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Abstract—In this paper, the Tensor-Based Near-Field Local-
ization (TeNFiLoc) algorithm is proposed for channel estimation
and user localization on the uplink of a multi-carrier wireless
communication system with a massive antenna array. OFDM is
used as the modulation scheme and the user can be located in the
near-field of the array. The exact spherical model of the impinging
wavefronts allows TeNFiLoc to localize and identify the reflected
paths and distinguish them from the Line-of-Sight (LoS) path.
Some additional processing generally allows TeNFiLoc to localize
user even in non-LoS scenarios, when the LoS path may be blocked
or shadowed, provided that the number of reflected paths that reach
the receiver is not less than three. It is also shown that perfect knowl-
edge of the transmitted data is not necessarily required to perform
channel estimation and user localization. Using a specific design
of the transmitted signal, an additional low throughput, highly
reliable communication link to the receiver can be established. Sim-
ulation results demonstrate the excellent localization accuracy of
the TeNFiLoc algorithm and its applicability in practical scenarios.

Index Terms—Near-field, exact spherical wavefront, SECSI,
canonical-polyadic, user localization, channel estimation.

I. INTRODUCTION

FUTURE wireless communication systems (5G and beyond)
will move towards higher frequency ranges, such as Mil-

limeter Wave (mmWave) frequencies [1]–[3], and increased
sizes of antenna arrays (Massive MIMO [4], [5]) in pursuit of
higher data rates and spectral efficiency. The mmWave frequency
ranges feature higher attenuation losses that have to be compen-
sated by larger arrays with appropriate channel estimation and
signal processing techniques.

At the same time, the specular nature of wave propagation
in such frequency ranges leads to parametric channel models

Manuscript received November 27, 2020; revised May 14, 2021 and August
3, 2021; accepted August 4, 2021. Date of publication August 18, 2021; date of
current version November 9, 2021. The associate editor coordinating the review
of this manuscript and approving it for publication was Florian Roemer. This
work was the supported in part by the German Research Foundation (DFG)
under Grants HA 2239/14-1 (AdAMMM) and ZH 640/2-1 (AdAMMM), and
in part by the Ministry of Education and Science of Russia as part of the ful-
fillment of obligations under Grants 075-03-2020-051, Topic fzsu-2020-0020.
(Corresponding author: Ivan Podkurkov.)

Gabriel Seidl, Liana Khamidullina, and Martin Haardt are with the Com-
munications Research Laboratory, Ilmenau University of Technology, 98693 Il-
menau, Germany (e-mail: gabriel.seidl@tu-ilmenau.de; liana.khamidullina@tu-
ilmenau.de; martin.haardt@tu-ilmenau.de).

Ivan Podkurkov and Adel Nadeev are with the Department of Radioelec-
tronic and Telecommunications Systems, Kazan National Research Technical
University, Kazan 420111, Russia (e-mail: podkiva@mail.ru; nad15@mail.ru).

Digital Object Identifier 10.1109/TSP.2021.3105797

that can be accurately represented by a finite number of prop-
agation paths between the transmitter and the receiver. Such
channel representations lead to new opportunities on building
integrated communication-localization systems [6], [7], where
the estimated channel parameters can be used for both channel
equalization and localization purposes. A promising approach
for estimating the parameters of such channels is tensor-based
array signal processing [7]–[10] that inherently allows to decom-
pose the channel measurement tensor into a sum of independent
contributions from dominant propagation paths, often by means
of the Canonical Polyadic (CP) decomposition [11]–[13].

Existing tensor-based array signal processing methods [8],
[9], [14] mainly focus on far-field Direction-Of-Arrival (DoA)
estimation using a planar wavefront model, while most of the
available algorithms for the near-field case resort to the Fres-
nel approximation [15]–[19], which approximates a spherical
wavefront with the second order Taylor expansion of the true
phase distribution of the wavefront across the antennas. On the
other hand, the subspace based algorithm in [20] avoids the use
of the Fresnel approximation and relies on the exact spherical
model of the impinging wavefronts to estimate the locations of
the targets in a bistatic MIMO radar system. Tensor-based pro-
cessing using an approximate CP decomposition is used in [10],
[16] for the same problem. The Cramér-Rao Bound (CRB)
for near-field localization in two-dimensional (2-D) space was
analyzed in [21], [22], and particularly for the exact wavefront
model in [23], [24]. The use of the exact spherical wavefront
model improves the estimation accuracy of the model in realistic
scenarios and avoids systematic errors introduced by the Fresnel
approximation.

In this paper, we propose a Tensor-Based Near-Field Lo-
calization (TeNFiLoc) scheme for channel estimation and user
localization on the uplink of a multi-carrier wireless commu-
nication systems, where a single antenna user terminal (UT)
transmits to a base station with a massive receive antenna array.
The used system model allows to arrange the received data into
a tensor with dimensions corresponding to space (antennas),
frequency (OFDM subcarriers) and time (OFDM symbols) that
is exploited to compute its approximate CP decomposition.
The resulting factor matrices of the CP decomposition are then
used to estimate the parameters of the dominant propagation
paths.

Since the user may be located in the near-field of the array,
we use the exact spherical model [10], [20] for the impinging
wavefronts that allows us to estimate the distance with respect

1053-587X © 2021 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: TU Ilmenau. Downloaded on November 29,2021 at 13:13:53 UTC from IEEE Xplore.  Restrictions apply. 

https://orcid.org/0000-0003-0069-8157
https://orcid.org/0000-0003-0211-2965
https://orcid.org/0000-0001-7810-975X
mailto:gabriel.seidl@tu-ilmenau.de
mailto:liana.khamidullina@tu-ilmenau.de
mailto:martin.haardt@tu-ilmenau.de
mailto:podkiva@mail.ru
mailto:nad15@mail.ru


PODKURKOV et al.: TENSOR-BASED NEAR-FIELD LOCALIZATION USING MASSIVE ANTENNA ARRAYS 5831

to the last reflection (or the user in case of a Line-Of-Sight (LoS)
path).

Moreover, the usage of the exact spherical wavefront model,
when used with our system model, simplifies the problem at
hand and allows to derive an efficient non-biased estimator of
the location of the last reflection points.

The near-field assumption is usually used in a so-called
“Fresnel” region [22], [25], [26]. Nevertheless, the estimation
of the parameters based on the curvature of the wavefronts is
still possible in case of larger distances. Its accuracy depends on
the Signal-to-Noise Ratio (SNR), the size and the shape of the
antenna array and on its distance to the source. In this paper, we
show that for practical purposes of estimating the user location
using the estimated parameters of several obtained paths, the
distance where near-field processing is consistent can be much
larger than the Fresnel region.

The TeNFiLoc algorithm uses the estimated parameters of
the propagation paths to localize the user. Note that it is also
applicable in non-LoS scenarios (when the LoS path is absent
or shadowed). The only requirement for the algorithm to work
in non-LoS scenarios is that there are at least three propagation
paths, which is likely to be fulfilled in practice, since the expected
number of propagation paths in mmWave systems should be
larger [1], [27]. Moreover, the algorithm allows to classify each
path whether it is a LoS or a reflected path. In general, the
TeNFiLoc algorithm relies on knowledge of the transmitted
data. Nevertheless, we show that with a specific rank-1 design of
the transmitted signal (in the time-frequency domain), it is still
possible to establish a low throughput connection that enables a
very reliable communication link from the user that can be used
for control information exchange. For this purpose, we develop
an extended (”blind”) version of the TeNFiLoc algorithm, which
we refer to as TeNFiLoc-Blind in the following.

From a communications point of view, the TeNFiLoc algo-
rithm allows to use the estimated propagation path parameters
to restore and/or predict the channel on a given frequency, time,
and position in space. Such a parametric channel representation
allows the equalization of the channel on data subcarriers or
symbols (that can be different from those that have been used
to estimate channel parameters). Moreover, the obtained user
location information itself can also be exploited for other tasks
in wireless communication systems, such as beamforming or
channel prediction.

To summarise, the distinguishing features of the TeNFiLoc
algorithm are as follows:
� The algorithm is developed for a 3-dimensional data model,

which takes into account the received signal recorded in the
space, time, and frequency domains.

� The exact spherical wavefront model is used for parameter
estimation in the spatial domain, which allows the algo-
rithm to estimate the distances from the last reflection to
the receiver for each dominant propagation path.

� The algorithm is able to identify if there is a LoS path in
the received signal.

� The algorithm is able to classify the dominant paths as
Line-Of-Sight (LoS) or non-LoS (reflected paths).

� The algorithm is able to estimate the location of the user in
a LoS scenario (only L ≥ 1 paths are required, where one
of the paths is the LoS path).

� The algorithm is able to estimate the location of the user
in a non-LoS scenario, under the condition that L ≥ 3.

� Additionally, the extended “blind” version (TeNFiLoc-
Blind) of the algorithm is capable of demodulating the
transmitted signal along with an estimation of the channel
parameters and the user’s location, under the condition that
the transmitted signal has a specific design (rank-1 in the
time-frequency domain). In this case, perfect knowledge
of the transmitted data is not required and an additional
highly reliable communication link with a low throughput
can be established with the user.

Tensor-based processing was already used for channel pa-
rameter estimation in [9], [28], [29]. In [9], the multiple shift-
invariance structures of the receive array are exploited to con-
struct the data tensor. Then, the authors use a Coupled CP
decomposition [30], [31] estimate the DoAs. On the other hand,
in our data model the usage of shift-invariance properties is
limited due to the adopted spherical wavefront model, which
is not separable in space. Thus, in order to construct the data
tensor we utilize the frequency dimension (OFDM subcarriers)
and the time dimension (OFDM symbols) in addition to the
spatial dimension.

In [29], the authors propose a multi-user localization algo-
rithm in an a priori known environment (”shoe-box” room).
Moreover, they resort to a parametric channel model and decom-
pose it into a superposition of discrete dominant propagation
paths using an approximate CP decomposition. Additionally,
they use a hybrid analog precoding and decoding system ar-
chitecture. Furthermore, the authors of [29] use the far-field
wavefront model and do not utilize the time dimension for
relative velocity estimation. Lastly, the algorithm in [29] requires
the usage of a Uniform Rectangular Array (URA) to provide
separability in space and to construct a three-dimensional mea-
surement tensor.

Our approach, on the other hand, imposes less stringent
requirements on the geometry of the receive array - the only
condition is that the unwrapping algorithm is capable of cor-
rectly restoring signal path differences (for more details, see
Subsection III-D1).

This paper is organized as follows: In Section II we present
the system model used in the paper. In Section III we describe
the TeNFiLoc and TeNFiLoc-Blind algorithms. The simulation
results are presented in Section IV, and Section V contains
conclusions and future research steps.

Notation We use [A](i1,i2,...,iN ) to denote the i1, i2, . . ., iN -th
element of the N -dimensional tensor A of size I1 × I2 × . . .×
IN . The colon in such a subscript notation denotes that the
corresponding dimension is fully included in the result, thus
providing the corresponding mode vector/slice/sub-tensor of the
given tensor (Matlab notation). For example, bi1,i3 = [B](i1,:,i3)
and Bi1 = [B](i1,:,:) denotes the (i1, i3)-th 2-nd mode vector
and the i1-th lateral slice of the 3-dimensional tensor B, respec-
tively.

Authorized licensed use limited to: TU Ilmenau. Downloaded on November 29,2021 at 13:13:53 UTC from IEEE Xplore.  Restrictions apply. 



5832 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 69, 2021

Fig. 1. Scenario geometry. The zoomed view of the receive array is shown on the left.

Moreover, ∠z denotes the vector of principal angles of the
complex vector z. Also, for a vector a ∈ C

N , let a ∈ C
N−1

denote a vector that contains all elements of a except the last
one, and a ∈ C

N−1 denotes a vector that contains all elements
of a except the first one. For matrices, A and A denote the
matrix A without their first and last rows, respectively.

We use a ◦ b = C to denote the outer product between the
vectors a ∈ C

I and b ∈ C
J which results in a matrix C of

size I × J . The outer product can also be defined for operands
with higher dimensionality, such as matrices and/or tensors.
For example, the outer product between vector a and matrix
B ∈ C

J×K results in a tensor C = a ◦B of size I × J ×K.
In the general case, we use the following rule, the dimensions of
the operands of the outer product are stacked sequentially from
the left to the right, and the order of the dimensions of each
operand is not changed in the result, i.e., if C = A ◦B, then we
can write:

[C](i1,i2,...,iN ,j1,j2,...,jM ) = [A](i1,i2,...,iN ) · [B](j1,j2,...,jN )

(1)
where A is a N -dimensional tensor of size I1 × I2 × . . .× IN ;
B is a M -dimensional tensor of size J1 × J2 × . . .× JM and C
is a (N +M)-dimensional tensor of size I1 × . . .× IN × J1 ×
. . .× JM . Also, we use � to denote the Hadamard (element-
wise) product, and ‖A‖H defines the higher-order norm of the
tensor A.

We use D = D{a} to denote the diagonal matrix D of size
I × I with elements of the vector a ∈ C

I on its main diagonal.
Extending this definition, D = DR{a} denotes the “tensor”
diagonalization operator - the tensor D is the R-dimensional
diagonal tensor with the elements of a on its main diagonal.
For example, D3{a} would be a 3-dimensional tensor of size
I × I × I .

The estimate of the quantity x is denoted as x̂, unless noted
otherwise.

II. SYSTEM MODEL

We consider a multi-carrier wireless communication system
that consists of one user with one antenna transmitting to a base
station with a large receive antenna array. The receive antenna
array consists of M antennas, and xm, ym, and zm denote their
Cartesian coordinates. For the sake of notational simplicity, we
assume omnidirectional antennas. To use a parametric represen-
tation of the transmission channel of the system, we express it
as a set of dominant transmission paths between the user and the
base station. In other words, the signal transmitted from the user
travels through a set of L paths towards the receiver, including
a possible LoS path.

A. Scenario

An example scenario is depicted in Fig. 1. The elements of the
receive array, the user, and the reflectors (points of reflection)
are denoted with blue, red, and black dots, respectively. The
LoS path is denoted with a solid black line, while the reflected
paths are denoted with black dashed lines. The red dotted line
depicts the velocity vector of the user. Due to the high attenuation
at millimeter wave (mmWave) frequencies, we only consider
single bounce reflections in this paper (as in [29]).

In the example scenario of Fig. 1, the only moving target
is the user, although the corresponding Doppler shifts will be
exhibited on all paths from the user to the receive array, since
all paths will have a non-zero relative velocity relative to the
receive array.

The �-th path is characterized by a set of unknown parameters -
Θ� = {α�, ρ�, φ�, θ�, d�, v�}, whereα� represents the �-th path’s
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Fig. 2. Comparison of TeNFiLoc and TeNFiLoc-Blind algorithms. LoS scenario. D = 5 m (1000λ), v0 = 0.1 m/s.

complex gain - it includes such effects as attenuation and random
phase shift due to propagation, absorption, and reflection; ρ�,φ�,
θ� are the distance, azimuth, and elevation angles, respectively,
towards the last reflection along the �-th path (in case of the
LoS, it is the user) defined with respect to the reference antenna;
d� is the full path distance traveled by the signal along the �-th
path (for the LoS path, d� = ρ�) and v� is the relative velocity
along the �-th path. Note that v� accounts for the movements of
all objects (transmitter, reflectors, and receiver) along the �-th
path. The parametrization in terms of the Cartesian coordinates is
denoted asΘc

� = {α�, x�, y�, z�, d�, v�}, where thex�, y�, and z�
denote x-, y- and z-coordinates of the last reflection point for the
�-th path. Finally, the full set of channel parameters is formed as
a union of the parameters of each path - Θ = {Θ0, . . .,ΘL−1}
and Θc = {Θc

0, . . .,Θ
c
L−1}.

The main goal of the estimation algorithm is to estimate
the parameters of interest for each path - not only for channel
estimation and equalization purposes, but also the parameters
themselves are of interest in many applications, such as indoor
localization and tracking or beamforming. Moreover, based on
the estimated parameters for each path, we want to estimate
the location of the user terminal that is described by either
spherical us = [ρs φs θs]

T or Cartesian u = [xs ys zs]
T

coordinates.

B. Data Model

The system uses Nf subcarriers evenly spaced in frequency
with uniform spacing equal to Δf Hertz. The localization of
the user is performed over a frame of Nt consecutive symbols,
uniformly sampled each T0 seconds. The received signal at the
m-th antenna, on the n-th subcarrier ym,n(t) can be written as

ym,n(t) =

L−1∑
�=0

α� · sn(t− τ̄�,m) · ej2π(−nΔfτ�+
fc
c (δ�,m+tv�))

+ zm,n(t)
(3)

where 0 ≤ m < M is the antenna index, 0 ≤ n < Nf is the
subcarrier index, t is the continuos time, and 0 ≤ � < L is
the path index. The smallest subcarrier frequency is denoted
as f0. The �-th path delay from the user to reference antenna

is denoted as τ� = d�/c, where c is the speed of light. The
Doppler shift of the �-th path is expressed as fd

� = fc · v�/c,
where fc = f0 +Δf ·Nf/2 is the carrier (center) frequency.
The term δ�,m denotes the m-th antenna “geometric” path
difference for the �-th path. It is the difference between the
distances that the wavefront has to travel towards the m-th
antenna and towards the reference antenna. We always choose
m = 0 as the reference antenna, which means that δ�,0 = 0,
∀�. The delay τ̄�,m = τ� +

δ�,m
c denotes the total delay from

the user to the m-th antenna via the �-th path. Then, sn(t)
denotes the complex transmitted signal of the user on the n-th
subcarrier, and zm,n(t) is a realization of an independently and
identically distributed (i.i.d.) Zero Mean Circular Symmetric
Complex Gaussian (ZMCSCG) process with variance σ2.

Then, assuming narrowband signals on each subcarrier and
perfect synchronization (i.e. that sn(t− τ̄�,m) ≈ sn(t)), we can
express the received uniformly sampled discrete-time baseband
signal at the m-th antenna, on the n-th subcarrier in the t-th
symbol ym,n[t] as

ym,n[t] =

L−1∑
�=0

α� · ej2π
fc
c δ�,m · e−j2πnΔfτ� · ej2πt fcT0

c v�

︸ ︷︷ ︸
hm,n[t]

·sn[t]

+ zm,n[t]
(4)

Note that in (4) and in the following development, t denotes
the integer index of the OFDM symbol, and ym,n[t], sn[t], and
zm,n[t] are discrete time versions of the corresponding quantities
from (3). The communication channel hm,n[t] represents the
effect of propagation through L paths.

Moreover, we assume a narrowband multi-carrier system that
allows to approximate the n-th subcarrier frequency as fn =
f0 + nΔf ≈ fc in the first and third exponential terms in (4). On
the other hand, the use of a wideband model has been considered
in [7].

The geometric path differences are functions of the coordi-
nates of the last reflection point, i.e., δ�,m = δm(x�, y�, z�), and
the exact expression depends on the chosen wavefront model,
which can be planar [32], approximated spherical (Fresnel ap-
proximation [15]) or exactly spherical [10], [16], [23]. If the
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δ�,m = δm(x�, y�, z�) =
√

(xm − x�)2 + (ym − y�)2 + (zm − z�)2 − ρ�∀m (2)

far-field wavefront model and a URA are used, the data model
obtains separability in the space dimension along two geometri-
cal axes. In this case, we can form a 3-dimensional low-rank CP
model without incorporating the time dimension [8], [9], [29].
In this work, we adopt the exact spherical wavefront model for
δm(x�, y�, z�), which is given in equation (2) at the top of this
page.

In this case, the relationship between the location of the
reflection points and the path differences is non-linear and cannot
be separated along the space dimensions (e.g., the x- and y- axes)
without using any approximated wavefront model (e.g., planar
or Fresnel).

Thus we use the time (Doppler) dimension to form a 3-
dimensional tensor.

To simplify the notation and facilitate the representation of
the model in tensor form, we introduce the following quantities

α =
[
α0 . . . αL−1

]T
∈ C

L, (5)

where α represents the vector of complex path gains,

sf [t] =
[
s0[t] s1[t] . . . sNf−1[t]

]T
∈ C

Nf (6)

S =
[
sf [0] sf [1] . . . sf [Nt − 1]

]
∈ C

Nf×Nt , (7)

where the S matrix contains the signal transmitted by the user,

bs� =
[
1 ej2π

fc
c δ�,1 . . . ej2π

fc
c δ�,M−1

]T
∈ C

M (8)

Bs =
[
bs0 bs1 . . . bsL−1

]
∈ C

M×L, (9)

where Bs denotes the space domain steering matrix,

bf� =
[
1 e−j2πΔfτ� . . . e−j2π(Nf−1)Δfτ�

]T
∈ C

Nf

(10)

Bf =
[
bf0 bf1 . . . bfL−1

]
∈ C

Nf×L, (11)

where Bf denotes the frequency domain steering matrix, and

bt� =
[
1 ej2π

fcT0
c v� . . . ej2π(Nt−1) fcT0

c v�

]T
∈ C

Nt×1,

(12)

Bt =
[
bt0 bt1 . . . btL−1

]
∈ C

Nt×L (13)

where Bt denotes the time domain steering matrix.

C. Tensor Representation

Using the notation defined above, we can rewrite equation (4)
as

Y = H� (1M ◦ S)︸ ︷︷ ︸
S

+Z ∈ C
M×Nf×Nt (14)

whereH,Z,S ∈ C
M×Nf×Nt , 1M ∈ R

M×1 is a vector of ones,
and

[S](m,n,t) = sn[t] ∀ 0 ≤ m < M

[H](m,n,t) = hm,n[t]

[Y ](m,n,t) = ym,n[t]

[Z](m,n,t) = zm,n[t]. (15)

Finally, using equation (4) and definitions (9), (11), (13) we
can express the communication channel as a low-rank tensor
using the Canonical Polyadic Decomposition (CPD)

H = D3 {α} ×1 B
s ×2 B

f ×3 B
t (16)

The received signal tensorY does not have the same low-rank
structure as the channel in (16) due to the Hadamard product with
the transmitted signal tensor S (see (14)). In order to utilize a
low-rank representation for the received signal tensor, we have
to add additional constraints to the structure of the transmitted
signal. In this paper, we consider two possibilities that we can
express via one of the following two assumptions:

Assumption 1: The transmitted user signal is fully known at
the receiver.

Assumption 2: The transmitted user signal matrixS is a rank-
1 matrix.

Using Assumption 1, the transmitted data can be eliminated
from the received samples by element-wise division (zero-
forcing), which results in the following representation

H̃ = D3 {α} ×1 B
s ×2 B

f ×3 B
t + Z̃ (17)

where

[H](m,n,t) = [Y ](m,n,t)/[S](m,n,t)

[Z̃](m,n,t) = [Z](m,n,t)/[S](m,n,t) (18)

Assumption 1 in practice refers to the pilot tones and/or
training sequences of the OFDM system. Using these pilot tones,
the parameters of the dominant paths can be obtained using the
estimated channel tensor in (17).

In case of Assumption 2 the transmitted signals can be ex-
pressed as

sn[t] = s′n · s′′t
S = s′ · s′′T

s′ =
[
s′0 s′1 . . . s′Nf−1

]T
∈ C

Nf×1

s′′ =
[
s′′0 s′′1 . . . s′Nt−1

]T
∈ C

Nt×1 (19)

From such a representation it follows that the transmit signal
tensor S is a rank-1 tensor

S = 1M ◦ s′ ◦ s′′ (20)
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This allows us to rewrite equation (14) as

Y = (D3 {α} ×1 B
s ×2 B

f ×3 B
t)� (1M ◦ s′ ◦ s′′) +Z

= D3 {α} ×1 B
s ×2

(
D {s′}Bf

)︸ ︷︷ ︸
Bf

s

×3

(
D {s′′}Bt

)︸ ︷︷ ︸
Bt

s

+Z

(21)
which is also a noise-corrupted low-rank tensor representation
of the received data.

D. Uniqueness Condition

To assess the uniqueness conditions of the CP decompositions
in (17) and (21), Kruskal’s uniqueness condition for the CP
decomposition [28], [33] can be applied. Kruskal’s condition
states that for a 3-dimensional tensor X ∈ C

I1×I2×I3 with fac-
tor matrices A1 ∈ C

I1×L, A2 ∈ C
I1×L, A3 ∈ C

I1×L, the CP
decomposition is unique if

kr(A1) + kr(A2) + kr(A3) ≥ 2L+ 2 (22)

where kr(A) denotes the Kruskal rank.
Inserting the problem dimensions and assuming that all factor

matrices in (17) and (21) have full column rank (this implies
that all the parameters of the propagation paths are distinct), the
condition (22) can be simplified to

min(M,L) + min(Nf , L) + min(Nt, L) ≥ 2L+ 2 (23)

The maximum number of propagation paths that can be
uniquely estimated is thus

Lmax = min

{
min{M +Nf ,M +Nt, Nf +Nt} − 2,

⌊
M +Nf +Nt − 2

2

⌋}
(24)

where �•� denotes the floor operator.

III. TENSOR-BASED NEAR-FIELD LOCALIZATION ALGORITHM

In this section we describe the TeNFiLoc algorithm and its
extension for the case of Assumption 2, which we will call
TeNFiLoc-Blind in the following.

A. Estimation of the Steering Matrices in Case of
Assumption 1

The first step of the algorithm is to estimate the steering
matrices Bs, Bf , and Bt. In this subsection, we describe how
it is performed in case of Assumption 1.

Since in case of Assumption 1 the transmitted data is known
at the receiver (e.g., it is pilot data or the whole estimation is
performed during some training phase of the communication
process), we can use the element-wise division to eliminate it
from the received signal as in equations (17) and (18).

Then, the estimates of the steering matrices can be obtained
as factor matrices in an approximate CP decomposition of the
tensor H̃. Various algorithms exist to compute the approxi-
mate CP decomposition, such as the Alternating Least Squares
(ALS) based COMFAC algorithm [11] or the Semi-algebraic

framework for approximate CP decompositions via Simulta-
neous Matrix Diagonalizations (SECSI) [12], [13]. Moreover,
in [28] and [29], a closed form solution for computing the CP
decomposition of a tensor with Vandermonde factor matrix in
one of its modes was proposed. This algorithm can also be
applied in case of Assumption 1, but it cannot be used with
Assumption 2. It is also possible to use the SECSI framework,
which was shown to have a better performance in critical scenar-
ios (e.g., in scenarios with closely spaced targets) requires less
computational resources [12], [13], and was already applied to
near-field localization in [10]. Additionally, in contrast to the
closed form solution from [28], the SECSI framework does not
impose any constraints on the factor matrices and thus can be
applied in case of Assumption 2 as well.

It is also worth mentioning that the Joint Approximate Di-
agonalization of Eigenmatrices (JADE) [34] algorithm can be
adapted to compute the CP decomposition in this case. Nev-
ertheless, since the JADE algorithm uses higher order statistics
and is only based on one unfolding of the tensor, its performance
is inferior to the alternatives mentioned above.

In this paper, we investigate the use of the closed form
solution [28] together with Assumption 1, and the SECSI frame-
work [12], [13] together with Assumption 1 and Assumption 2.

The CP decomposition is unique up to an inherent scaling
and permutation ambiguity between the columns of the factor
matrices. Let us denote the estimates of the steering matrices

as B̂
s
, B̂

f
and B̂

t
before the scaling ambiguity has been

corrected. The CP decomposition is unique up to an inherent
scaling and permutation ambiguity between the columns of the
factor matrices. Since we have assumed for all steering matrices
that the first element of each column is equal to 1, we can obtain
an estimate of the path gains in the following way

α̂� = [B̂
s
](0,�) · [B̂f

](0,�) · [B̂t
](0,�), ∀ 0 ≤ � < L. (25)

After that, we can correct for the scaling ambiguity in each
steering matrix as follows

B̂
s ← B̂

s ·D
{
[B̂

s
](0,:)

}−1
B̂

f ← B̂
f ·D

{
[B̂

f
](0,:)

}−1
B̂

t ← B̂
t ·D

{
[B̂

t
](0,:)

}−1
(26)

Once the scaling ambiguity has been corrected, each of the
steering matrix estimates can be processed independently in
order to obtain the estimates of the path parameters Θ� ∀�.

Then, the roots of the Vandermonde matrices B̂
f

and B̂
t

can be estimated by a simplified (scalar) version of the shift-
invariance equation [35] as follows

μ̂� = ∠
(
b
H
� b�

)
∀� (27a)

or, in matrix form as

μ̂ = ∠
(
D
{
B

H
B
})

(27b)
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Algorithm 1: Estimation of s and μ in Case of Assumption 2.

Input: Bs ∈ C
N×L, w, S ⊂ C, str ∈ SNtr

Output: μ̂ ∈ C
L, ŝ ∈ SN

1: [B](0:Ntr−1,:) ← (D{str})−1[Bs](0:Ntr−1,:) �initialize first Ntr rows of B
2: μ̂← ROOTS([B](0:Ntr−1,:)) �initialize μ̂
3: [ŝ](0:Ntr−1) ← str �initialize first Ntr symbols of ŝ
4: for n = Ntr : N − 1 do

5: ŝn = argmin
s∈S

∣∣∣s− 1

L

L−1∑
�=0

w� · [Bs](n,l) · e−jnμ�

∣∣∣ �estimate next symbol based on corrected values of Bs

6: [B](n,:) ← [Bs](n,:)/ŝn �compute n-th row of corrected (”demodulated”) steering matrix
7: μ̂ = ROOTS([B](0:n,:)) �refine estimates of μ̂
8: end for
9: return μ̂, ŝ

1: function ROOTS (A) �function for computing roots μ̂ of the Vandermonde matrix A

2: μ̂← ∠(D{AH
A})

3: end function

where b� is the �-th column of B, and B is one of the Vander-

monde steering matrices (B̂
f

or B̂
t
).

B. Estimation of the Frequency and Time Domain Parameters
in Case of Assumption 2

In case of Assumption 2, the transmitted data is not fully
known at the receiver and the element-wise division is not
possible. Thus, the computation of the approximate CP decom-
position provides the estimates of Bs, Bf

s = D{s′}Bf , and
Bt

s = D{s′′}Bt. Then, to get estimates of Bf and Bt we
proceed as described below.

For notational simplicity, let us define the following matrices
and vectors

B =

⎡
⎢⎢⎢⎢⎣

1 . . . 1

ejμ0 . . . ejμL−1

...
...

...

ej(N−1)μ0 . . . ej(N−1)μL−1

⎤
⎥⎥⎥⎥⎦ ∈ C

N×L

[Bs](n,�) = [s](n) · [B](n,�) = [s](n) · ejnμ� , 0 ≤ n < N

μ =
[
μ0 . . . μL−1

]T
∈ C

L, s ∈ SN ,

(28)
where S ⊂ C is the finite set of all signal constellation points,
s is some modulated signal and μ is a vector of roots of the
Vandermonde matrix B. In the following, we will refer to the
matrices Bs and B as the not corrected (or “modulated”) and
corrected (or “demodulated”) steering matrices, respectively.

Note that the problem of estimating both s and μ is similar
to the well known task of demodulating a single-carrier signal
with constant frequency offset [36].

To solve this problem, we propose the blind parameter estima-
tion method presented as Algorithm 1 to demodulate the signal
and estimate s and μ. To this end, the first Ntr > 1 symbols
have to be known at the receiver (the simulations show that only
Ntr = 2 symbols are enough) to get the initial estimates ofμ. Let
us denote the symbols of the training sequence as str ∈ SNtr .

First, the path gains are estimated in case of Assumption 2 as
follows

α̂� =
[B̂

s
](0,�) · [B̂f

s ](0,�) · [B̂
t

s](0,�)

s′0 · s′′0
, ∀ 0 ≤ � < L, (29)

where s′0 · s′′0 = [str]
2
(0), which are assumed to be known.

Once the path gains have been estimated, they can be used to
weight contributions from different columns of B. To this end,
we define the vectorw ∈ R

L of the weighting coefficients based
on the obtained estimates of the path gains as

[w](�) = w� =
|α̂�|2
‖α̂‖2 , (30)

where α ∈ C
L is the vector of all path gains.

The estimation of s and μ from Bs is presented as Algo-
rithm 1 and proceeds as follows: in the first step, using the
knowledge of the first part of the transmitted sequence (str),
we can eliminate it using an element-wise division and obtain a
portion of the demodulated matrix estimate B̂.

Then, that obtained part of B̂ can be used to get initial esti-
mates of μ̂ according to equation (27). The function “ROOTS”
in Algorithm 1 performs this task using (27b).

Then, the estimate of the next symbol ŝn for Ntr ≤ n < N
can be computed in the usual way given that the values of
Bs are compensated for the linear phase shift by multiplying
them with e−jnμ̂� . Taking into account that the same symbol
sn is multiplied with the n-th row of Bs and including the
weights introduced in (30), we arrive at the cost function for
demodulating sn defined in the body of Algorithm 1 in line 5.

Once an estimate of n-th symbol ŝn is obtained, the n-th
demodulated row of B can be computed via an element-wise
division by ŝn, and the roots μ̂ can be refined using the newly
added demodulated samples of the steering matrix.
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If the maximum number of refinements of the estimate of μ
was made, as stated in Algorithm 1, its computational complex-
ity would be

N∑
n=Ntr+1

O(L) +O(L) +O(nL)

∼
N∑

n=Ntr+1

O(nL) ∼ O(N2 L) (31)

where the first two summands are from estimating the next
transmitted symbol (lines 5 and 6), while the O(nL) term is
due to the refinement of the estimate of μ at each step (line 7).

Note that Algorithm 1 can be adjusted for specific system
requirements, e.g., by changing the number of refinements of
the estimate μ̂ or by performing multiple sweeps over the rows
of the steering matrix. Nevertheless, the simulations show that
the computational overhead from Algorithm 1 is small and
constitutes only approximately 5-10% of the total computation
time.

C. Estimation of Path Distances and Relative Velocities

Once the estimates of the steering matrices B̂
f

and B̂
t

are
available, the estimates of the path distances d̂� and relative
velocities v̂� can be obtained using equations (27) as

d̂ = − c

2πΔf
∠
(
D
{
(B

f
)HBf

})
∈ R

L (32a)

v̂ =
c

2πfcT0
∠
(
D
{
(B

t
)HBt

})
∈ R

L. (32b)

D. Localization of the Last Reflection Points

For each path, the last reflection point is described via the
ρ�, φ�, and θ� parameters that can be estimated from B̂

s
using

an approach that has been inspired by our conference paper on
near-field localization in bistatic MIMO Radar in [10]. The most
significant steps are summarized below.

1) Phase Unwrapping: In order to obtain correct estimates
of the path differences it is necessary to obtain the unwrapped
phases of the steering vectors b̂

s

� . Then, the estimates of the path
differences can be expressed as

δ̂� =
λ

2π
· U{∠b̂s�}, ∀� (33)

where δ̂� ∈ C
M is the vector of path difference estimates and

U{•} denotes the unwrapping algorithm.
The unwrapping step is the only step that imposes constraints

on the receive array geometry. For uniformly distributed ge-
ometries (such as Uniform Linear Arrays (ULAs) or URAs),
the correct phase unwrapping is possible if the element spacing
is not larger than λ/2 with a simple 1-dimensional unwrapping
algorithm [37] (in case of a URA it should be applied row- and
column-wise). For other types of array geometries, 2- (or 3-)
dimensional unwrapping algorithms should be applied [38].

2) Solving a System of Linear Equations: Substituting the
estimated path difference δ̂� into (2), moving ρ� to the left side,

and taking the square [10], [17] results in

(δ̂�,m + ρ�)
2 = (xm − x�)

2 + (ym − y�)
2 + (zm − z�)

2

(34)
Expanding this expression leads to

δ̂2�,m + 2ρ�δ̂�,m + ρ2� = x2
m + y2m + z2m︸ ︷︷ ︸

d2
m

+x2
� + y2� + z2�︸ ︷︷ ︸

ρ2
�

−2(xmx� + ymy� + zmz�) (35)

which results in the following system of equations:

2

⎡
⎢⎢⎢⎢⎣

x2 y2 z2 δ̂�,1

x3 y3 z3 δ̂�,2
...

...
...

...

xM−1 yM−1 zM−1 δ̂�,M−1

⎤
⎥⎥⎥⎥⎦

︸ ︷︷ ︸
X�∈R(M−1)×4

p� =

⎡
⎢⎢⎢⎢⎣

d21 − δ̂2�,1
d22 − δ̂2�,2

...

d2M−1 − δ̂2�,M−1

⎤
⎥⎥⎥⎥⎦

︸ ︷︷ ︸
y�∈R(M−1)×1

(36)

where d2m = x2
m + y2m + z2m is the distance from the reference

antenna (located at the origin) to the m-th antenna, and

p� =

⎡
⎢⎢⎢⎣

x�

y�

z�√
x2
� + y2� + z2�

⎤
⎥⎥⎥⎦ = ρ�

⎡
⎢⎢⎢⎣
cos(φ�) cos(θ�)

sin(φ�) cos(θ�)

sin(θ�)

1

⎤
⎥⎥⎥⎦ . (37)

√
(xs − x̂0)2 + (ys − ŷ0)2 + (zs − ẑ0)2 = d̂1 − ρ̂1√
(xs − x̂1)2 + (ys − ŷ1)2 + (zs − ẑ1)2 = d̂2 − ρ̂2

...√
(xs−x̂L−1)2+(ys−ŷL−1)2+(zs − ẑL−1)2 = d̂L−1 − ρ̂L−1

(38)
The described set of equations in (36) can be applied in the

most general case - it allows to estimate the location of the
reflectors in the full 3-D space around the receive array, provided
that the antenna array geometry exhibits diversity in all spatial
directions (i.e., it is not planar). If the array is planar, for example,
in case of URAs, the matrix X� will not have full column rank.
In such a situation, we choose a local system of coordinates with
the origin at the reference antenna such that all antennas lie in
the x-y-plane. Then, zm = 0, ∀m, and equations (36) and (37)
reduce to

2

⎡
⎢⎢⎢⎢⎣

x2 y2 δ̂�,1

x3 y3 δ̂�,2
...

...
...

xM−1 yM−1 δ̂�,M−1

⎤
⎥⎥⎥⎥⎦

︸ ︷︷ ︸
X�∈R(M−1)×3

p� =

⎡
⎢⎢⎢⎢⎣

d21 − δ̂2�,1
d22 − δ̂2�,2

...

d2M−1 − δ̂2�,M−1

⎤
⎥⎥⎥⎥⎦

︸ ︷︷ ︸
y�∈R(M−1)×1

(39)
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and

p� =

⎡
⎢⎣ x�

y�√
x2
� + y2� + z2�

⎤
⎥⎦ =

⎡
⎢⎣ρ� cos(φ�) cos(θ�)

ρ� sin(φ�) cos(θ�)

ρ�

⎤
⎥⎦ , (40)

respectively. In this case, we can only estimate the locations of
the target in that half of the 3-D space where z� > 0 (or 0 ≤
θ� ≤ π/2), as can be observed from (40).

The solution vector can be found by means of Least-Squares
(LS) or Total Least Squares (TLS). In the latter case, the solution
vector p� is found as

p̂� =
[v�](1:q−1)
[v�](q)

(41)

where q is the number of elements in v�, and v� is the right-

singular vector of the augmented matrix
[
X� y�

]
that cor-

responds to the smallest singular value [20], [39]. However,
according to our simulations the LS solution shows the same
performance as the TLS solution.

3) Parameter Extraction: In the last step of the 3-D case,
cf. equation (37), we obtain estimates of the reflector coordinates
as

ρ� = [p̂�](4) (42a)

φ� = atan2

(
[p̂�](2)

ρ�
,
[p̂�](1)

ρ�

)
(42b)

θ� = atan2

(
[p̂�](3)

ρ�
,

√
[p̂�]

2
(1) + [p̂�]

2
(2)

ρ�

)
(42c)

where atan2(y, x) denotes the four quadrant arctangent func-
tion.

If all the array antennas are in the same plane (e.g., for a URA)
we use ρ� = (p̂�)(3) and

θ� = cos−1
(√

[p̂�]
2
(1) + [p̂�]

2
(2)

ρ�

)
(43)

which is only valid in half of the 3-D space. Moreover, the (43)
shows that a simple reliability test can be applied in this case. If

the value of
√
[p̂h]

2
(1) + [p̂h]

2
(2)/ρh is larger than one, then the

test has failed, and the parameter estimates should be considered
as not reliable.

E. User Localization

Once the path estimates Θ are available, the user location can
be estimated. We distinguish two possible localization scenarios.
In the first case, the LoS path is present (LoS scenario). In the
other case, it is absent (non-LoS scenario). The latter can happen
if the user is not in the direct vicinity of the receiver, for example,
blocked by some other object. Note that the user localization
procedure is similar for both TeNFiLoc and TeNFiLoc-Blind
algorithms.

Let us first start with the LoS scenario. To decide whether
the LoS path is present among the estimated paths, we propose

a simple test based on the relation between two estimated pa-
rameters - the distance towards the last reflection ρ̂� and the full
path distance d̂� according to the solution of (36) or (39) and
(32a), respectively. By definition, for the LoS path it is true that
ρ� = d�, thus, the index of the most suitable candidate path for
LoS path can be determined by

�LoS = argmin
�
|d̂� − ρ̂�| (44a)

Then, to test whether that candidate path is truly a LoS path,
we propose the following condition

1− δ ≤ d̂�LoS

ρ̂�LoS

≤ 1 + δ (44b)

where 0<δ ≤ 1 is some arbitrary threshold. Thus, if the con-
dition (44b) is satisfied, the algorithm assumes that the LoS is
present among the paths.

If it is determined that there is a LoS path and its index is
�LoS, the user location is determined as

ûs =
[
ρ̂s φ̂s Θ̂s

]T
=

=
[
d̂�LoS

or ρ̂�LoS
φ̂�LoS

θ̂�LoS

]T
(45)

Whether d̂�LoS
or ρ̂�LoS

is used as the estimate ofρs depends on
the system parametrization. For the simulation parameters used
in this paper, d̂�LoS

is more accurate than ρ̂�LoS
and is chosen as

the estimate. Nevertheless, for different system parametrizations
(smaller bandwidth, subcarrier spacing, etc.), ρ̂�LoS

can become
more accurate and should be used instead.

If the condition (44b) is not satisfied, the algorithm assumes
that the LoS is not present among the obtained path estimates.
In this case, it is possible to construct the system of equations
defined in (38), where x̂�, ŷ�, ẑ�, ρ̂�, and d̂� are the estimated
path parameters.

Then, to estimate the user’s location we define the Least-
Squares cost function as

f(u; Θ̂
c
) =

L−1∑
�=0

w�

(
‖u− r̂�‖ − d̂� + ρ̂�

)2
(46)

where r̂� =
[
x̂� ŷ� ẑ�

]T
denotes the location of the �-th

reflector in Cartesian coordinates.
To guarantee that the system (38) has a unique solution, it is

required that L ≥ 3 (since we estimate three unknowns: xs, ys,
and zs), which means that the user can be localized in a non-LoS
scenario if the number of paths is not less than three. Note that
in a LoS scenario only L = 1 path is required.

To obtain the minima of f(u; Θ̂
c
), we find that, with proper

initialization, any local minimization algorithm is appropriate.
As a starting point for the user location we simply choose
the arithmetic average of the estimated coordinates of the last
reflection point of all paths. The simulations show that the
algorithm does not diverge and the user location can be correctly
estimated. The summary of the TeNFiLoc/TeNFiLoc-Blind user
localization routine is presented as Algorithm 2.
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Algorithm 2: TeNFiLoc User Localization Algorithm.

Input: Θ̂
c
, δ ∈ R

Output: û

1: if 1− δ ≤ min�
d̂�

ρ̂�
≤ 1 + δ then

2: set û using (44a) and (45)
3: else
4: û← argmin

u
f(u; Θ̂

c
)

5: where f(u; Θ̂
c
) is defined in (46)

6: end if

F. Computational Complexity

The computational complexity of the most significant steps
of the TeNFiLoc/TeNFiLoc-Blind algorithms is presented in
Table I.

Note that the complexity of O(N2
f,tL) imposed by the ad-

ditional processing required by the TeNFiLoc-Blind algorithm
(Algorithm 1), as mentioned in Subsection III-B, can be reduced
by controlling the number of the refinements of μ̂.

As expected, the overall computational complexity is dom-
inated by the complexity of the CP decomposition, regardless
whether the closed form solution from [28] or the SECSI frame-
work [13] are used to compute it.

Moreover, although the complexity of localizing the user
in a non-LoS scenario O(LKmax) is mentioned in the total
complexity expression, its contribution is negligible in practice
when compared to the cost of the CP decomposition.

IV. SIMULATIONS

A. System Parameters

The system parameters used for the simulations influence the
performance of the TeNFiLoc algorithm. In this paper, we set
the system parameters to be close to the parameters of the 5G
NR Physical Layer ([41], Chapter 6). We consider a mmWave
OFDM system with fc = 60GHz, which results in a wavelength
of λ = c/fc ≈ 5 mm. The system has pilot tones evenly dis-
tributed across frequency and time, filling the full bandwidth
and frame duration, which is a common and simplistic pattern
for positioning pilots in an OFDM system.

Thus, in the considered system let the total number of subcar-
riers beNd

f = 2048 and the “data” subcarrier spacing beΔf d =
240 kHz, then the total occupied bandwidth B ≈ 490 MHz.
Moreover, let each pilot tone be spaced kf = 24 subcarriers
apart, which results in the effective pilot subcarrier spacing
Δf = 5.76 MHz and a total number of Nf = 85 pilot subcar-
riers (those are the quantities used in equation (4) and later).
The same principle is used in the time domain. The parameter
estimation procedure is assumed to be carried out over a frame
of Nd

t = 1120 OFDM symbols, and only each kt = 42-nd of
them contains pilot tones, which results in a total number of
Nt = 26 pilot symbols. The OFDM symbol duration in that
case is T0,d = 1/Δf d + TCP = 1.25/Δf d ≈ 5.2 μs, and the

pilot symbols are spaced T0 = T0,d · kt ≈ 219 μs apart. Then,
the total frame duration is T = Nt · T0 ≈ 5.7 ms.

The free subcarriers and OFDM symbols between pilot tones
can be used for data transmission and/or user multiplexing. In the
latter case, the channel estimation can be performed separately
for each user on its unique set of pilots, evenly distributed along
the time and the frequency dimensions, using the described
TeNFiLoc or TeNFiLoc-Blind algorithms.

We use a URA of size Mx ×My = 20× 20 antennas as the
receive array. The antenna element spacing is set to λ/2 =
2.5 mm along both axes, and the total size of the array is
Mxλ/2×Myλ/2 = 50 mm × 50 mm.

The size of the received signal tensor for the given parameters
is 400× 85× 26, and the maximum number of paths given by
(24) is Lmax = 109.

The unambiguous estimation ranges of the path distances d�
(frequency domain) and the path relative velocities v� (time
domain) are limited as follows:

0 ≤ d� < dmax =
c

Δf
, ∀� (47a)

vmin = − c

2fcT0
≤ v� < vmax =

c

2fcT0
, ∀� (47b)

For the chosen system parameters, dmax ≈ 52m, and vmax =
−vmin ≈ 11.42 m/s ≈ 41.12 km/h.

All simulations were carried out withK = 5000 trials, except
for the Fig. 3(c), which used K = 1000 trials.

B. Scenario

The example scenario used for our simulations is presented
in Fig. 1. The user is denoted by a red circle. The solid line from
the user to the receive array depicts the LoS path. The user is
moving away from the receive array, and the red dashed arrow
shows its absolute velocity vector.

Additionally, there areLr = 4 reflected paths that are depicted
with black dashed lines. The signals traveling along those paths
are reflected from virtual reflecting surfaces depicted with small
brown rectangles.

Let D denote the distance from the receive array to the user,
and let v0 denote the absolute velocity of the user, in m/s. The
resulting parameters of this scenario are presented in Table II.

To model the power difference between the LoS and the
reflected paths, we set the path gains as follows

α� = β� ·
√

1

(d�)n ·R�
, (48)

whereβ� ∈ C is a random complex number with unit magnitude,
n = 2 is the path loss exponent, and R� is the loss due to
reflection (R�LoS

= 1, otherwise R� �=�LoS
= 2), such that each

reflected path is additionally attenuated by 3 dB relative to the
LoS path.

Given the scenario depicted in Fig. 1 and the specified pa-
rameter values (D = 5 m, v0 = 1 m/s), the factor matrices of
the channel tensor H have the following condition numbers:
cond(Bs) = 1.23, cond(Bf ) = 1.14, and cond(Bt) = 41.72.
Changing the parameter D affects the condition number of the
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TABLE I
THE COMPUTATIONAL COMPLEXITY OF THE MAIN STEPS OF TENFILOC/TENFILOC-BLIND ALGORITHMS

Fig. 3. User localization accuracy, v0 = 1 m/s.

frequency domain factor matrix Bf - the smaller the value of
D, the smaller are all the distances in the scenario, as well as
the differences between them. At the same time, it also slightly
affects the condition number of the space domain factor matrix
Bs, since - as D increases - the scenario becomes more far-field

and the wavefronts appear to be more planar. For example, as
D changes from ≈ 0.15 meters to 20 meters, the condition
number cond(Bf ) will change from ≈ 30000 to ≈ 1, while
the condition number cond(Bs) will change from 1.16 to 1.22.
On the other hand, the parameter v0 (user velocity) affects the
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TABLE II
THE SIMULATION SCENARIO PARAMETERS. HERE, D DENOTES THE DISTANCE

FROM THE RECEIVE ARRAY TO THE USER

condition number of the time domain factor matrix Bt. For
example, if v0 is changed from 0.57 m/s to 0.0001 m/s, the
condition number cond(Bt) changes from 41.7 to 3.9 · 1016.
By changing the parameters D and v0 we can test the algorithms
under different model conditions.

C. Definitions

We define the Signal-to-Noise Ratio (SNR) as

SNR =
‖Y0‖2H

E

{
‖Z‖2H

} (49)

where Y0 = H� (1M ◦ S) is a noiseless receive data tensor.
The SNR is then used to compute the variance of the noise as

σ2 =
1

2
·
E

{
‖Z‖2H

}
N

=
1

2N
· ‖Y‖

2
H

SNR
(50)

whereN = NfNtM is the total number of elements inY . Then,
the distribution of the additive noise can be set as

vec {Z} ∝ CN{0N , σ2 · IN} (51)

where CN{•} denotes CSCG noise.
Since the reliability test is used during the simulations (as

explained at the end of Subsection III-D), it should also be taken
into account when computing the performance metrics. To do
so, we introduce an indicator function

η(x̂) =

{
1, if x̂ passed the reliability test

0, otherwise
(52)

and KR(x) =
∑L−1

�=0

∑K
k=1 η(x̂�,k) as the number of trials in

which the reliability test did not fail, whereK is the total number
of trials and x̂�,k is the estimated quantity of the �-th path in the
k-th trial.

Then, to measure the estimation accuracy of the parameters
of interest we define the Root Mean Square Error (RMSE) of
the parameter x ∈ {ρ, φ, θ, d, v} as

RMSE(x) =

√√√√ 1

KR(x)

L−1∑
�=0

K∑
k=1

η(x̂�,k)(x� − x̂�,k)2 (53)

averaged overL paths, wherex� is the true value of the estimated
quantity for the �-th path. Note that the variable x is used to
represent the parameter for which the RMSE is computed and
should be replaced by one of the values of the set {ρ, φ, θ, d, v}.

To evaluate the accuracy of the user localization, we define
the root mean square error of the Euclidean distance between
the true (u) and the estimated (ûk) location of the user as

RMSEs =

√√√√ 1

KR(u)

K∑
k=1

η(ûk) ‖u− ûk‖2 (54)

Note that in order for η(û) to be equal to 1 it is required that
η(ρ̂�), η(φ̂�), η(θ̂�), and η(d̂�) are all 1 for at least one path in a
LoS scenario and at least 3 paths in a non-LoS scenario.

In a similar fashion, to better assess the estimation perfor-
mance, we introduce the following quantity

s(x) = min
�1,�2

|x�1 − x�2 |
2

(55)

where �1, �2 ∈ {0, . . ., L− 1}. The quantity s(x) represents half
of the minimum separation between the values of the parameter
x of all paths.

D. Results

First, we vary the SNR and plot the estimation accuracies.
The results are shown in Fig. 2. The compared algorithms are as
follows:
� ”TeNFiLoc (Closed Form)” refers to Assumption 1 and

utilizes the full knowledge of the transmitted data to obtain
the low-rank estimate of the channel as in equation (17).
The closed form algorithm from [28] is used to compute
the CP decomposition.

� ”TeNFiLoc (SECSI)” refers to the same solution as the
above, only that the SECSI framework with the “CON PS”
heuristic [12], [13] is used to compute the CP decomposi-
tion.

� ”TeNFiLoc-Blind” refers to Assumption 2 and uses the
SECSI framework together with Algorithm 1 to obtain
estimates of the steering matrices and the transmitted data.

The parameter estimation accuracy RMSE(ρ) is shown in
Fig. 2(a), where the LoS is assumed to be visible, D =
5 m, v0 = 0.1 m/s (see Table II). The performance of
“TeNFiLoc-Blind (SECSI)” is equal to the performance of
“TeNFiLoc (SECSI)” and is better than the performance of
“TeNFiLoc (Closed Form)” in terms of estimating the distance to
the last reflection, and we observe the same behavior for all other
parameters. Nevertheless, the TeNFiLoc-Blind algorithm does
not rely on knowledge of the transmitted data and is capable
of demodulating it, provided that Assumption 2 is satisfied.
On the other hand, Fig. 2(b) shows that the closed form CP
decomposition from [28] (red curve) is several times faster than
the SECSI framework, which may justify its usage together with
Assumption 1.

For the transmitted data, QPSK modulation was used for
s′ and s′′ resulting in 2 bits per symbol. In total, such
a modulation allows to transmit Nbits/frame = 2(Nf +Nt −
2Ntr) = 2(85 + 26− 2 · 2) = 214 bits per frame, or Nbits/s =
Nbits/frame/(NtT0) ≈ 37 kbits/s, which is rather low compared
to the full potential system throughput (with such a modulation)
of ≈765 Mbits/s.
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The simulations show a very low Bit Error Rate (BER) of
the TeNFiLoc-Blind algorithm, and we observe no errors if
the SNR is higher than −10 dB (with the number of trials
K = 5000), which can be explained by the massive redundancy
of the transmitted data. Thus, it can be used to transmit system
critical information with high reliability, although with relatively
low throughput. For the given scenario, there is no impact due
to errors in symbols demodulation, since the overall parameter
estimation and user localization accuracy degrades at higher
SNRs.

Moreover, Fig. 2(b) shows that the average execution time
of the TeNFiLoc-Blind algorithm (pink dashed curve) is only
slightly increased by approximately 5%–10% due to Algo-
rithm 1, since most of the computational load is required to
compute an approximate CP decomposition.

The user localization accuracy in terms of RMSEs defined
in (54) is depicted in Fig. 3. In that simulation, we compare the
following options:
� ”TeNFiLoc-Blind (HD)” - the user is always localized

using (44a) and (45), i.e., this is a hard decision in favor of
the LoS path

� ”TeNFiLoc-Blind (NLS)” - the user is always localized by
the minimization of f(u; Θ̂

c
) defined in (46)

� ”TeNFiLoc-Blind (Algorithm 2, δ = X%)” - the combined
approach defined in Algorithm 2, where the threshold δ
from (44b) is set to X% (the exact value of X is specified
in the legend).

In Figs. 3(a) and 3(c) a LoS is present (similar to Fig. 2). On the
other hand, Figs. 3(b) and 3(d) are simulated with the assumption
that the LoS is not visible (for example, shadowed), such that its
contribution to the received tensor Y is absent (or, equivalently,
the LoS path gain α�LoS

= 0). It should be noted that in this
paper we assume that the number of paths L is known. For the
LoS scenario, L = 5, and for the non-LoS scenario L = 4. In
a practical systems, appropriate tensor rank estimation methods
can be used to obtain the number of paths, e.g., [42], [43].

In the simulations of Figs. 3(c) and 3(d), the SNR is fixed
to 30 dB and 40 dB, respectively, while we vary the distances
between the reflectors and the user by changing the parameter
D (see Table II). This allows us to visualize the performance as
the scenario objects move away from the array, thus revealing
the accuracy degradation in estimating ρ as objects (user and
reflectors) move more and more to the far-field region.

As can be seen from the Figs. 3(a) and 3(c), the user local-
ization based on equations (44a) and (45) (”TeNFiLoc-Blind
(HD)”) outperforms the minimization of the cost function
in (46), and the Algorithm 2 (”TeNFiLoc-Blind (Algorithm
2, δ = X%)”) has the same performance as “TeNFiLoc-Blind
(HD)” when it is able to correctly determine whether the scenario
has a LoS path. This is the case when the SNR is higher than
10 dB. Otherwise, the LoS check from equation (44b) resorts to
the minimization of the cost function in (46), and, consequently,
the performance of the pink curve coincides with that of the blue
curve. The exact value of the threshold from (44b) affects the
SNR where the performance of the Algorithm 2 transitions to
that of the “TeNFiLoc-Blind (NLS)” (blue curve). The smaller
the value of δ is, the stronger gets the condition in (44b), and then

it is more likely not satisfied at smaller SNRs, and thus the per-
formance more often falls back to that of the “TeNFiLoc-Blind
(NLS)” method at higher SNRs.

In the non-LoS scenario of Fig. 3(b), the “TeNFiLoc-Blind
(NLS)” is capable of correctly estimating the source location,
but a higher SNR is required to achieve the same performance.
Algorithm 2 (”TeNFiLoc-Blind (Algorithm 2, δ = 40%)”) also
provides the same solution, since it is able to detect the absence
of the LoS paths, which means that the Algorithm 2 is applicable
in both LoS and non-LoS scenarios. Nevertheless it should be
noted that the performance of “TeNFiLoc-Blind (NLS)” is worse
than that in the Fig. 3(a), because the LoS path is completely
absent in the received signal and thus it bears less information
about the user location compared to the LoS scenario.

In Fig. 3(c) we additionally compare the source localization
performance with the 3-D Unitary Tensor ESPRIT (UTE) algo-
rithm [44]. UTE assumes that all sources/reflectors are located
in the far-field. Consequently, all factor matrices of the received
tensor H have to have a Vandermonde structure and thus UTE
can only be used together with Assumption 1. Moreover, since
UTE does not provide an estimate of the distance towards the
last reflection point of the path (ρ̂�), we determine the LoS path
as the path with the smallest d̂� and use the parameters of that
path (d̂�, φ̂�, and θ̂�) as the estimates of the user location. The
resulting performance is depicted in Fig. 3(c) as “UTE LS”.

In Fig. 3(d), in addition to the localization accuracy of the
source, we show the same quantity (average Euclidean distance
between true and estimated locations) of each of the reflectors.
Those curves are denoted with an additional suffix “R-�,” where
� denotes the reflector number. For example, the “TeNFiLoc-
Blind (NLS), R-1” (red curve with diamond markers) shows the
average localization error for the first path, and so on. From
Fig. 3(d) it can be seen that the accuracy of minimizing the
cost function (46) is smaller than that of the localization of the
reflectors, whose parameters are used to form the cost function.
This explains why the “TeNFiLoc-Blind (NLS)” method has a
smaller accuracy in the LoS scenario compared to “TeNFiLoc-
Blind (HD),” since the latter does not use the parameters of the
reflectors to localize the source.

Figs. 3(c) and 3(d) show how the localization performance
is degraded as the distance to the user and the reflectors is
increased. The performance of “TeNFiLoc-Blind (NLS)” in
Fig. 3(c) degrades much faster than that of “TeNFiLoc-Blind
(HD)” and “TeNFiLoc-Blind (Algorithm 2, δ = 40%)”. This is
easily explained by the fact that the former uses estimates of ρ for
all paths in order to form the cost function, and these estimates
degrade as the distance towards the receiver is increased. This is
due to fact that the wavefront looses its curvature. On the other
hand, the latter methods resort to only one estimate of the LoS
path which does not rely on the estimate of ρ (it uses the estimate
of d instead), and the performance is slightly degraded as D
increases only due to the fact that the near-field model slowly
converges to the far-field model (the condition numbers of the
matrices X� from equations (36) and (39) become higher as
the distance is increased - again, because the wavefront looses
its curvature). The performance of UTE (”UTE LS”) almost
does not depend on the distance towards the user, but it exceeds
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Fig. 4. RMSEs vs. v0. LoS scenario. SNR = 10 dB, D = 5 m.

Fig. 5. RMSEs vs.
√
M . LoS scenario. SNR = 30 dB, D = 5 m.

the separation as the distance is reduced. This is due to the
fact that UTE relies on the far-field assumption, and the model
misspecification from near-field data creates an error floor that
stays approximately constant for all values of D and does not
depend on the SNR.

Note that for the parameters used in the simulations, the
Fresnel region [22] is from approximately 0.15 to 1.8 m (or 30
to 360 λ). On the other hand, the simulation results of Figs. 3(a)
and 3(d) show that proper user localization is possible beyond
that region, provided that the LoS is present or the SNR is high
enough.

Next, we vary the source velocity (parameter v0) with all
other parameters fixed (SNR = 10 dB, D = 5 m). The results
are shown in Fig. 4. It can be seen that if the relative velocities
of all the targets in the scenario become small, the perfor-
mance degrades due to the high condition number of Bt (for
example, if v0 = 0.024 m/s, then cond(Bt) ∼ 2 · 107) and a
higher SNR is required in order to properly resolve the paths
and localize the user. For the given SNR of 10 dB, the user
velocity v0 should at least be higher than 1 cm/s, which is
realistic in practical scenarios. Moreover, it can be seen that
the SECSI framework outperforms the closed form solution in
the region with 0.005 m/s ≤ v0 ≤ 0.1 m/s. This is because the
condition number of Bt is already high (in that region it is
8.3 · 104 ≤ cond(Bt) ≤ 5 · 109), but the paths are still properly
resolved, which is due to the better performance of the SECSI
framework in badly conditioned scenarios [13].

In the simulations of Fig. 5 we change the number of antennas
in the receive array. The user localization accuracy in terms

Fig. 6. RMSEs vs. SNR. LoS scenario. D = 5 m.

of the RMSEs defined in (54) is shown as function of
√
M .

We use a square URA with M antennas (of size
√
M ×√M

elements with λ/2 spacing) as the receive array. This simulation
shows how the performance degrades when a smaller number
of antennas is used, since this results in a smaller aperture,
which reduces the ability of the array to capture the curvature
of the wavefronts. The λ/2 spacing is due to the ability of the
unwrapping algorithm to restore the original path differences
for each source, and, as a result, the algorithms require at least
36-64 antennas in total to work properly for an SNR of 10 dB.

In the last simulation, we investigate the performance in case
of an underestimation of the number of paths present in the
environment. In addition to the paths presented in Table II
(”dominant” paths), we add N “weak” paths randomly dis-
tributed around them. Those paths are intentionally weakened
with respect to the dominant paths. The TeNFiLoc/TeNFiLoc-
Blind algorithms still assume thatL = 5, thus they estimate only
dominant paths.

The results are shown in Fig. 6. The legend is the same, but
the number of weak paths and how much they are attenuated is
specified in the braces. For example, “TeNFiLoc (N=0)” denotes
a scenario without any weak paths, while “TeNFiLoc (N=10,
10 dB)” denotes a scenario with 10 weak paths attenuated by
10 dB each (with respect to dominant paths). The results show
that even when the weak paths are present, the algorithms are
capable of localizing the user, since the contribution from the
dominant paths gets estimated by the approximate low-rank CP
decomposition. When the weak paths are present, an error floor
occurs at high SNRs. This happens due to the fact that the weak
paths act as interference for the estimation algorithms when the
noise is reduced.

V. CONCLUSION

In this paper, we have proposed the Tensor-Based Near-Field
Localization (TeNFiLoc) algorithm for channel estimation and
user localization for the uplink of a multi-carrier wireless com-
munication systems with single-antenna user terminals. The
exact spherical model of the impinging wavefronts allows us
to localize and identify the reflected paths and distinguish them
from the LoS path. We have also shown that the user location
can be estimated even if the LoS is not present, i.e., when the
direct path to the user is blocked or highly attenuated. The only
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required condition is that the number of reflected paths that reach
the receiver is not less than three. In case of a LoS, we only need
a single path.

Moreover, TeNFiLoc-Blind - extended version of the TeN-
FiLoc algorithm - does not require perfect knowledge of the
transmitted data, as assumed in Assumption 1. With a specific
design of the transmitted signal (Assumption 2) and using Algo-
rithm 1, it is possible to reliably recover the transmitted data and
estimate all the parameters of interest at the only cost of a small
computational overhead. Thus, an additional low throughput
communication link to the receiver can be established with a
high reliability.

The simulations demonstrate the applicability of the TeN-
FiLoc algorithm and its extension TeNFiLoc-Blind in practical
scenarios.
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