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Abstract—In this work we propose a gridless channel estimation
scheme for MIMO systems in the millimeter wave (mmWave) band
which is based on R-D Unitary Tensor-ESPRIT in DFT beamspace.
Compared to conventional ESPRIT based algorithms in element space,
the beamspace approach can be applied to MIMO systems with hybrid
architectures. Moreover, the proposed scheme can significantly reduce the
training overhead for communication systems operating in the mmWave
band. The proposed algorithm involves coarse and fine estimation steps.
During the coarse estimation step, Unitary Tensor-ESPRIT in element-
space is applied to the array with a reduced size aperture to obtain
initial information about the angular profiles, such as directions of arrival
(DoAs), directions of departure (DoDs), and propagation delays. Based
on these estimates, in a second step the fine estimation of angular profiles,
propagation delays and channel gains is performed applying 3-D Unitary
Tensor-ESPRIT in DFT beamspace. We explain how to combine received
signals from different sectors of interest (SoIs) and to perform joint
processing. Simulation results show the tensor gain for the proposed
algorithm in addition to the improved channel estimation.

Index Terms—3-D Unitary Tensor-ESPRIT in DFT beamspace, MIMO-
OFDM, semi-blind estimation.

I. INTRODUCTION

Hybrid MIMO systems require additional analog precoders and
decoders to overcome high pathloss penality during propagation.
The task of designing optimal analog precoders and decoders is
challenging [1]. In addition, for multicarrier systems, the analog
precoding and decoding matrices will be identical for all subcarriers
[2]. For this reason, the design of accurate and fast channel estimation
algorithms for hybrid MIMO systems is still an open issue. Many
authors use compressed sensing (CS) methods for channel estimation
in millimeter wave (mmWave) frequencies. For example, in [3] a
compressed sensing based channel estimation algorithm for hybrid
MIMO in a frequency-flat channel is considered. The authors of [4]
propose a channel estimation scheme based on CS for single carrier
waveforms. In [5], an adaptive multi-grid sparse recovery approach
for channel estimation in Hybrid MIMO communication systems is
proposed. The authors in [6] develop a channel estimation algorithm
for a frequency-flat channels by involving multiple measurement
vectors (MMV) to improve the channel estimation accuracy. There
also exist extensions for a multipath channel. For example, in [7] the
authors propose a two stage CS based channel estimation algorithm
for a frequency-selective channel that provides a reduction of the
involved computational complexity. In general, a drawback of CS
based channel estimation is its higher pilot overhead. Moreover, all
the aforementioned algorithms depend on the on-grid assumption
of the channel parameters, which will require an additional grid-
offset estimation procedure for practical usage, which additionally
complicates a solution.

To overcome the problem, the authors in [8] have proposed a
channel estimation algorithm that is based on estimating the dominant
directions of arrival (DoAs) and directions of departure (DoDs). In
[9] authors have proposed a two-stage gridless channel estimation al-
gorithm, which estimates angular profiles and channel gains. The core
of the solution is represented by a three-dimensional (3-D) Standard
ESPRIT in DFT beamspace algorithm. The algorithm provides high
resolution estimates of DoAs and DoDs, when all pairs of DoAs

and DoDs fall in a specific sector of interest (SoI). An improved
algorithm was introduced in [10], where the dominant DoAs and
DoDs are estimated in a first step and then based on these values
more accurate parameter estimates are obtained in a second step. The
disadvantage of the algorithm is the separate processing of signals
from different SoIs and as a result it requires additional interference
cancellers. The mentioned drawbacks of algorithms motivate us to
develop novel algorithms that will have an improved performance
and require a smaller training overhead.

In this paper, we propose a gridless channel estimation algorithm
for a hybrid point-to-point mmWave multi-carrier massive MIMO
system based on 3-D Unitary Tensor-ESPRIT in DFT beamspace. We
use a similar approach as in [10] for the coarse estimation, where an
array with a reduced size aperture and wider beams is used. Such
an architecture can be obtained by switching off antennas or phase
shifters. For the fine estimation step, we use all available antennas of
the array and perform joint processing of information from different
SoIs. The proposed algorithm is based on a tensor version [11] of
the 3-D Unitary ESPRIT algorithm in DFT beamspace. The 2-D
matrix version was already presented in [12], where phase shifted
columns or rows of the DFT matrices are used for analog precoding
and decoding. The advantages of the algorithm are that it does not
require a priori knowledge of SoIs, pairs of DoAs and DoDs can
belong to different SoIs, and the number of required training frames
is relatively small.

NOTATION: We use lowercase (a), bold lowercase (a) and bold
capital (A) letters for scalars, vectors, and matrices, respectively.
Calligraphic letters (T ) are used for tensors. Symbols (.)T, (.)+ and
(.)H denote transpose, Moore-Penrose pseudo-inverse, and Hermitian
transposition. The Kronecker product and Khatri-Rao product are
denoted as ⊗ and ◇, IN denotes the N × N identity matrix,
and [Y]

(k) represents the k-mode unfolding of the tensor Y . The
expression A ×n B defines an n-mode product between a tensor
A ∈ CI1×I2×...×IN and a matrix B ∈ CIn×J , for n ∈ {1, ...,N}.
We use diag {x} to represent diagonal matrix with elements of the
vector x on the main diagonal, E{} denotes expectation operator.

II. PROBLEM FORMULATION

A. System model
We consider a point-to-point massive MIMO-OFDM mmWave

communication system. The transmitter has MT antennas with NT

RF chains, while the receiver has MR antennas with NR RF chains.
We assume MT ≫ NT and MR ≫ NR. A CP-OFDM based
modulation scheme is applied to combat the multipath effect [13].
The corresponding FFT size that equals to the number of subcarriers
per OFDM symbol is Nfft, while the total number of pilots per
OFDM symbol is Np, and they are transmitted on subcarriers with
the indices np, p ∈ {1,⋯,Np}. Let Nt be the total number of the
transmitted OFDM symbols. At the transmitter and the receiver side
we assume a uniform linear array (ULA) with an antenna spacing of
∆ = λ/2. Perfect time and frequency synchronization are assumed.
The maximum delay is less than the length of the cycle prefix (CP).
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The received signal on the n-th subcarrier in the m-th OFDM
symbol is given by [9]

yn[m] =WH
n [m](HnFn[m]sn[m] + ηn[m]) ∈ CNR , (1)

where Hn ∈ CMR×MT is the channel matrix on the n-th subcarrier,
sn[m] ∈ CNT denotes the transmitted data vector, and ηn[m] ∈ CMR

denotes the zero mean circularly symmetric complex Gaussian (ZM-
CSCG) noise with covariance matrix E{ηn[m]ηH

n [m]} = IMRσ
2
n

for all n ∈ {1, ...,Nfft} and m ∈ {1,⋯,Nt}. The decoding matrix
WH

n [m] = WH
D,n[m]WH

A [m] ∈ CNR×MR , as well as the precod-
ing matrix Fn[m] = FA[m]FD,n[m] ∈ CMT×NT include digital
and analog parts. We assume that the analog precoding FA[m] ∈
CMT×NT and decoding WH

A [m] ∈ CNR×MR are implemented by
using fully-connected networks of phase-shifters. Thereby, the analog
precoding and decoding matrices have unit modulus entries. In
the channel estimation step, we do not use digital precoders and
decoders on the pilot subcarriers np, i.e., FD,np[m] = INT and
WH

D,np
[m] = INR . The power constraint for all pilots within one

symbol is set to be ∑
np

∥Fnp[m]snp[m]∥2
2 = Ppilot, ∀m.

B. Channel model
Let ∆f = 1/(Nfft ⋅ Ts) represent the subcarrier spacing and Ts

denote the sampling interval. The channel is modeled by a L-path
model as in [14] and [15]. In this paper, we assume that the number
of dominant paths is known. On the n-th subcarrier the channel is
given by

Hn =
L

∑
`=1

α` ⋅ aR(θ`) ⋅ aH
T(φ`) ⋅ ej(n−1)µf,` ∈ CMR×MT , (2)

where n ∈ {1, ...,Nfft} and ` ∈ {1, ..., L}. Moreover, α` denotes
the complex-valued channel gain of the `-th path, µf,` = −2πτ`∆f

is angular frequency corresponding to the the propagation delay τ`,
aR(θ`) ∈ CMR×1 and aH

T(φ`) ∈ CMT×1 are the array steering vectors
with a Vandermonde structure (due to the ULA assumption). These
array steering vectors a(θ) have the following structure

a(θ) = [1 ejµ ⋯ ej(M−1)µ]T ∈ CM×1, (3)

where µ is a spatial frequency that is given by µ = − 2π
λ

∆ sin θ. Note
that we also have the Vandermonde structure in the frequency domain
on the Nfft subcarriers as in (3).

If we stack the channel realizations Hn for different subcarri-
ers n ∈ {1, ...,Nfft} along the frequency dimension, we obtain a
three dimensional channel tensor H = [H1 3 ⋯ 3 HNfft] ∈
CMR×MT×Nfft . Taking into account L-path model (2), the channel
tensor H incorporating all subcarriers can also be rewritten in the
following form

H = I4,L ×1 AR ×2 A
∗

T ×3 Af ×4 d
T ∈ CMR×MT×Nfft×1, (4)

where AR = [aR(θ1), aR(θ2), ⋯ aR(θL)] ∈ CMR×L, AT =
[aT(φ1), aT(φ2), ⋯ aT(φL)] ∈ CMT×L are receive and transmit
steering matrices, Af = [af(τ1), af(τ2), ⋯ af(τL)] ∈ CNp×L is a
matrix with propagation delays, and d = [α1, ⋯, αL]

T ∈ CL is a
vector with channel gains.
C. Received signal

The training phase consists of training frames. Each training
frame comprises NT OFDM symbols. Identical pilot positions for
all subcarriers and frames, as well as identical analog precoding and
decoding matrices are used in each frame [10]. The received signal
on the np-th pilot subcarrier and in the k-th frame is expressed as

Ynp,k =W
H
k HnpFkSnp,k +Znp,k ∈ C

NR×NT , (5)

where Ynp,k ∈ CNR×NT is the received signal after stacking NT

consecutive vectors ynp[m] ∈ CNR next to each other, Fk ∈
CMT×NT and WH

k ∈ CNR×MR are precoding and decoding matrices.

Here, Wk and Fk contain NT and NR phase-shifted columns of
a DFT matrix [12], respectively, and Hnp ∈ CMR×MT denotes
the channel between the transmitter and the receiver on the np-
th subcarrier. The noise matrix is given by Znp,k = WH

k Nnp,k,
where Nnp,k ∈ CMR×NT is a matrix with samples of ZMCSCG
noise. Moreover, Snp,k ∈ CNT×NT is the accumulated matrix on
the pilot subcarrier np and the training frame k. We assume that the
matrix Snp,k has orthogonal rows for the subcarriers with pilots, i.e.,
Snp,kS

H
np,k = γINT for np ∈ {n1, ..., nNp}.

Multiplying the received signal on the np-th subcarrier and in the
k-th frame by SH

np,k from the right side and normalizing the result
by γ, the vectorization of the received signal can be represented as

ynp,k = vec{Ynp,k ⋅
1

γ
SH
np,k} ∈ CNRNT (6)

By stacking Np consecutive received signals ynp,k, we construct

the combined received signal vector yk = [yT
n1,k

⋯ yT
nNp ,k

]
T
∈

CNRNTNp . Taking into account the channel model (4), the combined
received signals for all pilot subcarriers can be represented as

yk = (ΦT ⊗FT
k ⊗WH

k ) ⋅ (Af ◇A∗

T ◇AR) ⋅ d + zk, (7)

where zk ∈ CNRNTNp is the effective noise vector, Φ ∈ RNfft×Np

is a pilot selection matrix that selects Np out of Nfft subcarriers
corresponding to the transmitted pilots1. We can consider the vector
yk as the 4-mode unfolding of the tensor Yk ∈ CNR×NT×Np×1, which
can be defined as:
Yk = I4,L ×1 (WH

k AR) ×2 (FT
k A∗

T) ×3 (ΦTAf) ×4 dT +Zk, (8)

where Zκ =N k ×1W
H
k ×2S

H
np,k is the effective noise tensor, N k

is the tensor with samples of ZMCSCG noise.
III. PROPOSED CHANNEL ESTIMATION ALGORITHM

In this section, we describe the proposed channel estimation
algorithm.
A. Pilot based channel estimation

The proposed algorithm starts with an initial estimation of the
channel using pilots on each OFDM symbol. To avoid interference
between different transmitters, each OFDM symbol is transmitted
sequentionally from different RF chains, i.e., at each time, only one
RF chain is active. In the training phase, the Nt training OFDM
symbols are divided into κt training frames with identical structure,
i.e., Nt = κt ⋅NT. The digital precoders and decoders on the pilot
subcarriers are set to identity matrices FD,np,k = INT , WD,np,k =
INR , ∀np ∈ {n1, ..., nNp}, κ ∈ {1, ..., κt}

We perform sector-wise estimation of the channel, so the analog
precoder or the decoder change only for different training frames.
Then, the received signals for different training frames can be
combined coherently and processed jointly, while in [10] the received
training data in different frames are also used separately. We have
κt = Nprec,T ⋅Nprec,R, where Nprec,T and Nprec,R are the number
of used analog precoders and decoders, respectively.
B. Coarse estimation

In the first step of the algorithm, we perform a coarse estimation
of the angular and delay information of the channel without an
analog beamforming network. The goal is to obtain initial information
about possible SoIs for further analysis. To obtain rough estimates,
we propose to form a wide-beam by switching off some antennas
of the arrays. We keep only MT = NT and MR = NR antennas
corresponding to the number of transceiver chains. In this case, the
tensor of the combined received signals Y ∈ CNR×NT×Np×1 for one
training frame can be represented as

Y = I4,L ×1 A
(eff)
R ×2 A

(eff)
T

∗

×3 (ΦTAf) ×4 d
T +Z, (9)

1Control data can be transmitted on the subcarriers that are not used for
pilots.
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Algorithm 1 3-D Unitary Tensor-ESPRIT in element space
1: Pre-processing

● Smoothing
– Obtain Yss ∈ CNR×NT×Nsub,p×Lf

by applying smoothing to Y
● Forward-backward averaging

– Ỹss = Y∗
ss ×1 ΠNR

×2 ΠNT
×3 ΠNsub,p

×4 Π2Lf
,

– Z = [Yss 4 Ỹss] ∈ CNR×NT×Nsub,p×2Lf .
● Real-valued transformation

– ϕ(Z) =Z ×1 QH
NR

×2 QH
NT

×3 QH
Nsub,p

×4 QH
2Lf

.

2: Tensor signal subspace estimation
● Compute HOSVD of ϕ(Z) and truncate it to rank L

– ϕ(Z) = SZ ×1 E1 ×2 E2 ×3 E3 ×4 E4

≈ S[s]
Z

×1 E
[s]
1 ×2 E

[s]
2 ×3 E

[s]
3 ×4 E

[s]
4 .

● Determine E[s] ∈ RNR×NT×Nsub,p×L

– E[s] = S[s]
Z

×1 E
[s]
1 ×2 E

[s]
2 ×3 E

[s]
3 .

3: Solution of the invariance equation
● Construct the selection matrices

– K
(r)
1 ∈ C(B(r)−1)×B(r)

and K
(r)
2 ∈ C(B(r)−1)×B(r)

,
B(r) ∈ {NR,NT,Nsub,p}, r = 1,2,3 [11].

● Construct 3 shift invariance equations from [11]

– E[s] ×r K
(r)
1 ×4 Υ(r) ≈ E[s] ×r K

(r)
2 , r = 1,2,3.

● Solve the equations for the matrices Υ(r) ∈ RL×L, ∀r, e.g., via LS.
4: Spatial frequency estimation

● Obtain the estimates of Ω̂(r)
by computing the joint EVD of Υ(r) = T ⋅ Ω̂(r) ⋅ T −1, ∀r.

● Compute µ̂(r)
i = 2arctan(Ω̂(r)

i,i ), ∀i, r.

where A(eff)
R ∈ CNR×L, A(eff)

T ∈ CNT×L are the steering matrices of
the shortened antenna arrays at the receiver and the transmitter.

We apply 3-D Unitary Tensor-ESPRIT in element space (Algo-
rithm 1) to the reduced aperture array to obtain initial estimates
of dominant spatial frequencies (DoAs, DoDs, and delays), where
Πq ∈ Rq×q is the exchange matrix with ones on the anti-diagonal and
zeros elsewhere Qq ∈ Cq×q is a left-Π-real and unitary matrix, i.e.,
Π⋅Q∗

q =Qq [11]. Since only a single snapshot is available, smoothing
with Lf subarrays is performed along the frequency dimension,
yielding

Yss = [Y1,1,1 4 Y1,1,2 . . . 4 Y1,1,Lf
] , (10)

where Yss ∈ CNR×NT×Nsub,p×Lf is a tensor with the received data
after smoothing and Y1,1,`f = Y ×3 Jss,`f ∈ CNR×NT×Nsub,p×1 for
`f = 1,⋯, Lf . The selection matrix Jss,`f is defined as

Jss,`f = [0Nsub,p×(`f−1) INsub,p 0Nsub,p×(Lf−`f )] , (11)

where Lf is the number of frequency subblocks for the smoothing,
and Nsub,p is the number of subcarriers per subblock.

The coarse estimation step requires only one training frame. The
maximum number of resolvable paths using 3-D Unitary Tensor-
ESPRIT is equal to:

Lmax = min{Nsub,p(NT − 1)NR, Nsub,pNT(NR − 1),
(Nsub,p − 1)NTNR, 2Lf}. (12)

C. Sectorization
After the coarse estimation step, we obtain an initial estimate

of µ`, ∀`. Based on these estimates, we perform sectorization by
selecting B consecutive rows of a phase-shifted DFT matrix, starting
from the kmin-th row, to form a beam pattern encompassing the
dominant paths estimated in the first step, namely, the sector of
interest (SoI). We perform the sectorization for the transmitter and
the receiver sides independently. It starts by selecting the D nearest
beams for each dominant path, from the predefined DFT grid of
beams. Depending on the value of the parameter D, we can control
the width of the resulting sector of interest. Numerical results show
that for a low SNR range, a better strategy is to construct wider SoIs

corresponding to larger values of D, while for a high SNR range, a
better performance is achieved for smaller values of D.

After the assignment of beams to each dominant path, the informa-
tion about all the chosen beams are combined by taking into account
any possible overlap. Then, we divide the formed set into different
SoIs. The number of beams assigned to each SoI depends on the
number of available RF chains. A preliminary analysis shows that
a better performance is achieved by choosing the angular locations
close to the center of the associated sector of interest.

D. Fine estimation

At the fine estimation step, we scan the relevant SoIs to obtain
high-resolution estimates of the dominant paths. The high-resolution
parameter estimation procedure requires one training frame for each
SoI. For this reason, the total number of required training frames is
equal to the overall number of SoIs, and can be found as

κt = Nprec,T ⋅Nprec,R = ⌈NB,T

NT
⌉ ⋅ ⌈NB,R

NR
⌉ ≤ MT

NT
⋅ MR

NR
, (13)

where NB,T and NB,R are the total number of selected beams from
the DFT grid at the transmitter and the receiver after the sectorization
procedure. As we can see from (13), the required number of frames
for channel estimation is significantly smaller than for the full DFT
beamspace.

At the receiver, the received signal tensors are combined to obtain
the final effective signal tensor.

Let Y1 and Y2 denote the tensors that contain the same hy-
brid precoder, i.e., F1 = F2, but different hybrid decoders WH

1

and WH
2 . If W and W have non-overlapping columns, then

we concatenate Y1 and Y2 along the 1-modes as [Y1 1 Y2].
If W1 and W2 have r1 overlapping columns, then we av-
erage the parts of the tensors that correspond to the over-
lapping columns. Let us define Y11 = Y1 (1 ∶ (NR − r1), ∶, ∶),
Y12 = Y1 ((NR − r1 + 1) ∶ NR, ∶, ∶), Y21 = Y2 (1 ∶ r1, ∶, ∶), Y22 =
Y2 ((r1 + 1) ∶ NR, ∶, ∶), where Y12 and Y21 correspond to the
same hybrid precoder and decoder. The combination of Y1 and
Y2 is achieved via [Y11 1 (Y12 +Y21)/2 1 Y22]. After all
the training frames are combined according to the aforementioned
method, we obtain the final effective combined received signal tensor
Ȳ ∈ CNB,R×NB,T×Np×1, i.e.,

Ȳ = I4,L ×1 (W̄HAR) ×2 (F̄TA∗

T) ×3 (ΦTAf) ×4 d
T + Z̄, (14)

where Z̄ is the effective noise tensor, W̄ ∈ CMR×NB,R and
F̄ ∈ CMT×NB,T comprise the non-overlapped phase-shifted columns
[12] of DFT matrices that are used to form the SoIs. Then we
apply Unitary Tensor-ESPRIT in DFT beamspace (Algorithm 2)
to obtain fine estimates of the spatial frequencies (DoAs, DoDs,
and delays) from the tensor Ȳ of the combined received training
frames. The advantages of the algorithm are the lower computational
complexity and the real-valued signal processing for the signal
subspace estimation and the subsequent spatial frequencies estimation
step. Again, we utilize smoothing as a preprocessing step that is
carried out along the frequency dimension. After the high-resolution
estimation of the spatial frequencies [µR,` µT,` µf,`]

T
, ∀`, we

obtain a least squares estimate of the channel gains as

d̂ = (Â(eff)
f ◇ Â(eff)∗

T ◇ Â(eff)
R )+ ⋅ ȳ ∈ CL, (15)

where ȳ = vec{Ȳ} ∈ CNB,RNB,TNp , while Â(eff)
R ∈ CNB,R×L,

Â
(eff)
T ∈ CNB,T×L, and Â(eff)

f ∈ CNp×L are reconstructed versions of
the effective receive steering matrix, the effective transmit steering
matrix and the effective matrix with propagation delays, respectively.
The maximum number of resolvable uncorrelated sources using 3-D
Unitary Tensor-ESPRIT in DFT beamspace equals to:
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Algorithm 2 3-D Unitary Tensor-ESPRIT in DFT beamspace
1: Pre-processing :

● Beamspace transformation (analog precoding and decoding)
and pilot subcarrier selection
– Ȳ =X ×1 W̄H ×2 F̄T ×3 Φ ∈ CNB,R×NB,T×Np×1.

● Smoothing
– Obtain Yss ∈ CNB,R×NB,T×Nsub,p×Lf

by applying smoothing to Ȳ .
● Real-valued transformation

– Ỹss = Yss ×3 QH
Nsub,p

∈ CNB,R×NB,T×Nsub,p×Lf ,

– Z = [Re{Ỹss} 4 Im{Ỹss}].
2: Tensor signal subspace estimation

● Compute HOSVD of Z and truncate it to rank L.
– Z = SZ ×1 E1 ×2 E2 ×3 E3 ×4 E4

≈ S[s]
Z

×1 E
[s]
1 ×2 E

[s]
2 ×3 E

[s]
3 ×4 E

[s]
4 .

● Determine the signal space E[s] ∈ RNB,R×NB,T×Nsub,p×L

– E[s] = S[s]
Z

×1 E
[s]
1 ×2 E

[s]
2 ×3 E

[s]
3 .

3: Solution of the invariance equations
● Construct the selection matrices

– Γ
(r)
1 ∈ C(B(r)−1)×B(r)

and Γ
(r)
2 ∈ C(B(r)−1)×B(r)

,
B(r) ∈ {NB,R,NB,T}, r = 1,2 [12].

– K
(r)
1 ∈ C(Nsub,p−1)×Nsub,p and

K
(r)
2 ∈ C(Nsub,p−1)×Nsub,p , r = 3 [11].

● Construct 2 shift invariance equations in DFT beamspace

– E[s] ×r Γ
(r)
1 ×4 Υ(r) = E[s] ×r Γ

(r)
2 , r = 1,2.

● Construct 1 shift invariance equation from [11]

– E[s] ×r K
(r)
1 ×4 Υ(r) ≈ E[s] ×r K

(r)
2 , r = 3.

● Solve the equations for the matrices Υ(r) ∈ RL×L, ∀r, e.g., via LS.
4: Spatial frequency estimation

● Obtain the estimates of Ω̂(r)
by computing the joint EVD of Υ(r) = T ⋅ Ω̂(r) ⋅ T −1, ∀r.

● Compute µ̂(r)
i = 2arctan(Ω̂(r)

i,i ), ∀i, r.

Lmax = min{Nsub,p(NB,T − 1)NB,R, Nsub,pNB,T(NB,R − 1),
(Nsub,p − 1)NB,TNB,R, 2Lf}. (16)

IV. SIMULATION RESULTS

We provide some numerical results to show the performance of
the proposed algorithm. For all scenarios, a MIMO-OFDM com-
munication system with QPSK modulation is assumed. The total
number of subcarriers is set to Nfft = 64 and the size of the
cyclic prefix is Ncp = 16. Moreover, the number of transmit and
receive antennas is given by MT = MR = 24, and the number of
scatterers is varied in our simulation experiments. The receiver and
transmitter antennas are connected to RF chains via fully-connected
networks of phase shifters, with NT = NR = 6. The total number
of pilots per OFDM symbol is Np = 25, which are transmitted on
subcarriers with the following indexes np ∈ {2,⋯,26}. Regarding
the smoothing, we divide the total number of subcarriers with pilots
into Lf = 18 blocks. For each transmission, the total power of one
OFDM symbol is set to unity. The signal-to-noise ratio (SNR) is
defined as SNR = 10 log 1

Npσ2
n

. In addition, we assume a L-path
channel model (4) during simulations. For each path `, we fix the
direction of arrival µR,`, direction of departure µT,`, delay τ`, and
propagation gain α` during all Monte Carlo runs. We assume that
the channel stays constant during the channel estimation procedure.

We simulate all algorithms for D = {2,4} to evaluate the influence
of the width of a beam that is formed in the direction of one dominant
path. The performance of the proposed algorithm is evaluated in terms
of the mean square error (MSE) and the normalized mean square error
(NMSE) of the angular frequencies for three different scenarios: 1)
Two overlapping SoIs, 2) Single SoI, and 3) Two non-overlapping
SoIs. Each point on the plots of the MSE and the NMSE corresponds

TABLE I. Simulation parameters

# {µf,`, µR,`, µT,`} α`

Scenario #1
1 [−2.2492,0.6920,0.3020]T −0.1201 + 0.1094i

2 [−2.0844,0.2947,−0.0099]T −0.0225 − 0.3053i

3 [−1.9085,−0.0142,−0.5217]T −0.5324 − 0.1670i

4 [−1.1468,−0.7918,−0.8300]T 0.2248 − 0.3124i

5 [−1.1534,−0.7340,0.1257]T −0.1108 + 0.1049i

6 [−1.7746,−1.0161,0.8910]T 0.5111 + 0.3479i

7 [−1.5643,0.7358,−0.8211]T −0.1045 − 0.1587i
Scenario #2

1 [−2.0844,−0.2788,−0.1017]T 0.9211 − 0.4053i

2 [−1.9085,−0.2613,−0.2961]T 0.3438 + 0.1936i

3 [−1.1468,0.0748,−0.2817]T 0.0909 + 0.5533i

4 [−1.1534,−0.0245,−0.3522]T −0.3444 − 0.5987i
Scenario #3

1 [−1.5388,−1.2507,−1.5674]T −0.0512 − 0.2322i

2 [0.0374,−1.2563,−1.9265]T −0.0566 + 0.2011i

3 [1.2508,−1.3129,−1.6231]T 0.4097 + 0.2411i

4 [2.4561,1.6183,1.5428]T 0.0842 − 0.0704i

5 [2.8858,1.3112,1.5714]T 0.0571 + 0.0623i

6 [0.2967,1.6045,1.7625]T 0.4583 − 0.3366i

to an average of 2000 Monte Carlo runs. We calculate the MSE via

MSE = 1

3L
E
⎧⎪⎪⎨⎪⎪⎩
∑

x∈{f,T,R}

L

∑
`=1

(µx,` − µ̂x,`)2
⎫⎪⎪⎬⎪⎪⎭
, (17)

and the NMSE of the vectorized channel hvec = (Af ◇A∗

T◇AR) ⋅d
as

NMSE = E{∥hvec − ĥvec∥2
F

∥hvec∥2
F

} . (18)

For the first simulation scenario, we consider two overlapping SoIs
(Fig. 1a) with L = 7 paths. For the second scenario (Fig. 1d) we
consider the case of one cluster with multiple paths, L = 4. All paths
are located close together to be in the range of one SoI. For the
third simulation scenario (Fig. 1g) we evaluate the performance of
the algorithm in the case of two separate clusters with L = 6 paths.
The values for all scenarios used during the simulations are presented
in Table I. Fig. 1a, Fig. 1d, and Fig. 1g illustrate the SoIs for the
different scenarios, as well as DoAs, DoDs of the paths and their
amplitudes (in blue).

We use ”UE-DFT” and ”UTE-DFT” to denote Unitary ESPRIT
in DFT beamspace and Unitary Tensor-ESPRIT in DFT beamspace,
respectively. Fig. 1b, Fig. 1e, and Fig.1h show that the proposed 3-D
Unitary Tensor-ESPRIT in DFT beamspace based channel estimation
algorithm provides significantly better refined spatial estimates com-
pared to the initial estimates. For all scenarios the proposed algorithm
outperforms the other candidates. The influence of the width of the
beams changes depending on the value of the SNR. As we can
see from Fig. 1i, at low SNRs a better strategy is to use wider
beams D = 4, while at high SNR narrower beams D = 2 yield
more accurate estimates of the parameters. In addition to improved
parameter estimates, we observe a reduction in the required training
overhead. In the second scenario, the channel estimation procedure
(coarse and fine steps together) requires only two training frames,
which is significantly less than the number of frames for the full
scan of the DFT beamspace, which would require 24 frames for this
simulation setup.

V. CONCLUSION

In this paper, we have proposed a two-step gridless channel estima-
tion scheme based on 3-D Unitary Tensor-ESPRIT in DFT beamspace
for mmWave hybrid analog-digital massive MIMO systems. The
training design uses the columns and rows of phase shifted DFT
matrices as the hybrid precoding and decoding matrices together with
orthogonal and identical pilot symbols on all pilot subcarriers. 3-D
Unitary Tensor-ESPRIT in DFT beamspace is used to provide high
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(c) Estimation MSE of spatial frequencies vs.
SNR for scenario 1, MR = MT = 24, NR =
NT = 6, L = 7.
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(e) Estimation NMSE of equivalent channel vs.
SNR for scenario 2, MR = MT = 24, NR =
NT = 6, L = 3.

-20 -10 0 10 20 30

SNR
pilot

[dB]

10
-5

10
0

M
S

E
 o

f 
s
p
a
ti
a
l 
fr

e
q
u
e
n
c
ie

s Coarse Estimation

UE-DFT | D=4

UE-DFT | D=2

UTE-DFT | D=4

UTE-DFT | D=2

(f) Estimation MSE of spatial frequencies vs.
SNR for scenario 2, MR = MT = 24, NR =
NT = 6, L = 3.
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(h) Estimation NMSE of equivalent channel vs.
SNR for scenario 3, MR = MT = 24, NR =
NT = 6, L = 6.
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SNR for scenario 3, MR = MT = 24, NR =
NT = 6, L = 6.

Fig. 1: Numerical results of performance of the 3-D Unitary Tensor-ESPRIT in DFT beamspace for different scenarios

resolution estimates of the spatial frequencies of the dominant paths,
which comprises a coarse initial estimation and a fine estimation.
Numerical results confirm the high resolution estimates of the spatial
frequencies and the channel using only a few OFDM symbols for
training.
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