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Abstract—The low-rank recovery is a powerful tool to restore
images from incomplete and corrupted observations. Conventional
low-rank recovery techniques employ the reweighted nuclear norm
minimization, which requires performing the full singular value
decomposition and thus is computationally expensive. Using the
scheme of bilinear factorization, we propose the Reweighted Low-
rank Matrix Factorization (RLMF) method for single channel
image restoration. The RLMF method can not only inherit the
computational efficiency of bilinear factorization, but also incor-
porate the empirical distribution of the singular values in natural
images. Then, considering the correlation between image channels,
we generalize the reweighted nuclear norm from matrices to ten-
sors, and develop the Reweighted Low-rank Tensor Factorization
(RLTF) method for multichannel image restoration. Moreover,
we enhance the RLMF and RLTF methods by introducing the
deep image prior information, which is capable of capturing the
implicit image structure through the neural network architecture
to improve restoration accuracy. Experimental results show the
computational efficiency of the proposed low-rank factorization
scheme, and the superior restoration accuracy of the proposed
methods compared with the state-of-the-art methods.

Index Terms—Image restoration, low-rank recovery, matrix and
tensor factorization, (re)weighted nuclear norm, deep image prior,
Augmented direction method of multipliers (ADMM).

I. INTRODUCTION

A IMING at finding the underlying low-dimensional sub-
space from degraded image observations, the low-rank

matrix and tensor recovery have been widely leveraged in image
restoration [1]–[6]. The low-rank property of natural images is a
boon for restoration tasks. A prominent example is a single chan-
nel image of sizen1 × n2 captured from natural scenes. It can be
approximated by a low-rank matrix since its singular values are
sparsely distributed [1]. As an extension of matrices, tensors are
a universal form of multichannel images. For instance, an RGB
image can be viewed as a third-order tensor of size n1 × n2 × 3,
with each of its three frontal slices representing a color channel.
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It is observed that a tensor collected from real natural scenes
is correlated along each of its modes, and thus usually has the
low-rank property [2].

However, image observations in the real world may suffer
from various degradations, such as: 1) being incomplete with
missing pixels; 2) being corrupted with arbitrary noise. Take the
photo restoration task as an example. Scratches, texts, block,
and other types of masks can lead to the loss and contamination
of photo information [7]. For the face restoration task, most
face images of the same person resides on a low-rank subspace,
but may include shadows, hats and glasses that occlude the
real appearance [8]. To restore images from incomplete and
corrupted observations, the rank minimization [9] is a represen-
tative approach that is commonly addressed by convex relaxation
problems [9]–[12]. As the convex envelope of the matrix rank,
the nuclear norm is initially defined as the �1-norm of the singular
values of a matrix [9]. Then, its definition is generalized to the
tensor case based on the tensor singular value decomposition
(t-SVD) [13], [14].

Although using the nuclear norm can obtain tractable opti-
mization problems, it usually leads to insufficient sparsity of
singular values in the restoration results [15]. The sparsity of
singular values is significant to restore the intrinsic structure of
natural images, whose singular values are reported to exhibit
a heavy-tailed distribution (such as the hyper-Laplacian distri-
bution) [1], [15], [16]. The weighted nuclear norm is proposed
in [3], [5], [17] to address the imbalance penalty of singular
values in the nuclear norm. It adaptively assigns a larger penalty
weight to a smaller singular value, thus proved to be a tighter
rank approximation than the nuclear norm. Since a proper weight
allocation plays a critical role in the low-rank recovery, the
reweighted nuclear norm with 0 < p < 1 instead of p = 0 used
in the weighted nuclear norm is suggested in [1]. Compared with
the weighted nuclear norm, the reweighted allocation scheme
with 0 < p < 1 fits the hyper-Laplacian distribution of singular
values better.

Alternatively to rank minimization, the bilinear factoriza-
tion [18], [19] is another representative approach for the low-
rank recovery. Compared with the rank minimization, the bilin-
ear factorization can incorporate the a priori rank information of
image scenes more flexibly. More importantly, the optimization
of bilinear factorization avoids the SVD to maintain computation
efficiency, which makes it competitive for the large-scale image
restoration problems. Wen et al. [18] propose to factorize the
matrix of grayscale image into the product of two much smaller
ones, such as to fulfill the low-rank property automatically when
restoring missing pixels.

Unfortunately, the bilinear factorization methods proposed
in [18], [19] are prone to locally optimal solutions due to the
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nonconvex object functions, and thus their performance sig-
nificantly degrades in challenging scenarios with outliers and
missing data [20]. Shang et al. [15] propose the bilinear factor-
ization schemes for the Schatten-p norm in two specific cases of
p = 1/2 and p = 2/3, respectively. However, the optimal choice
of p in the Schatten-p norm (and reweighted nuclear norm) for
the image restoration is case-dependent, since it relies on the
statistical properties of the singular values of the image. For a
flexible choice of p, the unified bilinear factorization scheme for
the Schatten-p norm of a matrix is derived from the Schatten-q
norms of its factor matrices for any 0 < p ≤ 1, q1, q2 > 0, and
1/p = 1/q1 + 1/q2[21]. However, the Schatten-q norm mini-
mization problem can guarantee the locally rather than globally
optimal solution when 0 < q < 1. Moreover, its closed-form
solution can only be obtained in several special cases, such
as q = 1/2, 2/3, 1 and 2. Otherwise, it requires to be solved
iteratively with a higher computational complexity. Instead, we
represent the low-rank prior of images using the reweighted
nuclear norm, which can be viewed as an approximation to
the Schatten-p norm [1]. In this paper, the bilinear factorization
theorem for the reweighted nuclear norm is established based on
the reweighted Frobenius norms of factor matrices (or tensors).
More importantly, the reweighted Frobenius norm minimiza-
tion problem can be efficiently solved with the closed-form
and globally optimal solution for any 0 < p ≤ 1. Under the
bilinear factorization framework proposed in this paper, the
bilinear factorization method proposed in [20] is in essence a
special case of p=1. Compared with p = 1, using 0<p<1 in
the reweighted nuclear norm or Frobenius norm has lead to a
superior performance in image restoration [1].

Based upon the bilinear matrix factorization model in [18],
the bilinear tensor factorization model is generalized [19] and
applied to restore color images. It enforces the block circulant
unfolding (a.k.a. matricization or flattening) of tensors based
on the t-SVD [22]. Apart form the t-SVD, other tensor decom-
position strategies including the Tucker decomposition and the
fully connected tensor network (FCTN) decomposition are also
widely-used in image recovery [23]–[25]. In [23], the FCTN
decomposition is applied to the whole image and its nonlocal
self-similarity groups, achieving a joint representation of the
global correlation and the nonlocal self-similarity of images.
Bu et al. [24] incorporate the coupled Tucker decomposition
with the graph Laplacian regularization, which simultaneously
preserves the global spatial-spectral and local submanifold struc-
tures of multi-dimensional images. Under the Tucker decompo-
sition, Xue et al. [25] use the three-layer transform to depict
the hierarchical structures of a tensor, while using the Laplacian
scale mixture approach to estimate the sparsity of a tensor in the
transform domain.

In addition to the low-rank prior based methods, the deep
learning-based methods have also attracted wide attention in im-
age restoration problems [26]–[30]. In [26], a deep convolutional
neural network (CNN) is devised to restore multichannel images
from noisy observations. It is capable of learning multichan-
nel filters without damaging the high-dimensional structures
of images, and thus can be viewed as a tensor-based method.
In [27], the deep CNN denoiser prior is plugged into a model-
based optimization method. This elaborate prior can be learned
from training data to implicitly represent the inherent structures
of images. Nevertheless, the effectiveness of image structure
representation depends critically on the quantity and quality of
training data. In some real applications, such as hyperspectral,
remote sensing, and medical image restorations, the training data

may be limited or even impossible to collect. Interestingly, an un-
supervised deep learning method, called deep image prior (DIP),
is proposed in [29] for image restoration. Benefitting from the
extensive local operations in a well-designed CNN architecture,
the DIP method usually represents the image details better than
the low-rank prior based methods. Moreover, the DIP method
can reconstruct an image from its degraded observation without
training data. Taking the degraded observation as the network
output, DIP iteratively optimizes the network parameters well
within an appropriate number of iterations [29]–[31]. However,
in challenging scenarios contaminated by outliers and missing
entries, its performance degrades under excessive iteration due
to the network over-fitting to the contaminated component in
the image observation. Although using the low-rank prior alone
can represent the global correlation of the image against noise
and outliers, there has to be a trade-off between the noise- and
outlier-robustness as well as the preservation of image details.
Therefore, we bridge the gap between the low-rank prior and
the deep prior based methods, and jointly exploit these two
complementary priors for image restoration.

In this paper, the low-rank prior is exploited by the reweighted
nuclear norm based upon the empirical distribution of singular
values in natural images. Inspired by the connection between
reweighted nuclear norm and bilinear factorization, we propose
a single channel image restoration model, called Reweighted
Low-rank Matrix Factorization (RLMF). Next, the deep prior
is integrated into the RLMF model to derive another model,
called Reweighted low-rank Matrix Factorization with Deep
prior (RMFD). For the multichannel image restoration, we
generalize the reweighted nuclear norm from matrices and ten-
sors, and develop two models, called Reweighted Low-rank
Tensor Factorization (RLTF) and Reweighted low-rank Tensor
Factorization with Deep prior (RTFD), respectively. Our main
contributions are summarized as follows.

1) We propose the RLMF method for single channel image
restoration, which not only inherits the computation effi-
ciency of bilinear factorization, but also incorporates the
heavy-tailed distribution of singular values in the matrix
of natural images. In the proposed model, we establish the
factorization theorem for the matrix reweighted nuclear
norm, whose upper bound is rigorously derived from
the reweighted Frobenius norms of two factor matrices.
In contrast to the existing bilinear factorization methods
in [15], [20], [21], the proposed factorization theorem
holds for any 0 < p ≤ 1 in the reweighted nuclear norm
and Frobenius norm, and its resulting minimization prob-
lem can be efficiently solved with the closed-form and
globally optimal solution.

2) We take advantage of the correlation between channels,
and propose the RLTF method for multichannel image
restoration. In the proposed method, we generalize the
reweighted nuclear norm and its corresponding factoriza-
tion theorem from the matrix form to the tensor form.

3) We incorporate the low-rank prior with the deep prior,
and propose the RMFD and the RTFD methods for single
channel and multichannel image restoration, respectively.
The deep prior performs well on preserving local image
details, which is complementary to the low-rank prior that
represents the global correlation of images. Compared
with the pure DIP [29], the incorporated low-rank prior
enhances the noise- and outlier-robustness when restoring
images from degraded observations. Combining these two
priors can depict image structures more comprehensively
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and effectively, and shows a superior image restoration
accuracy than using the traditional single prior.

4) The resultant optimization problems are efficiently
solved by the alternating direction method of multipliers
(ADMM) [32]. Furthermore, the convergence properties
of the RLMF and RLTF methods are rigorously proved.

The rest of paper is organized as follows. The formulation of
image restoration is introduced in Section II. In Section III, we
enforce the reweighted nuclear norm with the bilinear factoriza-
tion to derive four image restoration methods, and also provide
their optimization details. Section IV analyses the complexity
and convergence of the proposed methods, whose experimental
results compared with other state-of-the-art methods are given
in Section V. Finally, conclusions are presented in Section VI.

Notations—Throughout the paper, a tensor, matrix, vector,
and scalar are represented by a bold calligraphic letter XXX , bold
uppercase letter X, bold lowercase letter x, and regular letter
x, respectively. For a matrix X, its (i, j)th element is denoted
by [X]ij , while [XXX ]ijk stands for the (i, j, k)th element of the
third-order tensor XXX . For a third-order tensor XXX ∈ Rn1×n2×n3 ,
we use X̄(i) ∈ Rn1×n2 to denote the ith frontal slice of the dis-
crete cosine transform (DCT) of XXX along mode 3. Superscripts
(·)T , (·)−1, and 〈·, ·〉, represent the transpose, inverse, and inner
product, respectively. We use | · |, ‖ · ‖p, and ‖ · ‖F to denote
the absolute value, �p-norm, and Frobenius norm, respectively.
In ∈ Rn×n and IIIm,n ∈ Rm×m×n represent the identity matrix
and identity tensor [14], respectively.

II. PROBLEM FORMULATION

A. Single Channel Image Restoration

We address the image restoration problem from incomplete
observations, where a fraction of the elements in the image are
missing. Considering a natural image Y ∈ Rn1×n2 , we use the
binary mask M ∈ Rn1×n2 with [M]ij = 0 and 1 to indicate the
(i, j)th missing and known elements in Y, respectively [20].
Apart form incomplete observations, one may encounter cor-
rupted observations, where known elements in the image are
randomly corrupted by outliers.

Note that most natural images have a low-rank property [1],
[15], which however will be damaged in both incomplete and
corrupted observations. Hence, the image restoration can be
achieved using the low-rank matrix recovery model, which
extracts a desirable low-rank matrix X ∈ Rn1×n2 from the
observed Y while minimizing their discrepancy in the locations
of known elements

min
X

λ · rank(X) + ‖M� (X − Y)‖0, (1)

where rank(·) represents the rank function, � denotes the
Hadamard product, λ > 0 is the regularization parameter, and
the �0-norm is used for outlier suppression [15]. Noting that (1)
is NP-hard, one can replace the nonconvex �0-norm and rank
function in (1) by their convex relaxation of �1-norm and nuclear
norm [9], respectively. Since the nuclear norm lacks the flexi-
bility to control different singular values discriminately [15], its
weighted version is proposed in [3] as

min
X

λ‖X‖w,∗ + ‖M� (X−Y)‖1, (2)

where ‖X‖w,∗
Δ
=

∑min{n1,n2}
i=1 wiσi(X) is the (re)weighted nu-

clear norm of X, and wi is the ith weight associated with the ith
singular value σi(X).

As the low-rank property of a matrix can be viewed as the spar-
sity of singular values, a non-descending order of the weights
is required because a larger weight corresponds to a stronger
penalization for the singular value [1]. The weighted allocation
strategywi = c(σi(X) + ε)−1 is proposed in [3], where c > 0 is
the compromising constant and ε > 0 is a small constant to avoid
dividing by zero. More recently, the reweighted allocation strat-
egy wi = c(σi(X) + ε)p−1 with 0 < p < 1 has been suggested
in [1] to induce the reweighted nuclear norm. Compared with the
weighted nuclear norm with p = 0, the reweighted nuclear norm
with 0 < p < 1 can better inherit the a priori information of the
heavy-tailed distribution of singular values in low-rank matrices,
which is commonly encountered in real natural images [15],
[16]. This inheritance mechanism shows good robustness against
noise and outliers in image restoration.

Apart from the low-rank prior information, recent papers [29],
[30] exploit the deep prior information for image restoration. The
deep prior information can be implicitly captured by a predefined
CNN, whose parameters are iteratively optimized by fitting a
degraded image, instead of learning from training data. Using
the deep prior to restore an image corrupted by outliers and
missing entries yields

min
θ

‖M� (fθ(X0)−Y)‖1, (3)

where fθ(·) represents a CNN generator as in [29] with a single
output channel. The network parameters are denoted as θ, and
X0 ∈ Rn1×n2 is a random network input. (3) can be solved by
gradient-based methods, such as the stochastic gradient descent
(SGD) or adaptive moment estimation (Adam). During the
iterations, the CNN tends to first fit the pure image structure,
then fit the noise component. An appropriate termination of the
iteration will arrive at a result fθ(X0) approximating Y in the
locations of known elements.

In this paper, we insert the low-rank prior and the deep image
prior into each other, and propose a combined model

min
θ

λ‖fθ(X0)‖w,∗ + ‖M� (fθ(X0)−Y)‖1, (4)

where the restoration result fθ(X0) not only satisfies the deep
neural representation, but also inherits the low-rank property.
Of particular note is that the low-rank prior and the deep prior
are complementary to each other. The low-rank prior depicts
the global correlation of the image, finding its underlying low-
dimensional subspace to filter the noise and outliers. However,
a reasonable noise- and outlier-robustness is usually achieved
at the expense of the loss of image details, which is a common
disadvantage in most low-rank models. The local characteristics
in visual data are notable, such as the homogeneity in spatial
(or temporal) neighborhood areas. The deep prior can represent
image details by the local operations in the CNN, such as the
convolution and nonlinear activation. An unsupervised CNN
is revealed to have the “noise impedance,” descending faster
towards naturally looking images rather than the noise [29].
However, in challenging scenarios, the noise impedance of the
DIP method is insufficient in local areas corrupted by outliers
and missing entries, so it is critical to terminate the iteration ap-
propriately before approaching to a biased solution. Therefore,
we combine the two complementary priors in image restoration:
the low-rank prior is based on a global perspective to enhance
the noise- and outlier-robustness, while the deep prior serves in
a local perspective to preserve the image details.
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B. Multichannel Image Restoration

Multichannel images usually have a correlation between
channels, such as color images [2], [6]. If matrix-based mod-
els are applied to each channel independently, the correlation
between channels cannot be exploited. Instead, an image of
n3 channels can be represented as a third-order tensor XXX ∈
Rn1×n2×n3 , which is more appropriate than matrices for such
data ensembles [2]. The interrelationship between image chan-
nels can be depicted by the rank information ofXXX . Here we adopt
the typical definitions of the tensor rank based on the t-SVD [14].
The t-SVD is capable of factorizing XXX as

XXX = LLL�SSS�RRRT ,

where � represents the DCT-based tensor-tensor prod-
uct [14], LLL ∈ Rn1×n1×n3 and RRR ∈ Rn2×n2×n3 are orthogonal
tensors,1 and SSS ∈ Rn1×n2×n3 is a f-diagonal tensor.2 Based on
the t-SVD, the tensor multi-rank ofXXX is defined as a vector [13]

rankm(XXX )
Δ
= [rank(X̄(1)), rank(X̄(2)), . . . , rank(X̄(n3))]T ,

whose largest element induces the tubal rank as rankt(XXX )
Δ
=

maxi{rank(X̄(i))}, i.e., the number of nonzero singular tubes
of SSS[13].

The tensor multi-rank and the tubal rank can depict the
inherent structure of tensors well. More interestingly, when
a multichannel image has a highly similar content between
channels, most of the singular values of a tensor are small, and
a heavy-tailed distribution of the singular values is notable [19].
However, this distribution will be destroyed when images en-
counter missing and noisy elements. To restore a multichannel
image from its degraded observation YYY , an inspiring heuristics
is to generalize (2) into the low-rank tensor recovery model

min
XXX

λ‖XXX‖w,∗ + ‖MMM� (XXX −YYY)‖1, (5)

where MMM ∈ Rn1×n2×n3 is binary to indicate the missing and
known entries by 0 and 1, respectively. The tensor reweighted
nuclear norm is defined as

‖XXX‖w,∗
Δ
=

1

n3

n3∑
i=1

‖X̄(i)‖w,∗=
1

n3

n3∑
i=1

min{n1,n2}∑
j=1

wijσj

(
X̄(i)

)
,

where wij = c(σj(X̄
(i) ) + ε)p−1 and 0 < p ≤ 1. Of particular

note is that when p = c = 1, the tensor reweighted nuclear norm
degenerates to the widely-used tensor nuclear norm [13], [14],

defined as ‖XXX‖∗ Δ
= 1

n3

∑n3

i=1

∑min{n1,n2}
j=1 σj(X̄

(i)).
By incorporating the low-rank prior with the deep prior, we

generalize (5) to propose a tensor-based model for multichannel
image restoration

min
θ

λ‖fθ(XXX 0)‖w,∗ + ‖MMM� (fθ(XXX 0)−YYY)‖1, (6)

where fθ(·) denotes a CNN generator as in [29] with n3 output
channels, and XXX 0 ∈ Rn1×n2×n3 is a random network input.

1A tensor XXX ∈ Rm×m×n is orthogonal if it satisfies XXXT�XXX = XXX�XXXT =
IIIm,n, where IIIm,n∈Rm×m×n denotes an identity tensor [14].

2A tensor is called f-diagonal if each of its frontal slices is a diagonal
matrix [33].

III. BILINEAR FACTORIZATION FOR IMAGE RESTORATION

A. bilinear Factorization for Single Channel Image
Restoration

Recalling the low-rank matrix recovery model in (2), it em-
ploys the reweighted nuclear norm minimization that requires
the calculation of the full SVD. However, the high computational
complexity of SVD limits the applicability of (2) in handling
large-scale problems [36]. To tackle this difficulty, we incorpo-
rate the bilinear factorization to devise a tractable surrogate for
the reweighted nuclear norm. The crux of bilinear factorization
is to represent the original low-rank matrix X ∈ Rn1×n2 by the
product of two factor matricesU ∈ Rn1×r andV ∈ Rr×n2 , i.e.,
X = UV[18]. Interestingly, the following theorem reveals a
scalable relationship between the original matrix and the factor
matrices.

Theorem 1: For any matrix X ∈ Rn1×n2 with rank(X) ≤ r
such that it can be decomposed into X = UV with U ∈ Rn1×r

and V ∈ Rr×n2 , we have

‖X‖w,∗ = min
U,V:X=UV

1

2
(‖U‖2w,F + ‖V‖2w,F ),

where ‖U‖w,F
Δ
= (

∑min{n1,r}
i=1 wiσ

2
i (U))1/2 denotes

the reweighted Frobenius norm of U, and ‖V‖w,F

can be similarly defined [1]. In particular, the weights
wi = c(σi(U)σi(V) + ε)p−1 with 0 < p ≤ 1 are allo-
cated to both ‖U‖w,F and ‖V‖w,F , while the weights
wi = c(σi(X) + ε)p−1 is allocated to ‖X‖w,∗.

Proof: Please refer to the Supplementary Material. �
Corollary 1: Suppose X� is a solution to (2) with

rank(X�) ≤ r. Then for any solution U� ∈ Rn1×r and V� ∈
Rr×n2 to (7), U�V� is a solution to (2).

min
U,V

λ

2
(‖U‖2w,F + ‖V‖2w,F ) + ‖M� (UV −Y)‖1. (7)

Proof: Please refer to the Supplementary Material. �
It is worth mentioning that the proposed factorization frame-

work for the reweighted nuclear norm is related to the Schatten-p
norm used in [15]. But it is also more general. When the
reweighted nuclear norm of X ∈ Rn1×n2 is allocated with the
weights wi = (σi(X) + ε)p−1, it can be viewed as an approxi-
mation to the Schatten-p norm of X since ε is very small. Shang
et al. [15] propose the bilinear factorization method for the
Schatten-p norm, which however is only applicable in the two
specific cases of p = 1/2 and p = 2/3. In the image restoration
problem, it is non-trivial to determine the optimal p since it
depends on the distribution of singular values, and varies from
scenario to scenario [1]. Moreover, when the low-rank prior is
combined with the deep prior for image restoration, a proper
choice of p may be different from the case where only the
low-rank prior is used, as shown in Sections V-A and V-B. Note
that Theorem 1 holds for any 0 < p ≤ 1, and thus the proposed
method is more flexible for image restoration than the method
in [15].

We name (7) as the RLMF model, and adopt it to replace (2)
for single channel image restoration to enhance the computation
efficiency. The RLMF model can be solved by the ADMM [32],
which is well suited to decoupling optimization variables by
means of alternating minimization. Under the ADMM frame-
work, the auxiliary variables Û, V̂ and X̂ are introduced to
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decouple the primal optimization variables as

min
U,V,Û,V̂,X

λ

2
(‖Û‖2w,F +‖V̂‖2w,F )+‖M� (X−Y)‖1

s.t. Û = U, V̂ = V,UV = X. (8)
By minimizing the augmented Lagrangian [32] of (8), each

variable in (8) can be updated in an alternating fashion. With
respect to the kth iteration, Uk+1 and Vk+1 are first updated by
two least-squares (LS) subproblems⎧⎨
⎩
Uk+1=argmin

U
‖Ûk−U+μ−1

k Zk
1‖2F +‖UVk−Ak‖2F , (9)

Vk+1=argmin
V

‖V̂k−V+μ−1
k Zk

2‖2F +‖Uk+1V−Ak‖2F , (10)
where μ > 0 represents the penalty parameter, Ak = Xk −
μ−1
k Zk

3 is used for simplicity, and Z1 ∈ Rn1×r, Z2 ∈ Rr×n2

and Z3 ∈ Rn1×n2 are the Lagrange multipliers, respectively.
To update Ûk+1 and V̂k+1 induces the two subproblems⎧⎪⎨

⎪⎩

Ûk+1=argmin
Û

λ‖Û‖2w,F +μk‖Û−(Uk+1−μ−1
k Zk

1)‖2F , (11)
V̂k+1=argmin

V̂

λ‖V̂‖2w,F +μk‖V̂−(Vk+1−μ−1
k Zk

2)‖2F , (12)

whose closed-form solutions can be derived from Lemma 1.
Lemma 1: ([1])For any Y ∈ Rn1×n2 , λ > 0, and non-

descending order weights 0 ≤ w1 ≤ w2 ≤ · · · ≤ wd with d =
min{n1, n2}, the global optimal solution of the following prob-
lem

min
X

λ‖X‖2w,F + ‖X−Y‖2F
is given by X = L((λW + Id)

−1Σ)RT , where W =
diag(w1, . . . , wd) and Y = LΣRT is the SVD of Y.

To update Xk+1, we incorporate the soft-shrinkage opera-
tor [37], i.e., Sμ(x) = sign(x)max{|x| − μ, 0}, to solve the
�1-norm based subproblem

Xk+1 = argmin
X

‖M� (X−Y)‖1 + μk

2
‖X−Bk‖2F

= M� (Y + S1/μk
(Bk −Y)) +M⊥ �Bk, (13)

where M⊥ is a binary mask complementary to M, and Bk =
Uk+1Vk+1 + μ−1

k Zk
3 is used for simplicity. After that, the

three Lagrange multipliers are updated using the dual ascent
method [32], as shown in the line 9 of Algorithm 1.

Note that the bilinear factorization strategy can also be intro-
duced into (4) to improve the computation efficiency. Then, (4)
is reformulated into the following RMFD model

min
U,V,Û,V̂,θ

λ

2
(‖Û‖2w,F +‖V̂‖2w,F )+‖M� (fθ(X0)−Y)‖1

s.t. Û = U, V̂ = V,UV = fθ(X0),
(14)

whose optimization is analogous to that of (8). With respect to
the kth iteration, the updates of Uk+1, Vk+1, Ûk+1, V̂k+1, and
three Lagrange multipliers are summarized in Algorithm 1, and
then we discuss the update of θk+1 below

θk+1 = argmin
θ

‖M� (fθ(X0)−Y)‖1

+
μk

2
‖fθ(X0)−Bk‖2F . (15)

Equation (15) can be solved by a gradient-based neural network
optimizer within a few iterations. The Adam optimizer [49] is
adopted here, and the gradient with respect to θ is calculated by

Algorithm 1: RLMF or RMFD: Optimization of (8) or (14).

Input: M�Y ∈ Rn1×n2 , 0 < p ≤ 1, ρ > 1, ε = 10−8,
c = 1, λ > 0, r ≤ min{n1, n2}, and μmax for RMFD.3

1: Initialization: W = diag(w1, . . . , wr), U0 = Û0,
V0 = V̂0, X0, θ0, Z0

1, Z0
2, Z0

3, μ0, and k = 0.
2: while not convergence do
3: Update Uk+1 and Vk+1 by (9) and (10),

respectively, where Ak = Xk − μ−1
k Zk

3 or
Ak = fθk

(X0)− μ−1
k Zk

3 is used for RLMF or
RMFD, respectively.

4: Update wi = c(σi(Ûk)σi(V̂k) + ε)p−1,
∀i = 1, . . . , r.

5: Update Ûk+1 by (11) and Lemma 1.
6: Update wi=c(σi(Ûk+1)σi(V̂k)+ε)p−1,

∀i = 1, . . . , r.
7: Update V̂k+1 by (12) and Lemma 1.
8: Update Xk+1 by (13) for RLMF, or update θk+1 by

(15) for RMFD.
9: Update Lagrange multipliers by

Zk+1
1 = Zk

1 + μk(Ûk+1 −Uk+1);
Zk+1

2 = Zk
2 + μk(V̂k+1 −Vk+1);

Zk+1
3 = Zk

3 + μk(Uk+1Vk+1 −Xk+1) for
RLMF, or
Zk+1

3 = Zk
3+μk(Uk+1Vk+1−fθk+1

(X0)) for
RMFD.

10: Update μk+1 = ρμk for RLMF, or update
μk+1 = min{ρμk, μmax} for RMFD.

11: k = k + 1.
12: end while
Output: Xk+1 for RLMF, or fθk+1

(X0) for RMFD.

the automatic differentiation in Pytorch. To updateθk+1 by (15),
the parameters θ are initialized to θk for k = 1, 2 · · · . Note that
parameters θ0 are randomly initialized without the pre-training,
in the same way as in the DIP method [29].

B. Bilinear Factorization for Multichannel Image Restoration

Inspired by the bilinear factorization strategy in the matrix
case, we generalize Theorem 1 to the tensor case.

Theorem 2: For any third-order tensorXXX ∈ Rn1×n2×n3 with
a tubal rank rankt(XXX ) ≤ r such that it can be decomposed into
XXX = UUU�VVV with UUU ∈ Rn1×r×n3 and VVV ∈ Rr×n2×n3 , we have

‖XXX‖w,∗ = min
UUU,VVV:XXX=UUU�VVV

1

2
(‖UUU‖2w,F + ‖VVV‖2w,F ),

where ‖UUU‖w,F
Δ
= ( 1

n3

∑n3

i=1

∑min{n1,r}
j=1 wijσ

2
j (Ū

(i)))1/2 de-
notes the tensor reweighted Frobenius norm of UUU , and
‖VVV‖w,F can be similarly defined. In particular, the weights
wij = c(σj(Ū

(i) )σj(V̄
(i) ) + ε)p−1 with 0 < p ≤ 1 are allo-

cated to both ‖UUU‖w,F and ‖VVV‖w,F , while the weights wij =
c(σj(X̄

(i) ) + ε)p−1 are allocated to ‖XXX‖w,∗.
Proof: Please refer to the Supplementary Material. �

3Note that the bounded numberμmax = 10 is used for the RMFD (and RTFD)
method to prevent the μk from being too large for numerical experiments in this
paper. However, μmax is not used for the RLMF (and RLTF) method, which is
consistent with Theorem 3 (and Theorem 4).
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Corollary 2: Suppose that XXX � is a solution to (5) with
rankt(XXX �) ≤ r. Then for any solution UUU� and VVV� to (16),
UUU��VVV� is a solution to (5).

min
UUU,VVV

λ

2
(‖UUU‖2w,F + ‖VVV‖2w,F ) + ‖MMM� (UUU�VVV −YYY)‖1. (16)

The proof of Corollary 2 is similar to that of Corollary 1, and thus
omitted here for brevity. Based upon Theorem 2 and Corollary
2, (5) and (6) can be remodeled by the bilinear factorization
scheme to enhance the computational efficiency. In this way, we
propose the RLTF model in (17) and the RTFD model in (18) for
multichannel image restoration under the ADMM framework as

min
UUU,VVV,ÛUU,V̂VV,XXX

λ
2 (‖ÛUU‖2w,F + ‖V̂VV‖2w,F ) + ‖MMM� (XXX −YYY)‖1

s.t. ÛUU = UUU , V̂VV = VVV , UUU�VVV = XXX ,
(17)

min
UUU,VVV,ÛUU,V̂VV,θ

λ
2 (‖ÛUU‖2w,F + ‖V̂VV‖2w,F ) + ‖MMM� (fθ(XXX 0)−YYY)‖1

s.t. ÛUU = UUU , V̂VV = VVV , UUU�VVV = fθ(XXX 0).
(18)

The ADMM-based Algorithm 2 is developed to solve (17) and
(18), respectively. In each iteration, we first update UUUk+1 and
VVVk+1 by solving the LS subproblems⎧⎨
⎩
UUUk+1=argmin

UUU
‖ÛUUk−UUU+μ−1

k ZZZk
1‖2F +‖UUU�VVVk−AAAk‖2F , (19)

VVVk+1=argmin
VVV

‖V̂VVk−VVV+μ−1
k ZZZk

2‖2F +‖VVVk+1�VVV−AAAk‖2F , (20)

where AAAk = XXX k − μ−1
k ZZZk

3 and AAAk = fθk
(XXX 0)− μ−1

k ZZZk
3 are

used for the RLTF and RTFD, respectively, and ZZZ1, ZZZ2 and
ZZZ3 are the Lagrange multipliers.

To update ÛUUk+1 and V̂VVk+1, we consider the reweighted Frobe-
nius norm minimization subproblems⎧⎨

⎩
min
ÛUU

λ‖ÛUU‖2w,F + μk‖ÛUU −UUUk+1 + μ−1
k ZZZk

1‖2F , (21)
min
V̂VV

λ‖V̂VV‖2w,F + μk‖V̂VV −VVVk+1 + μ−1
k ZZZk

2‖2F , (22)
whose closed-form solutions can be derived from Lemma 2.

Lemma 2: LetY ∈ Rn1×n2×n3 be given and denote its t-SVD
as YYY = LLL�SSS1�RRRT . Then, for any λ > 0 and non-descending
order weights 0 ≤ wi1 ≤ wi2 ≤ · · · ≤ wid (d = min{n1, n2}
and i = 1, 2, . . . , n3), the global optimal solution of the follow-
ing problem

min
XXX

λ‖XXX‖2w,F + ‖XXX −YYY‖2F (23)

is given by

XXX = LLL�SSS2�RRRT , (24)

where the ith frontal slice of the DCT of SSS1 and SSS2 (i.e., S̄(i)

1

and S̄
(i)

2 ) satisfy the relationship of S̄(i)

2 = (λWi + Id)
−1S̄

(i)

1
with Wi = diag(wi1, wi2, . . . , wid).

Proof: Please refer to the Supplementary Material. �
To update XXX k+1 for the RLTF method, we employ the soft-

shrinkage operator [37] to handle the following subproblem

XXX k+1 = argmin
XXX

‖MMM� (XXX −YYY)‖1 + μk

2
‖XXX −BBBk‖2F

=MMM� (YYY + S1/μk
(BBBk −YYY)) +MMM⊥ �BBBk, (25)

where MMM⊥ is a binary mask complementary to MMM, and BBBk =
UUUk+1�VVVk+1 + μ−1

k ZZZk
3 is used for simplicity.

Algorithm 2: RLTF or RTFD: Optimization of (17) or (18).

Input: MMM�YYY∈Rn1×n2×n3 , 0< p≤1, ρ > 1, ε = 10−8,
c = 1, λ > 0, r ≤ min{n1, n2}, and μmax for RTFD.
1: Initialization: Wi=diag(wi1,· · ·,wir),

∀i=1,· · ·, n3, UUU0 = ÛUU0, VVV0 = V̂VV0, XXX 0, θ0, ZZZ0
1, ZZZ0

2,
ZZZ0

3, μ0, and k = 0.
2: while not convergence do
3: Update UUUk+1 and VVVk+1 by (19) and (20),

respectively.

4: Update wij = c(σj(
¯̂
U

(i)

k )σj(
¯̂
V

(i)

k ) + ε)p−1,
∀i = 1, . . . , n3, and ∀j = 1, . . . , r.

5: Update ÛUUk+1 by (21) and Lemma 2.

6: Update wij=c(σj(
¯̂
U

(i)

k+1)σj(
¯̂
V

(i)

k ) + ε)p−1,
∀i=1,· · ·, n3, and j = 1, · · ·, r.

7: Update V̂VVk+1 by (22) and Lemma 2.
8: Update XXX k+1 by (25) for RLTF, or update θk+1 by

(26) for RTFD.
9: Update Lagrange multipliers by

ZZZk+1
1 = ZZZk

1 + μk(ÛUUk+1 −UUUk+1);
ZZZk+1

2 = ZZZk
2 + μk(V̂VVk+1 −VVVk+1);

ZZZk+1
3 = ZZZk

3 + μk(UUUk+1�VVVk+1 −XXX k+1) for
RLTF, or
ZZZk+1

3 = ZZZk
3+μk(UUUk+1�VVVk+1−fθk+1

(XXX 0)) for
RTFD.

10: Update μk+1 = ρμk for RLTF, or update
μk+1 = min{ρμk, μmax} for RTFD.

11: k = k + 1.
12: end while

Output: XXX k+1 for RLTF, or fθk+1
(XXX 0) for RTFD.

To update θθθk+1 for the RTFD method, we utilize the Adam
optimizer to iteratively solve the following subproblem

θk+1 = argmin
θ

‖MMM� (fθ(XXX 0)−YYY)‖1

+
μk

2
‖fθ(XXX 0)−BBBk‖2F . (26)

It is interesting to find out that the proposed RMFD and RTFD
methods are related to the method in [31]. The proposed RMFD
and RTFD methods employ a bilinear factorization framework
for the reweighted nuclear norm over the framework of plug-
and-play with deep image priors used in [31]. Although the
reweighted nuclear norm-based regularizers in (4) and (6) can
be viewed as a special case of plug-and-play priors used in [31],
the computationally expensive SVD limits the applicability of
(4) and (6) in handling large-scale problems. We convert (4) and
(6) into the bilinear factorization framework, and then propose
the RMFD and RTFD methods to improve the computational
efficiency.

IV. ALGORITHM ANALYSIS

A. Complexity Analysis

Without loss of generality, we assume r � min{n1, n2} to
discuss the per-iteration complexity of RLMF, RMFD, RLTF,
and RTFD methods, respectively. For the RLMF method, its
per-iteration mainly involves the updates of Û and V̂, where the
SVD consumes O((n1 + n2)r

2), and the updates of U, V and
X, where the matrix multiplication costs O(n1n2r). Hence, the
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total complexity of RLMF is O(n1n2r). Compared with most
existing (re)weighted nuclear norm-based methods in [1], [3],
[38], [39], which require to compute the full SVD with a per-
iteration cost ofO(n1n

2
2), the proposed RLMF method benefits a

superior efficiency. For the RLTF method, its complexity mainly
includes the calculation of (inverse) DCTs, SVDs, and ma-
trix multiplications with a cost of O((n1 + n2)n3r log n3)[34],
O((n1 + n2)n3r

2), and O(n1n2n3r), respectively. To sum up,
the complexity of RLTF isO((n1 + n2)n3r log n3 + n1n2n3r)
in each iteration. For the RMFD and RTFD methods, their
per-iteration complexities are O(n1n

2
2) + t1α1 and O((n1 +

n2)n3r log n3 + n1n2n3r) + t2α2, where t1 and t2 are the
number of inner iterations in the update of θθθk+1 by (15) and
(26), and α1 and α2 denote the complexity in each inner it-
eration, respectively. Note that α1 and α2 highly depend on
the scale of network parameters. Typically, when the RTFD is
applied to a 256× 256× 3 color image scene, the number of its
network parameters is 2.18 × 106. The techniques of network
compression and pruning [51] may can be used to reduce the
network scale, but are beyond the scope of this paper.

B. Convergence Analysis

The non-convexity of the (re)weighted nuclear norm poses a
substantial hindrance to the general convergence of ADMM-
based algorithms. Thus, most existing (re)weighted nuclear
norm-based methods only provide the empirical or weak con-
vergence guarantees [3], [38], [39]. In contrast, we incorporate
the definition of the generalized subdifferential of reweighted
nuclear norm [50] to derive stronger convergence results for the
RLMF and RLTF methods. While the hardness of the conver-
gence analysis for the RMFD and RTFD methods mainly comes
from the neural network components therein, the following
theorems shows that any accumulation point of the sequence
generated by the RLMF or RLTF method satisfies the Karush-
Kuhn-Tucker (KKT) conditions [40].

Theorem 3: Let{Sk}be the sequence generated by the RLMF
method, where Sk = (Uk,Vk, Ûk, V̂k,Xk,Z

k
1 ,Z

k
2 ,Z

k
3). Sup-

pose that the sequences {Zk
1} and {Zk

2} are bounded, and μk is
increasing and limk→∞ μk = ∞. Then,

1. {Uk}, {Vk}, {Ûk}, {V̂k}, and {Xk} are all Cauchy
sequences.

2. Any accumulation point {S�} of the sequence
{Sk} satisfies the following KKT conditions: (1)
0 ∈ λ∂c‖Û�‖w,F + Z�

1; (2) 0 ∈ λ∂c‖V̂�‖w,F + Z�
2; (3)

0 ∈ ∂c‖M� (X� −Y)‖1 −M� Z�
3 and M⊥ � Z�

3 =

0; (4) Û� = U�, V̂� = V� and U�V� = X�.
Proof: Please refer to the Supplementary Material. �
Theorem 4: Let {Sk} be the sequence generated by the RLTF

method, where Sk = (UUUk,VVVk, ÛUUk, V̂VVk,XXX k,ZZZk
1 ,ZZZk

2 ,ZZZk
3). Sup-

pose that the sequences {ZZZk
1} and {ZZZk

2} are bounded, and μk is
increasing and limk→∞ μk = ∞. Then,

1. {UUUk}, {VVVk}, {ÛUUk}, {V̂VVk}, and {XXX k} are all Cauchy se-
quences.

2. Any accumulation point {S�} of the sequence
{Sk} satisfies the following KKT conditions: (1)
0 ∈ λ∂c‖ÛUU�‖w,F +ZZZ�

1; (2) 0 ∈ λ∂c‖V̂VV�‖w,F +ZZZ�
2; (3)

0 ∈ ∂c‖MMM� (XXX � −YYY)‖1 −MMM�ZZZ�
3 and MMM⊥ �ZZZ�

3 =

0; (4) ÛUU� = UUU�, V̂VV� = VVV� and UUU�VVV� = XXX �.
Proof: Please refer to the Supplementary Material.

TABLE I
COMPARISON OF DIFFERENT ALGORITHMS FOR IMAGE RESTORATION

V. EXPERIMENTAL RESULTS

In this section, we evaluate the performance of the pro-
posed RLMF, RMFD, RLTF, and RTFD methods for image
restoration, and compare them to several state-of-the-art meth-
ods. The RLMF and RMFD methods are compared with six
matrix-based methods, including robust principal component
analysis (RPCA) [9], weighted nuclear norm minimization
(WNNM) [3], unifying nuclear norm and bilinear factorization
(UNIFY) [20], double nuclear norm penalty (DNN) [15], gen-
eralized iterative reweighted nuclear norm (GIRNN) [1], and
matrix-based deep image prior (M-DIP) [29]. The RLTF and
RTFD methods are compared with six tensor-based methods of
tensor nuclear norm (TNN) [13], (re)weighted tensor nuclear
norm (WTNN) [17], logarithmic norm minimization and outlier
projection (LNOP) [48], sum of nuclear norm [35], nonconvex
tensor rank minimization (NTRM) [41], and tensor-based deep
image prior (T-DIP) [29]. Table I summarizes the objective
functions of all the above methods for image restoration as a
guide to the comparison. All the experiments are implemented
on a workstation with Intel Core i9-9900 K CPU of 3.60 GHz,
NVIDIA TITAN RTX GPU, and 16 GB RAM. The M-DIP, T-
DIP, and the proposed RMFD and RTFD methods are conducted
by PyTorch1.8.1, while the others are conducted by Matlab2018.
Our source code is available at: https://github.com/linchenee/
RLMTF-RMTFD.

A. Grayscale Image Restoration

As pointed out in [15], most grayscale images captured from
natural scenes can be approximated by the low-rank matrices,
and thus their restorations are available from incomplete and
corrupted observations. The experiment is carried out using
the Miscellaneous volume of the USC-SIPI dataset4, which
involves 36 images with the size of 256× 256, respectively,
as shown in Fig. 1. We randomly mask each image with 50%
missing elements to generate the incomplete observation, which
is further corrupted by outliers. As common types of outliers in
image processing, the salt-and-pepper noise and the two-term
Gaussian mixture model (GMM) noise are used respectively.

4 [Online]. Available: http://sipi.usc.edu/database/
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Fig. 1. Original grayscale images used for restoration in the Miscellaneous
volume of the USC-SIPI dataset.

The salt-and-pepper noise is added by the MATLAB com-
mand “imnoise(I,’salt & pepper,’ ρ),” where ρ is
the normalized noise intensity corresponding to signal-to-noise
ratio SNR = 1/ρ. The two-term GMM noise is set to α2 =
α1/9 = 0.1 and σ2

2 = 100σ2
1 [45], where αk and σ2

k are the
probability and variance of the kth term, respectively. Hence,
the total variance of GMM is σ2 =

∑
k αkσ

2
k corresponding

to SNR = ‖X̂‖2F /(n1n2σ
2), where X̂ ∈ Rn1×n2 represents the

ground-truth in restoration.
For each matrix-based methods except M-DIP, we finely

tune a regularization parameter λ to ensure a satisfactory aver-
age performance across all image scenarios. In particular, λ =

10
√

max{n1, n2}, as recommended in [15], [42], and λ = 2
are set in case of the proposed RLMF and RMFD methods,
respectively. Note that the optimal degree of regularization
in the M-DIP method depends on the number of iterations,
which is varied as 250, 350 and 450 at SNR=10 dB, 15 dB,
and 20 dB, respectively. Instead, the proposed RMFD method
adopts an uniform iteration number of 1000 in all scenarios
due to its good noise-robustness. In each iteration, it executes
two inner iterations in the update of θθθk+1 by (15). Bilinear
factorization-based methods also have a rank parameter, which
is uniformly set to r = 20 for the UNIFY, DNN and RLMF.
In contrast, a larger rank parameter r = 80 is appropriate for
the proposed RMFD. Moreover, the parameters p = 0.5 and
p = 0.8 are used for the RLMF and RMFD, respectively. The
restoration performance is evaluated by the peak signal-to-noise
ratio PSNR = 10log10(255

2/MSE), where 255 is the peak
value of the image, and the mean square error is given by
MSE = ‖M⊥ � (X− X̂)‖2F /|M⊥ | with X being the restora-
tion result [43].

Table II shows the average PSNR results of all images in
different scenarios. Among the low-rank prior-based methods,
the proposed RLMF and the GIRNN are neck-and-neck in PSNR
scores. They outperform the RPCA, WNNM, UNIFY, and DNN,

TABLE II
PSNR COMPARISON OF GRAYSCALE IMAGE RESTORATION IN THE USC-SIPI
DATASET BY DIFFERENT METHODS. THE BEST RESULT IN EACH SCENARIO IS

HIGHLIGHTED IN BOLD

thus verifying the effectiveness of the reweighted nuclear norm
in restoring the low-rank structures of images. However, their
PSNR scores are significantly lower than those of the M-DIP
and the proposed RMFD, which indicates the powerful capacity
of the deep prior information in image restoration. Compared
with M-DIP, the proposed RMFD further exploits the low-rank
prior information of the image, and achieves the best recovery
accuracy in all scenarios. Table II also reports the average run-
ning time for processing each image in the salt-and-pepper noise
scenario at SNR=20 dB. For fair comparison, the maximum
iteration number in all traditional low-rank prior-based methods
is uniformly set to 150. For the RPCA, WNNM and GIRNN,
their main complexity lies in the calculation of the full SVD.
Instead, the UNIFY, DNN and the proposed RLMF employ the
bilinear factorization scheme to obtain the fast processing speed.
For the M-DIP and RMFD, their running times are inferior
to these of the traditional low-rank prior-based methods. Their
main complexity comes from the updating of millions of network
parameters during the iterations, which implies that the use of
deep prior information to improve the recovery accuracy is at
the expense of computational efficiency.

We then investigate how the parameter p and the rank param-
eter r affect the performance of the proposed RLMF and RMFD
methods. Following the experimental setting in salt-and-pepper
noise at SNR=10 dB, we fix the rank parameter to measure
different values of p, and vice versa. As shown in Fig. 3(a),
the best PSNR for the RLMF method is obtained when p is
around 0.5. Compared with the traditional weighted nuclear
norm, which can be viewed as a special case of p = 0, the
reweighted nuclear norm using 0.5 < p < 1 demonstrates an
enhanced fitness to natural images, which is consistent with the
analyses in [1], [16]. Similarly, the best PSNR result for the
RMFD method is achieved by 0.5 < p ≤ 1, while a smaller p
value results in performance degradation. Then, we study the
effect of the rank parameter. Since the RLMF only exploits the
low-rank constraint to restore images against outliers and miss-
ing elements, it requires a small rank value of about 20 to balance
interference resistance and image detail preservation, as plotted
in Fig. 3(a). Apart from the low-rank constraint, the deep prior
information is also exploited in the RMFD, which prefers a larger
rank of about 80 to better restore image details compared with
the RLMF. As shown in Fig. 2, the RMFD method achieves the
notable preservation of image details, such as edges and textures.

B. Color Image Restoration

Most color images composed of RGB channels show a signif-
icant correlation between channels [38]. Beyond the low-rank
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Fig. 2. Visual comparison of grayscale image restoration in the USC-SIPI dataset with a sampling rate of 20% in the GMM noise at SNR=10 dB. (a) Original
images; (b)–(i) Restored images achieved by RPCA [9], WNNM [3], unifying UNIFY [20], DNN [15], GIRNN [1], the proposed RLMF, M-DIP [29], and the
proposed RMFD, respectively.

Fig. 3. Effects of parameter selections on the proposed RLMF and RMFD
methods in the USC-SIPI dataset. The indices from 1 to 10 on the abscissa
correspond to the parameters p from 0.1 to 1, the rank parameters r from 4 to
40 for the RLMF, and the rank parameters r from 20 to 200 for the RMFD,
respectively.

Fig. 4. Original color images used for restoration in the BSD dataset.

property within a single channel, an RGB image usually has the
low-tubal-rank property when expressing as a third-order ten-
sor [6], [19]. By the low-rank prior and deep prior information,
we restore color images in the Berkeley Segmentation Dataset5

(BSD). This dataset contains a total of 200 RGB images of size
321 × 481× 3, of which 20 images are randomly selected for
testing, as exhibited in Fig. 4.

For fair comparison, the regularization parameter of each
method is properly set to ensure good performance. In

5[Online]. Available: https://www.eecs.berkeley.edu/Research/Projects/CS/
vision/bsds/

particular, λ = 8
√

max{n1, n2}, λ = 3
√

max{n1, n2}n3, as
recommended in [13], and λ = 2 are used for the proposed
RLMF, RLTF, and RTFD methods, respectively. To avoid
over-fitting, we adopt an iteration number of 1100 and 2100 for
the T-DIP method when SNR=10 dB and 20 dB, respectively.
In contrast, a uniform iteration number of 1000 is applied
to the proposed RTFD method. Table III lists the restoration
results for each image with 50% random missing elements
in salt-and-pepper noise. We see that among all matrix-based
methods, the GIRNN gains the highest PSNR on average, while
the proposed RLMF also yields competitive PSNR scores but
significantly shorter running times. However, their PSNR scores
are still inferior to most tensor-based methods. Compared with
the matrix-based methods, which reconstruct each color channel
independently, the tensor-based methods further incorporate the
correlation between channels, thus showing a better capability
to characterize the low-rank and deep information of the image.
Among all tensor-based methods, the proposed RLTF achieves
the the fastest running time due to the use of the bilinear
factorization. In terms of the PSNR score, the proposed RTFD
outperforms other methods in almost all scenarios, which yields
an average gain of 1.64 dB and 1.24 dB at SNR=10 dB and
20 dB, respectively, over the second best-performing method of
T-DIP. Apart from the quantitative comparison, the visual com-
parison also shows the superiority of the proposed RTFD method
in the accuracy of image reconstruction. As shown in Fig. 5, the
RTFD restores images with a sufficient noise suppression and
a fine preservation of image structures, such as the edges of the
building, the textures of the wall, and the outline of the person.

It is worth mentioning that in Table III and Fig. 5, the parame-
ters p = 0.5, 0.5, and 0.8 are used for the proposed RLMF, RLTF,
and RTFD methods, respectively. We then vary the parameter
p to evaluate its effect on these methods. Following the above
experimental settings atSNR = 10dB,Fig. 6 shows that the best
performance of the RLMF and RLTF methods is obtained at a
p value of about 0.5, which is similar to that in Section V-A.
The RTFD method performs well when 0.5 < p ≤ 1, and its
variation trend of PSNR results is also analogous to that in
Section V-A. After that, we investigate the effect of the rank
parameter. Interestingly, the RTFD method shows a better ro-
bustness to the selection of the rank parameter compared with
the RLMF and RLTF methods, as plotted in Fig. 6. It implies
that the integration of the deep prior into the low-rank prior
is beneficial to relax the requirement for the rank selection.
We also investigate the convergence behavior of the proposed
RTFD method using the BSD dataset. Figs. 8(c) and (d) show the
PSNR versus iteration number achieved by the T-DIP and RTFD
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TABLE III
PSNR COMPARISON OF COLOR IMAGE RESTORATION IN THE BSD DATASET BY DIFFERENT METHODS. THE BEST RESULTS IN EACH SCENARIO AMONG ALL

MATRIX-BASED METHODS AND TENSOR-BASED METHODS, RESPECTIVELY, ARE HIGHLIGHTED IN BOLD

methods, respectively. During the iterations, the T-DIP method
first fits the pure image structure, then fits the contaminated
component in the image observation to show a semi-convergent
behaviour. In contrast, the proposed RTFD method is empirically
shown to have a better convergence, and this improvement is
attributed to the incorporated low-rank prior to enhance the
noise- and outlier-robustness. A similar phenomenon occurs in
the convergence behavior comparison between the M-DIP and
the proposed RMFD methods, as shown in Figs. 8(a) and (b).

In addition to the BSD dataset, the LIVE1 dataset [52] is
also tested for color image restoration. This dataset consists
of 29 natural images with the size of 256× 256× 3. To test
the robustness of different methods against mixed noise, the
two-term GMM is adopted for noise generation at SNR=10 dB.
We evaluate the restoration performance using the PSNR and
the structural similarity index measurement (SSIM) [44]. All
parameter settings of the RLTF method are the same as those in
handling the BSD dataset, except for the regularization parame-
ter of λ = 3

√
max{n1, n2}n3, and the tubal rank parameter of

TABLE IV
QUANTITATIVE COMPARISON OF COLOR IMAGE RESTORATION IN THE LIVE1
DATASET BY DIFFERENT METHODS. THE BEST RESULT IN EACH SCENARIO IS

HIGHLIGHTED IN BOLD

35 and 85 in the scene with a sampling rate of 30% and 60%,
respectively. We uniformly set the tubal rank of 100 for the RTFD
method, while setting its weight parameter p, regularization
parameter, and iteration number as those in the BSD dataset.

Table IV lists the average performance of different tensor-
based methods, and detailed quantitative results for each image
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Fig. 5. Visual comparison of color image restoration in the BSD dataset with a sampling rate of 50% in the salt-and-pepper noise at SNR=10 dB. (a) Original
images. (b)–(i) Restored images achieved by TNN [13], WTNN [17], SNN [35], NTRM [41], LNOP [48], the proposed RLTF, T-DIP [29], and the proposed RTFD,
respectively.

Fig. 6. Effects of parameter selections on the proposed RLMF, RLTF and RTFD methods in the BSD dataset. The indices from 1 to 10 on the abscissa correspond
to the parameters p from 0.1 to 1, the rank parameters r from 4 to 40 for the RLMF, and the tubal rank parameters r from 15 to 150 for the RLTF, and the tubal
rank parameters r from 30 to 300 for the RMFD, respectively.

Fig. 7. Visual comparison of color image restoration in the LIVE1 dataset with a sampling rate of 30% in the GMM noise at SNR=10 dB. (a) Original images;
(b)–(i) Restored images achieved by TNN [13], WTNN [17], SNN [35], NTRM [41], LNOP [48], the proposed RLTF, T-DIP [29], and the proposed RTFD,
respectively.

scene can be found in Table IX in the Supplementary Ma-
terial. The visual comparison results are provided in Fig. 7.
It is observed that the proposed RTFD method achieves the
highest reconstruction accuracy, which demonstrates the effec-
tiveness of the jointly low-rank and deep prior constraint for
color image restoration. But the use of this joint constraint is
at the expense of computational efficiency. As shown in the
last column of Table IV, the proposed RTFD method requires
the longest average running time to process each image in
the scenario with a sampling rate of 60%. The T-DIP method
also has a large computational overhead due to the iterative
optimization of million of network parameters. Since the rank
minimization-based methods of TNN, WTNN, SNN, NTRM,

and LNOP have to calculate the time-consuming full SVD, they
consistently underperform the proposed RLTF method, which
take advantage of the tensor factorization scheme to lower the
computational cost. It is easy to see that the proposed RLTF
method yields the shortest running time, and is more than two
times faster than all rank minimization-based methods, which
verifies the efficiency of the proposed bilinear factorization
strategy for the tensor reweighted nuclear norm minimization.

C. Extension to Tensor Completion

In addition to robust image restoration, the proposed RLTF
method can be extended to the application of tensor completion
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Fig. 8. Convergence behavior of the M-DIP, T-DIP, the proposed RMFD and RTFD methods in salt-and-pepper noise at SNR=10 dB.

Fig. 9. Visual comparison of HSI completion in the CAVE dataset with a sampling rate of 10%. (a) Original images on the first band; (b)–(i) Completion results
achieved by TNN [13], WTNN [17], SNN [35], NTRM [41], LNOP [48], the proposed RLTF, T-DIP [29], and the proposed RTFD, respectively.

TABLE V
COMPARISON OF DIFFERENT ALGORITHMS FOR TENSOR COMPLETION

TABLE VI
COMPARISON OF DIFFERENT ALGORITHMS FOR BACKGROUND SUBTRACTION

by reformulating (17) as

min
UUU,VVV,ÛUU,V̂VV,XXX

λ
2 (‖ÛUU‖2w,F + ‖V̂VV‖2w,F )

s.t. ÛUU = UUU , V̂VV = VVV , UUU�VVV = XXX , MMM�YYY =MMM�XXX .

Similarly, we extend the proposed RTFD method to the tensor
completion by reformulating (18) as

min
UUU,VVV,ÛUU,V̂VV,θ

λ1

2 (‖ÛUU‖2w,F +‖V̂VV‖2w,F )+λ2‖MMM�(fθ(XXX 0)−YYY)‖2F
s.t. ÛUU = UUU , V̂VV = VVV, UUU�VVV = fθ(XXX 0),

where λ1, λ2 > 0 are the regularization parameters.
We utilize six hyperspectral image (HSI) scenarios from the

CAVE dataset6 for the experiments. A HSI is composed of a
group of images captured in disparate spectral bands, and can be
viewed as a third-order tensor [2], [53], [54]. Each HSI is resized
to 256× 256 for all spectral bands, then rescaled into the interval
[0, 1] and randomly sampled at the rates of 5% and 10%, re-
spectively. We compare the HSI completion performance of the
proposed methods with that of six tensor-based methods, whose
objective functions are listed in Table V. To avoid over-fitting,
the T-DIP method adopts an iteration number of 2800 and 5000 at
the sampling rate of 5% and 10%, respectively, while a uniform
iteration number of 1100 is used for the proposed RTFD method.
Besides, the RTFD method uses p = 0.8, a tubal rank parameter
of 200, and the regularization parameters λ1 = 1 and λ2 = 400.
The tubal rank parameter of 120 and p = 0.5 are applied to the
proposed RLTF method, whose regularization parameter is set

6[Online]. Available: http://www1.cs.columbia.edu/CAVE/databases/
multispectral/
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TABLE VII
QUANTITATIVE COMPARISON OF HSI COMPLETION IN THE CAVE DATASET WHEN THE SAMPLING RATE IS 5% AND 10%, RESPECTIVELY. THE BEST RESULT IN

EACH SCENARIO IS HIGHLIGHTED IN BOLD

Fig. 10. Effects of regularization parameter selections on different meth-
ods. The indices {1, 2, . . . , 10} on the abscissa correspond to the reg-
ularization parameters (a) λ2 = {1, 2, . . . , 10}×0.05 for the TNN, (b)
λ1={21, 22, . . . , 210}×0.2 for the WTNN, (c) λ2 = {1, 2, . . . , 10}×0.6
for the SNN, (d) λ1 = {21, 22, . . . , 210}×0.004 for the NTRM, (e) λ2 =
{1, 2, . . . , 10}×0.5 for the RLTF, (f) λ2 = {1, 2, . . . , 10}×0.1 for the RTFD,
respectively.

toλ = 3
√

max{n1, n2}n3 andλ = 80
√

max{n1, n2}n3 at the
sampling rate of 5% and 10%, respectively.

The HSI completion performance is evaluated by the mean
PSNR, mean structural similarity index measurement (SSIM),
mean feature similarity (FSIM), and mean erreur relative globale
adimensionnelle de synthèse (ERGAS) over all the spectral
bands, as suggested in [2], [53]. As shown in Table VII, the
proposed RTFD method outperforms the RLTF and T-DIP meth-
ods in almost all assessment criteria, which indicates that the
combination of low-rank and deep priors contributes to the com-
prehensive and accurate characterization of high-dimensional
structures of HSIs. Besides, the RLTF method achieves the best
computational efficiency among all methods. It yields superior
quantitative results than the TNN and WTNN methods on av-
erage, which demonstrates that the reweighted nuclear norm
with 0 < p < 1 is more efficient than the nuclear norm with
p = 1 and the weighted nuclear norm with p = 0 for the HSI
completion. In addition to the quantitative comparison, the visual
comparison is also illustrated in Fig. 9. It is observed that the
results of TNN, WTNN, SNN, and LNOP are contaminated to
some extent by outliers. Although the NTRM and RLTF methods
resist outliers more adequately, their results show blurry image
details. Compared with the T-DIP method, the proposed RTFD
method enhances the noise-robustness in homogenous regions,
and shows the finer preservation of HSI details, such as the edges
of flowers and letters.

D. Extension to Background Subtraction

We further extend the proposed RLTF and RTFD methods to
address the background subtraction problem with the following
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Fig. 11. Visual comparison of background and foreground separation in the SBI dataset. (a) The 70th frame in the “CAVIAR1” sequence (top) and its manual
segmentation (bottom); (b)–(g) Results achieved by TNN [13], WTNN [17], SNN [35], NTRM [41], the proposed RLTF and RTFD, respectively, where the top
panel shows the extracted background, and the bottom panel shows the foreground segmentation.

formulations

min
UUU,VVV,ÛUU,V̂VV,XXX

λ1

2 (‖ÛUU‖2w,F + ‖V̂VV‖2w,F ) + λ2‖MMM� (XXX −YYY)‖1
s.t. ÛUU = UUU , V̂VV = VVV , UUU�VVV = XXX ,

min
UUU,VVV,ÛUU,V̂VV,θ

λ1

2 (‖ÛUU‖2w,F +‖V̂VV‖2w,F )+λ2‖MMM�(fθ(XXX 0)−YYY)‖1
s.t. ÛUU = UUU , V̂VV = VVV, UUU�VVV = fθ(XXX 0).

In surveillance videos, the nearly static background between
video frames usually satisfies the low-rank property, while the
targets moving over the video sequence can be detected by the
difference between the current frame and the background. Here
we utilize the first 100 frames of six video sequences from the
Scene Background Initialization (SBI) dataset7 for the test. In
each video sequence, the frames are resized to 256× 256 and
then converted into the gray level, resulting in a third-order
tensor of size 256× 256× 100 as the input. The proposed
methods are compared with four tensor-based methods, whose
objective functions are shown in Table VI, while the LNOP and
T-DIP methods are not involved because they are not applicable
in the background and foreground separation.

The performance of background extraction is evaluated by the
four criteria as used in Section V-C. For each method, the optimal
regularization parameters λ1 and λ2 vary in different video
sequences. For each video sequence, we appropriately fix one
regularization parameter, and then select another parameter from
10 candidate values to obtain the best performance in terms of the
PSNR score. The effects of regularization parameter selections
on all methods and video sequences are shown in Fig. 10.
Table VIII shows the quantitative results using the regularization
parameters selected above. Besides, the parameters p = 0.8
and the tubal rank of 200 are uniformly set to the RLTF and
RTFD methods in all video scenarios. We see that the RTFD
method obtains the highest background extraction accuracy
on average, and the RLTF method also performs well in most
scenarios. Table VIII also reports the foreground segmentation
results evaluated by the widely-used F1-measure (F-M) [43].
The groundtruth and the foreground segmentation results of
all methods are generated by the hard-threshold method with a
threshold of 25 without any postprocessing. The quantitative and
visual superiority of the proposed RTFD method in foreground
segmentation can be evidently seen in Table VIII and Fig. 11.

7[Online]. Available: https://sbmi2015.na.icar.cnr.it/SBIdataset.html

TABLE VIII
QUANTITATIVE COMPARISON OF BACKGROUND AND FOREGROUND

SEPARATION IN THE SBI DATASET BY DIFFERENT METHODS. THE BEST

RESULT IN EACH VIDEO SCENARIO IS HIGHLIGHTED IN BOLD

As shown in Fig. 11, it effectively resists the ghost-like artifacts
in the extracted backgrounds, thus improving the detected
outlines of moving objects compared with other methods.

VI. CONCLUSION

In this paper, two reweighted low-rank factorization models,
i.e., RLMF and RLTF, are proposed for single channel and multi-
channel image restoration, respectively. In the proposed models,
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we devise a computationally efficient factorization scheme for
the reweighted nuclear norm with 0 < p ≤ 1, which can fit
the heavy-tailed distribution of the singular values in natural
images well. Benefitting from the above factorization schemes,
the RLMF and RLTF models lead to tractable optimization
problems, which are more efficiently solved than the tradi-
tional reweighted nuclear norm minimization problems with
the convergence guarantees. After that, we integrate the deep
image prior into the RLMF and RLTF models, and propose the
RMFD and RTFD models to more fully exploit the underlying
structure of the image. The image restoration results demonstrate
that the proposed reweighted low-rank factorization scheme is
computationally efficient, and the joint use of image low-rank
prior and deep prior can ensure that both are improved, thus
achieving a superior restoration accuracy.
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