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Abstract—The sparse recovery problem by �0 minimization which is

of central importance in compressed sensing (CS)-based algorithms for

direction of arrival (DoA) estimation has attracted considerable interest

recently. This paper proposes a greedy algorithm called randomized mul-

tiple candidate iterative hard thresholding (RMC-IHT) which generates a

set of potential candidates using the iterative hard thresholding algorithm

and selects the best candidate based on the a priori knowledge of the

distribution of the signal and noise matrices. We also consider the case of

correlated sources and develop a version of RMC-IHT for this scenario.

Simulation results illustrate the improvement achieved by RMC-IHT.
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I. INTRODUCTION

Direction of arrival (DoA) estimation has been an active research
area in the last several decades and is key in modern applications
of wireless communications, radar, sonar systems, acoustic signal
processing, medical imaging and seismology.

Among the classic algorithms for DoA estimation are the multiple
signal classification (MUSIC) [1], its extension Root-MUSIC [2] and
the estimation of signal parameters via rotational invariance tech-
niques (ESPRIT) [3], which exploit subspace techniques to achieve
high-resolution [4]–[6].

Recent studies in [7], [8] have developed an approach to DoA
estimation based on compressed sensing (CS) by formulating it
as a sparse recovery problem. Several sparse recovery algorithms
have been developed in the literature for solving this problem such
as iterative hard thresholding (IHT) [9] [10], orthogonal matching
pursuit (OMP) [11], basis pursuit denoising (BPDN) [12] and others.

In this paper, we propose a greedy algorithm called RMC-IHT
that based on IHT and the incorporation of a priori knowledge of the
signal and noise distributions selects the best solution for the sparse
recovery problem. The performance of RMC-IHT is better than IHT
and the other subspaces-based methods especially in scenarios with
short data records, i.e., a few number of snapshots, and RMC-IHT
also achieves a better performance in case of correlated sources.

The paper is organized as follows. In Section II, we briefly review
the signal model for DoA estimation for a Uniform Linear Array
(ULA). In Section III, we present the signal model used to formulate
the DoA estimation problem as a sparse representation problem based
on CS. Section IV describes how the DoAs can be estimated by using
the IHT algorithm. In Section V, we propose the RMC-IHT algorithm
and Section VI presents its version for the case of correlated sources.
Section VII presents the results of the simulations in order to examine
the DoA estimation performance and illustrate the effectiveness of the
proposed RMC-IHT. Finally, Section VIII concludes the paper.

II. SIGNAL MODEL

Let us assume that K uncorrelated narrowband zero mean signals
uk(t), k = 1, 2, . . . ,K from far-field sources impinge on a ULA
of M (M > K) sensor elements with inter-element spacing of
half a wavelength (d = λ/2) from directions θk ∈ [−90◦, 90◦)
corresponding to the spatial frequency μk = −π sin θk. At time
instant t, t = 1, 2, . . . , N where N is the total number of available
snapshots, the received signal at the mth sensor can be expressed as:

x(t) = A(θ)u(t) + n(t), (1)

where u(t) = [u1(t), . . . , uK(t)]T ∈ C
K represents the zero-

mean source data vector and n(t) ∈ C
M is the vector of white

circular complex Gaussian noise with zero mean and variance σ2
n.

The Vandermonde matrix A(θ) = [a(θ1), . . . ,a(θK)] ∈ C
M×K ,

known as the array manifold, contains the array steering vectors a(θk)
corresponding to the kth source, which can be expressed as:

a(θk) = [1, ej2π
d
λ

sin θk , . . . , ej2π(M−1) d
λ

sin θk ]T . (2)

III. COMPRESSED SENSING FOR DOA ESTIMATION

DoA estimation using CS consists of formulating the source
localization problem as a sparse representation problem through the
introduction of an overcomplete representation of the matrix A in
terms of all possible angles of interest [7].

Let θ = [θ1, . . . , θn], n = 1, 2, . . . , P be a sampling grid of
all source locations of interest where P is equal to the number of
potential sources which must be much greater than the number of
sources K or even the number of sensors M , then the signal field
can be represented by a vector s(t) = [s1(t), . . . , sn(t)]

T ∈ �
P

whose nth element is equal to uk(t) if the kth source comes from
direction θn and zero otherwise [7], as described by

sn(t) =

{
uk(t) if θn = θk,

0 otherwise.
(3)

The measurement model for one snapshot or a single measurement
vector (SMV) x(t) = [x1(t), . . . , xM (t)]T ∈ �M at the time t can
be written as:

x(t) = As(t) + n(t) (4)

where the matrix A = [a(θ1),a(θ2), . . . ,a(θP )] ∈ �M×P contains
the steering vectors corresponding to each potential source localiza-
tion as its columns.

This representation allows to exchange the problem of parameter
estimation of θ for the sparse recovery problem of obtaining a K-
sparse estimate ŝ(t) = [ŝ1(t), . . . , ŝP (t)]

T ∈ �P for the true K-
sparse vector s(t) from the measurements x(t) with the array steering
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matrix A as the measurement matrix where finally the non-zero
indices of ŝ(t) determine the estimates θ̂k of the DoAs of the K
sources.

The model in (4) can be extended to the multiple measurement
vector (MMV) model as given by

X = AS+N, (5)

where the matrix of measurements is X = [x(t1), . . . ,x(tN )] ∈
�

M×N , the signal matrix is S = [s(t1), . . . , s(tN )] ∈ �P×N and
the noise matrix is N = [n(t1), ...,n(tN )] ∈ �M×N . In this case
the signal matrix S is row K-sparse and its non-zero rows indices
correspond to the DoAs of the K sources.

IV. ITERATIVE HARD THRESHOLDING

The greedy IHT algorithm solves the sparse recovery problem
presented above as an optimization problem which is formulated as

Ŝ = arg min
S̃∈�P×N

‖ AS̃−X ‖2F s.t. ‖ S̃ ‖p,0≤ K, (6)

where the constraint ensures that the estimate Ŝ is row K-sparse.
The Frobenius norm is defined as:

‖X‖F =
√

Tr(XHX) = ‖vec(X)‖2 ,

where vec(X) is a vector formed by stacking the columns of X on
top of each other and the mixed �p,0 norm of S with rows si, i =
1, 2, . . . , P , is defined as:

‖S‖p,0 =

∥∥∥∥
[∥∥s1∥∥

p
,
∥∥s2∥∥

p
, . . . ,

∥∥∥sP∥∥∥
p

]∥∥∥∥
0

. (7)

Each iteration of IHT consists of two steps, a gradient descent
step and a hard thresholding step [8]. In the first step the consistency-
enforcing objective is reduced by computing the gradient descent step
described by

Š(i+1) = Ŝ(i) + μAH(X−AŜ(i)), (8)

where μ is the step size. The second step is to apply the hard
thresholding operator HK(.) to the resulting matrix Š(i+1), which
sets all but the K rows with the largest l2 norm to 0T to get the new
estimate Ŝ(i+1) = HK(Š(i+1)). This step ensures that the constraint
is fulfilled [8]. Then the indices of the non-zero rows of Ŝ(i), i.e.,
Γ =rsupp(Ŝ(i)) ⊆ �

K finally determine the estimated angles θ̂k
for the DoAs of the K sources. The IHT algorithm is described in
Algorithm 1.

Algorithm 1: IHT (Iterative Hard Thresholding)

1 Input X,A,K, μ,θ = [θ1, . . . , θP ]

2 Initialization: Ŝ(0) = 0, i = 0
3 while stopping criterion is not met do

4 Ŝ(i+1) = HK(Ŝ(i) + μAH(X−AŜ(i))
5 i = i+ 1
6 end

7 Γ =rsupp(Ŝ(i))

8 Output: DoAs: [θ̂1, . . . , θ̂K ] = θ(Γ)

V. PROPOSED ALGORITHM: RANDOMIZED MULTIPLE

CANDIDATE ITERATIVE HARD THRESHOLDING

In the case when some prior knowledge about the distribution of
the sparse matrix is available, it would make sense to incorporate
that prior knowledge into the estimation process. Bayesian methods,
which view the unknown sparse matrix as random, provide a sys-
tematic framework for doing that. By making use of Bayes’ rule,
these methods update the prior knowledge about the sparse matrix in
accordance with the new evidence or observations [13]. In this section
we present the proposed greedy algorithm called randomized multiple
candidate iterative hard thresholding (RMC-IHT) which estimates the
row sparse matrix S using a Bayesian framework.

RMC-IHT is based on the idea of selecting the best candidate at
each iteration from a set of Q candidates which are obtained using the
hard thresholding strategy. The criterion used for doing this selection
is based on the computation of the maximum a posteriori probability
(MAP) estimator of the signal for a given candidate support Γ.

Let S(Γ) denote the K×N matrix restricted to those K rows of S
that are indexed by the support set Γ. Then S ¯(Γ) = 0 by definition,
where Γ̄ is the complement of Γ. The row support Γ has a known
fixed cardinality K and the restriction AΓ represents the sub-matrix
of A obtained by selecting the columns of A indexed by Γ.

Then the elements of S(Γ) are assumed to be independent and
identically distributed (i.i.d) complex normal random variables with
zero mean and known variance σ2

s so the probability density function
(pdf) is given by [14]

p(S(Γ)|Γ) = 1

(πσ2
s)KN

exp

(
− 1

σ2
s

‖ S(Γ) ‖2F
)

. (9)

Then we compute p(S(Γ)|X,Γ) using the Bayes’s rule as follows:

p(S(Γ)|X,Γ) =
p(X|S(Γ),Γ)p(S(Γ)|Γ)

p(X|Γ) , (10)

where p(X|Γ) is a normalizing constant for fixed X and Γ. Then,
X|S(Γ),Γ = AΓS(Γ) + N for a given S(Γ) is a Gaussian random
matrix of mean AΓS(Γ) and matrix covariance σ2

nIM , so we obtain

p(X|S(Γ),Γ) =
1

(πσ2
n)MN

exp

(
− 1

σ2
n

‖ X−AΓS(Γ) ‖2F
)

.

(11)
Ignoring the normalizing constant p(X|Γ) and using the expres-

sions (9) and (11) we can rewrite (10) as [14]:

p(S(Γ)|X,Γ) ∝ exp

(
−‖ S(Γ) ‖2F

σ2
s

− ‖ X−AΓS(Γ) ‖2F
σ2
n

)
. (12)

Therefore, the MAP estimator of S(Γ) for a given support Γ will
be equal to [15]:

Ŝ(Γ)MAP = arg max
S(Γ)∈CK×N

p(S(Γ)|X,Γ)

= arg max
S(Γ)∈CK×N

log p(S(Γ)|X,Γ)

= arg max
S(Γ)∈CK×N

(
−‖ S(Γ) ‖2F

σ2
s

− ‖ X−AΓS(Γ) ‖2F
σ2
n

)
.

(13)

The above convex optimization problem can be solved by setting
the gradient of the objective function to a zero matrix and solving
the resulting set of equations which yields:

Ŝ(Γ)MAP =

(
AH

Γ AΓ +
1

γ
IK

)−1

AH
Γ X, (14)

where γ = σ2
s/σ

2
n.
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Then the proposed algorithm based on the results obtained before,
first generates a set Υ = [Γ1,Γ2, . . . ,ΓQ] of Q potential candidates
using the hard thresholding operator as was explained in the previous
section. After that the MAP estimator of S(Γ) is computed for each
candidate support Γi and the best candidate support is selected based
on the following criterion:

Γ∗ = min
Γi∈Υ

∥∥∥X−AŜ(Γi)MAP

∥∥∥2

F
, (15)

where Γ∗ is the best support selected among the Q candidates in the
current iteration.

Finally, RMC-IHT keeps the best signal estimates and the corre-
sponding residual to initialize the next iteration. The main steps of
RMC-IHT are described in Algorithm 2.

Algorithm 2: Randomized Multiple Candidate IHT (RMC-
IHT)

1 Input: X,A,K, μ,θ = [θ1, ...., θP ], γ,Q,
2 Initialization:

3 Ŝ(0) = 0, ii = 0,Γ =rsupp(HK(AHX)),

4 R(0) = X,P =diag([pi]) =diag([1/‖ ai ‖22]),
5 Γ1 = Γ
6 while the stopping criterion is not met do

7 for j ← 2 to Q do

8 Ŝ(j) = HK(Ŝ(j−1) +PAHR(j−1))

9 Γi =rsupp(Ŝ(j))

10 R(j) = X−AH Ŝ(j)

11 end

12 for i← 1 to Q do

13 ŜΓi = (AH
Γi
AΓi +

1
γ
IK)−1AH

Γi
X

14 ŜΓ̄i
= 0

15 Γ∗ = minΓi∈Υ

∥∥∥X−AŜΓi

∥∥∥2

F

16 end

17 keep Γ∗ as the first candidate for the next iteration
18 keep the signal estimate ŜΓ∗ and the to corresponding

residual to inicialize the next iteration
19 ii = ii+ 1
20 end

21 Output: DoAs: [θ̂1, . . . , θ̂K ] = θ(Γ∗)

VI. RMC-IHT FOR CORRELATED SOURCES

In the case of a scenario with correlated sources the covariance
matrix of the signal becomes non diagonal. Then we can no longer
assume that it is equal to σ2

sIK . Taking into account this considera-
tion, the MAP estimator of S(Γ) is now given by

Ŝ(Γ)MAP =

(
1

σ2
n

AH
Γ AΓ +Ks

)−1
1

σ2
n

AH
Γ X (16)

when the covariance matrix of the signal is given by

Ks = Rs = E[S(Γ)S
H
(Γ)], (17)

and the mean of the signals is equal to zero resulting in equivalent
covariance and correlation matrices.

In this case, we need some approximation of the correlation matrix
of S(Γ) for computing equation (16). To this end, we propose to
obtain the K-term approximation S(Γ) over Γ by a least-squares
(LS) minimization as follows:

S(Γ) = arg min
rsupp(Z)⊆Γ

‖X−AΓZ‖2F . (18)

This minimization can be simply be performed by standard LS
techniques, i.e. S(Γ) = A†

ΓX [16]. Substituting the obtained approx-
imation of S(Γ) in (17) we have the following result:

Rs = E[S(Γ)S
H
(Γ)] = E[A†

ΓXXH(A†
Γ)

H ] = A†
ΓRxx(A

†
Γ)

H .
(19)

Then we obtain an approximation of the correlation matrix of
the signal as a function of the measurement matrix AΓ and the
correlation matrix of the received matrix X. Therefore, substituting
the equation (19) in equation (16) we obtain the MAP estimator for
scenarios with correlated sources:

Ŝ(Γ)MAP =

(
1

σ2
n

AH
Γ AΓ +A†

ΓRxx(A
†
Γ)

H

)−1
1

σ2
n

AH
Γ X. (20)

VII. SIMULATIONS RESULTS

The simulation results have been obtained using a sampling grid of
P= 1024 angles and θi = arcsin( 2

P
(i−1)−1) corresponding to the

equally spaced spatial frequencies. The measurement noise samples
are drawn from an i.i.d complex Gaussian random process with zero
mean and variance σ2

n [8]. The SNR in dB is defined as:

SNR = 10 log10

(
Kσ2

s

σ2
n

)
dB. (21)

The DoA estimation performance is measured in terms of the Root
Mean Square Error (RMSE) between the DoAs θk of the sources
k = 1, 2, . . . ,K and their estimates θ̂r,k in R=100 Monte Carlo
runs r = 1, 2, . . . , R

RMSEθ =

√√√√(
1

RK

) R∑
r=1

K∑
k=1

|θ̂k,r − θk)|2. (22)

Fig. 1 represents a scenario with K=2 sources which are assumed
uncorrelated complex Gaussian random variables with zero mean and
variance σ2

s =1 and located at the angles θ1 = 4.93◦ and θ2 =
10.01◦, the RMSE is plotted over the SNR (signal-to-noise ratio)
with the number of antenna elements M = 15 for N = 2, the
size of the set of candidates is set to 4 and the number of iterations
of the IHT algorithm is set to 10. In addition to the RMSE of the
considered DoAs estimation methods, we also show the deterministic
Cramér-Rao lower bound (CRB) [17].

As we can be noticed the proposed RMC-IHT algorithm shows
a better performance than the conventional IHT and the subspaces-
based methods MUSIC and ESPRIT. RMC-IHT is able to estimate
the DoAs with a lower RMSE and a small number of snapshots.

Fig. 2 depicts a scenario with correlated sources where the co-
efficient of correlation ρ = 0.8, M = 10, N = 50 and the
sources are assumed correlated complex Gaussian random variables
with zero mean and variance σ2

s =1 and are located at the angles
θ1 = 4.93◦, θ2 = 9.8969◦, θ3 = 14.9403◦. The correlation matrix
of the signal in this case can be represented by

Rs =

⎡
⎣ 1 ρ ρ2

ρ 1 ρ
ρ2 ρ 1

⎤
⎦ (23)

Then for confirming the accuracy of our approximation we plot the
RMC-IHT algorithm using the exact value of the covariance matrix
given by equation (23) and the approximation that we obtain using
the equation (19).

We can notice in Fig. 2 that our approximation is very close to the
exact value of the correlation matrix of the signal and the performance
of RMC-IHT is better than MUSIC, ESPRIT, IHT and IHT using the
forward backward spatial smoothing (FBSS) technique [18], [19].
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Fig. 1. RMSE vs. SNR for M=15 and N=2
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Fig. 2. RMSE vs. SNR for M=10, N=50 for correlated sources with
ρ = 0.8

VIII. CONCLUSION

In this paper, we have developed the RMC-IHT algorithm based on
the principles of IHT and statistical knowledge of the signal distribu-
tion for achieving a better performance. We have also developed an
extension of the algorithm for the case of a scenario with correlated
sources. The benefits of using RMC-IHT are mainly that it is able
to estimate the DoAs with a lower RMSE than previously reported
techniques in scenarios with a large-scale antenna array and only a
few available snapshots. Moreover, this is also noticed in the case of
correlated sources in which it performs better than IHT.
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