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Abstract—The location estimation problem has been attracting
a lot of research interest in recent years due to its significance for
different areas of signal processing. This paper deals with a bistatic
MIMO radar system where the targets are located in the near-field
region. In this work, we derive the Cramér-Rao bound (CRB) for
bistatic MIMO radar systems using the exact spherical wavefront
model to evaluate the performance of target parameter estimation
algorithms. The conditional and unconditional CRBs are derived
for a system with one and multiple targets. For the one target sys-
tem, we provide an analytical inversion of the Fisher Information
Matrix (FIM) and obtain closed-form analytical non-matrix ex-
pressions of the CRB corresponding to the Cartesian and spherical
coordinates of the targets. We compare the derived conditional
and unconditional CRB with the performance of state-of-the-art
localization algorithms and analyse the dependence of the CRB on
various system parameters.

Index Terms—Cramér-Rao bound, near-field, radar, source
localization, tensor decomposition.

I. INTRODUCTION

DUE to a wide range of applications, parameter estima-
tion is an important field in statistical signal processing.

Localization of the radar targets is an important application of
parameter estimation algorithms.

There are several assumptions that are commonly made in
such source localization problems. Often the wavefronts are
assumed to be planar, which corresponds to the far-field assump-
tion [1]. It is only valid if the targets are located relatively far from
the antenna array (far-field region). If the targets are closer to
the array, several authors use the Fresnel approximation, which
employs a second-order Taylor expansion to approximate the
wavefronts [2]–[5]. The so-called “Fresnel region” is defined
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based on the relative distances from the array as compared to
the array aperture. The more challenging assumption is the exact
spherical wavefront model, which assumes that the wavefronts
are spheres centered at the targets/sources [2], [6]–[8]. This
assumption closely resembles the physical process under inves-
tigation. In this paper, we focus on the latter assumption, i.e., we
consider the exact spherical wavefront model of the impinging
wavefronts.

Most of the proposed algorithms in the literature are dedicated
to sources located in the far-field region or use the Fresnel
approximation [9]–[11]. However, in a number of applications,
the sources are located in the near-field zone, e.g., health care
devices, payment systems, access control, speaker localiza-
tion [12]–[14]. In those cases, the exact spherical model would
allow to increase the estimation accuracy and to estimate the
distance to the sources (compared to the far-field assumption).
The TeNFiL algorithm, proposed in [8], employs the exact
spherical wavefront model and is valid for arrays of arbitrary
geometry. This algorithm provides high-resolution target pa-
rameter estimates in both two- and three-dimensional (3-D)
spaces.

In this paper, we consider target parameter estimation in
Bistatic MIMO Radar systems [15]–[19] with two antenna ar-
rays of arbitrary geometry. We obtain deterministic and stochas-
tic Cramér-Rao bounds (CRB) for such systems and compare
them with different estimation algorithms.

The CRB is one of the most useful mathematical tools to
evaluate the accuracy of different estimation schemes in terms
of the mean square error (MSE) [20]. It establishes the minimum
achievable variance of an unbiased estimator and allows us to
evaluate the performance of different algorithms associated with
a specific system model.

In the literature, two types of source signal models are used,
the conditional (or deterministic) model and the unconditional
(or stochastic) model [21], [22]. In the former case, the signals
(or, in our case, reflection coefficients) are assumed to be deter-
ministic but unknown, while in the latter case they are treated as
random processes for every realization.

CRBs for different signal models and near-field targets
have already been investigated in a number of research
works [7], [23]–[31]. In [23], [24], the unconditional (stochas-
tic) CRB (SCRB) is derived in a matrix form (explicit
formulas are given only for the elements of the Fisher
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information matrix (FIM)) for a near-field SIMO system using
the exact time delay expression. The authors of [25] obtained
analytical non-matrix expressions of the conditional and uncon-
ditional CRB based on the Fresnel approximation. The condi-
tional (deterministic) CRB (DCRB) using an exact spherical
wavefront model is derived in [7]. The authors approximate the
obtained formulas for the CRB using the Taylor expansion. All
three papers mentioned above ( [24], [25], and [7]) consider a
uniform linear array (ULA) for the near-field localization of a
single source (SIMO case) and estimate the parameters in 2-D
space, i.e., only range and angle.

The authors in [32] use the Taylor series expansion of the
CRB to obtain an accurate non-matrix closed-form expression
of the lower bound of the error for the angle and the range of
a near-field source, localized by means of an arbitrary linear
array (SIMO case) using the exact wavefront model. They show
that the conditional and unconditional CRBs are proportional
for an arbitrary parametrization of the steering vector and use
the derived CRB to design centro-symmetric linear antenna
arrays with improved distance-to-source and angle estimation
capabilities.

Recently, the deterministic CRB for a non-uniform linear an-
tenna array with two sources was derived to define the minimum
resolvability distance, required to resolve two closely spaced
near-field sources [33]. The authors derive the distance resolu-
tion limit (DRL) based on Smith’s criterion [34] and establish
the link between the minimum distance of resolvability and the
minimum signal-to-noise ratio (SNR), required to resolve two
closely spaced near-field sources. The authors in [35] derive
an analytical expression of the angular resolution limit (ARL)
for two closely spaced sources. In contrast to our paper, they
consider a single array and two point sources in the far-field.
Likewise, the authors in [36] and [37] focus on circular periodic
estimators, while in this work, we consider a near-field source
localization with the additional range parameter. Unlike the
aforementioned papers, the authors in [38] consider a bistatic
MIMO system with a special circular arc array and derive the
CRB for the direction and velocity estimates of a single near-field
target.

To the best of our knowledge, non-matrix expressions of the
CRB that are obtained via an analytical inversion of the FIM
for each estimated parameter are not available for the near-field
bistatic MIMO radar system model in 3-D space. Therefore, the
main contributions of this paper can be summarized as follows:
� In this paper, we derive the CRB for near-field target local-

ization in 3-D bistatic MIMO radar systems. In particular,
we evaluate the conditional and unconditional CRBs for the
general near-field system model given in [8] and provide
analytical expressions of the conditional and unconditional
FIM for such a system with multiple targets.

� We derive closed-form exact expressions of the conditional
CRB for bistatic MIMO radar systems with one target.
These expressions allow us to reduce the computational
cost compared to the matrix-based CRB, especially for a
large number of snapshots. Moreover, they provide more
insights about the dependence of the bound on different
parameters like range, directions, and phases. For example,

we show that the CRB of the range increases as the target
moves away from the antenna arrays, while the CRB for
the angle estimates does not change.

� The CRB derivations are made for the 3-D Cartesian (x, y,
and z) and spherical (azimuth φ, elevation θ, and range ρ)
coordinate systems.

� We use the obtained CRBs to evaluate the performance
of state-of-the-art parameter estimation algorithms. More-
over, we use the derived CRBs to analyze the minimum
resolvability distance for two closely spaced targets and the
impact of the target positions on the estimation accuracy.

This paper is organized as follows. Section II describes the
system model used in the paper. In Section III, we present
the derivation of the conditional and unconditional CRBs for
near-field bistatic MIMO radar systems. The numerical results
are provided in Section IV, and the conclusions are drawn in
Section V.

Notation: Lower-case and upper-case bold letters denote vec-
tors and matrices, respectively. Upper-case Greek letters denote
sets, and boldfaced calligraphic letters denote tensors. The ele-
ments of vectors are denoted as follows: (a)(i) denotes the i-th
element of a vector a. The r-mode product between a tensor
X and a matrix A is denoted as X ×r A [39]; the Khatri-Rao,
Hadamard, and Kronecker products between matrices or vectors
are denoted as �, � and ⊗, respectively. The conjugate, trans-
pose, and Hermitian transpose are denoted by {·}∗, {·}T, and
{·}H, respectively. Thevec{·}operator denotes the vectorization
operator, and �{·} denotes the real part. We use bdiag{·} for the
operation of creating a block-diagonal matrix by aligning the
input matrices on its diagonal. To facilitate the notation, in the
following, we assume that the symbols x, y and z will always
refer to the Cartesian coordinates of the targets or antennas.
Furthermore, the symbols ρ, φ, and θ will always denote the
distance, azimuth, and elevation of the targets, respectively.

II. SYSTEM MODEL

We consider a bistatic MIMO radar system withMT transmit
and MR receive antennas. Each transmitter emits temporally
orthogonal signals which impinge on H point targets, and their
reflections are intercepted by the receive array. The targets are
assumed to be in the near-field zone of both arrays, such that
the wavefronts of the impinging and reflecting waves can be
considered as spherical. Consequently, the received signal for
N snapshots can be expressed in a tensor form [8]

Y = I3,H ×1 A×2 B ×3D +Z ∈ CMT×MR×N , (1)

or in a matrix form [6]

Y = [Y ]T(3) = (A �B)DT + [Z]T(3) ∈ CMTMR×N , (2)

where Y contains the received data after matched filtering
(assuming unit transmit power), [Y ](3) denotes the 3-mode un-
folding of the tensorY , which is obtained by stacking its 3-mode
vectors into a matrix in reverse-cyclical order [39]. The tensor
Z contains independently and identically distributed (i.i.d.)
zero mean spatially and temporally white additive noise with

variance σ2, the matrix D =
[
d1 d2 . . . dH

]
∈ CN×H
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contains the complex reflection coefficients for each target in
each snapshot, and I3,H is a tree-dimensional identity tensor of
size H ×H ×H . The elements ofD are defined as

(dh)(k) = αh(k)e
jψh(k), k = 1, . . ., N, (3)

where αh(k) and ψh(k) are the amplitudes and phases of the
h-th target at the snapshot k, respectively. The matrices A =[
a1 a2 . . . aH

]
andB =

[
b1 b2 . . . bH

]
represent

the complex transmit and receive array steering matrices, respec-
tively, composed of the array steering vectors for each target. The
m-th element of the vector a is defined as

(ah)(m) = e−jδ
(T )
m,h , (4)

and the n-th element of the vector b is equal to

(bh)(n) = e−jδ
(R)
n,h , (5)

where δ(T )
m,h is the path difference between the reference transmit

antenna and the m-th antenna in the transmit array as provided
in (6) on the bottom of this page, and δ(R)

n,h is the path difference
between the reference receive antenna and the n-th antenna in
the receive array as provided in (7) on the bottom of this page.
The path differences are defined based on the exact spherical
wavefront model.

We consider target parameters estimation in the full 3−D
space. Therefore, the location parameters to be estimated are the
azimuth φ, elevation θ, and range ρ for the spherical coordinates
system or x, y, and z in case of the Cartesian coordinates.

The antenna arrays are assumed to be of an arbitrary ge-
ometry. Each antenna in the array is defined by the set of
Cartesian coordinates with respect to the origin of the local
system of coordinates that is located either at the transmit or
at the receive reference antenna as depicted in Fig. 1. The
m-th transmit and the n-th receive antennas of the arrays have
Cartesian coordinates {xT,m, yT,m, zT,m}, ∀m ∈ {1, . . .,MT }
and {xR,n, yR,n, zR,n}, ∀n ∈ {1, . . .,MR}, respectively. The
coordinates {xR, yR, zR} define the position of the reference
receive antenna with respect to the reference antenna of the trans-
mit array; and the coordinates of the transmit reference antenna
with respect to receive array are defined as {xT , yT , zT }.

It is assumed that the locations of the transmit and the receive
arrays are known, and two position estimates can be obtained
for each target (they might not coincide). Therefore, each target
in the scenario is characterized by a set of six parameters:
Θ

(s)
h = {ρT,h, φT,h, θT,h, ρR,h, φR,h, θR,h}, ∀h ∈ {1, . . ., H},

Fig. 1. 3-D System Model. The transmit and receive arrays are depicted using
red and blue dots, respectively. The first antennas of the arrays are chosen as
reference antennas. The black dots denote radar targets. The figure also shows
the six parameters of one of the targets.

where ρT,h is the distance from the reference transmit antenna
to the h-th target, ρR,h is the distance from reference receive
antenna to the h-th target, φT,h, φR,h are the azimuths defined
with respect to the reference transmit and receive antennas,
respectively, θT,h, θR,h are the elevation angles also defined with
respect to the reference transmit and receive antennas. We also
introduce a set of Cartesian coordinates for the h-th target as
Θ

(c)
h = {xT,h, yT,h, zT,h, xR,h, yR,h, zR,h}, ∀h ∈ {1, . . ., H},

also defined with respect to reference transmit and reference
receive antennas.

An example scenario of the system with two uniform rectan-
gular arrays (URAs) is depicted in Fig. 1.

Note that we compute the CRBs separately for the estimates
obtained from the transmit and the receive sides: in the equations
(6) and (7) for the path differences, all the coordinates are
defined either with respect to the transmit reference antenna
or the receive reference antenna, depending on the calculated
CRB. Thus, for simplicity, we have skipped the T andR indices
in the notation of target coordinates {xh, yh, zh}.

III. CRAMÉR-RAO BOUND DERIVATION

In this section, we provide the main steps of the CRB deriva-
tion for the conditional and unconditional signal models with
respect to the location parameters of the near-field targets.

Let us consider the real valued parameter vector ξ and its
unbiased estimator ξ̂. The covariance matrix of ξ̂ isR = E{(ξ̂ −

δ
(T )
m,h =

2π

λ

(√
(xh − xT,m)2 + (yh − yT,m)2 + (zh − zT,m)2 −

√
(xh − xT,1)2 + (yh − yT,1)2 + (zh − zT,1)2

)
(6)

δ
(R)
n,h =

2π

λ

(√
(xh − xR,n)2 + (yh − yR,n)2 + (zh − zR,n)2 −

√
(xh − xR,1)2 + (yh − yR,1)2 + (zh − zR,1)2

)
(7)

∂δ
(T )
m,h

∂xh
=

2π

λ

(
xh − xT,m√

(xh − xT,m)2 + (yh − yT,m)2 + (zh − zT,m)2
− xh
x2h + y2h + z2h

)
(8)

∂δ
(R)
n,h

∂xh
=

2π

λ

(
xh − xR,n√

(xh − xR,n)2 + (yh − yR,n)2 + (zh − zR,n)2
− xh − xR,1

(xh − xR,1)2 + (xh − xR,1)2 + (xh − xR,1)2

)
(9)
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ξ)(ξ̂ − ξ)T}, and the ith diagonal element of the covariance ma-
trix is the mean-squared error of the estimator ξ̂i, i = 1, 2, . . ., P ,
where P is the size of the parameter vector. Since the estimator
ξ̂ is unbiased, the mean-squared error is equal to the variance
of the estimator, and the lower bound of the variance of the ith
parameter satisfies

MSE{ξ̂i} ≥ [CRB(ξ)]ii , (10)

where [CRB(ξ)] is the inverse of the Fisher Information Matrix:

[CRB(ξ)] = [FIM(ξ)]−1. (11)

Each element of the FIM is defined as [40]

[FIM(ξ)]ij = −E

[
∂2l(ξ)

∂ξi∂ξj

]
= E

[
∂l(ξ)

∂ξi

∂l(ξ)

∂ξj

]
, (12)

where i = 1, 2, . . ., P , j = 1, 2, . . ., P , l(ξ) is the log-likelihood
function: l(ξ) = ln fξ(y), and fξ(y) is the probability density
function (PDF) parametrized by the parameter ξ. Since we
consider a Gaussian distribution model, the PDF of the observed
data is given by [41]

fξ(y) =
1√

πMTMRN det(R)
exp (−(y − μ)HR−1(y − μ)),

(13)

where y = vec{Y} is a vectorized received data tensor with
mean μ and covariance matrixR, which depends on the chosen
deterministic or stochastic assumption. The FIM matrix corre-
sponding to the Gaussian distribution is given by [41]

[FIM(ξ)]ij = tr

[
R−1 ∂R

∂ξi
R−1 ∂R

∂ξj

]

+ 2�
[
∂μH

∂ξi
R−1 ∂μ

∂ξj

]
. (14)

As it can be seen from (14), the FIM depends on the parameter
vector ξ and, consequently, on the chosen source model. In the
following, we will consider two models, depending on the as-
sumption made on the matrix of complex reflection coefficients
D:

(1) conditional (”deterministic”) model, in which the signals
are assumed to be deterministic, but unknown, and the
same in all realizations, and

(2) unconditional (”stochastic”) model, which assumes the
reflection coefficients (in general, the signals) to be a re-
alization of a Zero-Mean Circularly Symmetric Complex
Gaussian (ZMCSCG) process.

We denote the conditional (deterministic) CRB and the con-
ditional FIM (CFIM) with respect to the parameter vector (ξ)
as DCRB(ξ) and CFIM(ξ), respectively. The unconditional
(stochastic) CRB is denoted as SCRB(ξ), and the uncondi-
tional FIM (UFIM) as UFIM(ξ). In the following, we will pro-
vide closed-form expressions of the CFIM(ξ) and UFIM(ξ)
for the general 3-D scenario with multiple targets. For the
conditional one target scenario, we will perform an analytical
inversion of the FIM and provide closed-form expressions of the
DCRB(ξ). In the next sections, we will first derive the CRBs

for Cartesian coordinates of the targets and then obtain the CRBs
for the spherical coordinates of the targets.

A. Conditional Cramér-Rao Bound

1) Multiple Target Case: First, we focus on the first assump-
tion, thatD is deterministic.

For the subsequent calculations, we rewrite the data tensor Y
in a vector form:

y = vec(Y) = (D �B �A)1H + z, (15)

where y ∈ CMTMRN×1, � denotes the Khatri-Rao (column-
wise Kronecker) product, 1H is a vector of ones of size H ,
andA,B, andD are the array steering matrices of the transmit
and receive arrays, and the matrix of complex reflection coef-
ficients, respectively, which are defined in (1). The noise term,
z = vec{Z} ∈ CMTMRN×1 is assumed to be a realization of
the ZMCSCG process with a variance σ2 and covariance matrix

R = σ2IMTMRN . (16)

Due to the deterministic signal model and the ZMCSCG noise,
the received signaly is a complex Gaussian random process with
meanμ = (D �B �A)1H ∈ CMTMRN×1 and covariance ma-
trixR. The equation (14) for the FIM becomes [41]

[CFIM(ξ)]ij =
MTMRN

σ4

∂σ2

∂ξi

∂σ2

∂ξj

+
2

σ2
�
[
∂μH

∂ξi

∂μ

∂ξj

]
. (17)

For the considered deterministic model, the unknown parameter
vector is

ξ = [p,∠{vec(D)}T, | vec(D)|T, σ2]T ∈ RP×1, (18)

where p = [x1, y1, z1, . . . , xH , yH , zH ]T is the vector of target
location coordinates, ∠{·} and | · | denote the phases and the
amplitudes in vec(D), andσ2 is the noise variance. Note that the
parameter vector contains the target coordinates which are de-
fined either with respect to the transmit or to the receive reference
antenna. To calculate the CRB for the estimates, obtained from
the transmit side, we define the target coordinates {xh, yh, zh}
and all the antenna coordinates with respect to the transmit array
reference antenna, and vice versa for the receive side CRB. For
example, equations (8) and (9) on the bottom of the previous
page show the derivatives of the path differences with respect to
xh, if the origin of the system of coordinates is at the transmit
reference antenna.

Since the parameter vector contains the 3-D Cartesian coor-
dinates of the targets, its size is equal to P = (3 + 2N)H + 1,
where H is the number of targets, and N is the number of
snapshots.

Fisher Information Matrix (FIM). Let us construct the
FIM for the multiple targets scenario, using equation
(17) and the parameter vector ξ = [p1, . . . ,pH ,ψ

T
1 , . . . ,ψ

T
H ,

αT1 , . . . ,α
T
H , σ

2]T ∈ RP×1, where, according to equation (3),
ψTh and αTh are vectors of the phases and the amplitudes of the
complex reflections coefficients at each snapshot, respectively.
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As it can be seen from (17), the noise variance σ2 is decoupled
from the other parameters. Thus, for notational simplicity and
without loss of generality, we can drop it from the parameter
vector ξ and compute the FIM without taking σ2 into account.

Consequently, the structure of the CFIM is as follows

CFIM(ξ) =

⎡
⎣ F pp F pψ F pα
Fψp Fψψ Fψα
Fαp Fαψ Fαα

⎤
⎦ , (19)

where the subscripts in the notation of the submatrices denote the
corresponding elements of the parameter vector ξ, with respect
to which partial derivatives are computed in (17).

Such a structure of the FIM has already been considered
in [33] for the special case of two sources. There the derived CRB
is used to investigate the resolution limit of two closely spaced
sources. The authors of the paper consider a single uniform linear
antenna array and obtain the CRB for the range and for the
azimuth, considering the Fresnel approximation. In our case,
we extend it to the bistatic MIMO radar scenario with multiple
targets and 3-D location parameters estimation using the exact
spherical wavefront model. Each block matrix of the FIM in (19)
is composed of submatrices with the elements that are computed
according to (17). For more details on the derivation of the
elements of the CFIM in (19), we refer the reader to Appendix A.

2) One Target Case: As a special case, let us consider a
system scenario with a single target, i.e., H = 1. In this case,
A,B, andD in equation (15) turn into column vectors, and the
received data can be written as

y = vec(Y) = (d � b � a)︸ ︷︷ ︸
μ

+z, (20)

where y ∈ CMTMRN×1. In this case, the unknown, but deter-
ministic parameter vector ξ contains the parameters correspond-
ing to one target:

ξ = [x, y, z,ψT,αT, σ2]T ∈ R(2N+4), (21)

where x, y, and z are the Cartesian coordinates of a single target,
and ψ = [ψ(1), . . ., ψ(N)]T and α = [α(1), . . ., α(N)]T are
the phases and the amplitudes of the reflection coefficients at
each snapshot, respectively.

Fisher Information Matrix. As defined in (11), the CRB is
equal to the inverse of the FIM. Let us first define the conditional
FIM, and then perform its analytical inversion to obtain the non-
matrix expressions of the DCRB for the location parameters of
the one near-field target.

Based on the data model presented in (20), using equation
(17) and the parameter vector ξ, we construct the conditional
FIM, which has a block-diagonal structure:

CFIM(ξ) = bdiag(Q,J) ∈ R(2N+4)×(2N+4), (22)

where

Q =

⎡
⎢⎢⎣
fxx fxy fxz fT

xψ

fyx fyy fyz fT
yψ

fzx fzy fzz fT
zψ

fψx fψy fψz Fψψ

⎤
⎥⎥⎦ =

[
F pp F pψ

Fψp Fψψ

]
︸ ︷︷ ︸
∈R(N+3)×(N+3)

, (23)

J = bdiag

⎛
⎜⎜⎝2MTMR

σ2
IN︸ ︷︷ ︸

Fαα

,
MTMRN

σ4

⎞
⎟⎟⎠ , (24)

and bdiag denotes a block-diagonal operator.
The subscripts in (23) denote the corresponding element of

the parameter vector, with respect to which the partial derivatives
are computed in (17).

The structure of the FIM is explained by the fact that the
noise variance σ2 is decoupled from the other parameters, as it
can be seen from (17), and the other zero terms appear due to
the time diversity of the signals and due to the fact that the real
part operator � in (17) is applied on pure imaginary values (see
Appendix B for the detailed derivations of the elements of the
matrixQ in (23)).

DCRB(x)

=
1

det(S)

((
fyy − 2‖α‖2

MTMRσ2
u2y

)(
fzz − 2‖α‖2

MTMRσ2
u2z

)

−
(
fyz − 2‖α‖2

MTMRσ2
uyuz

)2
)

(25)

DCRB(y) =

1

det(S)

((
fxx − 2‖α‖2

MTMRσ2
u2x

)(
fzz − 2‖α‖2

MTMRσ2
u2z

)

−
(
fxz − 2‖α‖2

MTMRσ2
uxuz

)2
)

(26)

DCRB(z)

=
1

det(S)

((
fxx − 2‖α‖2

MTMRσ2
u2x

)(
fyy − 2‖α‖2

MTMRσ2
u2y

)

−
(
fxy − 2‖α‖2

MTMRσ2
uxuy

)2
)

(27)

The CRB of the target coordinates is equal to the diagonal
elements of the 3× 3 top left submatrix of the inverse of the
Fisher Information Matrix. Since the FIM has a block-diagonal
structure, to obtain closed-form expressions of the CRBs, only
the inverse of the matrixQ is needed.

The matrixQ is symmetric with respect to the main diagonal.
The diagonal elements of the upper-left (3× 3) submatrix are
given by

f(p)(p) = 2NDSNR

MT∑
m=1

MR∑
n=1

(
∂δ

(T )
m

∂(p)
+
∂δ

(R)
n

∂(p)

)2

, (28)

where (p) is to be replaced by the corresponding target loca-

tion parameter x, y, or z, and DSNR = ‖α‖2
Nσ2 . The off-diagonal

elements are expressed as follows

fxy = fyx =
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2NDSNR

MT∑
m=1

MR∑
n=1

(
∂δ

(T )
m

∂x
+
∂δ

(R)
n

∂x

)(
∂δ

(T )
m

∂y
+
∂δ

(R)
n

∂y

)
,

(29)

fxz = fzx =

2NDSNR

MT∑
m=1

MR∑
n=1

(
∂δ

(T )
m

∂x
+
∂δ

(R)
n

∂x

)(
∂δ

(T )
m

∂z
+
∂δ

(R)
n

∂z

)
,

(30)

fyz = fzy =

2NDSNR

MT∑
m=1

MR∑
n=1

(
∂δ

(T )
m

∂y
+
∂δ

(R)
n

∂y

)(
∂δ

(T )
m

∂z
+
∂δ

(R)
n

∂z

)
.

(31)

The vectors fψx,f
T
xψ,fψy,f

T
yψ,fψz and fT

zψ of size N × 1
are defined as

fψ(p) = f
T
(p)ψ = − 2

σ2

MT∑
m=1

MR∑
n=1

(
∂δ

(T )
m

∂(p)
+
∂δ

(R)
n

∂(p)

)
︸ ︷︷ ︸

u(p)

(α�α),

(32)

where again (p) is to be replaced by the corresponding target
location parameter x, y, or z. The diagonal lower right matrix
Fψ ∈ RN×N is given by

Fψ =
2MTMR

σ2
diag(α�α), (33)

where � denotes the Hadamard product. As it can be seen from
the equations, the CRB is phase-invariant, i.e., it does not depend
on the phases of the reflection coefficients in the matrixD. For
more details on the derivation of the above equations, we refer
the reader to Appendix B.

Analytical inversion. We perform an analytical blockwise
inversion of the matrix Q based on the fact that the lower right
submatrix Fψ is diagonal.

We divide the matrix Q into the four blocks, as it is shown
in (23), and define the Schur complement [42] of the matrixFψ:

S = F pp − F pψF−1
ψ Fψp. (34)

As long as the matrix corresponding to the target parameters
F pp is in the upper left block of the matrix Q, only Fψ and
the Schur complement require an inversion. The matrix Fψ is
easily inverted as it is diagonal, and the Schur complement can
be analytically inverted as a 3× 3 matrix.

Finally, we obtain a non-matrix expression for the CRB in
Cartesian coordinates of a single target, see equations (25), (26),
and (27), where det(S) is the determinant of the 3× 3 Schur
complement matrix, and ux, uy , and uz are given by

u(p) =

MT∑
m=1

MR∑
n=1

(
∂δ

(T )
m

∂(p)
+
∂δ

(R)
n

∂(p)

)
, (35)

where (p) corresponds to the target location parameter x, y, or
z. For the proof of (25), (26) and (27), and more details on the
derivations, we refer the reader to Appendix C.

The obtained non-matrix expressions allow us to significantly
reduce the computational cost of the CRB calculation and
to analyse the potential performance of parameter estimation
algorithms.

B. Unconditional Cramér-Rao Bound

The unconditional signal model assumes the signals to be
random, i.e., the matrix of complex reflection coefficients D
varies from realization to realization. We model the sequence of
the reflection coefficients as a ZMCSCG random process with
covariance matrix Rd = E{d(k)d(k)H}, where d(k) ∈ CH

are the reflection coefficients at snapshot k. Then the received
data y is a realization of a ZMCSCG process with covariance
matrixR = (A �B)Rd(A �B)H + σ2IMTMR

,

y ∼ CN (0,R) . (36)

1) General Case: First, let us consider the general case with
multiple targets. The unconditional parameter vector is ξ =

[p,β, σ2]T ∈ R(3H+
(1+H)H

2 +1)×1, where β is a (1+H)H
2 × 1

vector made from {[Rd]ii} and {∠{[Rd]ij}, |[Rd]ij)| for j >
i}, and p = [x1, y1, z1, . . . , xH , yH , zH ]T ∈ R3H×1 is a vector
of Cartesian coordinates of the targets. Again using (17) and the
new parameter vector ξ, the UFIM is expressed as follows:

[UFIM(ξ)]ij = Ntr

[
R−1 ∂R

∂ξi
R−1 ∂R

∂ξj

]
. (37)

Equation (38) on the top of the next page defines a matrix
expression of the SCRB corresponding to the target location
parameters. The derivation is according to [43]. The matrix P
is defined as

P =
[
∂C
∂x1

∂C
∂y1

∂C
∂z1

· · · ∂C∂xH

∂C
∂yH

∂C
∂zH

]
, (42)

where C = (A �B), 13×3 = 131
T
3 is a matrix of ones, and

Π = IMTMR
−C(CHC)−1CH . The SCRBs corresponding

to the Cartesian coordinates of the targets are equal to the
diagonal elements of the inverse of [UFIM(ξ)]1:3H,1:3H . For
more details on the derivation of the UFIM in (38), we refer the
reader to Appendix A.

2) One Target Case: Let us next consider a scenario with one
target. The parameter vector is ξ = [x, y, z, σ2

s , σ
2]T ∈ R5×1,

and, consequently, the unconditional CRB equation in (38) is
then reduced to

[SCRB(ξ)]1:3,1:3 =
σ2

2σ4
s N

[�{
cHR−1c(PHΠP )

}]−1
,

(43)

where c = (a � b), P =
[
∂c
∂x

∂c
∂y

∂c
∂z

]
, and Π = IMTMR

−
1

MTMR
ccH . An inverse of the covariance matrixR is given by

R−1 = (σ2
scc

H + σ2IMTMR
)−1 (44)

=
1

σ2

(
IMTMR

− USNR
ccH

1 + USNRMTMR

)
. (45)

The SCRB for Cartesian coordinates of the targets is equal to
the diagonal elements of the [SCRB(ξ)]1:3,1:3.
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[UFIM(ξ)]1:3H,1:3H =
σ2

2N

[�{
(PHΠP )� (13×3 ⊗RdC

HR−1CRd)
T
}]

(38)

DCRB(ρ) =

(
∂ρ

∂x

)2

DCRB(x) +

(
∂ρ

∂y

)2

DCRB(y) +

(
∂ρ

∂z

)2

DCRB(z) + 2
∂ρ

∂x

∂ρ

∂y
DCRB(xy) + 2

∂ρ

∂x

∂ρ

∂z
DCRB(xz)+

+ 2
∂ρ

∂y

∂ρ

∂z
DCRB(yz) (39)

DCRB(φ) =

(
∂φ

∂x

)2

DCRB(x) +

(
∂φ

∂y

)2

DCRB(y) + 2
∂φ

∂x

∂φ

∂y
DCRB(xy), (40)

DCRB(θ) =

(
∂θ

∂x

)2

DCRB(x) +

(
∂θ

∂y

)2

DCRB(y) +

(
∂θ

∂z

)2

DCRB(z) + 2
∂θ

∂x

∂θ

∂y
DCRB(xy) + 2

∂θ

∂x

∂θ

∂z
DCRB(xz)+

+ 2
∂θ

∂y

∂θ

∂z
DCRB(yz), (41)

C. Change of Variables

In the previous sections, the CRB has been derived with
respect to the Cartesian coordinates of targets since they provide
more convenient and straightforward expressions for the path
differences and allow us to shift the origin of the system of coor-
dinates without extra calculations. But there might be an interest
to investigate the CRB regarding such physical parameters of the
system as the range and the direction-of-arrival (DoA)/direction-
of-departure (DoD). The lower bound on the variance, defined
for the distance and the angles, is more informative and specific.
Thus, it could be used, for instance, to analyse the estimation
performance separately for ranges and angles.

In this section, we perform a transformation of the CRB
corresponding to the Cartesian coordinates to the spherical co-
ordinates of the targets, using the following change of variables
formula [21]

CRB(κ) =
∂g(ξ)

∂ξ
CRB(ξ)

[
∂g(ξ)

∂ξ

]T
, (46)

where CRB(ξ) is the CRB matrix corresponding the Cartesian
coordinate system, and CRB(κ) is a CRB defined with respect
to the new parameter vector in spherical coordinates:

κ = g(ξ) =

[ρ1, φ1, θ1, . . . , ρH , φH , θH , vec(ψ), vec(α), σ2]T ∈ RP×1,
(47)

where ρh =
√
x2h + y2h + z2h, φh = arctan yh

xh
, and θh =

arcsin zh
x2
h+y

2
h+z

2
h

. Accordingly, the Jacobian matrix is defined
as:

∂g(ξ)

∂ξ
= bdiag(G1, . . . ,GH , I2NH+1) ∈ RP×P , (48)

where G1, . . . ,GH are the (3× 3) matrices containing the
gradients of a vector of spherical targets coordinates, defined
via x, y, and z, with respect to the corresponding Cartesian
coordinates of the targets. Since the last block of ∂g(ξ)∂ξ is just an
identity matrix, it can be dropped.

To calculate the CRB with respect to the new parameter vector
κ in (47), we use the same equation (46) for both conditional
and unconditional CRBs. In the first case, CRB(ξ) is replaced
by [DCRB(ξ)]1:3H,1:3H , and by [SCRB(ξ)]1:3H,1:3H in the
unconditional system case. Then the CRBs for the range, az-
imuth, and elevation parameters of the targets are equal to the
elements on the main diagonal of the CRB(κ).

Conditional model, one target scenario. For a system with
one target, the new parameter vector in spherical coordinates is
defined as

κ = g(ξ) = [ρ, φ, θ,ψT,αT, σ2]T ∈ R(2N+4)×1. (49)

To perform the conversion between the CRB(ξ) and CRB(κ)
we use the change of variables formula (46). Since the difference
between the two parameter vectors is only in the first three
elements, the Jacobian matrix is given by

∂g(ξ)

∂ξ
= bdiag(G, I2N+1) ∈ R(2N+4)×(2N+4), (50)

where

G =

⎡
⎢⎣
∂ρ
∂x

∂ρ
∂y

∂ρ
∂z

∂φ
∂x

∂φ
∂y

∂φ
∂z

∂ρ
∂x

∂θ
∂y

∂θ
∂z

⎤
⎥⎦ . (51)

We refer the reader to Appendix C for the explicit expression of
each element inG.

The upper left (3× 3) block of the matrix CRB(ξ) is equal
to ⎡

⎢⎣ DCRB(x) DCRB(xy) DCRB(xz)

DCRB(xy) DCRB(y) DCRB(yz)

DCRB(xz) DCRB(yz) DCRB(z)

⎤
⎥⎦ , (52)

in which the elements of the main diagonal are presented in (25),
(26), and (27), and the off-diagonal elements are calculated in
a similar way (see (83), (84), and (85) in Appendix C). The
non-matrix expressions of the conditional CRB for the range,
azimuth, and elevation are defined in (39), (40), and (41) on the
top of the previous page.

Authorized licensed use limited to: TU Ilmenau. Downloaded on November 29,2021 at 13:54:38 UTC from IEEE Xplore.  Restrictions apply. 



KHAMIDULLINA et al.: CONDITIONAL AND UNCONDITIONAL CRAMÉR-RAO BOUNDS 3227

D. Resolution Limit for Two Closely-Spaced Targets

In this section, we investigate the minimum distance which is
required to resolve two closely spaced targets. To determine the
resolution limit we use the criterion proposed in [34], where the
minimum resolvability distance dNF is defined as the distance
between two sources which is equal to the (minimum) standard
deviation of the source separation or

√
CRB(dNF). In other

words, two targets are properly resolved if√
CRB(dNF) ≤ dNF, (53)

To find
√
CRB(dNF), we extend the approach used in [33] to

the 3-D bistatic MIMO radar system. In a 3-D space, the distance
between two targets is defined as

dNF =
√

(x1 − x2)2 + (y1 − y2)2 + (z1 − z2)2, (54)

where x1, x2, y1, y2, z1, and z2 are the Cartesian coordinates of
two targets with respect to the transmit or the receive array. Thus,
the new unknown physical parameter vector is

j(ξ) =
[
dNF, y1, z1, x2, y2, z2,ψ

T
1 ,ψ

T
2 ,α

T
1 ,α

T
2 , σ

2
]T

(55)

for the conditional case, and

j(ξ) = [dNF, y1, z1, x2, y2, z2,β, σ
2]T, (56)

where β is a (1+H)H
2 × 1 vector made from

{[Rd]ii} and {∠{[Rd]ij}, |[Rd]ij)| for j > i}, for the the
unconditional case. We obtain CRB(dNF) by change of
variables in the same manner as in (46)

CRB (dNF) =

[
∂j(ξ)

∂ξ
CRB(ξ)

[
∂j(ξ)

∂ξ

]T]
1,1

(57)

One can see from (43) that ̂CRB(ξ) = CRB(ξ)
σ2 does not depend

on σ2. Therefore, using this definition of ̂CRB(ξ) from [33] we
can rewrite (57) as follows

̂CRB(dNF) =

[
∂j(ξ)

∂ξ
̂CRB(ξ)

[
∂j(ξ)

∂ξ

]T]
1,1

. (58)

Assuming ZMCSCG noise, we define the SNR as

SNR =
Ps
σ2
, (59)

where Ps is the signal power. To properly resolve two targets
the following equation holds [33]

σ2
̂CRB(dNF) ≤ d2NF. (60)

Therefore, from (59) and (60) we obtain

SNRmin =
PŝCRB(dNF)

(x1 − x2)2 + (y1 − y2)2 + (z1 − z2)2
. (61)

Fig. 2 shows the minimum SNR required to resolve two closely
spaced near-field targets with parameters ρ1 = ρ2 = 5λ, φ1 =
φ2 = 33◦, θ1 = 39, and θ2 = [39.01◦, . . . , 42◦], where the re-
sulting dNF is calculated according to (54).

Fig. 2. SNRmin vs. the distance between two targets.

TABLE I
TARGET PARAMETERS FOR THE SIMULATIONS IN FIG. 3

IV. SIMULATION RESULTS

In the simulations, we consider a 3-D bistatic MIMO radar
system with two URAs. Each array has MT,x =MR,x = 4 an-
tennas along the x-axes and MT,y =MR,y = 4 antennas along
the y-axes, so there areMT =MR = 16 antennas in the transmit
and in the receive arrays. The reference receive antenna has the
coordinates xR = 4λ, yR = zR = 0 with respect to the transmit
reference antenna, i.e., both antenna arrays are located in the
x-y-plane as depicted in Fig. 1. The inter-element spacing is
set to dT = dR = λ/2, where λ = 1.5 cm, and all the distances
and errors in the simulation are normalized with respect to λ.
We compute the CRBs separately for the transmit and receive
side estimates. The matrix of the target reflection coefficientsD
is generated as a ZMCSCG process with variance σ2

s = 1 and
varies from realization to realization in case of the unconditional
model. In case of the conditional model,D is fixed for all real-
izations. Moreover, we introduce a correlation in the snapshot
domain of the matrixD by employing the correlation matrix in
which all off-diagonal elements are set to ρ = 0.8.

Estimation algorithms. In the first simulation, we compare
the different target parameter estimation methods with the CRB.
We change the SNR, which is defined as 1/σ2 and calculate the
CRB for each parameter of the target. The number of snapshots
is set to N = 100. We consider a difficult scenario with three
closely spaced targets. The coordinates are depicted in Table I.
The performance of the algorithms is evaluated in terms of the
root mean square error (RMSE) in the following way

RMSE =

√√√√ 1

T

K∑
k=1

H∑
h=1

Ik,h · (ah − âk,h)
2, (62)
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Fig. 3. RMSE vs. SNR. Conditional CRB. K = 3000 trials. URA, MT = MR = 16, H = 3 radar targets.

T =
K∑
k=1

H∑
h=1

Ik,h (63)

where ah ∈ {ρT,h, φT,h, θT,h, ρR,h, φR,h, θR,h}, and âk,h is an
estimate of ah in the k-th trial. We additionally apply the
modulo-2π operator [36], [37] to the angle estimates to compute
the circular error between the true and the estimated parameter.
The quantity Ik,h denotes the indicator that the reliability test,
applied to the angle estimates, has been passed, and T denotes
the total number of cases, where the reliability test has not
failed. The reliability test is applied in the parameter extraction
part of the algorithms: if the argument of the cos−1 is smaller
than 1, the reliability test has been passed and Ik,h = 1. We
set Ik,h = 0 otherwise. For more details, we refer the reader
to [8].

The simulation results for all three targets are depicted in
Fig. 3. The red curves show the performance of the SECSI [44]
based TeNFiL algorithm [8], the blue curves show the

performance of the estimation algorithm proposed in [6] (de-
noted as “Matrix approach”), and the green curves depict the
performance of the TeNFiL method that uses the ALS-based
COMFAC algorithm [45] to compute the approximate CP de-
composition of the received signalY , also applied in [2] (instead
of the SECSI framework). The dotted lines denote half of the
smallest separation distance ds

2 between the targets, where ds is
calculated as ds = min{ai − aj}, and ah is one of the param-
eters from {ρT,h, φT,h, θT,h, ρR,h, φR,h, θR,h}, i, j ∈ 1 . . . H ,
and i �= j. An error below that line indicates that two targets are
properly resolved. We compare the errors, defined as in (62),
with

√
CRB(ah). As it can be observed from Fig. 3, the TeN-

FiL algorithm significantly outperforms the matrix approach
from [6] and is close to the CRB for sufficiently high SNRs. In
the chosen scenario, the SECSI and ALS based COMFAC algo-
rithms for the estimation of the steering matrices show a similar
performance at low SNRs, but the second algorithm is computa-
tionally less efficient due to the iterative nature and its execution
time varies depending on the SNR. We can observe that the
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Fig. 4. CRB vs. SNR (a), Range (b), Separation distance (c), and Snapshots (d).

TeNFiL performance is closer to the CRB, which is explained
by the fact that the targets in the scenario are closely spaced,
and in such a challenging scenario, tensor approach shows a
better performance. The TeNFIL performance approaches the
CRB for the elevation (Figures 3(c), 3(f), and 3(i)) due to the
bigger resolution between the targets in terms of the elevation
angles.

In the second simulation, we evaluate the behavior of the
Conditional and Unconditional CRB by varying the parameters
of the system such as SNR, range, distances between targets,
and the number of snapshots.

SNR. Fig. 4(a) shows the conditional (dashed lines) and
unconditional (solid lines) CRBs for the range, azimuth, and
elevation estimates of the first target obtained from the transmit
side. The target coordinates are depicted in Table I. The figure
shows that the conditional CRB is smaller than the unconditional
CRB. The bigger error for the azimuth angels is explained by
their smaller separation distance. The dotted lines denote the
half of the smallest separation distance between the targets. The
two targets are properly resolved if the estimation error value is
below that line. We can observe that in case of the deterministic

TABLE II
TARGET PARAMETERS FOR THE SIMULATIONS IN FIG. 4(B)

model, SNR = −10 dB is enough to resolve the two closely
spaced targets. The unconditional model requires higher values
of the SNR in the same scenario.

Range. In this simulation, we evaluate the estimation perfor-
mance as a function of the range of the 1st target. We consider
a scenario with two targets, where the position of the second
target is fixed, while the first target is moving. The distance
between the first target and the transmit array is changing from
0.3λ to 300λ, and the azimuth and elevation angles are fixed. The
simulation results are depicted in Fig. 4(b). The target parameters
are provided in Table II. The SNR is set to SNR = 30dB.

Fig. 4(b) demonstrates the performance of the conditional and
the unconditional CRB for the first target, and the parameters
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TABLE III
TARGET PARAMETERS FOR THE SIMULATIONS IN FIG. 4(C)

of the second target are constant. The red curves represent the
CRB for the range, while the blue and green curves show the
lower bounds for the azimuth and elevation, respectively. With
the increasing distance, the error for the range is also increasing,
whereas the CRB for the azimuth and elevation angles stays
constant. The difference between the conditional and uncon-
ditional CRB becomes more significant with increasing range.
These results provide a criterion to define the near-field region.

Separation distance. For the next simulation, we change the
Euclidean distance between the targets in order to assess the
minimum distance, which is required for targets to be properly
resolved for a given SNR. The second target position is fixed, and
the y coordinate of the 1st target changes: it moves away from
the second target along the y-axis, such that both targets stay in
the middle between the two arrays. In contrast with the previous
simulation, all three spherical parameters (range, azimuth, and
elevation) change. The coordinates are depicted in Table III. The
SNR is fixed and equal to SNR = 30dB. The simulation results
are shown in Fig. 4(c). This figure depicts the errors, calculated
at the transmit side for the first target. For the receive side, the
results are similar due to the symmetry of the scenario.

Number of snapshots. In this simulation, we investigate the
dependence of the CRB on the number of snapshots. The target
parameters are depicted in Table I, and the simulation results for
the transmit side estimates in spherical coordinates are depicted
in Fig. 4(d). The CRB gets smaller with an increasing number
of snapshots since more information about the targets can be
extracted when more samples are taken into account.

V. CONCLUSION

In this paper, the conditional and unconditional Cramér-Rao
bounds have been derived for near-field bistatic MIMO radar
systems. For the one target case, we provide the analytical in-
version of the Fisher Information Matrix and, consequently, the
non-matrix closed-form expressions of the CRB corresponding
to Cartesian coordinates of the target locations. Additionally,
the lower bounds for the target location parameters, defined
in a spherical coordinate system, are obtained by the change
of variables method. We have employed the derived CRBs to
evaluate the performance of state-of-the-art target parameter
estimation methods. Moreover, the CRB is used to analyse the
minimum distance, which is required to properly resolve two
closely spaced targets, and the impact of the target position on
the estimation accuracy is investigated. Simulation results have
shown that with an increasing antenna-to-target distance, the

error in the range estimation also grows, whereas for the azimuth
and elevation angles it stays constant.

APPENDIX A
DERIVATION OF THE ELEMENTS OF CFIM AND UFIM IN (19)

AND (38)

In this appendix, we provide more details on the derivations
of the conditional and unconditional FIMs in the multi-target
case.

Conditional FIM.
The structure of the FIM in (19) follows the definition of

the parameter vector in (18). Each element of the FIM in (19)
is computed according to (17). The block of the FIM that
corresponds to the target locations consists of the following
3× 3 block matrices

F pp =

⎡
⎢⎢⎣
F p1p1

· · · F p1pH

...
...

F pHp1
· · · F pHpH

⎤
⎥⎥⎦ , (64)

where

F pipj
=

⎡
⎢⎣fxixj

fxiyj fxizj

fyixj
fyiyj fyizj

fzixj
fziyj fzizj

⎤
⎥⎦ , i, j ∈ {1 . . . H}. (65)

Each element of (65) is calculated as

f(ph)(ph) =
2

σ2
�
{
∂μH

∂(ph)

∂μ

∂(ph)

}

=
2

σ2
�
{

N∑
k=1

d∗k,hdk,h
MT∑
m=1

MR∑
n=1

(
∂a∗m,h
∂(ph)

b∗n,h +
∂b∗n,h
∂(ph)

a∗m,h

)

·
(
∂am,h
∂(ph)

bn,h +
∂bn,h
∂(ph)

am,h

)}
, (66)

where (ph) corresponds to the target location parameters xh, yh,
or zh, and

μ = (D �B �A)1H =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∑H
i=1 a1,ib1,id1,i

...∑H
i=1 aMT ,ibMR,id1,i

...∑H
i=1 a1,ib1,idN,i

...∑H
i=1 aMT ,ibMR,idN,i

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
∈CMT MRN×1

(67)

Unconditional FIM.
According to (37), the UFIM is calculated as

[UFIM(ξ)]ij = Ntr

[
R−1 ∂R

∂ξi
R−1 ∂R

∂ξj

]
, (68)

where

R = (A �B)Rd(A �B)H + σ2IMTMR
. (69)
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The following formula for the unconditional CRB of the param-
eter θ has been shown in [46]

SCRB(θ) =
σ2

2N

[�{
(PHΠP )�HT

}]−1
, (70)

Taking into account the parameter vector ξ = [p,β, σ2]T ∈
R(3H+

(1+H)H
2 +1)×1, whereβ is a (1+H)H

2 × 1vector made from
{[Rd]ii} and {∠{[Rd]ij}, |[Rd]ij)| for j > i}, the covariance
matrix in (69), and following the derivations in [46], we get

H = 13×3 ⊗
(
RdC

HR−1CRd

)
, (71)

P =
[
∂C
∂x1

∂C
∂y1

∂C
∂z1

· · · ∂C∂xH

∂C
∂yH

∂C
∂zH

]
∈ CMTMR×3H , (72)

where Π = IMTMR
−C(CHC)−1CH ,C = A �B, andRd

is the signal covariance matrix.

APPENDIX B
DERIVATION OF THE ELEMENTS OF Q IN (23)

In the following, we present the main steps which lead to the
obtained closed-form CRB equations for a special case of one
target, i.e., H = 1. The signal mean μ is defined as

μ = d � b � a ∈ CMTMRN×1, (73)

where am = e−jδ
(T )
m ,m = 1, . . .,MT , bn = e−jδ

(R)
n , n =

1, . . .,MR, dk = α(k)ejψ(k), k = 1, . . ., N . Based on the
general formula of the FIM, we derive f(p)(p), where (p)
corresponds to the target location parameter x, y, or z, as
follows

f(p)(p) =
2

σ2
�
{
∂μH

∂(p)

∂μ

∂(p)

}

=
2

σ2
�
{

N∑
k=1

d∗kdk
MT∑
m=1

MR∑
n=1

(
∂a∗m
∂(p)

b∗n +
∂b∗n
∂(p)

a∗m

)
·

·
(
∂am
∂(p)

bn +
∂bn
∂(p)

am

)}
. (74)

Substituting am, bn, and dk according to (4), (5), and (3), and

taking into account that ∂(e
−jδ)

∂(p) = −je−jδ( ∂δ
∂(p) ), we get

f(p)(p) =
2

σ2

N∑
k=1

α2
k

MT∑
m=1

MR∑
n=1

(
∂δ

(T )
m

∂(p)
+
∂δ

(R)
n

∂(p)

)2

=
2

σ2
‖α‖2

MT∑
m=1

MR∑
n=1

(
∂δ

(T )
m

∂(p)
+
∂δ

(R)
n

∂(p)

)2

, (75)

fxy = fyx =
2

σ2
�
{
∂μH

∂x

∂μ

∂y

}

=
2

σ2
�
{

N∑
k=1

d∗kdk
MT∑
m=1

MR∑
n=1

(
∂a∗m
∂x

b∗n +
∂b∗n
∂x

a∗m

)
·

·
(
∂am
∂y

bn +
∂bn
∂y

am

)}

=
2

σ2

N∑
k=1

α2
k

MT∑
m=1

MR∑
n=1

(
∂δ

(T )
m

∂x
+
∂δ

(R)
n

∂x

)
·

·
(
∂δ

(T )
m

∂y
+
∂δ

(R)
n

∂y

)

=
2

σ2
‖α‖2

MT∑
m=1

MR∑
n=1

(
∂δ

(T )
m

∂x
+
∂δ

(R)
n

∂x

)
·

·
(
∂δ

(T )
m

∂y
+
∂δ

(R)
n

∂y

)
. (76)

The other cross terms, fxz , fzx, fyz , and fzy are computed in a
similar way as fxy . The remaining terms are as follows:

fψk(p) = f(p)ψk
=

2

σ2
�
{
∂μH

∂ψk

∂μ

∂(p)

}

=
2

σ2
�
{
dk
∂d∗k
∂ψk

MT∑
m=1

MR∑
n=1

a∗mb
∗
n

(
∂am
∂(p)

bn +
∂bn
∂(p)

am

)}
,

∀k = 1 . . . N, (77)

fψ(p) = f
T
(p)ψ = − 2

σ2

MT∑
m=1

MR∑
n=1

(
∂δ

(T )
m

∂(p)
+
∂δ

(R)
n

∂(p)

)
(α�α),

(78)

Fψkψk
=

2

σ2
�
{
∂dk
∂ψ∗

k

∂dk
∂ψk

MT∑
m=1

MR∑
n=1

a∗mb
∗
nambn

}
, (79)

Fψiψj
= 0, ∀i �= j, (80)

Fψψ =
2MTMR

σ2
diag(α�α). (81)

APPENDIX C
ANALYTICAL INVERSION OF Q IN (23)

For the blockwise inversion of Q in (23), we divide Q into
the four blocks in the following way

Q−1 =

⎡
⎢⎢⎣
fxx fxy fxz fT

xψ

fyx fyy fyz fT
yψ

fzx fzy fzz fT
zψ

fψx fψy fψz Fψψ

⎤
⎥⎥⎦
−1

=

[
A B
C F

]−1

=

[
S−1 −S−1BF−1

−F−1CS−1 F−1 + F−1CS−1BF−1

]
,

(82)
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where S = (A−BF−1C) is the Schur complement of the
matrix F . Using equations (32) and (33), we get

BF−1C =

⎡
⎢⎣f

T
ψx

fTψy
fTψz

⎤
⎥⎦

︸ ︷︷ ︸
3×N

F−1
ψψ︸︷︷︸

N×N

[
fψx fψy fψz

]
︸ ︷︷ ︸

N×3

=
2

MTMRσ2

⎡
⎢⎣uxα

′T

uyα
′T

uzα
′T

⎤
⎥⎦
⎡
⎢⎢⎣

1
α2

1

. . .
1
α2

N

⎤
⎥⎥⎦

[
uxα

′ uyα
′ uzα

′
]

=
2

MTMRσ2
uα′T (diag{α′})−1α′uT

=
2

MTMRσ2
u1Tα′︸ ︷︷ ︸

‖α‖2
uT

=
2‖α‖2

MTMRσ2

⎡
⎢⎣uxux uxuy uxuz

uyux uyuy uyuz

uzux uzuy uzuz

⎤
⎥⎦ ,

where u =
[
ux uy uz

]T
and α′ = α�α ∈ RN×1. Using

the definition ofA in (82), the inverse of S can be written as

S−1 =

⎡
⎢⎣ fxx − vu2x fxy − vuxuy fxz − vuxuz

fyx − vuxuy fyy − vu2y fyz − vuyuz

fzx − vuxuz fzy − vuyuz fzz − vu2z

⎤
⎥⎦
−1

,

(86)

where v = 2||α||2
MTMRσ2 . The matrix S can be inverted as a 3× 3

matrix

S−1 =

⎡
⎣a b cd e f
g h i

⎤
⎦−1

=
1

det(S)

⎡
⎣A D G
B E H
C F I

⎤
⎦ , (87)

and A = (ei− fh), B = −(di− fg), C = (dh− eg), D =
−(bi− ch), E = (ai− cg), F = −(ah− bg), G = (bf − ce),
H = −(af − cd), I = (ae− bd). Moreover, the determinant of

S is given by

det(S) = aei+ bfg + cdh− ceg − bdi− afh. (88)

Using equations (86) and (87), det(S) in (88) can be rewritten
as

det(S) =
2‖α‖2

MTMRσ2
(f2yzu

2
x − fyyfzzu

2
x + 2fzzfxyuxuy

− 2fxzfyzuxuy − 2fxyfyzuxuz + 2fyyfxzuxuz

+ f2xzu
2
y − fxxfzzu

2
y − 2fxyfxzuyuz

+ 2fxxfyzuyuz + f2xyu
2
z − fxxfyyu

2
z)

− fzzf
2
xy + 2fxyfxzfyz − fyyf

2
xz − fxxf

2
yz

+ fxxfyyfzz. (89)

Using the definitions in (87), the CRBs forx, y, and z are equal to
the corresponding diagonal elements of the inverse of the Schur
complement:

DCRB(x) =
1

det(S)
A, DCRB(y) =

1

det(S)
E,

DCRB(z) =
1

det(S)
I.

We also define the cross terms of the inverse of the Schur
complement, since they are used in the derivations of the CRB
corresponding to the spherical coordinates of the targets:

DCRB(xy) =
1

det(S)
D, DCRB(xz) =

1

det(S)
G,

DCRB(yz) =
1

det(S)
H.

The cross terms in (52) are given in equations (83), (84), and
(85) on the bottom of previous page, and the matrix G in (51)
is given as⎡
⎢⎣
∂ρ
∂x

∂ρ
∂y

∂ρ
∂z

∂φ
∂x

∂φ
∂y

∂φ
∂z

∂ρ
∂x

∂θ
∂y

∂θ
∂z

⎤
⎥⎦ =

⎡
⎢⎢⎣

x
ρ

y
ρ

z
ρ

−y
x2+y2

x
x2+y2 0

−xz
ρ2
√
x2+y2

−yz
ρ2
√
x2+y2

1
z2 − 1

ρ2

⎤
⎥⎥⎦ ,
(90)

where ρ =
√
x2 + y2 + z2.

DCRB(xy) =
1

det

((
fxz − 2‖α‖2

MTMRσ2
uxuz

)(
fzy − 2‖α‖2

MTMRσ2
uyuz

)
−
(
fxy − 2‖α‖2

MTMRσ2
uxuy

)(
fzz − 2‖α‖2

MTMRσ2
u2z

))
,

(83)

DCRB(yz) =
1

det

((
fxz − 2‖α‖2

MTMRσ2
uxuz

)(
fyx − 2‖α‖2

MTMRσ2
uxuy

)
−
(
fyz − 2‖α‖2

MTMRσ2
uyuz

)(
fxx − 2‖α‖2

MTMRσ2
u2x

))
,

(84)

DCRB(xz) =
1

det

((
fxy − 2‖α‖2

MTMRσ2
uxuy

)(
fyz − 2‖α‖2

MTMRσ2
uyuz

)
−
(
fxz − 2‖α‖2

MTMRσ2
uxuz

)(
fyy − 2‖α‖2

MTMRσ2
u2y

))
.

(85)
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