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Abstract—In this work, we present a multilinear algebra operator
referred to as generalized tensor contraction. This operator defines
an inner product between two higher-order tensors over a set of
modes of compatible dimensions. We show that this tensor operator is
useful to model Multiple-Input Multiple-Output - Orthogonal Frequency
Division Multiplexing (MIMO-OFDM) communication systems. In our
application, the transmit signal tensor contains Khatri-Rao coded symbols
that can be modeled via a Canonical Polyadic (CP) decomposition. This
new tensor based model facilitates the design of a receiver based on the
least squares Khatri-Rao factorization (LS-KRF) that jointly estimates
the channel and the data symbols. We reduce the number of required
pilot symbols compared to other receivers based on the LS-KRF by
exploiting the correlation of the channel between adjacent subcarriers.
Due to the tensor gain, the proposed receiver significantly outperforms
the traditional Zero Forcing - Fast Fourier Transform (ZF-FFT) receiver
while using the same amount of pilot symbols.

I. INTRODUCTION

Multilinear algebra has a very broad range of applications for
multidimensional data such as compressed sensing, processing of
big data, blind source separation, and modeling communications
systems [1]. A comprehensive study of multilinear algebra and tensor
decompositions is available in [1], [2] or [3].

Tensor algebra has been used to model wireless communication
systems in the past. For instance, in [4] a multi-user communication
system was modeled in terms of multilinear algebra for the design of
a blind receiver. A semi-blind receiver for a relay assisted MIMO
communication system based on the CP and the PARATUCK2
decomposition was proposed in [5], [6] and an iterative receiver
for MIMO-GFDM (Generalized Frequency Devision Multiplexing)
systems was presented in [7]. Moreover, in [8] and [9], multidi-
mensional space-time-frequency models for MIMO communication
systems leading to semi-blind receivers were proposed.

In this work, we model a MIMO-OFDM communication system
as a generalized tensor contraction between a channel and a signal
tensor. The generalized tensor contraction represents an inner product
between two tensors over compatible set of modes [10], [3]. This
tensor model provides a compact and flexible formulation of the
MIMO-OFDM system model. Moreover, exploiting it at the receiver
side leads to a tensor gain. This is a general model that can be easily
extended to any other multicarrier system, such as GFDM [7] or
FBMC [11], [12].

Due to the Khatri-Rao coding, we can used a CP model for the
signal tensor. Khatri-Rao space-time coding was introduced in [13].
Later, it was extended in [14] to Khatri-Rao space-time-frequency
coding. Exploiting the structure of the channel, the transmit signal
tensor, the known coding matrix, and the contraction properties, we
propose a receiver based on the LS-KRF (Least Squares - Khatri-Rao
factorization). This receiver leads to more accurate symbol estimates.
Furthermore, we reduce the number of required pilot symbols by
exploiting the correlation of the channel in the frequency domain.

The rest of the paper is organized as follows. In Section II
we introduce the necessary tensor operations, properties, and
decompositions required within this paper. In Section III we present
the MIMO-OFDM system model and the proposed receiver based on
the LS-KRF. The performance of the proposed receiver is evaluated

based on simulation results presented in Section IV. Finally, we
conclude this paper in Section V.

II. TENSOR ALGEBRA AND NOTATION

We use the following notation. Scalars are denoted either as
capital or lower-case italic letters, A, a. Vectors and matrices, are
denoted as bold-face capital and lower-case letters, a,A, respec-
tively. Tensors are represented by bold-face calligraphic letters A.
The following superscripts, T , H ,−1, and + denote transposition,
Hermitian transposition, matrix inversion and Moore-Penrose pseudo
matrix inversion, respectively. The outer product, Kronecker product,
Khatri-Rao product, and element wise division are denoted as ◦,
⊗, �, and �, respectively. The operators ||.||F and ||.||H denote the
Frobenius norm and the higher order norm, respectively. Moreover,
an n-mode product between a tensor A ∈ CI1×I2...×IN and a matrix
B ∈ CJ×In is defined as A×nB, for n = 1, 2, . . . N [2]. A super-
diagonal or identity N -way tensor of dimensions R × R . . . × R is
denoted as IN,R. The n-th 3-mode slice of A ∈ CI×J×N is denoted
as A(.,.,n) and accordingly one element is denoted as A(i,j,n). The
operator diag(.) transforms a vector into a diagonal matrix.

The CP tensor decomposition of a fourth order, low rank tensor
A ∈ CI×J×M×N into R rank one components can be defined as

A = I4,R ×1 F 1 ×2 F 2 ×3 F 3 ×4 F 4,

where F 1 ∈ CI×R,F 2 ∈ CJ×R,F 3 ∈ CM×R,F 4 ∈ CN×R are
the factor matrices, [2], [1].

In addition to the four unfoldings along each dimension of a fourth
order tensor [2], generalized matrix unfoldings can be defined as two
subsets of any of the four dimensions [15], [16]. For instance, the
set of indices (1, 2, . . . , N) of a N -way tensor A can be divided
into P and N − P dimensional subsets, α(1) = [α1 . . . αP ] and
α(2) = [αP+1 . . . αN ], respectively. Here, the index α1 varies
the fastest between the rows, the index αP+1 varies the fastest
between the columns, P is any number between one and N , and
N is the tensor dimension. These generalized unfoldings denoted
as [A](α(1),α(2)) were introduced and exploited in [16]. Moreover,
in [16] the connection between the generalized unfoldings and the
CP decomposition was introduced. For the ([1, 2], [3, 4]) generalized
unfolding of the tensor A we have

[A]([1,2],[3,4]) = (F 2 � F 1) · (F 4 � F 3)T .

The contraction A •mn C between two tensors A ∈ CI1×I2...×IN
and C ∈ CJ1×J2...×JN represents an inner product of the n-th
mode of A with the m-th mode of C, provided that In = Jm [3].
Contraction along several modes is also possible and accordingly
denoted as A •m,ln,k C (double contraction). Using the concept of
generalized unfoldings, it is easy to show that the double contraction
between a tensor A ∈ CI×J×M×N and B ∈ CM×N×K

(A •1,23,4 B)(i,j,k) ,
N∑
n=1

M∑
m=1

A(i,j,m,n) ·B(m,n,k) = T (i,j,k)
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satisfies

[A •1,23,4 B]([1,2],3) = [A]([1,2],[3,4]) · [B]([1,2],3) = (1)

[A •2,14,3 B]([1,2],3) = [A]([1,2],[4,3]) · [B]([2,1],3). (2)

The above example represents a contraction of the 3-rd and 4-th
mode of A with the 1-st and 2-nd mode of B, respectively. However,
the equations (1) and (2) can be extended to any suitable set of modes
and tensors.

III. MIMO-OFDM SYSTEM

A. System Model

We assume a MIMO-OFDM communication system with MT

transmit and MR receive antennas. One OFDM block consists of
N samples, which equals the DFT (Discrete Fourier Transform)
length, using the assumption that all N subcarriers are used for data
transmission1. Moreover, we assume a frequency-selective channel
model that stays constant over the transmission of P OFDM frames.
The P frames are divided into K groups of Q blocks, P = K ·Q.

The received signal in the frequency domain is given by

Ỹ = H̃ •1,22,4 X̃ + Ñ = Ỹ0 + Ñ ∈ CN×MR×K×Q, (3)

where H̃ ∈ CN×N×MR×MT is the channel tensor and X̃ ∈
CN×MT×K×Q is the signal tensor. The tensor Ñ contains additive
white Gaussian noise and Ỹ0 is the noiseless received signal2.

A frequency-selective channel has an impulse response
h

(mR,mT )
L ∈ CL×1, for each receive-transmit antenna pair,

(mR,mT ), and a maximum of L taps. After the removal of
the cyclic prefix, the channel matrix in the frequency domain
is a diagonal matrix for each receive-transmit antenna pair,
H̃

(mR,mT )
= diag

(
FL · h(mR,mT )

L

)
∈ CN×N [17], [18]. Here,

the matrix FL ∈ CN×L contains the first L columns of the DFT
matrix of size N × N . Collecting all of the channel matrices in a
4-D channel tensor H̃, we get

H̃(.,.,mR,mT ) = diag
(
FL · h(mR,mT )

L

)
= diag

(
h̃

(mR,mT )

L

)
.

(4)

Note that only in case of cyclic prefix OFDM the channel tensor in
the frequency domain contains diagonal matrices for each receive-
transmit antenna pair. In a general multicarrier system, the frequency
domain channel matrix is not necessarily diagonal. However, equation
(3) is still satisfied which means our model remains valid for non-
orthogonal multicarrier systems.

First, let us assume that all the channel transfer matrices for the
mT -th transmit and all receive antennas are collected in a diagonal
tensor, H̃(mT )

R ∈ CN×N×MR .

H̃(mT )

R(.,.,mR) = diag
(
h̃

(mR,mT )

L

)
mR = 1, . . . ,MR,mT = 1, . . . ,MT

Based on this diagonal structure, the tensor H̃(mT )
R has the following

CP decomposition

H̃(mT )
R = I3,N ×1 IN ×2 IN ×3 H̃

(mT )
R ,

where H̃
(mT )
R =

[
h̃

(1,mT )

L h̃
(2,mT )

L . . . h̃
(MR,mT )

L

]T
∈

CMR×N . The complete 4-D channel tensor, defined in equation (4)

1If guard subcarriers are used, i.e., not all subcarries are used for data
transmission, the number of OFDM samples is smaller that the DFT length.

2We use ∼ to distinguish the frequency domain from the time domain, i.e.,
Ỹ = Y ×1 F , where F ∈ CN×N is the DFT matrix.

can be obtained by concatenating the H̃(mT )
R tensors along the fourth

dimension [10]. Hence,

H̃ =
[
H̃(1)
R t4 H̃(2)

R t4 . . . H̃(MT )
R

]
=
[
H̃(1)
R t4 H̃(2)

R t4 . . . H̃(MT )
R

]
×4 IMT

=

MT∑
i=1

H̃(i)
R ◦ ei =

MT∑
i=1

D ×1 IN ×2 IN ×3 H̃
(i)
R ×4 ei,

satisfies a very special block term decomposition [19], where
D(.,.,.,1) = I3,N ∈ RN×N×N×1 and ei ∈ RMT×1 is a pivoting
vector of all zeros and one at the i-th position. It can be shown that
the generalized unfolding [H̃]([1,3],[4,2]) of the channel is equal to

[H̃]([1,3],[4,2]) = H̄ � (IN ⊗ 1TMT
), (5)

where H̄ =
[
H̃

(1)
R . . . H̃

(MT )
R

]
· P ∈ CMR×MT ·Nand

1MT ∈ RMT×1 is a vector of ones. The permutation matrix P ∈
RMT ·N×MT ·N reorders the columns such that the faster increasing
index is MT instead of N and is defined as [H̃]([1,3],[4,2]) =
[H̃]([1,3],[2,4]) · P .

Furthermore, we impose a CP structure on the transmit signal
tensor, if we assume Khatri-Rao coded symbols [13], [14]. The
coding is proportional to the number of transmit antennas if we use
a spreading factor Q = MT for each subcarrier, n = 1, 2, . . . , N .
Hence, the generalized unfolding of the signal tensor is

[X̃ ]([2,1],[4,3]) =
[
S1 �C1 S2 �C2 . . . SN �CN

]T (6)

= IMT ·N (S̄ � C̄)T , (7)

where the matrix Sn ∈ CK×MT contains modulated data symbols
and Cn ∈ CQ×MT is a Vandermonde coding matrix as defined
in [13]. The matrices S̄ =

[
S1 . . . SN

]
∈ CK×MT ·N and

C̄ =
[
C1 . . . CN

]
∈ CQ×MT ·N contain all symbol and coding

matrices for each subcarrier, respectively. As shown in [13] and
as directly follows from (7), the tensor [X̃ ]([2,1],3,4) satisfies the
following CP decomposition

[X̃ ]([2,1],3,4) = I3,MT ·N ×1 IMT ·N ×2 S̄ ×3 C̄.

Using equations (1), (2), and (3) the noiseless received signal can
be expressed as

[Ỹ0]([1,2],[4,3]) = [H̃]([1,3],[4,2]) · [X̃ ]([2,1],[4,3]).

Inserting the corresponding unfodings of the channel and the signal
tensor, in equation (5) and (7), respectively, the received signal in
the frequency domain is given by

[Ỹ0]([1,2],[4,3]) =
(
H̄ � (IN ⊗ 1TMT

)
)
· (S̄ � C̄)T .

Therefore, the noiseless received signal tensor can be expressed as

Ỹ0 = I4,MT ·N ×1 (IN ⊗ 1TMT
)×2 H̄ ×3 S̄ ×4 C̄. (8)

Equation (8) represents the received signal in the frequency domain
for all N subcarriers, MR receive antennas, and P frames after
the removal of the cyclic prefix. Depending on the available a
priori knowledge at the receiver side, channel estimation, symbol
estimation, or joint channel and symbol estimation can be performed.

B. Khatri-Rao Receiver
Using equation (8), the channel and the data symbols can be jointly

estimated from the ([1, 4], [3, 2]) generalized unfolding of the noise
corrupted received signal

[Ỹ]([1,4],[3,2]) ≈
(
C̄ � (IN ⊗ 1TMT

)
)
· (H̄ � S̄)T .
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Under the assumption that Q = MT ,
(
C̄ � (IN ⊗ 1TMT

)
)
∈

CN·Q×MT ·N is a block diagonal, left invertible matrix and known at
the receiver. Using the properties of the coding matrices defined in
[13] i.e., CH

n Cn = MT IMT , we have

Ȳ ,
1

MT

(
C̄ � (IN ⊗ 1TMT

)
)H
· [Ỹ]([1,4],[3,2]) ≈ (H̄ � S̄)T .

After transposition, Ȳ T ≈ H̄�S̄ can be approximated by the Khatri-
Rao product between the channel and the data symbols. Therefore,
the channel and the data symbols can be jointly estimated based on
the LS-KRF as in [20].

Using the LS-KRF, the matrices H̄ and S̄ can be identified up
to one complex scaling factor ambiguity per column. Hence, the
estimated matrices are equal to

ˆ̄H = H̄ ·Λ, (9)
ˆ̄S = S̄ ·Λ−1, (10)

where Λ ∈ CMT ·N×MT ·N is a diagonal matrix with diagonal
elements equal to the MT · N complex scaling ambiguities. The
simplest way to resolve the scaling ambiguity is with the knowledge
of one row of the matrix S̄ ∈ CK×MT ·N . This corresponds to
MT · N pilot symbols, one pilot symbol per transmit antenna and
subcarrier. Since traditional MIMO-OFDM communication systems
use less pilot symbols than MT · N , we propose to use the same
amount of pilot symbols and exploit the channel correlation between
adjacent subcarriers in order to estimate the scaling matrix. Therefore,
we assume that the symbol matrix S̄ = S̄d + S̄p consist of data,
S̄d, and a pilot sequence, S̄p, with a lattice-type pilot arrangement.
Accordingly, the matrix S̄p only contains non-zero elements at the
equidistant positions in the time and the frequency domain, for each
antenna. The spacing in the frequency domain is denoted by ∆F
and the spacing in the time domain by ∆K. In Fig. 1 the symbol
matrix S̄ is depicted, for N = 16, K = 4, MT = 1, ∆K = 2 and
∆F = 4. With the a priority knowledge of the pilot symbols and their

0 2 4 6 8 10 12 14 16

N

0

2

4

K

S
p

S
d

∆F

∆K

Fig. 1: Visualization of the data and pilot symbols distribution, for
N = 16, K = 4, MT = 1, ∆K = 2 and ∆F = 4.

positions, we can obtain an initial channel estimate as in traditional
MIMO-OFDM systems. In this case, the frequency domain channel is
estimated only at the subcarrier positions where the pilot symbols are
located. Afterwards, the channel is interpolated in order to estimate
the rest of the values. Alternatively, the channel is first estimated in
the time domain and then transformed into the frequency domain as
explained in [17], [18]. Both techniques yield a pilot based channel
estimate, ˆ̄Hp which will be used to estimate the scaling ambiguity
Λ in equation (9) as

Λ̂ = diag

(
1

MR

MR∑
i=1

ˆ̄H(i, .)� ˆ̄Hp(i, .)

)
.

By multiplying the solution of the LS-KRF with the diagonal matrix
Λ̂, the scaling ambiguity in equation (10) can be resolved and the
data symbols can be demodulated. Note that the proposed Khatri-
Rao receiver estimates the channel and the symbols in a semi-
blind fashion. First, the channel and the symbol matrices are jointly

estimated without pilot sequences. Then, the pilots are used to resolve
the scaling ambiguity affecting the columns of ˆ̄H and ˆ̄S. Therefore,
the optimal length and repetition of the piloting sequence are identical
as for traditional OFDM systems with Khatri-Rao spreading.

Furthermore, the scaling of the channel estimate in equation (9)
can also be resolved using the diagonal matrix Λ̂. Note that, for
the proposed Khatri-Rao (KR) receiver, the estimate of the channel
matrix is not directly required. It is used to estimate the scaling
factors. However, the channel estimate can be used for channel
tracking in future transmission frames if the channel has not changed
drastically. If the channel estimate is used for tracking, it could be
improved by means of an additional LS estimate from [Ỹ]([2,4,1],[3])

with the knowledge of the estimated and decoded symbols, Q(ˆ̄S).

ˆ̄HT
LS =

(
(IN ⊗ 1TMT

) � C̄ �Q(ˆ̄S)
)+
· [Ỹ]([2,4,1],[3]).

Using this updated channel estimate an improved estimate of the
diagonal scaling matrix Λ̂ can be calculated and with that an
enhanced estimate of the symbols, ˆ̄SLS, using equation (10). Note
that, instead of just one LS estimate of the channel and the symbols
the performance can be even more enhanced with alternating LS
iterations leading to an iterative receiver. Moreover, the symbol
matrix ˆ̄SLS can be estimated in the least squares sense from the
3-mode unfolding of equation (8), but the estimation of Λ̂ is
computationally cheaper and yields about the same performance.

IV. SIMULATION RESULTS

Based on Monte-Carlo simulations we compare the performance
of the traditional frequency domain zero forcing (ZF) receiver, the
proposed Khatri-Rao (KR) receiver and the proposed Khatri-Rao
receiver with one additional LS iteration.

In Figs. 2a-2c the SER (Symbol Error Rate) is depicted as a func-
tion of Eb/N0 for different pilot spacings, numbers of transmitted
blocks, and numbers of antennas, respectively. In Fig. 2a, the SER
for different subcarrier spacings ∆F , temporal pilot symbol spacings
∆K, N = 128, K = 2, Q = 2, MT = 2 and MR = 2 is compared.
This comparison shows that the KR receiver outperforms the ZF
receiver and that we can successfully resolve the scaling ambiguity
with less pilot symbols while exploiting the correlation of the channel.
Moreover, as expected, an increased number of pilots leads to a lower
SER. The minimum number of required pilot symbols is equivalent
for the KR and the ZF receiver and it is dependent on the frequency
selectivity of the channel. Next, in Fig. 2b the SER for N = 128,
Q = 2, MT = 2, MR = 2, ∆K = K, ∆F = 2 and different
numbers of blocks K is depicted. Note that, only the KR receiver
benefits from more frames as the channel has been kept constant
during the P = Q · K frames. Moreover, the SER comparison for
N = 128, Q = MT , K = 2, ∆K = 2, ∆F = 2 and different
numbers of antennas is depicted in Fig. 2c. The KR receiver benefits
from an increased number of transmit antennas due to the increased
spreading factor, Q = MT . The performance enhancement with the
additional LS estimate plays a role only for K > 2. However, the
KR receiver has a better performance that ZF even without the LS
enhancement in terms of the SER.

Moreover, we compare the normalized channel estimation error
for N = 128, Q = MT , K = 2, ∆K = 2, ∆F = 2, and
different numbers of antennas in Fig 3a. The channel estimation
accuracy increases as more antennas are used. Moreover, the channel
estimation is successfully enhanced with the additional LS estimate.
If channel tracking is used, alternating LS estimations of the symbol
and channel matrices can be used, from the 3-mode and 2-mode
unfoldings of equation (8).

In Fig. 3b and Fig. 3c we compare the performance of the ZF
and the KR receiver for five different scenarios defined in Table I.
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Fig. 2: Symbol error rate as a function of Eb/N0
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Fig. 3: Normalized channel matrix and symbol matrix error as a function of Eb/N0

MT MR K Q ∆F ∆K N
Scenario 1 2 2 2 2 2 2 128
Scenario 2 2 2 2 2 4 2 128
Scenario 3 2 2 4 2 2 4 128
Scenario 4 4 2 2 4 2 2 128
Scenario 5 4 4 2 4 2 2 128

TABLE I: Parameters for Fig. 3b and Fig. 3c

Fig. 3b illustrates the normalized channel and the symbols matrix
error after the LS-KRF taking into account the scaling ambiguity.
The Normalized Mean Squared Error (NMSE) is calculated as

NMSE =

∣∣∣∣∣∣ ˆ̄H − H̄
∣∣∣∣∣∣2
F∣∣∣∣H̄∣∣∣∣2

F

.

In Fig. 3c we show the NMSE of the channel estimate for all five
scenarios. In both figures (Fig. 3b and 3c) the curves in magenta
are identical. We can see that the channel estimate based on the
LS-KRF assuming a perfect estimate of the scaling antiquity has a
better performance than the ZF solution in the low SNR regime. From
both figures we can confirm that the previous findings for the SER
are true for the channel estimation error. The channel estimate is
more accurate as the number of transmit blocks K increases or with

increased number of transmit antennas MT . On the other hand, the
channel estimate using conventional techniques, for instance, [17],
[18] strictly depends on the amount of pilot symbols. We can see in
Fig. 3b that the estimate of the symbol matrix from equation (10)
does not benefit from an increased number of frames. In order to
resolve the scaling ambiguity of the estimated symbol matrix, the
channel estimate is required. Therefore, the SER is influenced by
both, the accuracy of the channel estimate and the accuracy of the
estimate of the symbols.

V. CONCLUSION

The generalized contraction operator models MIMO-OFDM
communication systems, where the signal tensor is transformed by
the channel tensor. Using the properties of the contraction and by
imposing a CP structure on the signal tensors with Khatri-Rao coding
we propose a receiver for MIMO-OFDM based on the LS-KRF.
Even though the proposed KR receiver requires the same amount
of training symbols as traditional OFDM techniques, it has an
improved performance in terms of the SER. Among the perspectives
for a future work, we should consider the use of optimally designed
orthogonal pilot sequences, which should enhance the performance
of the proposed KR receiver. For an improved performance, the KR
receiver can be extended to an iterative receiver if Q ≤MT .
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