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Abstract—The PARAFAC2 decomposition is regarded as a
promising multi-linear signal processing tool in a variety of
scientific fields. Designing efficient computation algorithms for
PARAFAC2 is a long-standing topic. In this contribution, we
propose to incorporate a dimension reduction in direct fitting-
based schemes for the computation of PARAFAC2. Extensive
simulations show that the proposed algorithms are able to
achieve the same performance in terms of the residual as
their counterpart schemes in the literature, while requiring a
significantly reduced computation time.

I. INTRODUCTION

The PARAFAC2 decomposition has been widely used in
a great number of areas, including the food industry for the
processing of gas chromatography-mass spectrometry (GC-
MS) data [1]–[5], semi-blind channel estimation and sym-
bol detection for MIMO systems [6], and the multi-way
component analysis of biomedical signals, e.g., measured
visual evoked potentials [7], somatosensory evoked magnetic
fields (SEFs) and somatosensory evoked electrical potentials
(SEPs) [8], [9], [10].

To compute PARAFAC2, the direct fitting (DF) algo-
rithm [11] is usually employed. Due to its alternating least
squares (ALS) nature, the DF scheme is prone to a low con-
vergence especially when the collinearity in the data is strong.
In the literature, line search methods have been proposed to
improve the convergence behaviour of the DF algorithm [12],
[13]. Moreover, a geometric search approach has been reported
in [14], where its superiority over existing line search schemes
has been shown. Recently, we have investigated the incorpo-
ration of semi-algebraic approaches in the DF algorithm and
have thereby developed enhanced versions featuring improved
efficiency and robustness against collinearity in the data [15].

In this contribution, we propose a further extension of the
aforementioned DF schemes based on a new dimension reduc-
tion concept, targeting at an even higher efficiency. Extensive
simulations have been conducted to assess the performance
of the proposed approach. The obtained numerical results
indicate that it can be applied to various versions of the DF
algorithm, leading to the same performance and a much lower
computational complexity in the meantime.

The remainder of the paper is organized as follows: the DF
algorithm [11] for the computation of PARAFAC2 is briefly
reviewed in Section II. Then Section III presents the efficiency

enhancement thanks to the dimension reduction. Numerical
results are shown in Section IV, before conclusions are drawn
in Section V.

To facilitate the distinction between scalars, vectors, ma-
trices, and tensors, the following notation is used throughout
this work: scalars are represented by italic letters, vectors by
lower-case bold-faced letters, matrices by upper-case bold-
faced letters, and tensors as bold-faced calligraphic letters.
We use the superscript T for transpose and ◦ to denote the
outer product operation. The i-th row and the j-th column
of a matrix A ∈ CI×J is symbolized by A(i, :) ∈ C1×J

and A(:, j) ∈ CI , respectively, where i = 1, . . . , I and
j = 1, . . . , J .

An R-way tensor with size Ir along mode r = 1, 2, . . . , R
is represented as A ∈ CI1×I2×...×IR . Its r-mode vectors are
obtained by varying the r-th index from 1 to Ir and keeping all
other indices fixed. Aligning all r-mode vectors as the columns
of a matrix yields the r-mode unfolding of A which is denoted
by [A](r) ∈ CIr×Ir+1·...·IR·I1·...·Ir−1 . Here the reverse cyclical
ordering of the columns [16] is used. The r-mode product
between a tensor A and a matrix U is written as A ×r U .
It is computed by multiplying all r-mode vectors of A with
U . For a three-dimensional tensor B ∈ CI1×I2×I3 , its k-
th frontal slice (also called three mode slice) is represented
by [B](:,:,k) ∈ CI1×I2 , where k = 1, . . . , I3. In addition, we
denote the higher-order norm of a tensor A by ‖A‖H. It is
defined as the square root of the sum of the squared magnitude
of all elements in A. A d × d identity matrix is denoted by
Id.

II. PARAFAC2 AND DIRECT FITTING ALGORITHM

PARAFAC2 decomposes the tensor X ∈ RM1×M2×M3 such
that the k-th frontal slice of X (k = 1, . . . ,M3) is written as1

[X ](:,:,k) = A · diag {C(k, :)} ·BT
k + [N ](:,:,k) ∈ RM1×M2 ,

where A ∈ RM1×d, C ∈ RM3×d, Bk ∈ RM2×d for k =
1, . . . ,M3, and d represents the model order. The residuals
are collected in N ∈ RM1×M2×M3 . We use diag{·} to denote
the operation of constructing a diagonal matrix whose diagonal

1PARAFAC2 can be applied to a set of M3 matrices of size M1 × M2k
(k = 1, . . . ,M3). For notation simplicity, we assume M2k = M2 for k =
1, . . . ,M3, while the proposed algorithms are also applicable to the general
PARAFAC2 model.
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elements are the entries of the input vector. The PARAFAC2
decomposition is illustrated in Fig. 1.

Fig. 1: Illustration of PARAFAC2

Note that the Harshman constraint [17] given by BT
k ·Bk =

H ∈ Rd×d (k = 1, . . . ,M3) can be reformulated [11] such
that BT

k = FT · Vk, where F ∈ Rd×d, and V k ∈ Rd×M2 for
k = 1, . . . ,M3, satisfying V k · V T

k = Id. Let us introduce a
tensor X̃ 0 ∈ RM1×d×M3 where the k-th frontal slice of X̃ 0
is written as [

X̃ 0

]
(:,:,k)

= A · diag {C(k, :)} · FT, (1)

indicating that A, C, and F are the factor matrices of the
PARAFAC decomposition of X̃ 0. In a zero-residual case, the
following equality holds[

X̃ 0

]
(:,:,k)

= [X ](:,:,k)· V
T
k . (2)

These facts of PARAFAC2 have led to the DF algorithm [11]
summarized as follows:
• Step 1: Initialize A, C, and F .
• Step 2: Reconstruct X̃ 0 with A, C, and F according

to (1), and update V k (k = 1, . . . ,M3) with the gen-
eralized solution of the Orthogonal Procrustes Problem
(OPP) [18] owing to (2).

• Step 3: Update X̃ 0 according to (2) with V k (k =
1, . . . ,M3) computed in Step 2. Then compute its
PARAFAC decomposition to update A, C, and F .

• Step 4: Compute the reconstructed tensor X̂ and
then calculate the residual defined via ER =(∥∥∥X̂ −X

∥∥∥2
H

)
/‖X‖2H. Repeat Step 2 – Step 4 un-

til the change of the residual quantified by ∆ER =(
Eold

R − ER

)
/Eold

R is smaller than a predefined thresh-
old, implying the convergence of the algorithm, where
Eold

R represents the residual in the previous iteration.
It is known that the PARAFAC decomposition can be

computed via simultaneous matrix diagonalizations (SMDs),
e.g., [19]. Given the truncated higher-order SVD (HOSVD) of
X̃ 0 as

X̃ 0 = S [s] ×1 U
[s]
1 ×2 U

[s]
2 ×3 U

[s]
3 , (3)

where S [s] ∈ Rd×d×d, U
[s]
1 ∈ RM1×d, U

[s]
2 ∈ Rd×d, and

U
[s]
3 ∈ RM3×d, finding the factor matrices A, F , and C is

translated into the estimation of three non-singular transform
matrices T1, T2, and T3 ∈ Rd×d [19]. Once these transform
matrices are computed via SMDs, the factor matrices are
obtained as [19]

A = U
[s]
1 · T1 (4)

F = U
[s]
2 · T2 (5)

C = U
[s]
3 · T3. (6)

If multiple SMDs are calculated to find these transform
matrices, this approach leads to potential multiple solutions
for A, F , and C that, in general, have different accuracies.
Therefore, it is very challenging to incorporate this powerful
scheme to the DF algorithm. In [15], the impact of these
diverse PARAFAC factor estimates obtained via SMDs on
the DF algorithm is investigated. Two schemes, namely “DF-
SMD one batch” and “DF-SMD parallel”, have been designed
to exploit this diversity while taking the complexity aspect
into account. For a special two-component case (d = 2),
we have observed that, instead of SMDs, only the eigenvalue
decompositions (EVDs) are needed. The resulting DF scheme
is referred to as “DF-EVD”. In Section IV, the aforementioned
DF algorithms are used as benchmarks for the performance
evaluation.

III. ENHANCED VERSION WITH A DIMENSION REDUCTION

Considering a zero-residual case, let U1 ∈ RM1×d denote
the one-mode left singular matrix and U2k ∈ RM2×d represent
the right singular matrix of the k-th frontal slice of X . Next
let us introduce an equivalent data tensor X ′ ∈ Rd×d×M3 such
that its k-th frontal slice is written as[

X ′
]
(:,:,k)

=UT
1 · [X ](:,:,k) ·U2k (7)

=UT
1 ·A · diag {C(k, :)} ·BT

k ·U2k . (8)

Defining

T ′1 = UT
1 ·A (9)

T ′
T

2k
= BT

k ·U2k (10)

yields [
X ′
]
(:,:,k)

= T ′1 · diag {C(k, :)} · T ′
T

2k
. (11)

This observation implies that with U1 ∈ RM1×d and U2k ∈
RM2×d computed at the beginning, we only have to calculate
the PARAFAC2 decomposition of X ′ ∈ Rd×d×M3 instead of
the original data tensor X ∈ RM1×M2×M3 . Consequently, the
computational complexity is significantly reduced especially
in large-dimension problems where M1,M2 � d, as later
shown in Section IV. The resulting factor matrices of the
decomposition are T ′1 ∈ Rd×d, T ′2k ∈ Rd×d, C ∈ RM3×d. It
is worth noting that a dimension reduction in the three-mode
is not possible, as the size of the three-mode determines the
number of frontal slices, i.e., the number of two-mode factor
matrices.

Finally the one- and two-mode factor matrices are obtained
as

A = U1 · T ′1, (12)
Bk = U2k · T ′2k . (13)

The enhanced version of the DF algorithm benefiting from
the dimension reduction is summarized as follows2:

2Here we take the DF algorithm with ALS for the PARAFAC decomposition
[11] as an example, as the reader can conveniently refer to the corresponding

part in Section II. A similar extension of the “DF-EVD”, “DF-SMD one
batch” and “DF-SMD parallel” schemes in [15] can be accordingly derived.
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• Step 1: Compute U1 ∈ RM1×d and U2k ∈ RM2×d, and
construct X ′ ∈ Rd×d×M3 .

• Step 2: Initialize T ′1, C, and F ′ with T ′
T

2,k = F ′
T · V ′k .

As an alternative to a random initialization, the columns
of T ′1 can be initialized as the first d left singular vectors
of
∑M3

k=1

[
X ′
]
(:,:,k)

·
[
X ′
]T
(:,:,k)

.

• Step 3: Reconstruct X̃
′
0 and update V ′k with the gen-

eralized solution of the Orthogonal Procrustes Problem
(OPP) [18] owing to (2).

• Step 4: Update X̃
′
0 and then compute its PARAFAC

decomposition to update T ′1, C, and F ′, and accordingly
A = U1 · T ′1 and Bk = U2k · V ′

T

k · F ′.
• Step 5: Compute the reconstructed tensor X̂ and

then calculate the residual defined via ER =(∥∥∥X̂ −X
∥∥∥2
H

)
/‖X‖2H. Repeat Step 3 – Step 5 un-

til the change of the residual quantified by ∆ER =(
Eold

R − ER

)
/Eold

R is smaller than a predefined thresh-
old, implying the convergence of the algorithm, where
Eold

R represents the residual in the previous iteration.
Figure 2 illustrates the dimension reduction concept.

Specifically it contributes to a reduced computational com-

Fig. 2: Illustration of the dimension reduction

plexity in the following two procedures:
• The dimension of the OPP is reduced from
{M1 ×M2,M1 × d} to {d× d, d× d}.

• The dimension of the PARAFAC decomposition is re-
duced from M1 × d×M3 to d× d×M3.

It is worth mentioning that a dimension reduction is inherent in
SMD-based approaches owing to the truncated HOSVD. This
fact should be taken into account when extending the “DF-
EVD”, “DF-SMD one batch” and “DF-SMD parallel” schemes
in [15].

IV. NUMERICAL RESULTS

To evaluate the performance of the proposed algorithm,
extensive numerical simulations have been carried out. The
factor matrices are randomly generated according to the
PARAFAC2 model, while N contains zero-mean uncorrelated
Gaussian entries with variance σ2

n. Accordingly, we define
SNR = 1/σ2

n. The threshold for convergence is set to 10−6,
and for all scenarios shown below, 2000 Monte-Carlo trials
have been conducted. We use DF-ALS to refer to the original
DF scheme in [11], whereas “DF-EVD”, “DF-SMD one batch”

and “DF-SMD parallel” represent the DF schemes proposed
in [15] as mentioned in the previous sections. Having “RD-
” as a prefix in the name of an algorithm indicates that the
proposed dimension reduction concept is employed.

First, a two-component scenario is considered with M1 =
20, M2 = 30, M3 = 10, and d = 2.

Fig. 3: CCDF of residuals for a scenario with M1 = 20,M2 = 30,M3 = 10, d = 2,
SNR = 50 dB

Fig. 4: CCDF of run time for a scenario with M1 = 20,M2 = 30,M3 = 10, d = 2,
SNR = 50 dB

A comparison of different versions of the DF algorithm in
terms of the complementary cumulative distribution function
(CCDF) of the residual is shown in Figure 3 whereas the
CCDF of the corresponding run time is presented in Figure 4.
The SNR is set to 50 dB. It can be observed in Figure 3
that for the two DF algorithms considered here, introducing
the dimension reduction does not cause any performance
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degradation. Figure 4 indicates that the proposed schemes
require a significantly reduced run time.

Figure 5 and Figure 6 depict another two-component sce-
nario with a much higher dimension, where M1 = 100,M2 =
100,M3 = 10, and d = 2. In addition, the columns of the
three-mode factor matrix C are strongly correlated with a
correlation factor of 0.98. Similar observations are obtained

Fig. 5: CCDF of residuals for a scenario with M1 = 100,M2 = 100,M3 = 10,
d = 2, SNR = 50 dB, three-mode factor matrix C having correlated columns

Fig. 6: CCDF of run time for a scenario with M1 = 100,M2 = 100,M3 = 10,
d = 2, SNR = 50 dB, three-mode factor matrix C having correlated columns with a
correlation factor of 0.98

as those in Figure 3 and Figure 4. Furthermore, the superiority
of the RD-DF-EVD and DF-EVD algorithms over their ALS-
based counterparts is much more pronounced, as they are more
immune to strong collinearity in the data.

Next we take a look at the impact of the size of the one-
mode on the performance. Two three-component scenarios are

Fig. 7: CCDF of residuals for a scenario with M1 = 20,M2 = 30,M3 = 10, d = 3,
SNR = 40 dB

Fig. 8: CCDF of residuals for a scenario with M1 = 200,M2 = 30,M3 = 10,
d = 3, SNR = 50 dB

considered, i.e., for Figure 7 M1 = 20,M2 = 30,M3 = 10,
and d = 3, whereas M1 = 200,M2 = 30,M3 = 10, and
d = 3 for Figure 8. In the former, incorporating the dimension
reduction gives rise to nearly 50 % reduction of the mean run
time. As the size of the one-mode is increased to 200 in the
second scenario, this figure approaches 80 %. Figure 7 and
Figure 8 further corroborate the advantages of the proposed
schemes by showing that there is no performance degradation
at all.

Finally, we show a correlated three-component scenario,
where M1 = 20,M2 = 30,M3 = 10, and d = 3. The
three-mode factor matrix C features correlated columns with a
correlation factor of 0.98. The resulting Figure 9 and Figure 10
imply that the proposed extension is advantageous in terms of
computation time.
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Fig. 9: CCDF of residuals for a scenario with M1 = 200,M2 = 30,M3 = 10,
d = 3, SNR = 60 dB, three-mode factor matrix C having correlated columns

Fig. 10: CCDF of run time for a scenario with M1 = 200,M2 = 30,M3 = 10,
d = 3, SNR = 60 dB, three-mode factor matrix C having correlated columns with a
correlation factor of 0.98

V. CONCLUSION

We have proposed an enhanced version of direct fitting-
based schemes for the computation of PARAFAC2 based on a
new dimension reduction concept aiming at a higher efficiency.
The proposed extension can be applied to different versions
of state-of-the-art computation algorithms of PARAFAC2.
Numerical simulations show that the proposed algorithms are
able to achieve the same performance in terms of the residual
as their counterpart schemes in the literature. At the same
time, they feature a lower computational complexity, require
a significantly reduced computation time, and thus are very
promising for applications with large-dimensional data.
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