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Abstract—Future generations of wireless networks become
more and more demanding due to the exponential growth of
mobile traffic with billions of connected smart devices. In this
paper, we focus on non-orthogonal multiple access (NOMA),
which has been considered as a promising technique for 5G and
beyond wireless networks. We consider a power-domain downlink
MIMO-NOMA system with an arbitrary number of users and
propose to design the precoding and decoding matrices based
on the Multilinear Generalized Singular Value Decomposition
(ML-GSVD) that we have recently proposed. Moreover, we
demonstrate how the generalized singular values of the ML-
GSVD can be used for the power allocation. We also compare
the proposed MIMO-NOMA scheme with orthogonal multiple
access (OMA) techniques and provide various numerical results.

Index Terms—MIMO, GSVD, ML-GSVD, tensor decomposi-
tion, NOMA.

I. INTRODUCTION

The substantial growth of the global data traffic puts higher
demands on 5G and beyond networks. The extensive use
of smart devices and the increasing interest in the Internet
of things (IoT) require reliable low-latency communication,
massive connectivity, and increased data rates. Due to limited
bandwidth and limited power resources, providing a sufficient
quality of service (QoS) becomes more and more challenging.

In conventional orthogonal multiple access (OMA) tech-
niques, the users exploit the orthogonal resources in time,
frequency, code, or in the joint time-frequency domain to avoid
multiple access interference. However, since each resource
block can only support one user equipment (UE), the number
of served users is limited. As an alternative, non-orthogonal
multiple access (NOMA) has been proposed to be employed
in future wireless communication systems [1]. NOMA allows
to use the same non-orthogonal resources to transmit the data
of different users simultaneously. It has gained a significant
attention due to its potential to considerably improve the
spectral efficiency, enhance the connectivity, and reduce la-
tency [2]. In general, NOMA solutions can be separated into
two main groups, power-domain and code-domain multiplex-
ing [3]. However, the majority of the NOMA contributions
focuses on the power-domain NOMA due to its relatively
simple implementation, tolerable user fairness, and spectral
efficiency trade-off [4].

The authors gratefully acknowledge the support of the German Research
Foundation (DFG) under grant no. HA 2239/14-1 (AdAMMM) and grant no.
ZH 640/2-1 (AdAMMM).

Several overviews and surveys on NOMA techniques have
been published in recent years. They present the basic princi-
ples of the NOMA technique, discuss the open issues, and
compare it with the performance of OMA-based transmis-
sion [2]–[9]. The authors in [2] additionally highlight the key
challenges and the future research trends in NOMA explo-
ration, which includes a performance analysis, beamforming
and receiver design, channel estimation, resource allocation,
and an extension to MIMO. The study in [10] investigates
efficient user clustering and power allocation algorithms for
MIMO-NOMA systems. The authors derive the sum rate
capacity for the uplink system with a massive antenna array
at the base station (BS) and single antenna UEs. A MIMO-
NOMA downlink scenario with multiple antenna users has
been considered in [11]. The authors propose to use user
pairing to enhance the NOMA performance and consider the
identity matrix as a precoding matrix to reduce the system
overhead. More sophisticated precoding and decoding based
on QR and GSVD decompositions have been proposed in
[12]–[18]. However, the aforementioned schemes are restricted
to systems with two users in one resource block due to the
limitation that the GSVD uses only two matrices.

In [19] we have proposed the ML-GSVD as an extension
of the GSVD to decompose more than two matrices with one
common dimension. Compared to the other multidimensional
extensions of the GSVD, the ML-GSVD inherits the properties
of the original decomposition, such as orthogonality and the
structure of the diagonal matrices. This paper focuses on
power-domain NOMA, which employs superposition coding
(SC) at the transmitter and successive interference cancellation
(SIC) at the receiver. We propose a new ML-GSVD based
NOMA scheme for downlink MIMO systems with more than
two users in one resource block. We show how the ML-
GSVD can be applied to MIMO-NOMA systems with an
arbitrary number of users. Additionally, we propose a new
power allocation scheme based on the generalized singular
values of the ML-GSVD and compare it to the schemes from
the literature.

The remainder of the paper is organized as follows. We
first provide the system model of the considered power-
domain downlink MIMO-NOMA system. Then, we present
the design of the precoding and decoding matrices based on
the ML-GSVD and consider different scenarios exploiting the
properties of this recently proposed decomposition. Next, we
demonstrate how the generalized singular values of the ML-
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GSVD can be used for the power-allocation. We also show
the numerical results to evaluate the performance of the ML-
GSVD-based NOMA scheme in terms of the achievable rate
and compare it to the OMA.

Notation. Matrices and vectors are denoted by upper-case
and lower-case bold-faced letters, respectively. The super-
scripts {·}T and {·}H denote the transpose and Hermitian
transpose, respectively, whereas diag{·} is the operation of
constructing a diagonal matrix with diagonal elements being
the entries of the input vector or constracting a vector from
the diagonal elements of the input matrix. The matrix Id
represents a d × d identity matrix. The i-th row and the j-th
column of a matrix A ∈ CI×J is represented by A(i, :) ∈ CJ

and A(:, j) ∈ CI , respectively, where i = 1, . . . , I and
j = 1, . . . , J .

II. SYSTEM MODEL

Let us consider a downlink MIMO-NOMA communication
system with one base station (BS) and K users, where the BS
and the kth user are equipped with MT and MRk

antennas,
respectively (Figure 1). Assuming flat fading, the MRk

×MT

channel matrix from the BS to the kth user is denoted as Hk.
In a downlink NOMA network, the BS transmits a superposi-
tion of the desired signals of K users with different allocated
power to all K users. The power allocation coefficients αk are
inversely proportional to the channel conditions of the users
(e.g., path loss). The precoding matrix at the BS is denoted
as P ∈ CMT×MT . Then, the transmitted signal can be written
as x = Ps, and s = [s1 . . . sMT

]T ∈ CMT×1 is a combined
signal for all users, given by

s =

K∑
k=1

Λks̃k, (1)

where Λk = diag[αk,1 . . . αk,MT
] ∈ RMT×MT and s̃k =

[s̃k,1 . . . s̃k,MT
]T ∈ CMT×1 contain the power allocation

coefficients and the data for user k, respectively. The power al-
location coefficients satisfy

∑K
k=1 Λ

2
k = IMT

. Consequently,
the received signal at the kth user can be expressed as

yk =
1√
dηk

HkPs+ nk ∈ CMRk
×1, (2)

where nk denotes the additive Gaussian noise vector of user k,
whose elements are i.i.d. complex Gaussian random variables
with zero mean and unit variance. The quantity 1√

dη
k

denotes

the large-scale fading, where dk is the distance between the
BS and the kth user, and η is the path-loss exponent [13]. We
assume that E

{
s̃s̃H

}
= IMT

. After applying the decoding
matrix Dk at the kth user we get

Dkyk =
1√
dηk

DkHkPs+Dknk. (3)

In the following section we discuss the design of the precoding
and the decoding matrices.

Fig. 1: Downlink MIMO-NOMA system with K users.

III. ML-GSVD-BASED NOMA SCHEME

In this paper, we propose to use the ML-GSVD [19] to
define the precoding and decoding matrices P and Dk that
will jointly diagonalize the channel matrices Hk. The ML-
GSVD of K matrices Hk ∈ CMk×N with the common
column dimension N and a varying row dimension Mk is
defined as [19]

Hk = Bk ·Ck ·AH ∈ CMk×N , (4)

where A ∈ CN×N is a square, nonsingular matrix, common
for all factorizations, and the matrix Bk ∈ CMk×N has
orthonormal columns such that BH

k Bk = IQ. The matrices
Ck are non-negative diagonal matrices, satisfying

∑K
k=1 C

2
k =

IN . The ML-GSVD is a natural generalization of the GSVD
decomposition [20], [21]. In contrast to other extensions of
the GSVD, the ML-GSVD preserves the properties of the
original decomposition, and for K = 2, the ML-GSVD of
two matrices corresponds to the GSVD. For the notational
simplicity, we assume in this paper that the channel matrices
Hk have full rank. Depending on the choices of Mk and N ,
we can distinguish three different cases:

• Case I. N ≤ Mk, ∀k. Then, the matrix Ck has the
following structure

Ck = Σk ∈ RN×N , (5)

where Σk = diag[σk,1, · · · , σk,N ] ∈ RN×N contains the
generalized singular values of the ML-GSVD, such that
0 < σk,n < 1 for n ∈ {1, · · · , N}. The matrices Σk

are full-rank diagonal matrices, and
∑K

k=1 Σ
2
k = IN .

All columns of A are shared for all factorizations, and
the decomposition provides only the common subspace
of size N for all Hks. Therefore, in this paper, we
mostly focus on this case. We use the aforementioned
common subspace for the MIMO-NOMA transmission
of the combined signals to all K users.

• Case II. N > Mk, for some k, N <
∑K

k=1 Mk.
This configuration provides both private and common
subspaces. The matrix Ck has the following structure

Ck = diag
{
0T
pl

σT
k 1T

pk

}
∈ RN×N , (6)

where 1T
pk

is a row vector of ones, which corresponds
to the private subspace of the matrix Hk, while the
vector of zeros 0T

pl
corresponds to the private subspace of
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Hl, l 6= k, and σk represents the common subspace. The
dimensions of the subspaces depend on Mk, N, as well
as on the realization of the tensor. Such a configuration
of the tensor can provide a common subspace for all K
matrices as well as for groups of matrices. In this case,
in general, the decomposition can be expressed as

Hk =
[
︸︷︷︸
Nlk

Ol ︸︷︷︸
Nck

B̂
(c)
k ︸︷︷︸

Npk

B̂
(p)
k

]
·Ck ·

Â
H(p)
l

Â
H(c)
k

Â
H(p)
k

 }Nlk}Nck
}Npk

, (7)

where the superscripts of the matrices denote that they
belong to a common (c) or a private (p) subspace. More-
over, Nck and Npk are the dimensions of the common
and private subspaces of the kth matrix, respectively. The
matrix Ol is a matrix of zeros of size Mk ×Nlk which
corresponds to the private subspaces of the matrices
different from Hk such that Npk + Nck + Nlk = N .
Note that depending on the dimensions of the individual
matrices, for some factorizations, the ML-GSVD provides
common and private subspaces, whereas for the other
factorizations only common subspaces. For example, if
for some ks, Mk < N , the private subspace of these Hk

can be empty. The columns of A which correspond to the
common subspace, are shared between the corresponding
matrices, while the other columns are specific for each
factorization and ensure a private subspace. The common
subspace can be used for the NOMA transmission of the
combined signals, and the private subspace might be used
for confidential messages to ensure security.

• Case III. N ≥
∑K
k=1Mk. In this case, the entries of Ck

only contain ones and zeros, i.e., only a private subspace,
and the decomposition in (4) can be rewritten as

Hk =
[
Ol B̂

(p)
k Oj

]
·

Ol IMk

Oj

 ·


Â
H(p)
1
...

Â
H(p)
k
...

Â
(p)
K


= B̂kÂ

H(p)
k

(8)

As can be observed from (8), the matrices, in this case, do
not share any common factors. All Hks are decomposed
separately, and the submatrices in A correspond to a
private subspace of each matrix. Thus, we do not consider
Case III of the ML-GSVD for the NOMA transmission.
However, since it allows to isolate the private channels
to users, Case III can be utilized in conventional OMA
systems without superposition coding.

Using the ML-GSVD of the channel matrices Hk in (4), the
precoding matrix P can be defined as P =

√
P
β {A

H}−1,
where P is the total transmit power at the BS, and β is a
power normalization coefficient. The decoding matrix of the
kth user is defined as Dk = BH

k . Consequently, the received

data at the kth user can be written as

BH
k yk =

√
P

β
√
dηk
BH
kHk{AH}−1s+BH

k nk (9)

=

√
P

β
√
dηk
Cks+ ñk, (10)

where ñk = BH
k nk. After applying the ML-GSVD, the

MIMO channels Hk of K users can be considered as inde-
pendent parallel sub-channels

yk,n =

√
P

β
√
dηk
ck,nsn + nk,n, (11)

where yk,n, ck,n, sn, and nk,n are the nth elements of yk,
diag{Ck}, s, and ñk, respectively. For notational simplicity,
we assume that the first user is the farthest, and the Kth
user is the closest (strongest). In NOMA, the highest power
is assigned to the user with the weakest channel. Therefore,
the power allocation coefficients satisfy α2

1,n > · · · > α2
K,n,

n ∈ {1, . . . ,MT }.
Depending on the ratio between the number of transmit and

receive antennas, according to the three cases of the ML-
GSVD described above, the value of ck,n in (11) can be
equal to 0, 1, or σk,n, corresponding to private or common
subspaces. Notice that signals that are transmitted on the sub-
channels that correspond to private subspaces of the kth user
will not be detected by other users. Therefore, if ck,n = 1, on
the nth sub-channel the user k receives

yk,n =

√
P

β
√
dηk
sn + nk,n, (12)

Thus, the individual information rate of user k is given as

R(k)
n = log2

(
1 +

P

β2dηkN0

)
, (13)

whereas the rate of other users l 6= k is zero. In this case,
the signal sn can be designed in a way that it only contains
the data of user k, which will correspond to a conventional
OMA signal. For the NOMA transmission, we use the sub-
channels that are shared between several users, i.e., we utilize
the common subspace of the ML-GSVD to transmit the
superimposed signals of multiple users. For simplicity, we
assume that MT ≤MRk for all k. This scenario corresponds
to the Case I of the ML-GSVD, where the common subspace
is shared among all users, and no private subspace exists for
any user. In general, Case II of the ML-GSVD can also be used
in NOMA systems. Since this case combines both private and
common subspaces, only the channels corresponding to the
common subspace should be used for the NOMA communi-
cation. Assuming transmission via the common channel, we
can rewrite (11) as

yk,n =

√
P

β
√
dηk
σk,nsn + nk,n, (14)

where σ2
k,n is the generalized singular value of the ML-GSVD

corresponding to the nth common sub-channel, and the signal
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sn contains the combined data of all users. To recover the
individual signals, users have to perform the SIC process.
Therefore, the information rate of s̃k,n for the kth user is
given by

R(k)
n = log2

(
1 +

Pα2
k,nσ

2
k,n∑K

j=k+1 Pα
2
j,nσ

2
k,n + β2dηkN0

)
, (15)

where N0 is the noise power. The closest user, user K, needs
to decode the signals of all users before decoding his own.
Consequently, assuming the perfect SIC, the achievable rate
of the Kth user is given by

R(K)
n = log2

(
1 +

Pα2
K,nσ

2
K,n

β2dηKN0

)
. (16)

Next we consider the choice of the power allocation co-
efficients αk,n. In general, the power allocation problem is
considered as one of the main problems in NOMA systems [4].
In this paper, we propose to allocate the power based on the
ML-GSVD generalized singular values.

It has been mentioned before that the σk,ns from the ML-
GSVD satisfy 0 < σk,n < 1, and the stronger channel
gets a bigger generalized singular value, i.e., σK,n > σ1,n.
This relation can be used to calculate the power allocation
coefficients αn = [α1,n . . . αK,n] that account for the channel
conditions of each user. Let us define the matrix C as

C = 1�

diag{C1}T
...

diag{CK}T

 , (17)

where the matrices Ck are defined in (4), and � denotes the
element-wise division. The values C(:, n) = [ 1

σ1,n
. . . 1

σK,n
]T

are inversely proportional to the generalized singular values
of the channel matrices Hk. Thus, we can express the power
allocation as αn = Ĉ(:, n), where Ĉ denotes the matrix C
with normalized columns. Such choice of αk,ns means that the
power will be allocated according to the channel conditions
that are represented by the generalized singular values of the
channel.

IV. SIMULATION RESULTS

In this section, we present the numerical results to assess
the performance of the proposed ML-GSVD-based MIMO-
NOMA scheme. For the simulations, we consider a downlink
MIMO-NOMA scenario with one BS and three users. The
noise power is calculated as N0 = −174 + log10B, where
the bandwidth B = 1MHz. The sum rate is expressed as
Rsum =

∑K
k=1

∑MT

n=1R
(k)
n , while the individual user rates

are calculated as R(k) =
∑MT

n=1R
(k)
n , where R(k)

n is defined
in (15). All results are averaged over 1000 Monte Carlo trials.

In the first simulation, each user is equipped with MRk = 4
antennas, and the BS has MT = 3 antennas. This scenario
corresponds to the case where the ML-GSVD decomposition
provides only the common subspace (Case I), i.e., the users
receive superimposed data of all users. We set the distances
between the BS and the kth user to d1 = 200m, d2 = 15m,
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200m, d2 = 15m, and d3 = 10m, η = 3, MT = 3,MRk = 4.
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Fig. 3: Rates vs. Transmit power. Parameters: d1 =
200m, d2 = 15m, and d3 = 10m, η = 3, MT = 1,MRk = 4.

and d3 = 10m, respectively. The path-loss exponent is equal
to η = 3. Figure 2 shows the sum rate and the individual
rates of each user with different power allocation coefficients.
For the fixed power allocation, the coefficients are calculated
according to the distances, while in the case of the ML-
GSVD-based power allocation, the coefficients are calculated
dynamically, based on the generalized singular values. In both
cases, the precoding and decoding matrices are determined
based on the proposed ML-GSVD-NOMA scheme. As is can
be observed, the ML-GSVD-based dynamic power allocation
shows a better performance, especially for the sum rate and
the individual rates of the second and third users, which is
explained by the fact that the fixed power allocation does not
adapt to the small changes in the channels.

In the second simulation, we compare the performances
of the proposed ML-GSVD-based scheme with the technique

56

WSA 2021, 10 – 12 November 2021, EURECOM, French Riviera

ISBN 978-3-8007-5686-5 © VDE VERLAG GMBH ∙ Berlin ∙ Offenbach



-20 -15 -10 -5 0 5 10 15 20 25 30

Transmit power (dBm)

0

20

40

60

80

100

120
A

c
h

ie
v
a

b
le

 s
u

m
 r

a
te

s
 (

b
p

s
/H

z
)

NOMA U1

OMA U1

NOMA U2

OMA U2

NOMA U3

OMA U3

Sum rate NOMA

Sum rate OMA

Fig. 4: Rates vs. Transmit power. Comparison of the rates
achieved by OMA and NOMA. Parameters: d1 = 300m, d2 =
10m, and d3 = 5m, η = 2, MT = 3,MRk = [3, 4, 6].

-50 -40 -30 -20 -10 0 10 20 30

Transmit power (dBm)

10-2

10-1

100

O
u

ta
g

e
 p

ro
b

a
b

ili
ty

NOMA U1

OMA U1

NOMA U2

OMA U2

NOMA U3

OMA U3

Fig. 5: Outage probability vs. Transmit power. Comparison
between OMA and NOMA. Parameters: d1 = 300m, d2 =
10m, and d3 = 5m, η = 2, MT = 3,MRk = [3, 4, 6].

proposed in [11]. We consider the scenario, where the BS
has one antenna1, and the users have four antennas each. The
distances are d1 = 200m, d2 = 15m, and d3 = 10m,
respectively. The path-loss exponent is set to η = 3. The
results are shown in Figure 3. As it can be seen, the proposed
scheme outperforms the reference scheme in terms of the
achievable sum rate and the rates of the second and third users.
It should be noted, that the scheme in [11] is limited to the
scenario where MT < MR and assumes that all users have an
equal number of antennas.

In the next simulation, we consider an asymmetric scenario,

1The authors in [11] assume that the number of transmit antennas is equal
to the number of clusters, which means that each cluster with K users is
maintained by one antenna. Therefore, for the fair comparison, we assume a
single antenna BS in this simulation.

where the BS has MT = 3 antennas, and three users are
equipped with 3, 4, and, 6 antennas, respectively, and compare
the performance of the NOMA and OMA schemes. The
simulation results are depicted in Figure 4. One can see that the
proposed ML-GSVD outperforms the OMA scheme in terms
of the achievable rates of all three users. As it can be observed,
the achievable rate of the third (strongest) user is much higher
in case of NOMA, especially with the increased power, due
to the absence of the interference from the weaker users.
The rates of the first and the second users are approximately
constant at high powers because they consider the signals of
the stronger users as a noise. Figure 5 depicts the outage
probabilities for NOMA and OMA. The target rates are set
to 2 bps/Hz, 4 bps/Hz, and 5 bps/Hz, respectively. As it can
be observed, the outage probability of the weak NOMA user
is smaller than for the OMA user which makes the NOMA
transmission more reliable. Whereas with a given transmit
power, the strong users maintain the target rates without
outages.

V. CONCLUSIONS

In this paper, we have presented a new ML-GSVD-based
NOMA transmission technique that can be applied in power-
domain MIMO-NOMA downlink communication systems
with multiple users. It utilizes the recently proposed ML-
GSVD decomposition to design the precoding and decoding
matrices that jointly diagonalize the channels between the
BS and the users. Compared to the GSVD-based technique
proposed in [13], the ML-GSVD can support more than two
users on one frequency resource, and the common subspace
of the ML-GSVD can be employed to transmit the combined
signals of the K users. Additionally, we have presented a
simple power allocation technique based on the generalized
singular values of the ML-GSVD that outperforms the conven-
tional fixed power allocation. The performance of the proposed
scheme has been evaluated in terms the achievable rate and
compared to traditional OMA and to the state of the art NOMA
techniques.
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