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Abstract—Several new algorithms have been proposed recently
for near-field target localization and parameter estimation in
Bistatic MIMO Radar systems. The new approaches include the
usage of the exact spherical wavefront model, which avoids a
systematic error introduced by the Fresnel approximation that
is commonly made on impinging wavefronts in order to simplify
the estimation problem. In this paper, we propose a new Tensor-
based Near-Field Localization (TeNFiL) algorithm that utilizes
the Canonical Polyadic (CP) decomposition of the received data
in order to obtain high-resolution estimates of the parameters
of the dominant targets that are automatically paired. Those
parameters include the distances to the transmit and the receive
reference antennas, the directions of departure (DoDs) and the
directions of arrival (DoAs). TeNFiL is extended to the estimation
in three-dimensional space and is applicable to arbitrary antenna
array geometries. We develop a new reliability test and a new
reliability measure for TeNFiL. The TeNFiL algorithm is based
on the Semi-algebraic framework for approximate CP decompo-
sitions via Simultaneous Matrix Diagonalizations (SECSI). It is
used to compute an approximate low rank CP decomposition of
the noise corrupted measurements in a robust and efficient way.
The simulations show that TeNFiL outperforms recent state of
the art algorithms, especially if the targets are closely spaced.

Index Terms—Near Field, Spherical Wavefront, SECSI, CPD,
TeNFiL, Bistatic, MIMO Radar

I. INTRODUCTION

The concept of MIMO Radar is a new technology that has
attracted a lot of research attention recently [6], [13]. The
new concept of MIMO Radar allows to reduce the number
of antennas required for radar estimation by creating virtual
arrays with an increased number of virtual elements that,
in turn, provides multiple diversities in the spatial domain.
Those diversities allow an improved estimation of the target
parameters with less hardware requirements.

Most of the research in this area uses the far-field as-
sumption, which implies that the shape of the incoming
wavefront is assumed to be planar. Although this assumption
greatly simplifies the estimation problem, it does not cover
all practical usage scenarios, especially for cases when the
targets are located much closer to the transmit and/or receive
arrays. In the near-field problem, the spherical shapes of the
wavefronts emitted by the transmit antennas and reflected by
the targets should be considered. Although this complicates the
estimation problem on the one hand, on the other, it provides
means to estimate the range parameters since in this case the
array manifold depends on the DoDs/AoAs as well as the
distance to the target.

The common approximation for the spherical wavefronts
used in literature on near-field localization is the Fresnel
approximation [10], [16]–[18], which approximates a spherical
wavefront using the second order Taylor expansion of the
true phase distribution of the wavefront across the antennas.
The recently proposed subspace based algorithm in [4] avoids
the use of the Fresnel approximation and relies on the exact
spherical model of the impinging wavefronts. It is based on the
Eigenvalue Decompositions (EVD) of matrices computed from
a low rank approximations of the sub-blocks of the sample
covariance matrix. The Cramér Rao Bound (CRB) for near-
field localization in two-dimensional (2-D) space was analyzed
in [1], [12], and particularly for exact wavefront model in [2].
Then, the derived CRB was used to analyze and optimize a
linear antenna array geometry in 2-D space in [7]. The use
of the exact spherical wavefront model improves the estima-
tion accuracy of the model in realistic scenarios and avoids
systematic errors introduced by the Fresnel approximation.

In this paper we propose the Tensor-based Near-Field Lo-
calization algorithm (TeNFiL) based on the exact spherical
wavefront model presented in [4] for the 2-D space. The
signal model allows us to arrange the data in the form of
the tensor with a low rank structure. Taking an approximate
CP decomposition of the noise corrupted data we can estimate
the factor matrices of the low rank representation. Those factor
matrices represent array steering matrices of the transmit and
the receive array, that then can be used to solve a similar
system of equations, which was also defined in [4] for a
special case of uniform linear array (ULA) in 2-D space. A
tensor-based model for near-field localization has already been
briefly discussed in [16], where the parameters were obtained
from array steering matrices using an iterative solution of
an optimization problem with a cost function defined in
the least squares sense with respect to the elements of the
array steering matrices. In contrast, the TeNFiL algorithm
provides a closed form solution to the estimation problem in
three-dimensional (3-D) space that is in general applicable
to arbitrary array geometries. Moreover, [16] relies on the
Alternating Least Squares (ALS) based COMFAC algorithm
proposed in [3], while we use the SECSI framework that has an
improved performance, especially in critical scenarios (closely
spaced targets), which is shown in [14] and [15]. Furthermore,
TeNFiL includes a new reliability test and a new reliability
measure.
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Notation: Upper-case and lower-case bold-faced letters de-
note matrices and vectors, respectively. Upper-case Greek
letter denote sets and bold faced calligraphic letters denote
tensors. The elements of vectors are denoted as follows: (a)(i)
denotes i-th element of a vector a. The r-mode vectors of a
tensor are obtained by varying the r-th index of the tensor
while keeping all other indices fixed. The r-mode unfolding
of the tensor X is obtained by stacking its r-mode vectors
into a matrix in reverse-cyclical order [5], denoted as [X ](r).
The r-mode product between a tensor X and a matrix A is
denoted as X ×r A [5], and the Khatri-Rao product between
matrices A and B is denoted as A � B. The conjugate,
transpose and Hermitian transpose are denoted by {·}∗, {·}T ,
and {·}H, respectively. To ease the notation, in the following
we assume that symbols x, y and z will always refer to
Cartesian coordinates of the targets or antennas. Furthermore,
the symbols ρ, φ, and θ will always denote the distance,
azimuth and elevation of the targets, respectively.

II. SYSTEM MODEL

We consider a Bistatic MIMO Radar that consists of trans-
mit and receive antenna arrays. Each antenna in the MIMO
Radar system transmits signals that are orthogonal to each
other. Those signals are then matched-filtered at each antenna
of the receive array using the transmitted waveforms that are
assumed to be known at the receiver. Thus, the superimposed
reflected wavefronts created by the signals transmitted from
different antennas can be well separated at the receiver, pro-
viding a virtual array with an increased number of elements.

In this paper we consider parameter estimation in both 2-D
and 3-D spaces. In the 2-D case, the estimated parameters are
the range and azimuth angle of the dominant radar targets.
In the 3-D case, we additionally estimate the elevation angle
for each target. The considered system model and proposed
algorithm are applicable to arrays of arbitrary geometries,
provided that those are known, but we will consider uniform
linear array (ULA) for the 2-D case and uniform rectangular
array (URA) for the 3-D case as special cases. It can also
be shown that if the arrays exhibit diversity in all space
directions (i.e., the antenna array does not lie in a lower-
dimensional subspace), it is possible to estimate the locations
of the targets in the complete 2-D space or the complete 3-D
space, respectively.

A. Scenario

Let MT denote the number of antennas in the transmit array,
and MR denote the number of antennas in the receive array.
The number of targets present is denoted by H , and some of
them are assumed to be in the near-field zone of both arrays
(in general, some of them can also be in the far-field), i.e.,
they are close enough to the transmitter and receiver such that
the wavefronts of the impinging and reflecting waves can be
considered as spherical.

In the 3-D space, the locations of transmit/receive antennas
are defined using Cartesian coordinates with respect to the
reference transmit/receive antenna, i.e., it is assumed that the

reference antennas are located at the origin. From now on,
we will refer to the respective systems of coordinates as
”local transmit” and ”local receive” systems of coordinates.
The m-th transmit antenna location is described by its Carte-
sian coordinates {xT,m, yT,m, zT,m}, ∀m ∈ {1, ...,MT }, and
same as the n-th receive antenna location is described by
{xR,n, yR,n, zR,n}, ∀n ∈ {1, ...,MR}. Since the reference
antennas are always at the origin, then xT,1 = yT,1 = zT,1 =
xR,1 = yR,1 = zR,1 = 0. In 2-D space we assume that
zT,m = zR,n = 0 ∀m,n.

Since we are considering a Bistatic scenario, the receive
reference antenna has coordinates {xR, yR, zR} with respect
to the transmit reference antenna. In 2-D space we assume
zR = 0.

Each target in 3-D space is characterized by a set of six
parameters Θ

(s)
h = {ρT,h, φT,h, θT,h, ρR,h, φR,h, θR,h}, ∀h ∈

{1, ..., H}, where ρT,h and ρR,h are the distances from the
h-th target to the reference transmit and receive antennas,
respectively, φT,h, φR,h are the azimuths and θT,h, θR,h are the
elevation angles, defined with respect to the local transmit and

Fig. 1. 2-D system scenario. The transmit and receive array are depicted using
red and blue dots, respectively. The first antennas of the arrays are chosen
as reference antennas. The black dots denote radar targets. The figure also
shows the four parameters of one of the targets.

Fig. 2. 3-D system scenario. The transmit and receive array are depicted using
red and blue dots, respectively. The first antennas of the arrays are chosen
as reference antennas. The black dots denote radar targets. The figure also
shows the six parameters of one of the targets.
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δtm,h =
√

(xT,h − xT,m)2 + (yT,h − yT,m)2 + (zT,h − zT,m)2 − ρT,h ∀m,h (1)

δrn,h =
√

(xR,h − xR,n)2 + (yR,h − yR,n)2 + (zR,h − zR,n)2 − ρR,h ∀n, h (2)

the local receive systems of coordinates. For notational con-
venience, we also introduce a set of Cartesian coordinates of
the h-th target as Θ

(c)
h = {xT,h, yT,h, zT,h, xR,h, yR,h, zR,h},

∀h ∈ {1, ..., H}.
In the 2-D space, the parameter sets for each tar-

get are reduced to Θ
(s)
h = {ρT,h, φT,h, ρR,h, φR,h} and

Θ
(c)
h = {xT,h, yT,h, xR,h, yR,h}, since we assume that θT,h =

θR,h = zT,h = zR,h = 0, ∀h ∈ {1, ..., H}.
The example scenario of the system with ULAs in 2-D space

is depicted in Figure 1, while an example scenario for the
system in 3-D space with URAs is depicted in Figure 2.

In order to describe the signal model, we define the path
differences between the reference transmit antenna and the
m-th antenna in the transmit array in equation (1), and also
between the reference receive antenna and the n-th antenna in
the receive array in equation (2). The expressions in equations
(1) and (2) are general and also apply to 2-D space if we
assume that the z-coordinates are zero for all antennas and
targets.

This definition of the path differences corresponds to the
usage of the exact spherical wavefront model, which is adopted
in this paper. By contrast, in case of the approximated wave-
front model (the Fresnel approximation), the exact path differ-
ences are replaced by the second order Taylor approximations
of (1) and (2), respectively.

In both 2-D and 3-D spaces, assuming the locations of
transmit and receive arrays are known, two position estimates
can be obtained for the each target (that may not always
coincide). The distance between those two positions provides
a measure for the reliability of these parameter estimates, as
discussed later.

B. Signal model

The signal model of the 2-D and the 3-D estimation
problems have the same structure. The signals obtained after
matched filtering at the receiver for N pulses (snapshots) can
be expressed using matrix notation as [4]

Y = (A �B)D +Z, (3)

where Y ∈ C
MTMR×N contains the received data after

matched filtering (assuming unit transmit power), Z is the
independently and identically distributed (i.i.d.) zero mean
spatially and temporally white additive noise with variance
σ2, D ∈ C

H×N contains the complex reflection coefficients
for each target in each snapshot. In the simulations they are
modeled as zero mean i.i.d. random variables. Moreover, A =[
a1 a2 . . . aH

]
represents the complex transmit array

steering matrix, while B =
[
b1 b2 . . . bH

]
represents

the complex receive array steering matrix. The elements of

the array steering vectors for the h-th target are defined in
terms of the path differences as follows

(ah)(m) = e−j2π
δtm,h

λ (4)

for the transmit steering vector, and

(bh)(n) = e−j2π
δrn,h

λ (5)

for the receive steering vector, where the notation (x)(k)
denotes the k-th element of the vector x. The exact expression
of the array steering vectors ah and bh depends on the
expressions of the path differences, which in turn are defined
according to the adopted wavefront model, which could be
exact (as in equations (1) and (2)), approximated by the Fresnel
approximation [10], or approximated by the planar wavefront
model if the sources are in the far-field.

In any of those cases, the data in (3) can be rearranged in
the form of a 3-way array Y ∈ C

MT×MR×N such that its
3-mode unfolding is equal to

Y T = [Y ](3) = DT (A �B)T + [Z](3), (6)

where Z contains the corresponding elements of ZT and �
denotes the Khatri-Rao (column-wise Kronecker) product.

This corresponds to the 3-mode unfolding of the noise
corrupted CP decomposition of the tensor Y

Y = I3,H ×1 A×2 B ×3 D
T +Z, (7)

where I3,H denotes the three-dimensional identity tensor of
dimensions H ×H ×H .

This representation opens new ways to estimate the array
steering matrices A and B. Instead of using various decom-
positions of the sample covariance matrix R = 1

NY Y H ,
as suggested in [4], we resort to the direct application of
an approximate CP decomposition to the received data. In
particular, we apply the SECSI framework [14] to perform
the approximate CP decomposition. Then, the final estimates
are obtained via the solution of a system of linear equations.
Note that the special case of this system of equations for the
2-D near-field localization with a ULA was already presented
in [4].

III. TENSOR-BASED NEAR-FIELD LOCALIZATION

The TeNFiL algorithm consist of the four main stages - es-
timation of the steering matrices A and B, phase unwrapping
(estimation of the path differences), solution of the system of
linear equations and parameter extraction. We describe each
of them in the following.
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A. Estimation of the steering matrices

The first step of TeNFiL is to obtain estimates of the steering
matrices A and B. As already mentioned, the received data
follows the noise corrupted low-rank representation in (7).
Consequently, the estimates of the steering matrices can be
obtained as loading matrices in an approximate CP decompo-
sition of the tensor Y , which can be efficiently computed using
the SECSI framework [14]. The estimates obtained in this step
are denoted as Â, B̂, and D̂. It should also be noted that this
step is similar for both 2-D and 3-D estimation problems. For
the simulations, we will use the ”CON PS” heuristic of the
SECSI framework [14].

Since the CP decomposition has a scaling ambiguity be-
tween the corresponding columns of Â, B̂, and D̂, and since
we know that δtT,1 = δR,1 = 0, we can conclude that the first
element of each column of A and B is equal to 1. To take
this into account, we divide each column of Â, B̂ by its first
element, so that this constraint is satisfied.

A tensor-based model for near-field localization has already
been briefly discussed in [16]. In contrast, the TeNFiL algo-
rithm, which relies on the robust SECSI framework, provides
a closed form solution to the estimation problem. Moreover,
[16] relies on the ALS-based COMFAC algorithm proposed in
[3], while the SECSI framework has an improved performance,
especially for closely spaced targets. This is shown in [14] and
[15], where COMFAC is compared to the SECSI solution. We
also extend the TeNFiL algorithm to the estimation of the
azimuth and elevation angles in a 3-D setting.

As already noted in [16], the CPD has an essential unique-
ness of the resulting decomposition and also provides auto-
matic pairing between the columns of Â and B̂. Thus, the
estimated parameters are automatically paired.

B. Phase unwrapping

In order to get the proper estimates of the path differences,
the phase unwrapping has to be applied to the principal angles
of the elements of the steering vectors. The phase unwrapping
problem is a topic of its own, but the problem at hand is
somewhat simpler to the ones usually encountered in practice,
mainly because of a much smaller dimensionality. For more
details on the area, we refer the reader to [8].

Let us formally describe the unwrapping procedure. Let âh

denote the h-th column of Â and b̂h denote the h-th column of
B̂. Then, we express the unwrapping procedure via operator
U{•} as

δ̂th =
λ

2π
· U{∠âh}, ∀h ∈ {1, ..., H} (8)

δ̂rh =
λ

2π
· U{∠b̂h}, ∀h ∈ {1, ..., H} (9)

where δ̂th =
[
δ̂t1,h δ̂t2,h . . . δ̂tMT ,h

]T
and δ̂rh =[

δ̂r1,h δ̂r2,h . . . δ̂rMT ,h

]T
, and ∠x denotes the vector of

principal angles of the complex vector x.

TABLE I
PHASE UNWRAPPING IN THE SECOND STEP OF TENFIL

Usage scenario Elements ordering Unwrapping algorithm

ULA From one end to
another

1-d Itoh [11]
Arbitrary geometry Ordering according

to eq. (10)
URA Irrelevant 2-d Itoh [8]

The simplest and most commonly used algorithm for phase
unwrapping is the Itoh’s [11] algorithm for the unwrapping
of one-dimensional signals. This is a simple algorithm that
thresholds the consecutive jumps in phase between adjacent
samples to be less than π, and detects a phase wrap if
this condition is false. When the phase wrap is detected, all
consequent samples are shifted by ±2π. The original phase
can be properly recovered, assuming that the noise is not too
high and the signal is not aliased.

This approach is appropriate in case of a ULA, since the
elements of ah can be considered as samples of a one-
dimensional function with uniform sampling intervals. For
more general cases of arbitrary array geometries, we also resort
to this method, although it is heuristic. The only difference
is that care should be taken regarding the ordering of the
antennas, since the algorithm can fail if consecutive antennas
will be relatively far away from each other (this can lead to
a false phase wrap). To apply the Itoh algorithm to general
antenna geometries, we define the ordering in such a way that
each next antenna index is assigned to the antenna with the
smallest Euclidean distance among those that are left. More
formally, we can express it as (we drop transmit and receive
superscripts for brevity)

	m,m+1 < 	m,i, ∀i ∈ {m+ 2, ...,M}, m ∈ {1, ...,M} (10)

where 	m,k =
√
(xm − xk)2 + (ym − yk)2 + (zm − zk)2,

and xm, ym, zm (xk, yk, zk) denote the Cartesian coordinates
of the m-th (k-th) antenna in the array (assume zm = zk = 0
for two-dimensional space). Since it is commonly assumed
that the spacing between antennas does not exceeds λ/2, then
such an antenna numbering will guarantee that the signal is
not aliased.

In case of URAs there is a better way to perform phase un-
wrapping. Since a URA corresponds to sampling in 2-D space
with a uniform two-dimensional grid, the two-dimensional
extension of Itoh’s algorithm can be applied [8]. In this case,
the ordering is irrelevant. We summarize the phase unwrapping
step of TeNFiL in Table I.

C. Solution of the system of linear equations

This step is independently applied for each column of Â and
B̂. For notational simplicity, we drop the transmit and receive
subscripts (T and R), since we use the same processing for the
transmit and the receive steering vectors. The coordinates with
subscripts m denote the coordinates of the antennas (transmit
or receive), while the coordinates with subscripts h denote
estimated coordinates of the targets with respect to the local
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TABLE II
SYSTEMS OF EQUATIONS FOR THE THIRD STEP OF TENFIL

Scenario Arbitrary geometry Special case (ULA or URA)

2-D
space

2

⎡
⎢⎢⎢⎢⎣
x2 y2 δ̂2,h
x3 y3 δ̂3,h
...

...
...

xM yM δ̂M,h

⎤
⎥⎥⎥⎥⎦

︸ ︷︷ ︸
Xh∈RM−1×3

wh =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

d22 − δ̂22,h
d23 − δ̂23,h
d24 − δ̂24,h

...
d2M − δ̂2M,h

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
Yh∈RM−1×1

(11)

where

wh =

⎡
⎢⎣ xh

yh√
x2
h + y2h

⎤
⎥⎦ =

⎡
⎣ρh cos(φh)
ρh sin(φh)

ρh

⎤
⎦ (12)

ULA:

2

⎡
⎢⎢⎢⎢⎣
x2 δ̂2,h
x3 δ̂3,h
...

...
xM δ̂M,h

⎤
⎥⎥⎥⎥⎦

︸ ︷︷ ︸
Xh∈RM−1×2

wh =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

d22 − δ̂22,h
d23 − δ̂23,h
d24 − δ̂24,h

...
d2M − δ̂2M,h

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
Yh∈RM−1×1

(13)

where

wh =

[
xh√

x2
h + y2h

]
=

[
ρh cos(φh)

ρh

]
(14)

3-D
space

2

⎡
⎢⎢⎢⎢⎣
x2 y2 z2 δ̂2,h
x3 y3 z3 δ̂3,h
...

...
...

...
xM yM zM δ̂M,h

⎤
⎥⎥⎥⎥⎦

︸ ︷︷ ︸
Xh∈RM−1×4

wh =

⎡
⎢⎢⎢⎢⎣

d22 − δ̂22,h
d23 − δ̂23,h

...
d2M − δ̂2M,h

⎤
⎥⎥⎥⎥⎦

︸ ︷︷ ︸
Yh∈RM−1×1

(15)

where

wh =

⎡
⎢⎢⎣

xh

yh
zh√

x2
h + y2h + z2h

⎤
⎥⎥⎦ =

⎡
⎢⎣
ρh cos(φh) cos(θh)
ρh sin(φh) cos(θh)

ρh sin(θh)
ρh

⎤
⎥⎦ (16)

URA:

2

⎡
⎢⎢⎢⎢⎣
x2 y2 δ̂2,h
x3 y3 δ̂3,h
...

...
...

xM yM δ̂M,h

⎤
⎥⎥⎥⎥⎦

︸ ︷︷ ︸
Xh∈RM−1×3

wh =

⎡
⎢⎢⎢⎢⎣

d22 − δ̂22,h
d23 − δ̂23,h

...
d2M − δ̂2M,h

⎤
⎥⎥⎥⎥⎦

︸ ︷︷ ︸
Yh∈RM−1×1

(17)

where

wh =

⎡
⎢⎣ xh

yh√
x2
h + y2h + z2h

⎤
⎥⎦ =

⎡
⎣ρh cos(φh) cos(θh)
ρh sin(φh) cos(θh)

ρh

⎤
⎦ (18)

system of coordinates. Taking the estimates obtained in (8) or
(9), squaring and rearranging (1) or (2) we get

δ̂2m,h + 2δ̂m,hρh = d2m − 2(xmxh + ymyh + zmzh) (19)

where d2m = x2
m + y2m + z2m, h ∈ {1, ..., H}, m ∈ {2, ...,M},

and M ∈ {MT ,MR}.
Rearranging this equation results in

2xmxh + 2ymyh + 2zmzh + 2δ̂m,hρh = d2m − δ̂2m,h (20)

which can be interpreted as a set of M − 1 linear equations
(since δ̂1,h = 0 ∀h) with respect to four unknowns xh, yh, zh,
and ρh =

√
x2
h + y2h + z2h.

Based on that most general expression, we can easily derive
similar systems for more special cases, such as 3-D estimation
with a URA or 2-D estimation with a ULA. We summarize the
resulting respective systems in Table II. In all cases, the vector
wh denotes the solution vector for the system of equations for
the h-th target.

The described set of equations in (15) is the most general.
It allows to estimate the location of the targets in the full
3-D space, provided that the antenna array geometry exhibits
diversity in all spatial directions. If this is not the case, the
matrix Xh will not have full column rank, which is the case
if we use, for example, a URA. In such a situation, we choose
a local system of coordinates with the origin at the reference

antenna such that all antennas lie in the x-y-plane. In that case,
zm = 0 ∀m. Then, the system in (15) and solution vector in
(16) reduce to (17) and (18), respectively. In that case we can
only estimate the locations of the target in that half of the 3-D
space where zh > 0 (or 0 ≤ θh ≤ π/2), as can be observed
from (18).

Next, consider estimation in 2-D space. In that case,
zm = zh = 0 and cos(θh) = 1 ∀m,h. Then, the system in
(15) and solution vector in (16) reduce to (11) and (12),
respectively. In this case, it is possible to estimate the locations
of the targets in the full 2-D space, provided that the array
has a diversity in two orthogonal directions. Otherwise, for
example, in case of a ULA, the columns of Xh will be
linearly dependent. In that case, we choose a local system
of coordinates such that all antennas lie on the x-axis, i.e.,
ym = 0 ∀m. Then, the system in (11) and the solution vector
in (12) reduce to (13) and (14), respectively.

The solution vector can be found by means of the LS or
the Total Least Squares (TLS) solution. In the latter case, the
solution vector wh is found as

wh = (vh)(1:q−1)/(vh)(q) (21)

where q is the number of elements in wh, and vh is the
right-singular vector of the augmented matrix

[
Xh Yh

]
that

corresponds to the smallest singular value [4], [9]. However,
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the LS solution (used in the simulations) shows the same
performance as the TLS solution.

D. Parameter extraction

In the last step of TeNFiL, we compute the parameters of
each target based on wh. In case of the general 3-D space
configuration in (16), the parameters are

ρh = (wh)(4) (22a)

φh = atan2

(
(wh)(2)

ρh
,
(wh)(1)

ρh

)
(22b)

θh = atan2

(
(wh)(3)

ρh
,

√
(wh)2(1) + (wh)2(2)

ρh

)
(22c)

where atan2(y, x) denotes the four quadrant arctangent func-
tion. In case of a URA, the distance is equal to ρh = (wh)(3)
and the elevation is computed as

θh = cos−1

(√
(wh)2(1) + (wh)2(2)

ρh

)
(23)

The only difference for general 2-D estimation in (12) is that
ρh = (wh)(3) and we do not estimate the elevation. For a
ULA in 2-D space we define the azimuth as

φh = cos−1

(
(wh)(1)

ρh

)
(24)

The equations (23) and (24) show that a simple reliability test
can be applied in those cases. If the value of (wh)(1)/ρh or√

(wh)2(1) + (wh)2(2)/ρh is larger than one, then the test has
failed and the parameter estimates are not reliable.

Moreover, since the algorithm provides two estimates of the
locations of the targets, we can derive a reliability measure as
the Euclidean distance between the two estimates as

Δh =
√

(x̂T,h − x̂′
R,h)

2 + (ŷT,h − ŷ′
R,h)

2 + (ẑT,h − ẑ′R,h)
2 (25)

where x̂′
R,h = x̂R,h + xR, ŷ′R,h = ŷR,h + yR and

ẑ′R,h = ẑR,h + zR, and xR, yR and zR are receive array
reference antenna coordinates. It is assumed here that the local
transmit and receive systems of coordinates are not rotated
with respect to each other, otherwise the estimated parameters
should first be rotated accordingly.

IV. SIMULATION RESULTS

For the simulations we use a URA with MT,x = MR,x = 5
antennas along the x-axes and MT,y = MR,y = 5 antennas
along the y-axes, which totally results in MT = MR = 25
antennas in the transmit and the receive arrays. The reference
receive antenna is located at xR = 4λ, yR = zR = 0, i.e.,
both antenna arrays are located in the x-y-plane, as depicted
in Figure 2. The number of snapshots is set to N = 20. The
inter-element spacing for the URA is set to dT = dR = λ/2,
where λ = 1.5 cm. However, all the distances and errors in
the following are normalized with respect to λ. The resulting
measurement tensor is of size 25× 25× 20.

The parameters of the H = 3 targets are chosen
to be equal to Θ1 = {4.9λ, 33.7°, 45°, 4.1λ, 120.3°, 57.3°},
Θ2 = {5.1λ, 33.7°, 45°, 4.2λ, 116.6°, 58.2°}, and Θ3 =
{5λ, 31.6°, 43.4°, 4.06λ, 114.6°, 58.6°}. This simulation sce-
nario corresponds to three targets located in the plane that
passes through the x-axis under 45° angle with respect to
the x-y-plane. The second target has the same distance to the
closest transmit and receive antennas, and the locations of the
first and the third targets are obtained via slightly shifting
the location of the second target towards the transmit and the
receive array, respectively. Such a choice of the target locations
results in similar condition numbers for transmit and receive
steering matrices, which is cond(A) = cond(B) ≈ 111 and
corresponds to a challenging scenario for the algorithms that
compute an approximate CP decomposition.

In the first simulation, we change the SNR, which is defined
as 1/σ2. We compute the root mean square error (RMSE) for
different parameters that are to be estimated as follows

RMSE =

√√√√ 1

T

K∑
k=1

H∑
h=1

Ik,h · (ek,h)2, (26)

ek,h = ah − âk,h, T =

K∑
k=1

H∑
h=1

Ik,h (27)

where ah ∈ {ρT,h, φT,h, θT,h, ρR,h, φR,h, θR,h} and âk,h
is an estimate of ah in the k-th trial. The quantity
Ik,h denotes the indicator that the reliability test de-
scribed in Subsection III-D has been passed, i.e., Ik,h =

I
{√

(wk,h)2(1) + (wk,h)2(2)/ρk,h < 1
}

, where I{A} denotes
the indicator function that is equal to 1 when the condition
A is satisfied, and 0 otherwise. Moreover, T denotes the total
number of cases where the reliability test has not failed.

In addition to the separate RMSE in each parameter, we also
define the RMSE in terms of the Euclidean distance between
the estimated and the true locations of the targets. We define
the errors in this case as ek,h = ||ch−ĉk,h||, where ch denotes

0 20 40 60 80 100
SNR, [dB]

10-4

10-2

100

R
M

S
E

(d
r),

 [
]

TeNFiL
Matrix approach [4]
COMFAC [3],[16]
Smallest sep. dist.

Fig. 3. RMSE in Euclidean distance on transmit side vs. SNR. The results
were averaged over K = 10000 trials. The TeNFiL algorithm outperforms
the 3-D extension of the matrix approach used in [4] and the COMFAC [3]
algorithm to estimate the steering matrices. The dash-dotted line represents
half of the smallest distance between all the targets in the scenario.
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Fig. 4. Reliability test failure rate vs. SNR. The number of reliability test
failures drops as the SNR increases.

the vector of Cartesian coordinates of the h-th target (defined
with respect to to the transmit or the receive side), and ĉk,h
is its estimate in the k-th trial.

The simulation results are depicted in Figure 3. We depict
only errors obtained at the transmit side for brevity, the results
obtained on the receive side are similar due to the symmetry
of the chosen scenario. We compare the performance of the
proposed TeNFiL algorithm with other approaches for the
estimation of the steering matrices A and B (all other steps are
similar to those in TeNFiL algorithm). The blue curve shows
the performance of the estimation algorithm proposed in [4],
while the green curve corresponds to the use of the ALS-based
approximate CP decomposition algorithm COMFAC [3], also
applied in [16]. The black dash-dotted line denotes the half of
the smallest Euclidean distance between the targets. The error
below that line indicates that all three targets are properly
resolved.

From the Figure 3 we observe that TeNFiL outperforms all
considered alternatives, especially the matrix approach from
[4]. We can also observe that in such challenging scenario
the targets are only properly resolved for high SNRs (> 30
dB). Note that the curves are less smooth at low SNRs due
to the high number of reliability test failures, which can be
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Fig. 5. Average execution time vs. SNR. The TeNFiL algorithm requires
much less computational time then the other algorithms due to the reduced
complexity of the underlying SECSI framework.
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Fig. 6. Reliability measure (average separation distance) vs. SNR, defined
in equation (25). The separation distance reduces as the SNR increases. The
dash-dotted line represents half of the smallest distance between all the targets
in the scenario.

observed in Figure 4, where we depict the reliability test
failure rate, defined as 100·T/KH [%]. The higher number of
reliability test failures reduces the available number of samples
to average the errors and the curves become noisy.

In Figure 5 we depict the averaged execution time for each
algorithm. For the simulations we use the ”CON PS” [14]
heuristic that is one of the computationally most efficient
heuristics of the SECSI framework. From the figure we can
observe that TeNFiL is significantly faster than the other
algorithms, especially the COMFAC algorithm. The execution
time of COMFAC is not stable because of its iterative nature
and varies depending on the SNR.

The averaged separation distance between estimates ob-
tained on the transmit side and the receive side (reliability
measure in equation (25)) is depicted in Figure 6. It can be
observed that the reliability measure decreases with the SNR.
Around 30 dB SNR it becomes smaller than the half of the
smallest Euclidean distance between the targets. Consequently,
this reliability measure allows to assess the consistency of the
obtained estimates and can serve as an estimate of the SNR.

In the second simulation, we visualize the performance of
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Fig. 7. RMSE for distance, azimuth and elevation estimated on the transmit
side vs. the distance to the transmit array reference antenna ρt,1. The error
in elevation and azimuth does not depend on the distance, while the error in
distance increases with ρt,1.
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Fig. 8. The averaged condition number of the matrix Xh vs. the z1 coordinate
of the target. The condition number on both transmit and receive sides
increases as we move away from the array.

the TeNFiL algorithm in the far-field region. In order to do
that, we consider a scenario with two targets. We set the initial
parameters of the targets with respect to transmit array to
ρt,1 = 2λ, φt,1 = 45°, θt,1 = 45° and ρt,2 = 4λ, φt,2 = −45°,
θt,2 = 45°, respectively. The SNR is fixed to 30 dB. Next, we
vary the distance of the first target to transmit array ρt,1 from
2λ to 500λ, in order to see the performance as the target
moves away from the arrays. The number of trials is 2000 in
this simulation, and the RMSEs of the parameters are depicted
in Figure 7.

From the results it can be observed that the error for
elevation and azimuth estimation does not depend on the
distance, while the error in distance increase as we move away
from the array, which is expected since in the far-field region
the wavefront is planar and does not provide any information
about the distance to the source. The increase in error can be
explained by the fact that in the far-field the path differences
(or delays) will form a linear combination of the antenna
coordinates, and thus the Xt,1 in both (15) and (17) will
not have full column rank. We can observe this effect by the
condition number of Xt,1, see Figure 8, which increases as
we move away from the antenna array, while the condition
number of Xt,2 stays constant since the second target stays
in the near-field region.

V. CONCLUSIONS

In this paper the high-resolution tensor-based near-field lo-
calization algorithm for Bistatic MIMO Radar system TeNFiL
is proposed. The proposed algorithm performs the parameter
estimation of the dominant radar targets in 3-D space based on
the exact wavefront model and is applicable to arbitrary array
geometries. Moreover, the algorithm is able to additionally
provide a reliability test, if we restrict the estimation to
only half of the full 3-D space. It can also provide a soft
reliability measure that helps to assess the consistency of the
obtained estimates. The simulation results show that the SECSI
framework, which is chosen to estimate the steering matrices
in the TeNFiL algorithm, provides better performance than the
ALS based COMFAC algorithm in critical scenario. Moreover,
it has a significantly lower computational complexity. In the

simulations we also analyze the performance of the algorithm
as we get closer to the far-field region. As the target moves
away from the antenna arrays, the estimation error for distance
grows, while for the elevation and the azimuth its stays
constant. The condition number of the resulting system of
equations provides a simple measure of reliability of the
distance estimate and can potentially be used to separate near-
field and far-field sources in the framework of one estimation
algorithm.
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