATION RESULTS

In this section, we evaluate the steady-state, the tran-
sient, and the convergence performance of the proposed
TWL/QWL-MSWF schemes and compare them with the linear
MSWF, the linear/WL full-rank Wiener filters, as well as the
linear/WL PC-based reduced-rank methods. The rank-de-
pendent performance along with the adaptive rank selection
algorithms are presented. We further analyze the SINR perfor-
mance of the proposed methods in the case when the desired

TABLE IV
PARAMETERS FOR IEEE 802.11A OFDM SIGNAL

signal is strictly circular (e.g., QPSK-modulated signal) but the
interference (MUI or NBI) is noncircular.
For the multipath propagation channel, we use UWB chan-

nels measured in a line-of-sight office of size 5 m 5 m 2.6
m. The measurements (including antennas) were carried out
by the IMST GmbH [36]. The transfer function of a certain
channel realization is firstly transformed from the band-pass to
the low-pass range at a center frequency , and af-
terwards converted into a tapped-delay line model with equally
spaced taps. The RRC pulse is chosen with
and . At the receiver, the sampling rate of the ADC
is 1 GHz and thus the channel resolution is 1 ns. The max-
imum channel delay is 64 ns. We assume that the UWB channel
is time-invariant block fading during the estimation. The DS
code of length is generated pseudo-randomly for the
DS-UWB system. The dimension of the received vector is

. The parameters of the OFDM interference used for
the simulations are shown in Table IV, where the cyclic prefix
and the guard interval are not considered for simplicity4 and the
OFDM symbol period is larger than the symbol duration. We
consider a scheme in which the proposed adaptive WL-MSWF
algorithms are first trained by a pilot sequence of 400 symbols
and are then switched to the decision-directed mode.

A. Achievable SINR and Transient Analysis

The simulation results are presented to validate the theoretical
analysis in Sections V-B and V-C. We first compare the eigen-
values of the reduced-rank covariance matrix for both linear and
WL cases ( and ). Fig. 5(a) depicts the eigenvalues using
linear, QWL, and TWL reduced-rank matrix constructions for

, 4, 6, where the number of users ,
, and NBI is absent. It is observed that the eigenvalues of

using both TWL and QWL constructions are smaller than the
linear case, i.e., , meaning that a larger
step size for WL-MSWF-SG algorithms can be chosen com-
pared to the L-MSWF-SG [cf. Equation (31)]. When the NBI
is present, the eigenvalues are shown in Fig. 5(b) with .
With very low SIR, the TWL-MSWF method has larger eigen-
values than the L-MSWF due to the “contribution” of
the strong NBI. However, the dominant eigenvalues (i.e., ,
2) of TWL-MSWF are no greater than L-MSWF at various SIR
values. Fig. 5(c) plots the eigenvalues changing with the number
of users, which shows the higher values of L-MSWF than those
of the TWL/QWL-MSWF algorithms. The SINR values of dif-
ferent schemes as a function of (dB), SIR, and the number
of users, are also illustrated in Fig. 6, where the rank
is chosen. It can be clearly seen that both the TWL-MSWF and
QWL-MSWF outperform the L-MSWF in terms of the SINR
and the TWL construction which utilizes more second-order
information produces a higher SINR than the QWL case. The

4The overall spectrum does not change with the cyclic prefix or the guard
interval. This implies that the performance of the algorithms will not be affected
by adding the guard interval for the OFDM signal. Therefore, we ignore this for
simplicity.
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Fig. 5. Eigenvalues of the reduced-rank covariance matrix constructed by
L/TWL/QWL-MSWF algorithms with versus (a) the th stage
projection for different , (b) various SIR in the presence of OFDM NBI, and
(c) different number of users.

Fig. 6. SINR of L/TWL/QWL-MSWF algorithms versus (a) (dB), (b) var-
ious SIR in the presence of OFDM NBI, and (c) different number of users.

performance gain of the TWL over the QWL increases with the
number of users, cf., Fig. 6(c). In summary, this shows that given
a value of rank , the proposed TWL-/QWL-MSWF schemes
are more robust to interference and can accommodate more
users compared to the L-MSWF.
We assess the SINR of the proposed TWL/QWL-MSWF al-

gorithms as a function of the rank and compare them to the
PC-based reduced-rank filters shown in Fig. 7(a) and (b). The
performance of the full-rank linear/WL schemes is shown only
for the case, where NBI is present and . The conven-
tional PC method that uses the first eigenvectors of corre-
sponding to largest eigenvalues of or in a descending
order is denoted as “PC-conv.” The modified PC scheme is
called “PC-modi.” As increases, i.e., more signal information

Fig. 7. SINR of the discussed algorithms versus the rank for (a) the
L/WL-PC algorithms and for (b) the L/TWL/QWL-MSWF algorithms.
We consider , and 16, OFDM NBI of .

is utilized, the SINR increases until it gets close to the full-rank
state. The TWL-MSWF only requires the rank to
to achieve the highest SINR and the selected is only slightly
affected by the number of users and the presence of NBI. For
both the PC-conv and the PC-modi, the necessary to approach
the full-rank SINR does not depend on the presence of NBI but
is quite sensitive to the number of users, e.g., to obtain the best
performance, we need for the 2-user case and
for . The QWL-MSWF cannot reach the WL full-rank
SINR but it still outperforms the PC-basedmethods with a much
smaller rank. For with , the advantage of
the WL-PC-conv scheme over the L-PC-conv is lost, unless a
higher rank is chosen. With the same rank , the WL-PC-modi
method exhibits a higher SINR than the L-PC-modi, since the
eigenvectors are selected to minimize the MSE.
Fig. 8 shows the transient excess MSE of the training-based

SG algorithms for the TWL/QWL-MSWF-SG
schemes compared to the linear counterpart. It is assumed that
the augmented covariance matrix is known and is computed
by (15). We consider the step size without NBI and

in the presence of NBI, , ,
and . For each time instant, the excess MSE of the
WL methods is smaller than that of the linear case and TWL
exhibits a better transient performance than QWL.

B. BER Convergence Performance

We show the bit error rate (BER) performance of the adaptive
TWL/QWL-MSWF algorithms and compare it to the existing
methods in Fig. 9(a) for SG and in (b) for RLS. The rank

is chosen as a representative value to compare the
performance of different schemes. It is obvious that all the RLS
algorithms outperform the SG in the convergence and tracking
performances. Even with the same , the TWL-MSWF which
fully exploits the second-order behavior of the noncircular
signal performs the best. Since the QWL-MSWF constitutes
the rank-reduction matrix from the linear estimates and utilizes
the complementary covariance statistics only for the weight
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Fig. 8. Transient excess MSE of L/TWL/QWL-MSWF-SG algorithms in the
cases when OFDM NBI is absent (a) and present (b). It is chosen that

, , and .

Fig. 9. BER convergence performance of (a) SG and (b) RLS algorithms for
, , and OFDM-NBI with . We consider

for the MSWF techniques.

adaptation, it still exhibits a better convergence performance
than the L-MSWF but has a lower complexity. The proposed
TWL/QWL-MSWF algorithms show a better BER perfor-
mance compared to the WL full-rank counterparts. The reason
is that after the augmented received signal of a dimension

is projected onto a Krylov subspace with a much lower
dimension , the estimation of filter weights is only based on a
small amount of parameters. This implies a faster convergence
to the steady-state performance.

C. Rank-Dependent Performance

The number of parameters for estimating the filter weights,
i.e., the rank , has an influence on the performance of the pro-

Fig. 10. BER performance of (a) SG and (b) RLS algorithms versus the rank
for , , and OFDM-NBIwith . The number
of the received symbols is chosen as 1500.

posed adaptive algorithms. We first examine the BER perfor-
mance versus the rank and then introduce an adaptive rank
selection method. Fig. 10 depicts the BER of the TWL/QWL-
MSWF algorithms as a function of the rank , where the per-
formances of the L-MSWF as well as the full-rank counterparts
are included for comparison. It can be observed that for both
SG and RLS algorithms, provides the best performance.
It is worth remarking that which performs the same as

is preferred for the SG methods.
The performance of the proposed algorithms is rank-depen-

dent. A smaller rank provides a faster convergence at the
beginning of the adaptation and a larger results in a better
steady-state performance (cf. Fig. 11). Thereby, the rank can
be adapted to ensure both advantages. We employ an adaptive
method proposed in [21] to select the rank , based on the MSE
estimate from a posteriori least-squares cost function

(41)

where represents the rank to be chosen and is the exponential
weighting factor. For each received symbol, the optimal rank
that minimizes the exponentially weighted cost function (41) is
selected

(42)

and are the minimum and maximum ranks consid-
ered. We assess the adaptive rank selection technique for the
TWL/QWL-MSWF with both SG and the RLS adaptive algo-
rithms as shown in Fig. 11, where the performance using a fixed
rank is also included for comparison. We choose the range of
the considered rank is and . By adapting
the rank at each received symbol, both a fast convergence and a
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Fig. 11. BER convergence performance of the adaptive rank selection method
for (a) the QWL-MSWF and (b) the TWL-MSWF. We choose ,

, and OFDM-NBI with .

better steady-state performance can be attained. The complexity
of the adaptive rank selection algorithm lies in the adaptation
of the involved quantities for and the
additional calculations of the cost function in (41). The com-
plexity can be reduced by switching off the rank-selection after
the steady state is reached.

D. Other Applicable Situations

In the above discussions, we consider the case when both
the desired signal and the interference (MUI as well as NBI)
are strictly noncircular. In the following, we show the proposed
TWL/QWL-MSWF algorithms are still applicable and outper-
form the L-MSWF in the situation when the desired signal is
strictly circular but the interference is noncircular (i.e., the re-
ceived observation vector is still noncircular). If is circular,
the performance of the WL algorithms is the same with the
linear counterpart. In Fig. 12(a), QPSK is considered for all the
users and the same processing gain is chosen for sim-
plicity. It is obvious that since no advantage can be exploited for
the circular observation data (QPSK), theWLmethods performs
the same as the linear one. Fig. 12(b) and (c) show the case when
the desired signal is QPSKmodulated (circular) but the interfer-
ence is noncircular, i.e., MUI is BPSK modulated with
and NBI is the BPSK-OFDM signal. The WL schemes fully ex-
ploit the second-order information of the interference, showing
a superior performance over the linear scheme.

VIII. CONCLUSION

To suppress the ISI, the MUI, and the NBI in a high-data-rate
DS-UWB system, we propose a WL-MSWF receiver and de-
velop the corresponding adaptive algorithms (i.e., SG and RLS).
Based on the linear MSWF concept, two constructions of the
rank-reduction matrix (TWL and QWL) are derived. The TWL/
QWL-MSWF schemes fully/partially exploit the second-order

Fig. 12. The SINR of L/TWL/QWL-MSWF algorithms for the QPSK system
versus (a) (dB), (b) various SIR in the presence of BPSK-OFDM NBI, and
(c) different number of users (MUI is BPSK modulated with ).

information of the noncircular signal, yielding a higher SINR
than the L-MSWF. Compared to the WL-PC methods, the pro-
posed TWL/QWL-MSWF are simpler and can approach the
optimal MMSE with a much smaller rank. We show that the
QWL-MSWF can be simplified by taking the real part of the
reduced-rank vector after the low-rank transformation in the
L-MSWF receiver, indicating a lower complexity. The compu-
tational complexity with respect to the number of real additions
and multiplications is estimated for the associated SG and RLS
adaptive algorithms. The convergence analysis shows that the
step size of the WL-MSWF-SG can be larger than that of the
L-MSWF-SG. From the MSE point of view, the proposed adap-
tive algorithms (SG and RLS) exhibit a better transient behavior
than the linear counterparts.
Extensive simulation results in terms of the SINR and the

BER convergence performance are presented to assist the the-
oretical analyses. It is shown that the TWL/QWL-MSWF per-
form better than the existing techniques and the TWL-MSWF
provides the best performance. The BER of the WL-MSWF
is rank-dependent, where is desired for the SG al-
gorithm and for the RLS. Furthermore, we assess an
adaptive rank selection method for the WL-MSWF to achieve
both a faster convergence and a better steady-state performance.
Under the situation when the desired signal is strictly circular
but the interference (MUI or NBI) is noncircular, the proposed
WL-MSWF outperforms the L-MSWF.

APPENDIX

EIGENVALUE ANALYSIS OF AND : We consider the
same rank for both the linear and the WL MSWF schemes.
Two constructions for the rank-reduction matrix can be rep-
resented as ,
where indicates the QWL construction. We define
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. The augmented reduced-rank covariance
matrix can be written as

(43)

Since all the components in (43) are Hermitian matrices, by
using the theorem (Weyl) 4.3.1 in [37], we can obtain the th
eigenvalue of the augmented reduced-rank covariance matrix
(expressed by ) satisfying

(44)

If the QWL is applied, and (44) can be simplified as

(45)

where it is given that in general, the singular values of the com-
plementary covariance matrix are smaller than those of the co-
variancematrix. For the TWL construction, the eigenvalue anal-
ysis shows that

(46)

If is not dominant, still holds. How-
ever, it is shown in Section VII-A that when there is strong NBI,

will occur.
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