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Abstract:
This report summarizes various designs of transmit and receive antenna processing in broad-
band professional mobile radio (PMR) systems. Transmit beamforming and precoding al-
gorithms have been developed for point-to-point multiple-input-multiple-output (MIMO)
FBMC/OQAM systems under strong frequency selectivity. A receive antenna processing
technique has been proposed for single-input-multiple-output (SIMO) settings using filtered
multi-tone (FMT) as the multi-carrier scheme. Real-domain successive interference can-
cellation (SIC) based MIMO and multiple-input-single-output (MISO) detection algorithms
have been designed. Moreover, coordinated beamforming based transmission schemes have
been devised for both point-to-point and multi-user MIMO FBMC/OQAM downlink systems.
Space division multiple access (SDMA) solutions have also been provided for more critical
downlink settings of multi-user PMR scenarios where the channels exhibit severe frequency
selectivity. In addition, the impact of imperfect channel state information at transmitter on
FBMC/OQAM based multi-user downlink systems with the zero-forcing precoding scheme
has been investigated.
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1. Introduction
The use of multiple-input-multiple-output (MIMO) transmission and reception techniques is cru-
cial for broadband professional mobile radio (PMR) systems to achieve the targeted throughput
and reliability. To achieve effective utilization of the fragmented spectrum, candidate multi-
carrier schemes for broadband PMR systems, such as filter bank based multi-carrier modulation
(FB-MC), feature an agile spectrum. These multi-carrier schemes are superior to the widely-
used orthogonal frequency division multiplexing with the cyclic prefix insertion (CP-OFDM) in
various aspects, e.g., spectral efficiency, robustness against imperfect synchronization. Never-
theless, the implementation of these multi-carrier schemes in broadband PMR systems poses
challenges to the design of transmit and receive antenna processing techniques. For instance,
the existence of the intrinsic interference has to be taken into account when devising trans-
mission and reception methods for MIMO systems where filter bank based multi-carrier with
offset quadrature amplitude modulation (FBMC/OQAM) is employed. In addition to exploiting
the MIMO benefits, the developed schemes are supposed to have the capability of effectively
mitigating the intrinsic interference as well. In the EMPhAtiC deliverables D4.1 and D4.2, a
variety of contributions on point-to-point MIMO transmission and detection as well as channel
estimation have been reported. Here in this document, we present a summary of the results
achieved through the research activities mostly in T4.3, ”Transmit beamforming and antenna
processing at the receiver”. Some contributions from T4.2 are included as well.

Our focus is on the design of transmit and receive antenna processing techniques for both
point-to-point and multi-user broadband PMR scenarios. Practical but very critical propa-
gation channels are considered. Precoding algorithms are developed to enable multi-stream
transmissions in case of highly frequency selective channels. Moreover, a receive antenna pro-
cessing approach is devised to achieve the mitigation of co-channel interference in the presence
of fast-varying frequency selective channels, and the filtered multi-tone (FMT) scheme used
in TEDS as a broadband evolution of the TETRA standard is considered. In the context of
the FBMC/OQAM based multi-user downlink, linear precoding and equalization algorithms
are proposed to effectively suppress the multi-user interference and the severe inter-carrier in-
terference as well as inter-symbol interference due to the significant frequency selectivity of
the channel. It is known that many state-of-the-art transmission schemes for FBMC/OQAM
based point-to-point MIMO and multi-user MIMO downlink systems require that the number
of transmit antennas of the base station is larger than the number of receive antennas. To
alleviate this dimensionality constraint, transmission strategies based on the concept of coor-
dinated beamforming are developed. In addition, the study of transmit beamforming in the
presence of imperfect channel state information is also conducted, where the zero-forcing pre-
coding algorithm is employed and the imperfect channel state information results from limited
feedback. Based on the real-domain successive interference cancellation (SIC), MIMO and
multiple-input-single-output (MISO) detection schemes are proposed.

The remainder of this document is organized as follows: Chapter 2 presents transmit beam-
forming and precoding algorithms for MIMO FBMC/OQAM systems under strong frequency
selectivity. A single-input-multiple-output (SIMO) receive antenna processing technique for
the FMT scheme is described in detail in Chapter 3. Real-domain SIC based MIMO and
MISO detection algorithms are presented in Chapter 4. The focus of Chapter 5 is on coordi-
nated beamforming based transmission schemes devised for both point-to-point and multi-user
MIMO FBMC/OQAM downlink systems assuming that the channel on each subcarrier is flat
fading. More critical FBMC/OQAM based multi-user downlink settings where the channels
exhibits severe frequency selectivity are investigated in Chapter 6. Linear precoding and equal-
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ization schemes are developed. Chapter 7 presents a study of the impact of imperfect channel
state information at transmitter on the performance of the zero-forcing precoding scheme in
FBMC/OQAM based multi-user downlink systems, before conclusions are drawn in Chapter 8.
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2. Beamforming/precoding for FBMC modulations under
strong frequency selectivity

2.1 Introduction

The use of MIMO technologies in combination with FBMC modulations poses important chal-
lenges from the technical point of view [1]. The situation is quite different from the one in
CP-OFDM, where the inherent orthogonality allows to decompose the MIMO frequency selec-
tive channel into a set of M parallel MIMO frequency flat links (here M denoting the number
of subcarriers). Thanks to this fact, one may design the MIMO system under CP-OFDM by
essentially addressing the frequency flat channel case. In FBMC modulations, the channel fre-
quency selectivity destroys the system orthogonality, a fact that unavoidably leads to important
difficulties from the design point of view.

The detrimental effect of the channel frequency selectivity becomes especially serious in
the EMPhAtiC scenario. Electromagnetic propagation conditions in the 400MHz band are
much better than those in the Gigahertz bands, a fact that has been classically employed
to serve very large coverage area with very few base stations. In practice, however, these
improved propagation conditions lead to very long channel impulse responses compared to those
encountered in LTE systems, and therefore much more selective channel frequency responses.
For this reason, channel frequency selectivity becomes a very important problem that needs
careful consideration, especially in combination with multi-steam transmission in a MIMO-
FBMC architecture. In this chapter, we will specifically deal with this problem in combination
with a very standard precoding constructed from the eigenvectors of the MIMO channel matrix.

Let us consider a single-user MIMO system with NT transmit and NR receive antennas. In
Chapter 6 of this deliverable, we will consider the more challenging case of multi-user MIMO
architectures, which are more difficult to handle. Here we will only focus on the simpler point-
to-point transmission case. Let H(ω) denote an NR × NT matrix containing the frequency
response of the MIMO channels, so that the (i, j)th entry of H(ω) contains the frequency
response between the jth transmit and the ith receive antennas. We assume that the MIMO
system is used for the transmission of NS parallel signal streams, 1 ≤ NS ≤ min {NR, NT},
which correspond to FBMC modulated signals. The case NS = 1 (only one stream) represents
the beamforming scenario, whereas for NS > 1 we generally have spatial multiplexing. We will
denote by s(ω) an NS × 1 column vector that contains the frequency response of the signal
transmitted at each of the NS parallel streams. Hence, each entry of the vector s(ω) is the
frequency response of a FBMC modulated symbol stream.

Now, assume that the transmitter applies a frequency-dependent linear precoder, which will
be denoted by the NT × NS matrix A(ω). The signal transmitted through the NT transmit
antennas can be expressed as

x(ω) = A(ω)s(ω) (2.1)

where x(ω) is an NT × 1 column vector containing the frequency response of the signal trans-
mitted through each of the NT antennas. On the other hand, let y(ω) denote an NR × 1
column vector containing the frequency response of the received signals in noise, namely

y(ω) = H(ω)x(ω) + n(ω)

where n(ω) is the additive Gaussian white noise. We generally assume that the receiver esti-
mates the transmitted symbols by linearly transforming the received signal vector y(ω). More
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specifically, we consider a certain NR ×NS receive matrix B(ω) so that the symbols are esti-
mated by

ŝ(ω) = BH(ω)y(ω).

For the sake of simplicity, we will generally consider here that the matrices A(ω) and B(ω)
are such that

BH(ω)H(ω)A(ω) = INS
(2.2)

where INS
is the NS × NS identity matrix1. Indeed, if this condition holds, the output of the

receiver contains a noisy version of the transmitted symbol streams, in the sense that

ŝ(ω) = s(ω) + BH(ω)n(ω).

Hence, by implementing the transmit and receive filters A(ω) and B(ω) such that (2.2) holds,
we have been able to retrieve the transmitted symbol streams up to a background noise con-
tribution.

2.2 Maximum capacity precoding

Let us now assume that the transmitter has perfect channel state information and that it
transmits using the precoder that maximizes the capacity of the system under additive Gaussian
noise and Gaussian signalling. To derive the optimum precoder, we must consider the singular
value decomposition of the channel matrix, which can be expressed as

H(ω) = U(ω)Λ1/2(ω)VH(ω)

where U(ω) (respectively V(ω)) is an NR×NS (respectively an NT×NS) complex matrix with
orthogonal columns, and Λ1/2(ω) is an NS×NS diagonal matrix containing the positive square
root of the symbol stream powers. We will denote by Λ(ω) the NS × NS matrix of channel
eigenvalues, namely Λ(ω) = Λ1/2(ω)Λ1/2(ω), and by λ1(ω) ≥ . . . ≥ λNS

(ω) its entries. Let
s(ω) denote an NS × 1 column vector containing the frequency response of the NS parallel
transmitted symbol streams. It can be seen [2] that, under Gaussian signalling and AWGN
channel, the transceiver that maximizes capacity is obtained by using the eigenvector precoder
V(ω) at the transmit side, namely

A(ω) = V(ω). (2.3)

In other words, the maximum capacity precoder is constructed by gathering the maximum
eigenvalue eigenvectors of the Hermitian channel matrix HH(ω)H(ω). In the beamforming
case, only the maximum eigenvalue eigenvector is collected, whereas multiple eigenvectors are
selected if a more general precoder is constructed. At the receiver, we consider the use of the
linear transform that inverts the resulting channel, namely

B(ω) = U(ω)Σ−1(ω) = H(ω)V(ω)Λ−1(ω). (2.4)

To compute the precoders that need to be used at the transmit and receive sides, we will restrict
our attention to the situation where the positive channel singular values are all simple.

1The transceiver architecture proposed below works all the same if this condition does not hold, but we keep
this constraint in order to simplify the exposition.
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• Remark: When the channel eigenvalues are all different, the eigenvector matrix V(ω)
is defined up to a diagonal orthogonal matrix. That is, if V(ω) is an eigenvector matrix
of HH(ω)H(ω), so is the matrix V(ω)Φ(ω), where Φ(ω) is a diagonal matrix with
complex unit modulus entries. This generates a phase ambiguity in the definition of
the eigenvectors. Fixing this uncertainty is equivalent to fixing the phase of a selected
element of each column of V(ω). Typically, this ambiguity is resolved by fixing a specific
entry of each column of V(ω) to be positive real-valued. However, we will see later that
this choice is not particularly suitable for FBMC modulations, and more sophisticated
normalizations will be needed.

The precoder and receiver matrices A(ω) and B(ω) need to be implemented using real
filters. In practice, however, these filters may prove to be computationally very expensive to
implement. For this reason, one typically assumes that their frequency response is sufficiently
flat around each subcarrier, so that one might implement them using direct per-subcarrier
multiplication by their frequency response at the intended subcarrier. This is equivalent to
applying the precoder A(ωk) and the linear receiver B(ωk) to the MIMO signal that travels
through the kth subcarrier (see Figure 2-1). This approximation turns out to perform reasonably
well for relatively mild frequency selective channels. However, the performance breaks down
as soon as the channel frequency selectivity becomes more severe. In Deliverable D4.1 of
the EMPhAtiC project [3] we proposed a generalization of this approach that successfully
circumvents this problem. We will later focus on this generalized approach. For the moment
we will restrict our attention to the simplified precoding architecture depicted in Figure 2-1.

...
...

...

..
.

..
.

Figure 2-1: Classical per-subcarrier precoding in a situation where NS = NT = 2.

2.2.1 Residual ISI/ICI under frequency selective channels for FBMC/OQAM

In [3], we characterized the residual distortion in terms of intersymbol and intercarrier interfer-
ence that is observed at the output of the receiver equalizer of a FBMC/OQAM modulation.
More specifically, we considered a FBMC/OQAM modulation with M subcarriers (M assumed
even) such that transmit and receive filters are constructed by exponentially modulating two
prototypes p[n], q[n] respectively (in principle, TX and RX pulses may be different). In order
to characterize the distortion generated by the channel frequency selectivity, we need to make
the following assumptions:
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• The transmit and receive prototype pulses p[n], q[n] are of length Mκ, where κ is an
integer that is typically referred to as the overlapping factor. Furthermore, these pulses
are obtained by discretisation of smooth analog waveforms denoted (with some abuse of
notation) by p(t), q(t), so that

p[n] = p
((
n− Mκ+ 1

2

)
Ts
M

)
, n = 1, . . . ,Mκ

and equivalently for q[n], where Ts is the sampling period. Furthermore, the pulses p(t),
q(t) and their successive derivatives are null at the end-points of their support, namely at
t = ±Tsκ/2. We will also denote by p′[n] the sampled version of the derivative of p(t),
namely

p′[n] = Tsp
′
((
n− Mκ+ 1

2

)
Ts
M

)
and equivalently for q′[n]. Furthermore, we will assume that p[n] and q[n] are either
symmetric or anti-symmetric in the time domain.

• The complex symbols are drawn from a bounded constellation, and their real and imagi-
nary parts are independent, identically distributed random variables with zero mean and
power Ps/2.

• All frequency-depending quantities (A(ω),B(ω),H(ω)) are smooth functions of ω.

To describe the residual distortion power that is observed at the output of the receiver, it
is convenient to define some pulse-specific quantities that are involved. In order to introduce
these quantities, consider two general pulses p[n], q[n] of length Mκ, and let P and Q denote
two M ×κ matrices obtained by arranging the original samples in columns. In other words, the
kth row of P (resp. Q) contains the kth polyphase component of the original pulse p[n] (resp.
q[n]). Next, consider two M × (2κ− 1) matrices R (p, q) and S (p, q) obtained as

R (p, q) = P ~ JMQ

S (p, q) =
(
J2 ⊗ IM/2

)
P ~ JMQ

where ~ indicates row-wise convolution between matrices, JM is the anti-identity matrix of size
M , and ⊗ denotes Kronecker product. Let us define the following two matrices

U+ = I2 ⊗
(
IM/2 + JM/2

)
, U− = I2 ⊗

(
IM/2 − JM/2

)
.

We say that the two pulses meet the perfect reconstruction (PR) conditions when the following
two identities hold:

U+R (p, q) = [0,1,0], U−S (p, q) = 0 (2.5)

where 1 is an all-ones column vector, and 0 is a zero matrix of appropriate dimensions. When
the identities in (2.5) hold, the modulation is fully biorthogonal under frequency flat channels,
which means that in a noiseless flat channel scenario one can exactly recover the transmitted
symbols without intersymbol or intercarrier interference.

It can be seen that under the above technical assumptions and assuming that the number
of subcarriers is sufficiently large, the residual distortion power observed at the kth subcarrier
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associated with the nth symbol stream takes the form

Pe (k, n) =
NS∑
nS=1

Ps
M

tr
[
Re

(
Rn,n

S

)
ReT

(
Rn,n

S

)
U+ + Im

(
Rn,n

S

)
ImT

(
Rn,n

S

)
U−

]
+

+
NS∑
nS=1

Ps
M

tr
[
Re

(
Sn,n

S

)
ReT

(
Sn,n

S

)
U− + Im

(
Sn,n

S

)
ImT

(
Sn,n

S

)
U+

]
(2.6)

where
Rn,n

S
=A′n,n

S
(k)R (p′, q) +B′n,n

S
(k)R (p, q′)

Sn,n
S

= A′n,n
S
(k)S (p′, q) +B′n,n

S
(k)S (p, q′)

and where we have introduced the quantities

A′n,n
S
(k) = − j

√
2

M

{
BH (ωk) H (ωk) A′ (ωk)

}
n,n

S

B′n,n
S
(k) = − j

√
2

M

{
B′ (ωk)H H (ωk) A (ωk)

}
n,n

S

.

For the particular case where A(ω) and B(ω) are chosen as in (2.3) and (2.4), we may rewrite

A′n,n
S
(k) = − j

√
2

M

{
VH (ωk) V′ (ωk)

}
n,n

S

B′n,n
S
(k) = − j

√
2

M

λn
S
(ωk)

λn(ωk)
{
U′(ωk)HU(ωk)

}
n,n

S

+ j
√

2
M

vn(ωk)HΩ′H(ωk)vn(ωk)
λn(ωk)

δn−n
S
.

where ΩH(ω) = H(ω)HH(ω) and where H′(ω) denotes the derivative of H(ω).
Let us now illustrate how the system performance depends on the definition of the precoder

matrix V (ω) in terms of the phase ambiguity mentioned in Remark above. We recall that we
assume for simplicity that all non-zero channel eigenvalues have multiplicity one. Let v`(ω)
denote the `th column vector of V(ω) and assume that we force the entry k` to have a
specific phase φk``(ω), which is a predefined differentiable function of ω. This function can in
principle be arbitrary, although we will see that it can be tuned in order to optimize the system
performance. Assume that {V(ω)}k` 6= 0 and let Ω′H(ω) and φ′k`(ω) be the derivatives of
ΩH(ω) and φk`(ω) respectively. One may express the derivative of V(ω) as follows

V′(ω) = V(ω)D(ω) + W(ω)

where W(ω) is a matrix with the `th column defined as

w`(ω) = (λ`(ω)INT
− ΩH(ω))#

(
INT
− v`(ω)vH` (ω)

)
Ω′H(ω)v`(ω)

with (·)# denoting Moore-Penrose pseudo-inverse, and where D(ω) is a diagonal matrix with
its `th entry given by

{D(ω)}`` = j
(
φ′k``

(ω)− Im
[
{W(ω)}k``

{V(ω)}k``

])
. (2.7)

From this derivation, we can readily see that the derivative of the eigenvector matrix V(ω) is
inherently different depending on the choice the phase function φk``(ω). Different choices of
this function will result in different values of D(ω), which will in turn lead to a distinct value of
V′(ω) and thus a different performance. Let us now examine with more detail some particular
ways of normalizing the precoder matrix V (ω), and their associated performance.
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2.2.2 Naive approach: fixed reference antenna

The most natural approach in order to fix the phase ambiguity of the columns of V(ω) is to set
a fixed reference antenna for each column, and force the phase of the corresponding entry of
V(ω) to a predefined value. According to this naive approach, for each column vector of V(ω),
i.e. v`(ω), ` = 1, . . . , NS, a specific entry (denoted by k`) is fixed for all the range of ω under
consideration. This entry {v`(ω)}k`

is corrected in order to have a predefined phase φk``(ω),
which is a smooth function of ω. For example, one could choose k` = 1 and φk``(ω) = 0 for
all `, which means that the first element of all the columns of V(ω) is fixed to be positive
real-valued. Another popular choice is to set k` = ` and φk``(ω) = 0 for all `, which means
that the diagonal elements of V(ω) are fixed to be positive real-valued.

Let us illustrate the performance of this naive approach in a practical setting where the
number of antennas was fixed to M = 512 and the subcarrier separation was set to 15kHz
(as in the LTE standard and as in the EMPhAtiC demonstrator). The number of transmit and
receive antennas was fixed to NT = 4 and NR = 2 respectively, and the number of parallel
steams was fixed to NS = 2. Each channel was simulated as an independent realization of the
extended Vehicular-A channel model [4]. The two non-zero eigenvalues of the simulated channel
model are represented in Figure 2-2. In the simulation, the precoding matrix was constructed
using the eigenvectors of the channel matrix (A(ω) = V(ω)) and the phase ambiguity was
resolved by fixing the elements of the upper row of V(ω) to be positive real-valued. Figure
2-3 shows the signal to distortion power ratio (SDR) obtained at the output of a single tap
per-subcarrier equalizer that performs direct channel inversion in a noiseless scenario (both the
theoretical and the simulated SDR are plotted).

50 100 150 200 250 300 350 400 450 500
−15

−10

−5

0

5

10

15

Subcarrier

dB

Channel eigenvalues

Figure 2-2: Non-zero eigenvalues of the simulated channel.

Observe that there exist some subcarriers where performance severely drops even if the
corresponding channel eigenvalue presents a good response. This is the case, for example,
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Figure 2-3: Signal to distortion power ratio (SDR) of the two transmitted streams in a noiseless
scenario. The phase ambiguity of the two eigenvectors was resolved by forcing their first element
to be real-valued.

of subcarriers around 120 and 360 of the first stream, which corresponds to the maximum
eigenvalue. To explain this behavior, we plot in Figure 2-4 the absolute value of the elements
of the first row of the precoding matrix V(ω). Interestingly enough, the subcarriers for which
there exists a performance drop coincide with those subcarriers for which the modulus of the
corresponding entry of the first row of V(ω) approaches zero. It should be stressed here that the
entries of the first row of V(ω) are those that are phase reference in the eigenvector definition,
which in this simulation means that they are forced to be positive and real-valued.

In order to justify the relationship between these two phenomena, let us consider a simplified
beamforming scenario, where only one stream is transmitted (NS = 1). In this situation, the
precoding matrix A (ω) consists of a single column, which is fixed as the maximum eigenvalue
eigenvector of the matrix ΩH(ω) and the corresponding subcarrier, namely A (ωk) = v1(ωk).
In this case, the expression for the asymptotic distortion in (2.6) can be simplified to

Pe (k) = 2Ps
M3 tr

[
(αkR (p′, q)− (αk + βk)R (p, q′)) (αkR (p′, q)− (αk + βk)R (p, q′))T U+

]
+ 2Ps
M3 tr

[
(αkS (p′, q)− (αk + βk)S (p, q′)) (αkS (p′, q)− (αk + βk)S (p, q′))T U−

]
+ 2 Ps

M3

(
λ′1(ωk)
λ1(ωk)

)2

tr
[
R (p, q′)RT (p, q′) U− + S (p, q′)ST (p, q′) U+

]
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Figure 2-4: Modulus of the first entry of the two eigenvectors that conform the precoder at the
transmit side.

where

αk = φ′k11(ωk)−
Im

{
(λ1(ωk)INT

− ΩH(ωk))# Ω′H(ωk)v1(ωk)vH1 (ωk)
}
k1,k1∣∣∣{v1(ωk)}k1

∣∣∣2 (2.8)

βk = Im
[
vH1 (ωk) HH (ωk) H′ (ωk) v1 (ωk)

λ1(ωk)

]
.

If the phase ambiguity of the problem is resolved by fixing the k1 entry of v1(ω) to be real-valued
independently of ω, we will have φ′k11(ωk) = 0 for all k. Now, from the definition of αk above,
one can readily see that as the modulus of {v1(ωk)}k1

tends to zero, the distortion Pe (k)
increases without bound. This fact originates a performance drop in the affected subcarriers,
even if the corresponding equivalent channel (given by the corresponding eigenvector) shows
a very good response. This behavior can intuitively be explained by the fact that any specific
phase reference becomes meaningless when the corresponding entry goes to zero. In the next
section, we propose a method that prevents these performance drops by carefully selecting the
phase reference antennas {k`, ` = 1, . . . , NS} as well as the corresponding phase signals φ`(ω).

2.3 Proposed approach

From the above exposition one can conclude that one should always avoid taking phase refer-
ence elements for which the modulus of the corresponding eigenvector

∣∣∣{v`(ω)}k`

∣∣∣ approaches
zero. Unfortunately, under practical channel frequency selectivity conditions, it is practically
impossible to find a fixed entry k` for which

∣∣∣{v`(ω)}k`

∣∣∣ stays bounded away from zero on the
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whole frequency domain. This is further illustrated in Figure 2-5, which represents the absolute
value of the two eigenvector entries corresponding to the channel in Figure 2-2. It should be
clear from this figure that all the entries of the precoder matrix V(ω) become close to zero
at some point of the frequency domain. In order to solve this problem, we propose here to
choose the phase reference entry k` differently for each subcarrier. This means that the phase
reference antenna k` becomes a function of the subcarrier ω, namely k` = k` (ω). Hence, in
what follows, one should always understand k` as a function of ω (we will sometimes drop this
dependence to simplify the notation).
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Figure 2-5: Modulus of the four entries of the two eigenvectors that conform the precoder at
the transmit side corresponding to the channel in Figure 2-2.

More specifically, we propose to select the phase reference entry corresponding to the `th
eigenvector v` (ω) as

k` (ω) = arg max
k
|{v` (ω)}k| . (2.9)

In plain words, we will take k` (ω) to be the index of the entry of the column vector v` (ω) that
presents highest modulus. This is an obvious way of avoiding the performance drop whenever
a specific entry of v` (ω) becomes small, since the fact that v` (ω) has unit norm will always
ensure that {v` (ω)}k`(ω) stays bounded away from zero. Having selected this entry, it now
remains to determine the choice of φk``(ω) for every ω so as to guarantee that all the phase
functions φk``(ω), k = 1 . . . NT , are differentiable for the whole range of ω. As it can be seen
from the definition of αk in (2.8) above, strong variations of the reference phase φk``(ω) will
lead to a sudden increase of the absolute value of φ′k``

(ω), and a consequent performance drop.
Hence, it appears rather intuitive that one should keep φk``(ω) to be a smooth function over
the whole frequency domain.
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2.3.1 Constant phase design

The first obvious choice of φk``(ω) would be to fix it as a constant value over the whole
frequency range for which k` (ω) does not change. To illustrate this approach, assume that the
index k` (ω) changes N times on the whole spectrum domain, at frequencies ω̄1 < . . . < ω̄N .
We can divide the interval [0, 2π] into N + 1 non-overlapping subintervals I0, . . . , IN where
I0 = [0, ω̄1), IN = [ω̄N , 2π), and In = [ω̄n, ω̄n+1) for 1 ≤ n < N . Let us concentrate on the
nth subinterval In, and assume that k` is the entry of the `th eigenvector that satisfies (2.9) on
the whole subinterval. According to the phase continuity design, the phase φk``(ω) is designed
to be constant on the whole subinterval, namely

φk``(ω) = an, ω ∈ In
where an needs to be designed. Let us first assume that the values an are arbitrarily chosen. This
choice will generate discontinuities of the phases φk`(ω) at the values ω̄1, . . . , ω̄N , and this will
result in a very poor behavior in terms of output distortion. To illustrate this point, Figure 2-6
shows the performance of this phase design method in the simulation scenario used in Figure 2-3.
One can readily observe that the system performance presents consistent performance drops at
some specific subcarriers, which correspond to the subcarriers where the phase reference entry
changes (namely subcarriers ω̄1, . . . , ω̄N). These performance failures are originated by the
inherent discontinuities of the phases φk`(ω) at the points where the reference entry changes.
Observe also that the predicted performance does not coincide with the actual one at these
subcarriers, mainly because V(ω) cannot be seen as a continuous function of ω anymore, which
contradicts the smoothness assumption made to derive the asymptotic analytical performance.

All this leads to the conclusion that one should carefully choose the phase values an so as
to avoid discontinuities of the phases φk`(ω) at the points ω̄1, . . . , ω̄N . Let us next investigate
the feasibility of this design. With some abuse of notation, let us write k` [n] to denote the
phase reference entry that is selected over the interval In, namely k`[n] = k` (ω), ω ∈ In. Now,
to guarantee the continuity of the phase elements, one needs to impose

an+1 − an = φk`[n+1]`(ω̄n+1)− φk`[n]`(ω̄n+1) mod 2π (2.10)
for all n = 1 . . . N . Let us carefully justify this equation. First of all, observe that the
quantity on the right hand side is the difference between the phase of two distinct entries of
the `th eigenvector v`. Hence, this quantity does not depend on the phase determination of
the eigenvector, and can therefore always be computed without ambiguities2. Now, equation
(2.10) is basically stating that, in order to guarantee phase continuity, one must make sure
that the designed phase difference between contiguous intervals coincides with the true phase
difference of the corresponding eigenvector entries, evaluated at the transition frequency ω̄n+1.

Imposing the additional constraint that aN = a0, one can group the above conditions into
a system of N + 1 equations with N + 1 unknowns, namely

1 −1

−1 1
. . . . . .

−1 1





a0

a2
...
aN


=



0

φk`[1]`(ω̄1)− φk`[0]`(ω̄1)
...

φk`[N ]`(ω̄N)− φk`[N−1]`(ω̄N)


mod 2π. (2.11)

2In other words, the right hand side of the above equation does not depend on how the phases φk`(ω) are
chosen.
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Figure 2-6: Signal to distortion power ratio (SDR) of the two transmitted streams corresponding
to the channel in Figure 2-2 in a noiseless scenario. The phase ambiguity of the two eigenvectors
is resolved by forcing the phase of the maximum modulus entry to be constant.

This system of equations can readily seen to be generally inconsistent, implying that there does
not exist a solution to this set of equations (simply compute the rank of the extended system
considering any multiple of 2π in every equation, and observe that the matrix on the left hand
side is singular). As a consequence of this, it is not possible to design a constant phase evolution
using this simple approach. For this reason, we need to consider a more elaborate evolution
of the phases φk`[n]`(ω), with more degrees of freedom that can be tuned to guarantee phase
continuity.

2.3.2 Linear phase design

We have seen above that it is not possible to guarantee total continuity of the phases φk`(ω)
assuming that the phase reference entries have constant phase, namely φk`[n]`(ω) = an, ω ∈ In.
To solve this problem, we consider here a more elaborate phase evolution model following a
linear approach. According to this design, the phase ambiguity is resolved by forcing φk`[n]`(ω)
to follow a linear model, namely

φk``(ω) = an + bnω, ω ∈ In (2.12)

where an and bn need to be tuned for all the intervals n = 0, . . . , N . This phase evolution of
the reference elements guarantees the continuity of the phases φk`(ω) inside the intervals In,
n = 0, . . . , N . Hence, it remains to impose continuity at the transition points ω̄1, . . . , ω̄N . To
achieve this, we can reformulate the system of equations in (2.11) to take into account the new
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construction of the pivoting phases, namely

1 −1 0 −2π

−1 1 −ω̄1 ω̄1
. . . . . . . . . . . .

−1 1 −ω̄N ω̄N

1 −1



 a

b

 =

 φ

0

mod 2π. (2.13)

where a = [a0, . . . , aN ]T , b = [b0, . . . , bN ]Tand where φ is the column vector on the right hand
side of (2.11). The last equation of the above system simply forces b0 = bN to guarantee that
the periodic extension of the phases φk``(ω) are also continuous. Let Ψ denote the matrix on
the left hand side of (2.13) and write x =

[
aT ,bT

]T
, so that (2.13) is expressed as Ψx = φ

mod 2π. The set of solutions to this underdetermined set of equations can be expressed as

x (m, ξ) = Ψ# (φ+2πm) +P⊥Ψξ (2.14)

where Ψ# is the Moore-Penrose pseudo-inverse of Ψ, P⊥Ψ = I2N+2 − Ψ#Ψ, and where ξ
(respectively m) is any 2 (N + 1) column vector with real-valued (resp. integer-valued) entries.
The two column vectors m and ξ are free parameters that can be chosen as desired in order
to optimize the system performance. It seems apparent from (2.8) and the above reasoning
that one should avoid strong variations in the phases φk``(ω) to prevent performance drops in
the affected subcarriers. For this reason, we choose to fix these two free vectors m and ξ to
minimize the total mean squared variation of the reference phase, which is defined as

η (m, ξ) =
N∑
n=0

∫ ω̄n+1

ω̄n

∣∣∣φ′k`[n]`(ω)
∣∣∣2 dω = xT (m, ξ) Mx (m, ξ)

where matrix M is defined as

M =

 0 0

0 1

⊗ diag {|I0| , . . . , |IN |}

and where |In| denotes the length of the interval In. We can express η (m, ξ) as

η (m, ξ) =
(
Ψ# (φ+2πm) +P⊥Ψξ

)H
M
(
Ψ# (φ+2πm) +P⊥Ψξ

)
.

By computing the gradient of this cost function with respect to ξ, we can clearly see that a
possible solution is given by

ξopt = −
(
P⊥ΨMP⊥Ψ

)#
P⊥ΨMΨ# (φ+2πm) (2.15)

so that

η (m, ξopt) = (φ+2πm)H
(
Ψ#

)H (
M−MP⊥Ψ

(
P⊥ΨMP⊥Ψ

)#
P⊥ΨM

)
Ψ# (φ+2πm) .

Optimization of the resulting cost function in terms of the integer vector m requires a multi-
dimensional exhaustive search that quickly becomes computationally unfeasible as the number
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of phase transitions N increases. For this reason, we propose to use an approximate solution
for m that instead minimizes the absolute value of the entries of φ+2πm. This is equivalent
to choosing m such that the entries of φ+2πm belong to the interval [−π, π]. The resulting
set of coefficients is fixed as in (2.14) with ξ replaced by (2.15).

In Figure 2-7 we represent the resulting SDR for the same simulation scenario as in Figure 2-6
and the preceding ones. In this simulation, the phase reference entries for each eigenvector was
chosen as in Figure 2-6 (i.e. as the maximum modulus entry), but the corresponding phase was
forced to be a linear polynomial as in (2.12) instead of an arbitrary constant. The polynomial
coefficients were obtained by solving the system in (2.13) according to the described method.
It can be readily seen by comparing the performance in Figure 2-7 with the performance in
Figures 2-6 and 2-3 that the proposed method for resolving the inherent eigenvector phase
ambiguity clearly avoids the performance drops that are caused by either phase discontinuities
(Figure 2-6) or phase reference entries going to zero (Figure 2-3).
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Figure 2-7: Signal to distortion power ratio (SDR) of the two transmitted streams corresponding
to the channel in Figure 2-2 in a noiseless scenario. The phase ambiguity of the two eigenvectors
is resolved by forcing the phase of the maximum modulus entry to be a first order polynomial
with coefficients obtained from (2.13).

2.4 Generalization to higher order regularity

The frequency-selective precoding approach described in Figure 2-1 can be used in situations
where the channel frequency selectivity is mild enough to guarantee that the frequency response
of the channel can be approximated as flat within each subcarrier bandwidth. However, in
transmission environments like those employed in PMR systems around the 400MHz band
will lead to higher frequency selectivity conditions. In order to deal with these situations,
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we proposed in Deliverable D4.1 [3] a precoding architecture that consists of multiple parallel
stages that implement a Taylor decomposition of the ideal frequency-selective precoder. This
is further illustrated in Figure 2-8 for the specific case where this Taylor decomposition is
truncated at the second order. This implies that the precoder is constructed with two parallel
stages, each one modulated with a different filterbank. The first parallel stage merely follows the
classical architecture in Figure 2-1, whereas the second stage implements the derivative of the
original frequency-selective precoder evaluated at each subcarrier frequencies while modulating
the signal using the derivative of the original prototype pulses.

...
...

...

...
...

Figure 2-8: Proposed per-subcarrier precoding with two parallel stages in a situation where
NS = NT = 2.

The performance of this precoding architecture was analyzed and evaluated in Deliverable
D4.1 of this project. It can be seen that the residual distortion has a very similar expression
as the one in (2.6), replacing first order derivatives with higher order ones. Now, the key
point in the implementation of a parallel precoding architecture such as the one deployed in
Figure 2-8 is the fact that one needs to construct the higher order derivatives of the original
precoding matrix. For the particular precoding choice that we are considering in this chapter
(which are constructed from the eigenvectors of the channel matrix HH(ω)H(ω)), we have seen
that these derivatives crucially depend on how the eigenvector phase ambiguity is practically
resolved. Now, since we need to construct and implement higher order derivatives of these
eigenvectors, it becomes crucial to guarantee the construction of phase reference functions
φk``(ω) that achieve higher order of regularity (beyond simple continuity).

The approach presented in Section 2.3.2 can be extended in order to achieve smoother
phase reference functions φk``(ω). Of course, in order to achieve a higher regularity order one
needs to increase the number of degrees of freedom in the reference phase definition, e.g. by
considering higher order polynomials in their construction. Next, we provide reference phase
design rules in order to guarantee the continuity of first order derivatives.

2.4.1 Continuity of the phase derivatives

In order to ensure continuity of the phases of the channel eigenvector entries, we need to
consider at least a second order model for the reference phase φk`[n]`(ω), namely

φk``(ω) = an + bnω + cnω
2, ω ∈ In (2.16)

where an, bn and cn, n = 0, . . . , N , need to be designed to guarantee continuity of the phase
derivatives at the transition points ω̄1, . . . , ω̄N .
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Repeating the reasoning in Section 2.3.2 one can see that phase continuity is guaranteed
whenever the following system of equations holds:

[
Ψ0 Ψ1 Ψ2

]


a

b

c

 = φmod 2π.

where a and b are as above, c = [c0, . . . , cN ]T , and where

Ψ0 =



1 −1

−1 1
. . . . . .

−1 1


Ψ1 =



0 −2π

−ω̄1 ω̄1
. . . . . .

−ω̄N ω̄N



Ψ2 =



0 −4π2

−ω̄2
1 ω̄2

1
. . . . . .

−ω̄2
N ω̄2

N


.

On the other hand, the derivatives will be continuous at ω̄n+1 if
bn+1 + 2cn+1ω̄n+1 − bn − 2cnω̄n+1 = φ′k`[n+1]`(ω̄n+1)− φ′k`[n]`(ω̄n+1)

for n = 0, . . . , N − 1. This can be expressed in matrix form as
[

Ψ0 2Ψ1

]  b

c

 = φ′

where φ′ contains a zero at the first position and φ′k`[n+1]`(ω̄n+1)− φ′k`[n]`(ω̄n+1) and the sub-
sequent ones. Imposing the final constraint that c0 = cN as the last equation, one obtains a
system of equations of the form

Ψx = ξ

where x =
[
aT ,bT , cT

]T
, ξ = [φT , (φ′)T , 0]T . This is an underdetermined system of equations

which can be solved using the same approach as in Section 2.3.2. In particular, we propose
to fix the remaining degrees of freedom in order to minimize the total variation of the squared
derivative of the reference phase. The problem amounts to fixing two free vectors m (integer-
valued) and ξ (real-valued) in order to minimize the total mean squared variation of the reference
phase, which is defined as

η (m, ξ) =
N∑
n=0

∫ ω̄n+1

ω̄n

∣∣∣φ′k`[n]`(ω)
∣∣∣2 dω = xT (m, ξ) Mx (m, ξ)

and where matrix M takes the form

M =


0 0 0

0 M1 M2

0 M2
4
3M3


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where Mi = diag
{
ω̄in − ω̄in−1, n = 0 . . . N + 1

}
, with the convention ω̄0 = 0 and ω̄N+1 = 2π.

This can be solved using the procedure established in Section 2.3.2.

2.5 Simulation results

In order to evaluate the performance of the proposed method for reference phase rectification,
we considered here the same scenario as in Section 2.3 but under multiple random realizations
of the simulated channel, which was always generated according to an Extended Vehicular A
(EVA) model. As in Section 2.3, the simulated number of subcarriers was M = 512 and the
inter-carrier frequency separation was fixed to 15kHz. Both the classical system in Figure 2-1
and the advanced one proposed in Figure 2-8 were simulated, where NT = 4, NR = 2 and
NS = 1. In the case of the system in Figure 2-8, two parallel stages were implemented at both
the transmitter and the receiver. The symbols transmitted through each subcarrier were drawn
from QPSK and 16-QAM modulations, and no channel coding was implemented. Finally, the
eigenvector-based precoder was implemented following the approach outlined in Section 2.4.1,
namely the phase reference antenna was selected according to the criterion in (2.9) and the
actual phase was constructed using second order polynomials with coefficients fixed in order to
ensure the continuity of its first order derivatives.

Figures 2-9 and 2-10 represent the raw bit error rate as a function of the signal to noise
power ratio measured at each subcarrier for QPSK and 16-QAM modulations. Apart from
the performance obtained with the proposed method for reference phase selection (“optimized
phase”), we also represent the performance corresponding to the precoding construction that
sets the first entry of the eigenvectors to be positive real-valued (“constant phase”). Observe
that the performance can be extraordinarily improved by carefully selecting the phase function
associated with the eigenvector entry with highest modulus. Furthermore, the second order
construction guarantees an improved behavior for both the traditional construction (Figure 2-
1) as well as the Taylor-based precoding architecture with two parallel stages (Figure 2-8).
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Figure 2-9: Symbol error rate of the proposed eigenvector-based precoding for QPSK with
two different choices of reference phase construction: a constant phase reference with respect
to the first antenna (“constant phase”) and a maximum modulus reference with second order
polynomial phase (“optimized phase”).
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Figure 2-10: Symbol error rate of the proposed eigenvector-based precoding for a 16-QAM
modulation with two different choices of reference phase construction (see also Figure 2-9).
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3. Receive antenna processing for FMT scheme: multi-user
co-channel interference mitigation

When interference is present, antenna processing enables to increase resistance to it and by
doing so, it contributes to improve the capacity in the network by reducing the reuse factor. It
may be utilized at both the eNodeB and the UE, thus enabling to increase the coverage or the
throughput for an existing coverage. The aim of antenna processing is to improve global PMR
broadband mobile wireless communication systems performances and robustness, by cancelling
multi-user co-channel interferences and unintended reception of signals from other cells.

Thus, the goal of antenna processing is to improve robustness of the system against co-
channel interference and to achieve better message error rate (MER) results regarding C/I
ratios, by cancelling or mitigating interferer symbols contributions along the OFDM frame,
without a-priori knowledge on the interferer information content. The only assumption made
is that, contrary to noise, the signals received on the different antennas from a same interferer
are spatially correlated at any time. What is obtained is in fact the best compromise between
interferer reduction and antenna diversity. The SINR is then maximised. We will further
introduce other multi-user co-channel interference mitigation techniques that we have devised
for downlink settings of multi-user PMR scenarios later in Chapter 5 and 6 of this deliverable.

3.1 Antenna processing for co-channel interference mitigation in the
case of fast-varying frequency selective channels

The principle of interference cancellation, or interference reduction, with multi-receiver anten-
nas, is a technique which is well known. It has been essentially applied up to now in contexts
where the interference is stationary or quasi stationary, both in time and frequency, on each
transmitted slot. In this case the problem is quite simple since the useful signal can be easily
separated from the interferers.

In the context of Broadband transmission in real conditions with systems like LTE, or other
systems like TEDS, which is a wideband data evolution of the TETRA PMR standard, the
problematic is much more complex in practice. This is due to the fact that the propagation
channel varies along the temporal axis and/or along the frequency axis due to the selectivity in
time and/or frequency due to the reflections on obstacles encountered along the transmission
over the air. The variations of the channel in a given time slot can be very rapid, along the
temporal and/or the frequency axes.

This kind of problematic has been studied notably in [5], [6], [7]. The present work described
below has been filed for a French patent in 2013.

Section 3.2 will present a new antenna processing approach based on two steps and using
Maximum A Posteriori (MAP) approach at each step.

3.2 Two steps MAP antenna processing approach

The approach is a SIMO processing applicable in different cases:

• On uplink, two or more antennas can be installed at the Base Station or the relay. In
UHF band the classical case is 2 Rx antennas at Base Station or relay.

• On downlink, in certain cases, two or more antennas can be installed at the terminal side.
In UHF, for size reasons, this can be done essentially when the terminal is installed in
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vehicles. In this case, 2 Rx antennas can be present.

3.2.1 An approach in 2 steps

Using a two steps approach for antenna processing at receiver side is not something new. The
idea is based on the fact that, when the noises observed on 2 receive antennas are uncorrelated,
the optimum processing is a very well-known Maximum Ratio Combining (MRC) method.

When one or more interferers are present, then the noises (in fact, the noise plus interference)
that are observed on each antenna are partially correlated. This is due to the fact that, while
the noise is intrinsically non-coherent, the interferences, observed at different receive antennas
are fully spatially correlated at any time.

So, it leads to a classical two steps approach, with a first step consisting in spatially whitening
the noise, by appropriate combining of the different signals received from the different antennas.
At the end of this first step, for N receive antenna signals with correlated noise plus interference
components at the input of the processing, there will be, at the output of the processing, N new
signals, obtained from linear combination of the previous ones, for which noise plus interference
components are uncorrelated. This is the equivalent, in the spatial domain, of the very classical
noise whitening approach.

Then, since the noise components of these new signals are uncorrelated, the second step can
be applied, which consists in a simple Maximum Ratio Combining (MRC) of these new signals.
Obviously this step requires estimating the equivalent propagation channel that is present on
these new signals.

In the approach described here, this philosophy is used. The main specific point is that this
is done while the propagation channel is varying fast along both the temporal and the frequency
axes.

It will be shown in Section 3.2.1.1 how a Maximum A Posteriori approach is used in order
to perform the first step of the processing, i.e. spatial noise whitening, in a environment of fast
varying propagation channel on both temporal and frequency axes.

3.2.1.1 1st step - Noise Spatial Whitening using a MAP approach

3.2.1.1.1 The replica structure Figure 3-1 shows the structure of an OFDM (or equivalent)
structure in the time-frequency domain with the different symbols arranged in time and in
frequency. Each symbol is located in frequency in a given sub-channel (sub-carrier), and in
time in a given OFDM symbol.

Figure 3-1: The time – frequency plan

ICT-EMPhAtiC Deliverable D4.3 26/108



ICT 318362 EMPhAtiC Date: 30/8/2014

Due to the physical constraints of the propagation channel, the value of this channel is
assumed to be different on each symbol position. The variation, along the temporal axis
depends on the Doppler spread of the channel. Some a priori knowledge about the maximum
Doppler spread is available since this spread depends on the Mobile speed and on the Carrier
frequency, so there is an a priori knowledge of the maximum Doppler frequency. This defines
a constraint on the variation of the channel along the temporal axis. Similarly, the variation,
along the frequency axis depends on the temporal spread (temporal response) of the channel.
The maximum temporal spread that can be observed, and the shape of the temporal response,
are a priori known since they depend on the propagation environment (indoor, urban, sub-urban,
rural, ...) in which the system is intended to be used. This defines a constraint on the variation
of the channel along the frequency axis.

The idea, behind the replica structure shown in Figure 3-2, is the following.

Figure 3-2: The Replica structure

The signals received from the Rx antennas, here 2 antennas, are respectively r1 and r2.
Each of these signals is weighted, respectively, by a complex weight w1 and w2. These two
weighted signals are then summed, giving a resulting signal r′.

This signal r′ is compared to a signal d representing the original transmitted signal. In fact,
only the a priori known transmitted information (i.e. the pilots symbols) are placed in d, the
other symbol positions being set to zero (because they are unknown from the receiver).

The difference between r′ and d is ε.
It can be observed, in Figure 3-2, that the signal d is also weighted, by a weight wd.

This is the characteristic of the replica structure. By doing this, the weights w1 and w2 are
homogeneous to a propagation channel, with same physical characteristics as a real propagation
channel, and the weight wd is homogeneous to the product of 2 propagation channels, with the
same characteristics as the product of two real propagation channels. It can easily be observed
that, in absence of noise and with one interferer, optimum solutions for w1, w2 and wd are:

w1 = hI,2

w2 = −hI,1
wd = (hU,1.hI,2 − hU,2.hI,1)

(3.1)

where, hI,1 and hI,2 are the channels for the interferer signal respectively for the first and the
second antenna, and hU,1 and hU,2 are the channels for the useful signal respectively for the
first and the second antenna.

These optimum weights result in the complete suppression of the interferer in r′, and
the weights w1 and w2 are homogeneous to a propagation channel, while the weight wd is
homogeneous to the product of 2 propagation channels.
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Then, it is possible with this Replica structure to take into account the physical constraints
of the propagation channel in the method for finding the optimum weights w1, w2 and wd.

This will be done using the MAP approach described in Section 3.2.1.1.1.

3.2.1.1.2 MAP criteria for noise spatial whitening Following the notations of Figure 3-2,
we can introduce the matrix R, where in ri,j,k, i is the antenna number, j is the OFDM symbol
number and k is the subcarrier number:

R =





r1,0,0 0 ... 0

0 r1,... 0 ...

... 0 r1,... 0

0 ... 0 r1,m,n





r2,0,0 0 ... 0

0 r2,... 0 ...

... 0 r2,... 0

0 ... 0 r2,m,n





−d0,0 0 ... 0

0 −d... 0 ...

... 0 −d... 0

0 ... 0 −dm,n




(3.2)

Then the quadratic error is:

‖−→ε ‖2 = ‖R.−→w ‖2 (3.3)

where −→w is the concatenation of w1, w2 and wd.
The MAP criterion is used in the approach. It consists in maximizing the probability of

occurrence of a given value of the weights (expressed on all symbol positions in the time-
frequency plan).

From the Bayes formula we will maximize P (−→w ) the probability of the weight −→w , where
f(−→w/ε) is the probability of −→w knowing the observed error ε:

P (~w) = f (~w/ε) ∝ f (ε/~w) · f (~w) (3.4)

The 2 terms of this probability are respectively:
f (~w) = β × e−

1/2. ~wHG−1 ~w

f (ε/~w) = α× e
−‖R · ~w‖2

/(2.σ2)
(3.5)

and the Maximum A Posteriori Probability is then:

P (~w) = α× e−
‖R · ~w‖2

/(2.σ2) × β × e−
1/2. ~wHG−1 ~w (3.6)

where σ2is the variance of the noise and G is the global covariance matrix of w1, w2 and wd.
α and β are constants.

The matrix G is known from the a priori knowledge on channel variations (maximum tem-
poral spread, temporal channel profile, maximum Doppler spread, frequency temporal profile)
the expression of G is:

G =


GB 0 0

0 GB 0

0 0 p.GD

 (3.7)
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where GB is the covariance matrix corresponding to the constraints of a propagation channel,
GD is the covariance matrix corresponding to the constraints of the product of 2 propagation
channels, and p is the power of the useful signal. It is assumed here that there is no correlation
of fadings between antennas.

We also have:

σ2 = σ2
1 ‖−→w1‖

2 + σ2
2 ‖−→w2‖

2 (3.8)

where σ2
1 and σ2

2 are the variance of the noise respectively on the first and the second antennas.
When these variances are equals we have:

σ2 = σ2
1

(
‖w1‖2 + ‖w2‖2

)
(3.9)

Then the opposite of the Logarithm of the MAP probability is:

L(P (~w)) = ‖R~w‖2

σ2
1

(
‖w1‖2 + ‖w2‖2

) + ~wHG−1 ~w + cst (3.10)

So, we intend to minimize this expression. However, this expression is not linear. It is thus
remarked that it is possible to set:

k2 = ‖w1‖2 + ‖w2‖2 = cst2 (3.11)

since, by doing so the solution will not be changed up to a multiplicative scalar only. The
constant cst2will be conventionally set to 2.

This enables to write:

L(P (~w)) = ‖R~w‖
2

2σ2
1

+ ~wHG−1 ~w + cst (3.12)

which is, fortunately, a linear expression.
The problem is then a problem of constrained optimization, which is resolved with the

Lagrange multipliers:

~∇~w(L(P (~w))) = (R
HR

2σ2
1

+G−1)~w − µNHN ~w (3.13)

where the matrix N is the identity matrix for the first 2 antenna signals and the zero matrix
for the reference signal:

N =



1 0 · · · · · · · · · · · · · · · · · · 0

0 . . . . . . ...
... . . . 1 . . . ...
... . . . 1 . . . ...
... . . . . . . . . . ...
... . . . 1 . . . ...
... . . . 0 . . . ...
... . . . . . . 0

0 · · · · · · · · · · · · · · · · · · 0 0



(3.14)
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So the gradient is equal to zero when−→w is a generalized eigen-vector of RHR
2σ2

1
+G−1 andNHN

and µ is the associated generalized eigen-value. The solution is the eigen-vector associated to
the smaller eigen-value.

Solving this generalized eigen-vector and eigen-value problem can be quite complex due to
the size of the matrices. The problem can be simplified by reducing the size of the covariance
matrices to their smaller possible dimension, selecting only the most representative directions
in these matrices.

This MAP approach delivers one signal r′ stemming from the original receive antennas
signals. In fact the weights that are obtained are the ones that minimize the impact of the
noise and interferences. Since, with 2 antennas, the dimension of the problem is 2, we can use
this signal r′ plus a second signal r′′, derived as shown in Figure 3-3

Figure 3-3: The noise spatial whitening

While r′ corresponds to the direction (DIRmin) where the noise plus interferences are min-
imized, r′′ corresponds to the direction (DIRmax) where the noise plus interferences are maxi-
mized. What is interesting is that the noise plus interferences that are present on each of these
signals are uncorrelated.

So, with an additional processing consisting of rescaling the noise plus interference compo-
nents on each of the signals at the same level, we obtain 2 signals whose noise plus interferences
are uncorrelated and at the same level. So we have achieved the “noise spatial whitening” step
with a MAP approach. The effect of this step on signals is summarized in Figure 3-4 and
Figure 3-5

3.2.1.2 2nd step - MRC

The second step of the processing consists in an MRC algorithm applied on the two previous
output signals r and r′ whose channel estimates are respectively wd and wd′ . The expressions
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Figure 3-4: Representation of the useful signal, the interference and the noise in the 2-
dimensionnal (complex) space corresponding to the antennas space

Figure 3-5: Rescaling of the noise in all directions

of these channel estimates are:

wd = w1.hU,1 + w2.hU,2

w′d = w∗2.hU,1 − w∗1.hU,2
(3.15)
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where hU,1 and hU,2 are, respectively the channel values corresponding to the first and the
second original antenna signals r1 and r2.

These latter channels should be estimated via a second MAP approach minimizing the
following formula:∥∥∥∥∥∥∥
[
w1 w2

]
.

 r1

r2

−d.[ w1 w2

]
.

 hU,1

hU,2


∥∥∥∥∥∥∥

2

‖bmin‖2
+

∥∥∥∥∥∥∥
[
w∗2 −w∗1

]
.

 r1

r2

−d.[ w∗2 −w∗1
]
.

 hU,1

hU,2


∥∥∥∥∥∥∥

2

‖bmax‖2

+
[
h∗U,1 h∗U,2

]
.

 G−1
B 0

0 G−1
B

 .
 hU,1

hU,2


(3.16)

where ‖bmin‖2 and ‖bmax‖2 are respectively the noise variance seen in the direction DIRmin and
in the direction DIRmax (this corresponds to the scaling described in section 1.2.1.1.2). Then
wd and wd′ are computed and the MRC is applied to r and r′ . This finishes the processing.

3.2.2 Simulation results

The simulation were performed using a TEDS like structure. TEDS is a wideband evolution of
the TETRA standard. TEDS uses a multi-carrier structure corresponding to an OFDM/QAM
structure with additional filtering on the subcarriers. This type of structure is known in the
literature as FMT (Filtered Multi-Tone).

The TEDS Frame structure, shown in the time-frequency plan, for TEDS 150 kHz is given
in Figure 3-6 below.

The symbols used as pilots are the ones marked with “P” (true pilot symbols) and also
the ones marked with S (Synchronization symbols used as complementary pilot symbols). The
spacing between subcarriers is equal to 2700 Hz and the OFDM symbol duration is equal to
1/2400= 416.67 µs.

The choice of this TEDS like structure has been made, in a first attempt, because, for LTE-
like structure the number and the density of pilot symbols is not sufficient for such processing,
at least in the most stringent propagation conditions, i.e. HT 200.

Figure 3-7 and Figure 3-8 give the BER (Bit Error Rate) performance for a TEDS like
structure with bandwidth 150 kHz, respectively for TU50 and HT200 propagation conditions.
The BER is the one before decoding.

Simulation results in figures 3-7 and 3-8 are given for uncorrelated fadings for the signals
received on the 2 antennas for the useful signal, and for uncorrelated fadings for the signals
received on the 2 antennas for the interferer signal.

On Figure 3-7 in TU50 conditions, the BER (before channel decoding) performance is
greatly enhanced with 2 steps MAP antenna processing approach compared to classical MRC.
The gain is in the range of 12 to 15 dB in bad interference conditions, when interference only
is present and no thermal noise (see "Mitigation 2 steps MAP – CI" curve, showing BER before
decoding as a function of C/I with no noise, compared to curves "MRC Ideal – CI" and "MRC
MAP – CI"). As it could be expected, in presence of interference plus noise, the performance
is still very good but limited by the presence of the thermal noise creating a floor effect (see
"Mitigation 2 steps MAP – CI & ESN0 20 dB" curve, showing BER before decoding as a
function of C/I with a noise corresponding to a ES/N0 of 20 dB, compared to curve "MRC
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Figure 3-6: Frame structure of a TEDS signal at 150 kHz

MAP – CI & ESN0 20 dB" or similar curves for ESN0 15 dB or ESN0 10 dB). It can be observed
that, at high C/I, the performance of 2 steps MAP is slightly worse than MRC. This is due to
the fact that in second step of the 2 steps MAP algorithm, in formula 16, the noise on each
direction is estimated, while for MRC it is supposed that the noise level is the same on each
antenna signal. This is this noise estimation that degrades slightly the performance in these
conditions. Anyway the gain is important in bad signal to noise plus interference conditions.

On Figure 3-8, in HT200 conditions, the BER (before channel decoding) performance is
also greatly enhanced with 2 steps MAP antenna processing approach compared to classical
MRC and other equivalent variants of MRC technique shown on the figure. The gain is in
the range of 10 dB in bad interference conditions, when interference only is present and no
thermal noise. As could be expected, in presence of interference plus noise, the performance
is still very good but limited by the presence of the thermal noise creating a floor effect. The
performance in HT200 is not as good to the TU50 case, which is normal since in HT200 the
channel variations are more rapid both along the temporal axis and the frequency axis. But the
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performance obtained are still very good.
The same trend, showing ever more gain, is demonstrated in Figure 3-9 and in Figure 3-10.

The performance in term of Bit Error Rate after decoding (BERC) is even better than in term
of Bit Error Rate before decoding (BER).

On Figure 3-9 in TU50 conditions, the BERC (after channel decoding) performance is greatly
enhanced with 2 steps MAP antenna processing approach compared to classical MRC. The gain
is in the range of 15 to 20 dB in bad interference conditions, when interference only is present
and no thermal noise (see "Mitigation 2 steps MAP – CI" curve, showing BERC after decoding
as a function of C/I with no noise, compared to curves "MRC Ideal – CI" and "MRC MAP –
CI"). As it could be expected, in presence of interference plus noise, the performance is still very
good but limited by the presence of the thermal noise creating a floor effect (see "Mitigation
2 steps MAP – CI & ESN0 20 dB" curve, showing BERC after decoding as a function of C/I
with a noise corresponding to a ES/N0 of 20 dB, compared to curve "MRC MAP – CI & ESN0
20 dB" or similar curves for ESN0 15 dB or ESN0 10 dB). It can be observed that, at high
C/I, the performance of 2 steps MAP is becoming worse than MRC. This is due to the fact
that in second step of the 2 steps MAP algorithm, in formula 16, the noise on each direction
is estimated, while for MRC it is supposed that the noise level is the same on each antenna
signal. This is this noise estimation that degrades slightly the performance in these conditions.
Anyway the gain is very important in bad signal to noise plus interference conditions.

On Figure 3-10, in HT200 conditions, the BERC (after channel decoding) performance is
also greatly enhanced with 2 steps MAP antenna processing approach compared to classical
MRC and other equivalent variants of MRC technique shown on the figure. The gain is in
the range of 12-10 dB in bad interference conditions, when interference only is present and no
thermal noise. As could be expected, in presence of interference plus noise, the performance
is still very good but limited by the presence of the thermal noise creating a floor effect. The
performance in HT200 is not as good to the TU50 case, which is normal since in HT200 the
channel variations are more rapid both along the temporal axis and the frequency axis. But the
performance obtained are still very good especially in bad interference conditions.
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4. MIMO and MISO detection through the real-domain SIC
Compensation of linear distortions introduced in the subchannels of a FBMC signal with stag-
gered, i.e. by T/2 offset, in-phase (I) and quadrature (Q) components of transmitted QAM
symbols was the first challenge towards making it competitive to the traditional CP-OFDM
multicarrier waveform. This issue has been further pronounced in various forms of multiple-
input multiple-output (MIMO) configurations, where the so-called (complex-domain) intrinsic
interference [8] has been considered as an obstacle towards attaining the performance level
comparable with CP-OFDM. To address this within the context of non-linear data detection
methods, in [9] and [10] were proposed combined (linear) minimum mean square error (MMSE)
and maximum likelihood sequence estimation (MLSE), and the (entirely) maximum a posteriori
probability (MAP) approaches, respectively. In these cases, to be found also in [11][12], while
relying on the transmission system model in complex-domain, the intrinsic interference is con-
sidered as an ”annoyance”, with a lot of effort/complexity invested in its avoidance, i.e. partial
elimination.

However, the orthogonality conditions for the FBMC formats and single-input single-output
(SISO) transmission are determined entirely in the real-domain. For that reason in [13] only the
in-phase component of the subchannel signals was used to provide the sufficient statistic for
detection of the transmitted signal in the framework of the successive interference cancellation
(SIC). Thereby, the subchannel impulse responses (one from the channel of interest and two
related to adjacent channels cross-talk) are estimated as real-valued samples and further used
for reconstruction of the in-phase component in an iterative process that is based on MAP-like
”soft” estimated data symbols, with optional interaction with the forward error code (FEC)
decoder. In the real-domain SIC formulation the intrinsic interference does not figure explicitly
and the MAP detection takes place with the halved number of real-valued multiplications in
the signal reconstruction step, when compared with the complex-domain formulation.

Consequently, the extension of the SIC SISO framework to the MIMO case becomes free
from the notion of the intrinsic interference, in that it becomes included in the system-model
description. However, the problem of the MIMO/MISO implicit MUD (multi-user detection)
comes to the foreground and needs to be addressed by appropriate detection strategy that
distinguishes impact of the residual interference and the additive (Gaussian) noise to the overall
estimation variance.

In the following, after presentation of general FBMC SISO transmission system model and
its extension to 2x2 MIMO configuration in Section 4.1, the proposed SIC-based receiver struc-
ture and related flat fading channels simulation results are presented in Section 4.2, followed
by the still generally ’problematic’ 2x1 MUD configuration. In addition to such multi-user
uplink settings, we will also investigate FBMC/OQAM based multi-user downlink scenarios in
Chapter 5, 6, and 7 of this document.

In D3.2 there have been provided indications of further enhancements based on independent
processing of the FBMC signal in-phase and quadrature branches containing same information
and (at least) mutually independent noise samples, as well as by prediction and cancellation of
almost half of the noise power correlated by the square-root Nyquist-shaped AFB subchannel
filters.

4.1 FBMC transmission system model

Although the real-domain FBMC transmission system model formulation has been provided
in D3.2 (for SISO) and in D4.1 (for MIMO), we repeat the derivation for sake of reader’s
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convenience.

4.1.1 SISO real-domain MIMO formulation

In continuous time representation, the OFDM/OQAM modulated signal is defined by the rela-
tion

x(t) =
k2∑

k=k1

2M−1∑
n=0

jk+ndknφ
k
n(t). (4.1)

where the symbols dkn are the real valued (Re{.} and Im{.} parts of M-ary QAM) symbols that
scale an orthogonal basis:

φkn(t) = g(t− nT/2)ej2πk(t−nT/2)/T . (4.2)
The interfering subchannels take indices between k1 and k2. The elementary signal g(t) is a
symmetric, real-valued, square root Nyquist function which is normalized to have unity power.
It has finite time duration [−LgT, LgT ], with T denoting the QAM signaling interval and
its spectra occupies bandwidth Bg = (1 + α)/T , where α designates the roll off factor of
subchannels’ spectra.

After a transmission over the channel with the (complex-valued) impulse response c(t), the
conventional maximum likelihood (ML) receiver is obtained by considering (in accordance with
the FBMC orthogonality conditions) the real part of the scalar product between the received
signal y(t) = c(t) ∗ x(t) + b′(t) and the basis functions φkn(t):

rkn = Re

{∫ LhT

−LhT
y(nT/2 + t)φkn(nT/2 + t)dt

}
. (4.3)

where the over-bar denotes complex conjugation. In general, including the frequency-flat fading
channel, the received signal samples can be represented [13] as the output of a MISO matrix filter
with real-valued coefficients, superposed by the AFB filtered white Gaussian noise samples1.
The model of transmission system that includes interference from adjacent subchannels is given
[13][14] by the following relation:

rkn =
1∑

k′=−1

Lh∑
n′=−Lh

dk+k′
n−n′h

k,k′

n′ + bkn. (4.4)

where hk,k′n′ designates the overall impulse responses related to interacting subchannels: hk,0n′ is
the impulse response in the referent subchannel k, hk,1n′ represents the interferences from the
upper subchannel with index k+1 and hk,−1

n′ interferences from the lower subchannel with index
k-1. It is worth noting that while in the complex-domain formulation the subchannel impulse
response has just one sample, for the real-domain system formulation the impulse response
length is essentially Lh = 2Lg + 1, where in the considered case Lg = 3. Sets of the direct and
the adjacent subchannels cross-talk impulse responses for 100 flat fading realizations could be
seen in [14].

Detection process in [13] comprises the estimation of the individual impulse responses,
successive interference cancellation, matched filtering and FEC decoding, as shown in Figure 4-
1. The very iterative procedure relies on the extrinsic probability of SIC detector in form of the
conditional probability

P
(
rkn|dkn

)
≈ exp

{
− (fkn − dknEk

s )2/(2σ2
k)
}
. (4.5)

1In real-domain formulation noise samples are independent, while in the complex-domain formulation the
are correlated.
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Figure 4-1: SISO SIC Detector

where the fkn is the matched filter (MF) output, calculated (in simplified form [15]) as

fkn =
1∑

k′=−1

L∑
n′=−L

(
r′
k+k′
n+n′ĥ

k,k′

n′

)
+ d̂knE

k
s . (4.6)

In (4.6) the term r′k+k′
n+n′ represents the residual of the received signal sample(s) after sub-

tracting influence of all previously estimated symbols, d̂kn, on the current bin, including itself:

r′
k+k′
n+n′ = rk+k′

n+n′ −
1∑

k′′=−1

L∑
n′′=−L

d̂k+k′+k′′
n+n′−n′′ · ĥ

k+k′,k′′
n′′ . (4.7)

while d̂kn is the ”soft” estimate from the previous iteration

d̂kn = E{dkn|r} =
∑
{dk

n}
dknP

api
dk

n→ηk
n
(dkn), (4.8)

and Ek
s represents the symbol energy per subchannel, calculated in the following manner:

Ek
s =

1∑
k′=−1

L∑
n′=−L

(
ĥk,k

′

n′

)2
. (4.9)

The a priory probabilities used for data samples estimates in (4.8) are produced, in presence
of the FEC decoder, through

P api

dk
n+1→ηk

n
(dkn+1) = P ext

ηk
n+1→d

k
n+1

(dkn+1)P ext
cod→dk

n+1
(dkn+1), (4.10)

where the right most term represents the extrinsic probability provided by FEC decoder, being
used as the apriory probability of the particular data symbol. Similarly, the probability informa-
tions on particular values of data bits are passed to the FEC decoder from the SIC detector. If
FEC decoder is not included, this second multiplicand is omitted.

4.1.2 SISO to MIMO Extension

In the following we consider 2T×2R configuration in the SDM (space-division multiplexing)
mode illustrated in Fig. 4-2. Starting from (4.4), by simple extension, the received signal into
one of received antennas has the form

ri
k
n =

1∑
k′=−1

Lh∑
n′=−Lh

d1
k+k′
n−n′hi,1

k,k′

n′
+

1∑
k′=−1

Lh∑
n′=−Lh

d2
k+k′
n−n′hi,2

k,k′

n′ + bi
k
n. (4.11)
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Figure 4-2: 2x2 MIMO configuration

where the first and the second index of h correspond to receive and transmit antenna, respec-
tively, while indices 1 and 2 of d differentiate between data symbols sent from the antennas 1
and 2, respectively.

The first two summands in (4.11) represent the (real-valued) signals, ri,jkn, received from
different transmit antennas after passing through independent channels and bi

k
n is the noise

term for the i-th receive antenna chain.
Before proceeding with detection, the impulse responses hi,jk,k

′

n′ pertinent to the four MIMO
sub-channels are estimated sequentially by the same procedure as for the SISO case [13][14].

For the considered 2x2 MIMO system we have to calculate four different expressions for
conditional probability, inside each of the “SIC detector” block, see Fig.4-3. As in (4.5) the
conditional probabilities are calculated as:

P
(
ri,j

k
n|djkn

)
≈ exp

(
−(fi,jkn − djknEi,jks)2

2σi,j2
k

)
. (4.12)

where Ei,jks represents the symbol energy and along the adequate impulse response, ĥi,jk,k
′

n′ is
calculated as:

Ei,j
k
s =

1∑
k′=−1

L∑
n′=−L

(
ĥi,j

k,k′

n′

)2
(4.13)

Calculation of the individual MF outputs, fi,jkn, to be used in (4.12), will be described in
the next section along with description and explanation of the proposed receiver structure.

4.2 Proposed MIMO detector structure

By previously estimated real-valued impulse responses pertaining to direct and cross-antenna
transmission channels, the iterative interference cancellation framework becomes rather straight-
forwardly applicable, with involvement of certain “strategic” and “tactical” measures in terms
of signals ordering and overcoming of non-Gaussian statistics of the residual interference during
the iterations.

The iterative procedure starts with the signal that has the highest energy and temporarily
treating the weaker signal as a “noise”. By using the LLR (log-likelihood ratio) formulation, the
soft symbols corresponding to the stronger signal, denoted with d̂apij in Fig.4-3, are determined
for each receive antenna according to expression, in lieu of (4.8)
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d̂apij
k
n =

tanh
{

(Lextri,j

k
n

+ Lappj

k
n
)/2

}
2 . (4.14)

The division by two is used to adjust the saturation level of tanh function (±1) to the
transmitted constellation d∗j = ±1/2 in MIMO subchannels2. The proposed strategy uses two
different log-likelihood ratios (LLRs): extrinsic Lextri,j and a posteriori Lappj

. The extrinsic
LLR is determined at output of each ‘SIC detector’ block, starting from (4.12), as

Lextri,j
k
n = ln

P (ri,jkn
∣∣∣djkn = +1/2)

P (ri,jkn |djkn = −1/2)

 . (4.15)

The term Lappj
k
n is calculated as average of two LLR values: the first one is obtained

after ’weighting’ block, Lextrj
, and the second one at the output of decoder, Lapij . In initial

iteration when output of decoder is still not available, Lappj
k
n is set to zero. Then, in accordance

with Fig.4-3, which describes the iterative cancellation of MIMO inter-stream and SISO self-
interference, the residuals

r̂i,m
k+k′
n+n′ = ri

k+k′
n+n′ −

1∑
k′′=−1

L∑
n′′=−L

d̂apim̄
k+k′+k′′
n+n′−n′′ · ĥi,m̄

k,k′

n′ . (4.16)

are interchangeably sent to the ‘SIC detector’ blocks. Here, m designates opposite antenna or
signal from the set m = 1, 2.

Now, four Lextri,j values corresponding to ‘SIC detector’ outputs, are combined by MRC-like
weighting to get Lextrj

values:

Lextrj
=
E1,j · Lextr1,j

+ E2,j · Lextr2,j

E1,j + E2,j
. (4.17)

Lextrj
are then passed through deinterleaver and sent to decoder. The outputs from decoder

are interleaved to get adequately ordered Lapij values for use within SIC detectors. The soft a
posteriori estimates of data symbols are obtained as

d̂appj

k
n =

tanh
{

(Lapij k
n

+ Lextrj
k
n
)/2

}
2 . (4.18)

and their impact is subtracted from received signal, in the same manner as d̂apij is applied in
(4.16):

r̂i,m
k+k′
n+n′ = ri

k+k′
n+n′ −

1∑
k′′=−1

L∑
n′′=−L

d̂app1
k+k′+k′′
n+n′−n′′ · ĥm,1

k+k′,k′′
n′ . (4.19)

In Fig.4-3 the dashed (blue and red) lines are feeding the estimates of the symbols d1
k
n, and

the solid lines carry the estimates of the symbols d2
k
n. In Fig.4-3 solid green line represents

column vector of estimates of the symbols d1
k
n and d2

k
n. From resulting estimates r̂i,jk+k′

n+n′ , the
residuals are produced as:

r′i,m
k+k′
n+n′ = r̂i,m

k+k′
n+n′ −

1∑
k′′=−1

L∑
n′′=−L

d̂app2
k+k′+k′′
n+n′−n′′ · ĥm,2

k+k′,k′′
n′′ . (4.20)

2In this way the total power of MIMO signal remains the same as in SISO case.
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Figure 4-3: Receiver structure for MIMO 2x2 system

Under assumption that all symbols are properly estimated the residuals from (4.20) corre-
spond to noise term, the effect of which is partially suppressed by the MF. The output of MF
is added to properly scaled symbol estimation to form a new decision variable:

fi,j
k
n =

1∑
k′=−1

L∑
n′=−L

(
r′i,j

k+k′
n+n′ĥi,j

k,k′

n′

)
+ d̂appj

k
nEi,j

k
s . (4.21)

The remaining term from (4.12), variance σi,j2
k is calculated as

σi,j
2
k = 1

P

P∑
1

( 1∑
k′

L∑
n′=L

(
r′i,j

k+k′
n+n′ĥi,j

k,k′

n′

))2

. (4.22)

where P represents number of T/2 instants during the transmission block of data samples.
The newly estimated quantities in (4.21) and (4.22) enable a new estimation of conditional

probability in (4.12) and LLR value in (4.15). In this way, we are getting the novel information
about reliability of the estimated soft symbols and repeating the process iteratively. The message
passing within SIC and FEC decoder, as well as within the two, proceeds similarly to the SISO
case.

The described detector structure is obtained as extension of our approach to develop the
2x1 MUD system (full lines in the model in Fig.4-3). In that system we still have the problem
to overcame the similar or too different levels of interfering and signal of interest. In proposed
detector this problem is largely overcome by inclusion of the second antenna at receiver side
through the effect of diversity. The MISO detector behavior is illustrated in sequel.
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Figure 4-4: BER comparasion:MIMO vs. SISO

4.3 Simulation results

As most challenging for the MUD setup, the primarily simulated channel model was Rayleigh flat
fading where, due to absence of time-frequency bins independence on signal block level, there
is no contribution from interleaving and FEC decoding. The channel parameters are estimated
with a training period long enough (60 T intervals) to ensure a reasonably well LS-type channel
estimation. The system uses R=1/2 (133,171) convolutional code followed by an interleaver
of length 56. For this purpose we used system with six out of eight active subchannels. The
results presented in Fig.4-4 are produced after seven iterations.

As shown on Fig.4-4 , the increase of signal-to-noise ratio (SNR) brings additional reduction
of overall BER for MIMO transmission. The receiver diversity effect is achieved through the
appropriate (MRC) combining of the soft data symbols pertaining to signals received from the
two receive antennas for each of the two transmitted data streams, without noticeable effect of
their generally disparate received energy levels and effects of residual inter-stream cross-talk.

When the equivalent detector is applied for MISO configuration, favorable decay of BER
with SNR is lost and error floor is exhibited, Fig. 4-5. These results are compared with BER
performance of 2x1 MUD system in which power of individual transmitter is equal to the half
of total MISO transmitted power. Although the structure of detector was different for 2x1
MUD system, its BER performance is similar (up to Tx power scaling) to 2x1 MISO case. From
presented results, the BER curve flooring effect is apparent. The assumption that the flooring
problem might come from the errors that mostly happen for the similar (or very differing levels
of the two signals, which reduces to the first case after starting with detection of the stronger
signal), has been confirmed by distribution of errors. Dependence of BER from the ratio of two
signal levels is shown in Fig. 4-6.

It is reasonable to assume that the problem is related to over-estimated “noise” variance
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Figure 4-5: Simulation results for the MIMO case a part of the MIMO without receiver end
diversity

Figure 4-6: BER distribution w.r.t ratio of the two flat-fading channels
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(σ2
M > σ2

N) which becomes dominated by the (residually) interfering (still insufficiently sup-
pressed, and non-Gaussian distributed) signal. The use of tanh(·) function with adequately
scaled argument in order to increase the slope, i.e. reduce the ‘hardness’ of the discrimination
process as illustrated on Fig. 4-7, could contribute to alleviation of this problem.

Towards that the following steps are proposed:

1. From the data symbols a priory probabilities calculate the LLR as

Lapr(dkn) = ln(Papp(dkn = +1)/Papp(dkn = −1)). (4.23)

2. Instead of explicit calculation of the ‘extrinsic’ LLR as conditional a posteriori probabilities
of the receive signal with respect to the nominal data samples, P (rkn

∣∣∣dkn ), this quantity
should be calculated as

Lextr(rkn
∣∣∣dkn ) = 2 · fkn · Ek

S/σ
2
M . (4.24)

3. A posteriori LLR then becomes

Lapp(dkn
∣∣∣rkn ) = Lextr(rkn

∣∣∣dkn ) + Laprr(dkn). (4.25)

4. The estimated average (soft) value is

d̂kn = tanh
{
κ · Lapp(dkn

∣∣∣rkn )/2
}
, (4.26)

whereby the constant κ should be defined, say as function of ratio σ2
M/σ

2
N . Fig. 4-7

shows the parameterization of the tanh function with SNR instead of κ.

Note: All these simulation results assume independent coders/interleaver-de-interleavers/decoders
for the two spatial streams received by the single antenna, the situation corresponding to the
distributed MISO case.
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Figure 4-7: The tanh “sigmoidal” function for various slope-defining parameters.
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5. Coordinated beamforming based transmission strategies
for MIMO FBMC/OQAM systems

As a promising alternative to orthogonal frequency division multiplexing with the cyclic prefix
insertion (CP-OFDM), filter bank based multi-carrier modulation (FB-MC) has received great
research attention in recent years. By using spectrally well-contained synthesis and analysis filter
banks at the transmitter and at the receiver [16], [17], FB-MC has an agile spectrum. Thereby,
the out-of-band radiation is lower compared to CP-OFDM, and it is consequently beneficial to
choose FB-MC over CP-OFDM for asynchronous scenarios [18], [19], or to achieve an effective
utilization of spectrum holes [20], [21]. Moreover, in systems where filter bank based multi-
carrier with offset quadrature amplitude modulation (FBMC/OQAM) is employed, the fact that
the insertion of the CP is not required as in CP-OFDM based systems leads to a higher spectral
efficiency.

In FBMC/OQAM systems, the real and imaginary parts of each complex-valued data sym-
bol are staggered by half of the symbol period [16], [22] such that the desired signal and
the intrinsic interference are separated in the real domain and in the pure imaginary domain,
respectively. In [23] and [24] where receive processing techniques have been developed for
multiple-input-multiple-out (MIMO) FBMC/OQAM systems, it is assumed that the channel
frequency responses of adjacent subcarriers do not vary. Consequently, the intrinsic interfer-
ence is canceled by taking the real part of the resulting signal after the equalization. To alleviate
the constraint on the frequency selectivity of the channel, a zero forcing (ZF) based approach
has been proposed in [25] for multi-stream transmissions in a MIMO FBMC/OQAM system
where the channel is not restricted to flat fading. More details of the performance analysis of
this algorithm have been presented in [26]. However, the work in [25] and [26] is limited to the
case where the number of receive antennas does not exceed the number of transmit antennas.
In addition, the authors have shown numerically and have also pointed out that their proposed
approach only provides a satisfactory performance in an asymmetric configuration, i.e., when
the number of transmit antennas is larger than the number of receive antennas.

Based on the concept of mitigating the intrinsic interference mentioned above for point-
to-point MIMO FBMC/OQAM systems, the authors in [27] have adapted the conventional
spatial Tomlinson Harashima precoder (STHP) to an FBMC/OQAM based multiple-input-
single-output broadcast channel (MISO-BC) which results in a new non-linear precoder. It is
known that non-linear precoders have a higher computational complexity compared to linear
precoders. Moreover, the non-linear precoding technique in [27] is restricted to the case where
each user is equipped with only a single receive antenna. On the other hand, a block diago-
nalization (BD) based linear precoder has been developed in [28] for the FBMC/OQAM based
multi-user MIMO downlink with space division multiple access (SDMA). It adopts the central
idea of BD [29] to mitigate the multi-user interference and then uses the ZF based approach
[25] to deal with the intrinsic interference cancellation for the resulting equivalent single-user
transmissions. Consequently, this algorithm inherits the drawback of the ZF based scheme such
that it also fails to achieve a good performance in a symmetric multi-user MIMO downlink set-
ting, where the number of transmit antennas at the base station is equal to the total number of
receive antennas of the users. In addition, this linear precoder suffers from the dimensionality
constraint that the total number of receive antennas of the users must not exceed the number
of transmit antennas at the base station. Note that similarly as in these publications, we focus
on scenarios where the channel on each subcarrier is flat fading in this chapter. Nevertheless,
we will consider more critical downlink settings of multi-user PMR scenarios where the channels
exhibit severe frequency selectivity in Chapter 6.
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In the context of the multi-user MIMO downlink with space division multiple access (SDMA),
coordinated beamforming techniques [30], [31] have been proposed to cope with the dimen-
sion constraint imposed on block diagonalization based precoding algorithms [29]. Inspired by
these works, we first design a coordinated beamforming algorithm for point-to-point MIMO
FBMC/OQAM systems without restricting the number of transmit antennas and the number
of receive antennas. Assuming perfect channel state information at the transmitter, the pre-
coding matrix and the decoding matrix are calculated jointly in an iterative procedure for each
subcarrier. Different choices of the decoding matrix in the initialization step are recommended
for different scenarios. Then, we devise intrinsic interference mitigating coordinated beamform-
ing (IIM-CBF) schemes for the FBMC/OQAM based multi-user MIMO downlink systems. Our
goal is to alleviate the dimensionality constraint imposed on the state-of-the-art solutions for
FBMC/OQAM based SDMA that the total number of receive antennas of the users must not
exceed the number of transmit antennas at the base station. The central idea of these IIM-CBF
algorithms is to jointly and iteratively calculate the precoding matrix and the decoding matrix
for each subcarrier to mitigate the multi-user interference as well as the intrinsic interference
inherent in FBMC/OQAM based systems. Via numerical results, the performance superiority
of the proposed approach over the state-of-the-art is demonstrated. In addition, we evaluate
the performance of the proposed coordinated beamforming based transmission schemes in the
presence of channel estimation errors. In Chapter 7 of this deliverable, we will revisit the issue
of imperfect channel state information in the downlink of multi-user broadband PMR scenarios
and show numerical as well as analytical results of its impact on the performance of the ZF
precoding scheme.

5.1 Coordinated beamforming in point-to-point MIMO FBMC/OQAM
systems

5.1.1 Data model and state-of-the-art

We consider a point-to-point MIMO FBMC/OQAM system where the channel on each subcar-
rier can be treated as flat fading [25], [26]. The number of transmit antennas and the number
of receive antennas are denoted by MT and MR, respectively. The received signal on the kth
subcarrier and at the nth time instant is written as follows

yk[n] =Hk[n]Fk[n]dk[n] +
n+3∑
i=n−3

k+1∑
`=k−1

H`[i]F`[i]ci`d`[i]

+ nk[n], (`, i) 6= (k, n), (5.1)

where dk[n] ∈ Rd is the desired signal on the kth subcarrier and at the nth time instant when
(k+n) is even1, and d denotes the number of spatial streams. The terms ci`d`[i] contribute to
the intrinsic interference and are pure imaginary, where ` = k−1, k, k+1, i = n−3, . . . , n+3,
and (`, i) 6= (k, n). The coefficients ci` (cf. Table 5-1) represent the system impulse response
determined by the synthesis and analysis filters. The PHYDYAS prototype filter [32] is used,

1For the case where (k + n) is odd, the desired signal on the kth subcarrier and at the nth time instant
is pure imaginary, while the intrinsic interference is real providing that the prototype pulse satisfies the perfect
reconstruction property [22], [27]. As the two cases are essentially equivalent to each other, we only take the
case where (k + n) is even to describe the proposed algorithm in this chapter. In addition, each entry in the
data vector corresponds to either the in-phase component or the quadrature component of a QAM symbol that
is assumed to have unit energy.
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and the overlapping factor is chosen to be K = 4. For more details about FBMC/OQAM
systems, the reader is referred to [22].

n− 3 n− 2 n− 1 n n+ 1 n+ 2 n+ 3
k − 1 0.043 −0.125 −0.206 0.239 0.206 −0.125 −0.043
k −0.067 0 0.564 1 0.564 0 −0.067

k + 1 −0.043 −0.125 0.206 0.239 −0.206 −0.125 0.043

Table 5-1: Coefficients ci` representing the system impulse response determined by the synthesis
and analysis filters [22] (the PHYDYAS prototype filter [32] used with the overlapping factor
K = 4)

Here Hk[n] ∈ CMR×MT contains the frequency responses of the channels between each
transmit antenna and each receive antenna, and nk[n] denotes the additive white Gaussian
noise vector with variance σ2

n. In addition, Fk[n] ∈ CMT×d represents the precoding matrix
that maps the spatial streams to the transmit antennas.

5.1.1.1 Straightforward extension of the transmission strategy as in case of CP-OFDM

In several publications on MIMO FBMC/OQAM systems, such as [23] and [24], it is assumed
that the channels on adjacent subcarriers are almost the same. The received signal on the kth
subcarrier and at the nth time instant can be accordingly written as

yk[n] =Hk[n]Fk[n]d̃k[n] + nk[n], (5.2)

where d̃k[n] contains the real-valued desired signal and the pure imaginary interference

d̃k[n] = dk[n] +
n+3∑
i=n−3

k+1∑
`=k−1

ci`d`[i], (`, i) 6= (k, n). (5.3)

Considering d̃k[n] as an equivalent transmitted signal, (5.2) resembles the data model of a
MIMO CP-OFDM system. Consequently, transmission strategies that have been developed for
MIMO CP-OFDM systems can be straightforwardly extended to MIMO FBMC/OQAM systems
where only one additional step is required, i.e., taking the real part of the resulting signal after
the multiplication by the decoding matrix

d̂k[n] = Re
{
DH

k [n]yk[n]
}
, (5.4)

whereDk[n] ∈ CMR×d is the decoding matrix on the kth subcarrier and at the nth time instant.
Here Re{·} symbolizes the real part of the input argument, while Im{·} is used in the following
text to represent the imaginary part.

5.1.1.2 Zero forcing based approach

In [25] and [26], the precoding matrix is designed such that the intrinsic interference (corre-
sponding to the second term on the right hand side of (5.1)) can be canceled by taking the
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real part of the received signal. Let us expand the real part of the received signal on the kth
subcarrier and at the nth time instant

Re {yk[n]} = Re {Hk[n]Fk[n]}dk[n]

+ (−1) ·
n+3∑
i=n−3

k+1∑
`=k−1

Im {H`[i]F`[i]}Re {ci`d`[i]}

+ Re {nk[n]} , (`, i) 6= (k, n). (5.5)

The precoding matrix F for each subcarrier and each time instant is calculated such that

Im {HF } = 0, (5.6)

where H represents the channel matrix on the same subcarrier and at the same certain time
instant, and the time as well as the subcarrier indices are ignored, as the precoding concept is
on a per-subcarrier basis. Define a matrix Ȟ as

Ȟ =
[

Im {H} Re {H}
]
∈ RMR×2MT . (5.7)

The stacked version of the real part and the imaginary part of the precoding matrix F , i.e.,[
Re {F }T Im {F }T

]T
, should lie in the null space of Ȟ . However, this approach is designed

only for scenarios whereMT ≥MR. In addition, it is observed in the numerical results presented
in [26] and is also pointed out in [25] that in a symmetric case where MT = MR, this scheme
does not lead to a good performance.

5.1.2 Coordinated beamforming

Therefore, we propose to jointly and iteratively update the precoding matrix and the decoding
matrix to alleviate the dimension constraint on the precoding algorithm in [25], i.e., scenarios
where MT ≤MR will be dealt with. First, an equivalent channel matrix Heq is defined as

Heq = DTH ∈ Cd×MT , (5.8)

where D ∈ RMR×d is the real-valued decoding matrix. In addition, we decouple the precoding
matrix into two parts, i.e.,

F = F1F2 ∈ CMT×d, (5.9)
where F1 ∈ CMT×Mx and F2 ∈ RMx×d.

The proposed coordinated beamforming algorithm is summarized as follows:
• Step 1: Initialize the decoding matrix D(0) ∈ RMR×d, set the iteration index p to

zero, and set a threshold ε for the stopping criterion. The decoding matrix is generated
randomly if the current subcarrier is the first one; otherwise set the decoding matrix as
the one calculated for the previous subcarrier [30].

• Step 2: Set p = p + 1 and calculate the equivalent channel matrix H(p)
eq in the pth

iteration as
H(p)

eq = D(p−1)T
H ∈ Cd×MT . (5.10)

Define a matrix Ȟ(p)
eq

Ȟ(p)
eq =

[
Im

{
H(p)

eq

}
Re

{
H(p)

eq

} ]
∈ Rd×2MT . (5.11)
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• Step 3: Calculate the precoding matrix F (p) = F
(p)
1 F

(p)
2 for the pth iteration. First, we

perform the singular value decomposition (SVD) of Ȟ(p)
eq as

Ȟ(p)
eq = U

(p)
1 Σ

(p)
1 V

(p)T

1 . (5.12)

Denoting the rank of Ȟ(p)
eq as r(p), we define V (p)

1,0 ∈ R2MT×Mx as containing the last
Mx = 2MT− r(p) right singular vectors that form an orthonormal basis for the null space
of Ȟ(p)

eq . Hence, the first part of the precoding matrix for the pth iteration F (p)
1 can be

obtained via

V
(p)

1,0 =

 Re
{
F

(p)
1

}
Im

{
F

(p)
1

}
 ∈ R2MT×Mx . (5.13)

To further calculate the second part of the precoding matrix in the pth iteration F (p)
2 ,

the following equivalent channel matrix after the cancellation of the intrinsic interference
for the pth iteration is defined as

H̃(p)
eq = Re

{
H(p)

eq F
(p)
1

}
∈ Rd×Mx . (5.14)

Further calculate the SVD of H̃(p)
eq , and define V (p)

2,1 ∈ RMx×d as containing the first d
right singular vectors. Thereby, F (p)

2 is obtained as F (p)
2 = V

(p)
2,1 .

• Step 4: Update the decoding matrix based on the equivalent channel matrix after the
cancellation of the intrinsic interference where only the processing at the transmitter is
considered

H̃
(p)
eq,tx = Re

{
HF (p)

}
∈ RMR×d. (5.15)

When the MMSE receiver2 is used, the decoding matrix has the following form

D(p) = H̃
(p)
eq,tx

(
H̃

(p)T

eq,txH̃
(p)
eq,tx + σ2

nId

)−1
(5.16)

• Step 5: Calculate the term ∆(F ) defined as

∆(F ) =
∥∥∥F (p+1) − F (p)

∥∥∥2

F
, (5.17)

which measures the change of the precoding matrix F . If ∆(F ) < ε, the convergence is
achieved, and the iterative procedure terminates. Otherwise go back to Step 2.

It is important to note that in the special case where MT = MR = d + 1, we propose to
compute the decoding matrix in the initialization step as follows. Then it is observed that the
coordinated beamforming technique only needs two iterations to converge. First, calculate the
SVD of Ȟ ∈ RMR×2MT as defined in (5.7), and let V (0)

1,0 contain the last (2MT −MR) right
singular vectors. Defining F (0)

1 via

V
(0)

1,0 =

 Re
{
F

(0)
1

}
Im

{
F

(0)
1

}
 , (5.18)

2Other receivers, such as zero forcing or maximum ratio combining, can also be employed in this coordinated
beamforming algorithm.
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we compute U (0)
2,1 ∈ RMR×d from the SVD of Re

{
HF

(0)
1

}
such that it contains the first d left

singular vectors. Then the decoding matrix for the initialization step is chosen as

D(0) = U
(0)
2,1 . (5.19)

5.1.3 Simulation results

In this section, we evaluate the bit error rate (BER) performance of the proposed coordinated
beamforming technique. For all examples, the total number of subcarriers is 128, and the
subcarrier spacing is 15 KHz. In case of CP-OFDM, the length of the CP is set to 1/8 of the
symbol period. The ITU Ped-A channel [33] is adopted. Moreover, the PHYDYAS prototype
filter [32] with the overlapping factor K = 4 is employed. The data symbols are drawn from
a 16 QAM constellation. First, we consider a point-to-point system where MT = MR = 6,
and d = 5. The BER performances of three schemes for MIMO FBMC/OQAM systems are
presented and also compared to that of a MIMO CP-OFDM system in Fig. 5-1. It can be found
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Figure 5-1: Comparison of the BER performances of different schemes in a system whereMT =
MR = 6, d = 5, and the ITU Ped-A channel is considered; CBF - coordinated beamforming

that the proposed coordinated beamforming technique yields the best performance. Note that
the decoding matrix is initialized as (5.19). In this case, we observe that it takes only two
iterations to converge. On the other hand, the transmission scheme that is a straightforward
extension of the CP-OFDM case as described in Section 5.1.1.1 relies on the assumption that
the channel frequency responses remain the same across adjacent subcarriers. As the ITU
Ped-A channel exhibits frequency selectivity and such an assumption is therefore violated, the
performance of this scheme degrades especially in the high signal-to-noise ratio (SNR) regime.
It can also be observed that in this symmetric scenario, the ZF based precoding algorithm3

3In the implementation of this algorithm, only the ZF based step that ensures the cancellation of the intrinsic
interference is considered. The remaining part of the transmit processing (spatial mapping) and the receive
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proposed in [25] performs much worse compared to the other schemes.
The second example also focuses on point-to-point transmissions, while the number of

receive antennas MR = 7 exceeds the number of transmit antennas MT = 6. Note that
the precoding technique in [25] that is only designed for the case where MT ≥ MR cannot be
employed in such a scenario. In case of the proposed coordinated beamforming scheme, ε for the
stopping criterion is set to 10−5, and the maximum number of iterations is 50. In Fig. 5-2, the
performance of the MIMO FBMC/OQAM system where the proposed coordinated beamforming
technique is employed is slightly better than that of the MIMO CP-OFDM system due to the
fact that no insertion of the CP is required. The average number of iterations required for
convergence is 10. The other transmission scheme for MIMO FBMC/OQAM systems which
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Figure 5-2: Comparison of the BER performances of different schemes in a system where
MT = 6, MR = 7, d = 5, and the ITU Ped-A channel is considered; CBF - coordinated
beamforming

is a direct extension of the CP-OFDM case as described in Section 5.1.1.1 suffers from a
performance degradation due to the frequency selectivity of the channel as the SNR increases.

5.2 Coordinated beamforming in FBMC/OQAM based multi-user MIMO
downlink systems

5.2.1 Data model and state-of-the-art

In a multi-user MIMO downlink system where SDMA is employed, one base station equipped
with M (BS)

T transmit antennas transmits to Q users at the same time and on the same fre-

processing (MMSE receiver) are chosen to be the same as the other schemes for the purpose of a fair comparison.
Note that the precoding algorithm proposed in [25] is dominated by the ZF based step.
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quency. The number of receive antennas of the qth user is denoted by MRq , and the total
number of receive antennas of all users severed simultaneously is then M (tot)

R = ∑Q
q=1MRq .

Assuming that the channel on each subcarrier can be treated as flat fading [25], [26], [28],
the combined receive vector on the kth subcarrier and at the nth time instant is denoted by
yk[n] =

[
yT

1,k[n] yT
2,k[n] · · · yT

Q,k[n]
]T
∈ CM

(tot)
R where the received signals of all Q users

are stacked and can be represented by

yk[n] =Hk[n]Fk[n]dk[n] +
n+3∑
i=n−3

k−+1∑
`=k−1

H`[i]F`[i]ci`d`[i]

+ nk[n], (`, i) 6= (k, n). (5.20)

HereHk[n] ∈ CM
(tot)
R ×M(BS)

T denotes the combined channel matrix of all Q users4 and is written
as

Hk[n] =
[
HT

1,k[n] HT
2,k[n] · · · HT

Q,k[n]
]T
, (5.21)

where Hq,k[n] ∈ CMRq×M
(BS)
T represents the channel frequency response between the base

station and the qth user, q = 1, 2, . . . , Q. The data vector dk[n] ∈ Rd with the total number
of spatial streams d = ∑Q

q=1 dq is expressed as

dk[n] =
[
dT

1,k[n] dT
2,k[n] · · · dT

Q,k[n]
]T
, (5.22)

where dq,k[n] ∈ Rdq denotes the desired signal for the qth user on the kth subcarrier and at the
nth time instant when (k + n) is even, and dq denotes the number of spatial streams sent to
the qth user. The terms ci`d`[i] in (5.20) contribute to the intrinsic interference and are pure
imaginary if the prototype pulse satisfies the perfect reconstruction property [22], [27], where
` = k − 1, k, k + 1, i = n − 3, . . . , n + 3, and (`, i) 6= (k, n). Moreover, nk[n] ∈ CM

(tot)
R

denotes the combined additive white Gaussian noise vector with variance σ2
n, and the noise

is assumed to be spatially uncorrelated. For the qth user, the noise autocorrelation matrix is
written as σ2

nIMRq
.

Furthermore, Fk[n] ∈ CM
(BS)
T ×d contains the precoding matrices for all users

Fk[n] =
[
F1,k[n]G1,k[n] F2,k[n]G2,k[n] · · · FQ,k[n]GQ,k[n]

]
, (5.23)

where Fq,k[n] ∈ CM
(BS)
T ×M(eq)

Tq , q = 1, 2, . . . , Q, are calculated to mitigate the multi-user in-
terference by employing, e.g., block diagonalization (BD) [29] such that a multi-user MIMO
downlink system is decoupled into parallel equivalent single-user transmissions. Here M (eq)

Tq

symbolizes the resulting equivalent number of transmit antennas for the qth user. It is deter-
mined by the precoding scheme employed to suppress the multi-user interference. In addition,
Gq,k[n] ∈ CM

(eq)
Tq
×dq , q = 1, 2, . . . , Q, are the transmit beamforming matrices for the equivalent

single-user systems. Note that equal power allocation on the spatial streams and subcarriers is
assumed.

4Here we only provide the formulas of the channel matrices, precoding matrices, and data vectors on the
kth subcarrier and at the nth time instant explicitly due to limited space. In case of the `th subcarrier and the
ith time instant, the corresponding expressions can be obtained by replacing k and n with ` and i, respectively.
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5.2.1.1 Straightforward extension of the transmission strategy as in case of CP-OFDM

Similarly to the case of point-to-point MIMO FBMC/OQAM systems, assuming that the chan-
nel stays constant across adjacent subcarriers and during consecutive symbol periods, i.e.,

Hk[n] = H`[i],
` = k − 1, k, k + 1, i = n− 3, . . . , n+ 3,

an equivalent data model can be obtained as (5.2) that resembles the data model of a CP-
OFDM based multi-user MIMO downlink system. Consequently, transmission strategies that
have been developed for multi-user MIMO CP-OFDM downlink systems can be straightforwardly
extended to their FBMC/OQAM based counterparts where only one additional step is required,
i.e., taking the real part of the resulting signal after the multiplication by the decoding matrix

d̂k[n] = Re
{
DH

k [n]yk[n]
}
, (5.24)

whereDk[n] ∈ CM
(tot)
R ×d is the combined block-diagonal decoding matrix on the kth subcarrier

and at the nth time instant that contains the decoding matrices Dq,k[n] ∈ CMRq×dq , q =
1, 2, . . . , Q, for the Q users, respectively. It is worth mentioning that there is no cooperation
among the users, and the decoding matrix for each user is computed separately.

The concept of this transmission scheme is simple, does not induce much additional process-
ing compared to CP-OFDM based systems, and directly applies the state-of-the-art transmit
as well as receive processing techniques developed for the CP-OFDM based multi-user MIMO
downlink. Nevertheless, it relies on the impractical assumption that the channel is flat fading
and time invariant. In case of frequency selective channels, this transmission strategy fails
to completely eliminate the intrinsic interference inherent in FBMC/OQAM systems and thus
suffers from a performance degradation as also shown in the simulations section.

5.2.1.2 Block diagonalization based scheme

In [28] a BD based precoding algorithm has been proposed for FBMC/OQAM based multi-user
MIMO downlink systems, where M (BS)

T ≥ M
(tot)
R . First, the BD algorithm [29] is used to

calculate the first part of the precoding matrix Fq,k[n], q = 1, 2, . . . , Q, for the Q users to
mitigate the multi-user interference. By rendering Fq,k[n] for the qth user to lie in the null
space of all the other users’ combined channel matrix, it is ensured that

Hg,k[n] · Fq,k[n] = 0 ∈ CMRq×M
(eq)
Tq , g 6= q. (5.25)

Consequently, the received signal of the qth user is expressed as

yq,k[n] =Hq,k[n]Fq,k[n]Gq,kdq,k[n]

+
n+3∑
i=n−3

k+1∑
`=k−1

Hq,`[i]Fq,`[i]Gq,`[i]ci`dq,`[i]

+ nq,k[n], (`, i) 6= (k, n), (5.26)

whereHq,k[n]Fq,k[n] ∈ CMRq×M
(eq)
Tq , q = 1, 2, . . . , Q, can be treated as the equivalent channels

for parallel single-user transmissions. Let us expand the real part of the received signal of the
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qth user

Re {yq,k[n]} =Re {Hq,k[n]Fq,k[n]Gq,k}dq,k[n]

+ (−1) ·
n+3∑
i=n−3

k+1∑
`=k−1

Im {Hq,`[i]Fq,`[i]Gq,`[i]}Re {ci`dq,`[i]}

+ Re {nq,k[n]} , (`, i) 6= (k, n). (5.27)

To cancel the intrinsic interference, the second term on the right hand side of (5.27) should be
rendered as zero. This can be achieved by computing the second part of the precoding matrix
suth that [28]

Im {HqFqGq} = 0 ∈ CMRq×dq , (5.28)

where FqGq represents the precoding matrix for the qth user on a certain subcarrier and at a
certain time instant, andHq denotes the channel matrix for the qth user on the same subcarrier
and at the same time instant. From now on, the time and frequency indices are ignored as the
precoding is performed on a per-subcarrier basis. It should be noted that the optimization of
the power allocation is originally incorporated in the BD based technique [28]. Nevertheless,
this part of the algorithm is not reviewed in detail here, since equal power allocation is assumed.
In the simulations section, when using the BD based technique as a benchmark scheme, equal
power allocation is also adopted to ensure a fair comparison.

This approach outperforms the straightforward extension of the CP-OFDM case in the sense
that it is able to tolerate a certain level of the frequency selectivity of the channel. However,
it suffers from the dimensionality constraint that the number of transmit antennas at the base
station has to be larger than or equal to the total number of receive antennas of the users,
i.e., M (BS)

T ≥M
(tot)
R . For the case where M (BS)

T = M
(tot)
R , this scheme is not able to provide a

satisfactory performance as shown later in the simulation section.

5.2.2 Coordinated beamforming

Based on the philosophy on the precoding design for multi-user MIMO downlink settings first
proposed in [34], the precoding matrix for each user is decomposed into two parts as already
shown in (5.23). For the qth user, the first part Fq eliminates the multi-user interference5.
The second part Gq plays the role of the transmit beamforming matrix for each equivalent
single-user transmission after the multi-user interference cancellation. Due to the fact that the
intrinsic interference resides in FBMC/OQAM based systems, we propose to further decouple
Gq into two parts, i.e.,

Gq = Gq,1Gq,2 ∈ CM
(eq)
Tq
×dq , (5.29)

where Gq,1 ∈ CM
(eq)
Tq
×Mxq is computed to suppress the intrinsic interference, and Gq,2 ∈

RMxq×dq is used for the spatial mapping.

5.2.2.1 IIM-CBF 1 for symmetric multi-user MIMO downlink systems

We first propose a coordinated beamforming based transmission scheme IIM-CBF 1 for sym-
metric multi-user MIMO downlink settings where M (BS)

T = M
(tot)
R . BD [29] is employed to

5In IIM-CBF 3 for the CoMP downlink, Fq suppresses both the intra-cell interference and the inter-cell
interference.
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calculate the first part of the precoding matrices Fq∈ CM
(BS)
T ×M(eq)

Tq , q = 1, 2, . . . , Q. For the
qth user, define a matrix H̃e ∈ C(M(tot)

R −MRq )×M(BS)
T as

H̃e =
[
HT

1 · · · HT
q−1 HT

q+1 · · · HT
Q

]T
, (5.30)

which contains the channel matrices of all the other users. The precoding matrix Fq for the
qth user is obtained as Fq = Ṽe(q,0) ∈ CM

(BS)
T ×M(eq)

Tq , where Ṽe(q,0) contains the last M (eq)
Tq

right
singular vectors that form an orthonormal basis for the null space of H̃e [29]. The resulting
equivalent number of transmit antennas M (eq)

Tq
= M

(BS)
T −∑Q

g=1,g 6=qMRg is equal to MRq . The
reader is referred [29] for more details of the BD algorithm.

For the qth user, we propose to employ the coordinated beamforming algorithm developed
in Section 5.1.2 to jointly and iteratively update the second part of its precoding matrix Gq

and its decoding matrix. An equivalent channel matrix Heq is defined as

Heq = DT
qHqFq ∈ Cdq×M(eq)

Tq , (5.31)

where Dq ∈ RMRq×dq is the real-valued decoding matrix.
The proposed coordinated beamforming algorithm is summarized as follows:
• Step 1: Initialize the decoding matrix D(0)

q ∈ RMRq×dq , set the iteration index p to
zero, and set a threshold ε for the stopping criterion. The decoding matrix is generated
randomly if the current subcarrier is the first one; otherwise set the decoding matrix as
the one calculated for the previous subcarrier [30].

• Step 2: Set p ← p + 1 and calculate the equivalent channel matrix H(p)
eq

in the pth
iteration as

H(p)
eq

= D(p−1)T

q HqFq ∈ Cdq×M(eq)
Tq . (5.32)

Define a matrix

Ȟ(p)
eq

=
[

Im
{
H(p)

eq

}
Re

{
H(p)

eq

} ]
∈ Rdq×2M(eq)

Tq . (5.33)

• Step 3: Calculate the precoding matrix G(p)
q = G

(p)
q,1G

(p)
q,2 for the pth iteration. First, we

perform the singular value decomposition (SVD) of Ȟ(p)
eq

as

Ȟ(p)
eq

= U
(p)
q,1 Σ

(p)
q,1V

(p)T

q,1 . (5.34)

Denoting the rank of Ȟ(p)
eq

as r(p)
q , we define V (p)

q,1,0 ∈ R2M(eq)
Tq
×Mxq as containing the last

Mxq = 2M (eq)
Tq
− r(p)

q right singular vectors that form an orthonormal basis for the null
space of Ȟ(p)

eq
. Hence, G(p)

q,1 for the pth iteration can be obtained via

V
(p)

1,0 =

 Re
{
G

(p)
q,1

}
Im

{
G

(p)
q,1

}
 ∈ R2M(eq)

Tq
×Mxq . (5.35)

To further calculate G(p)
q,2, the following equivalent channel matrix after the cancellation

of the intrinsic interference for the pth iteration is defined as

H̃(p)
eq

= Re
{
H(p)

eq
G

(p)
q,1

}
∈ Rdq×Mxq . (5.36)
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Further calculate the SVD of H̃(p)
eq

, and define V (p)
q,2,1 ∈ RMxq×dq as containing the first

dq right singular vectors. Thereby, G(p)
q,2 is obtained as G(p)

q,2 = V
(p)
q,2,1.

• Step 4: Update the decoding matrix based on the equivalent channel matrix after the
cancellation of the intrinsic interference where only the processing at the transmitter is
considered

H̃
(p)
etxq

= Re
{
HqFqG

(p)
q

}
∈ RMRq×dq . (5.37)

When the MMSE receiver6 is used, the decoding matrix has the following form

D(p)
q = H̃

(p)
etxq

(
H̃

(p)T

etxq
H̃

(p)
etxq

+ σ2
nIdq

)−1
. (5.38)

• Step 5: Calculate the term ∆(Gq) defined as

∆(Gq) =
∥∥∥G(p)

q −G(p−1)
q

∥∥∥2

F
, (5.39)

which measures the change of the precoding matrix Gq. If ∆(Gq) < ε, the convergence
is achieved, and the iterative procedure terminates. Otherwise go back to Step 2.

It is important to note that in the special case where M (eq)
Tq

= MRq = dq + 1, the way
of computing the decoding matrix in the initialization step that is described at the end of
Section 5.1.2 can be employed. Then it is observed that the IIM-CBF 1 scheme only needs two
iterations to converge.

5.2.2.2 IIM-CBF 2 for multi-user MIMO downlink systems where M (BS)
T < M

(tot)
R

In multi-user MIMO FBMC/OQAM downlink systems where the total number of receive anten-
nas of the users exceeds the number of transmit antennas at the base station, the BD algorithm
[29] or the BD based technique [28] cannot be employed to achieve the multi-user interference
or the intrinsic interference suppression. Therefore, we propose another iterative procedure to
jointly compute the precoding matrix and the decoding matrix. Let us first define an equivalent
combined channel matrix after the decoding at the user terminals as

He =



DT
1H1

DT
2H2
...

DT
QHQ


∈ Cd×M(BS)

T . (5.40)

Unlike the coordinated beamforming schemes in [31] or [30], the decoding matrices Dq ∈
RMRq×dq , q = 1, 2, . . . , Q, are forced to be real-valued. Although the BD based concept cannot
be employed on the physical channel due to the dimensionality constraint, it can be used on this
equivalent channel. The proposed IIM-CBF 2 algorithm for the FBMC/OQAM based multi-user
MIMO downlink system is described in detail as follows:

6Other receivers, such as zero forcing or maximum ratio combining, can also be employed in this coordinated
beamforming algorithm.
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• Step 1: Initialize the decoding matricesD(0)
q ∈ RMRq×dq (q = 1, . . . , Q), set the iteration

index p to zero, and set a threshold ε for the stopping criterion. If the current subcarrier is
the first one, the decoding matrices are generated randomly; otherwise, set the decoding
matrices as those calculated for the previous subcarrier [30].

• Step 2: Set p ← p + 1 and calculate the equivalent channel matrix H(p)
e in the pth

iteration as
H(p)

e =
[
H(p)T

e1 H(p)T

e2 · · · H(p)T

eQ

]T
, (5.41)

where H(p)
eq

= D(p−1)T

q Hq is the equivalent channel matrix for the qth user in the pth
iteration.
• Step 3: Calculate the precoding matrices F (p)

q (q = 1, . . . , Q) in the pth iteration to
cancel the multi-user interference based on the BD algorithm [29]. For the qth user,
define a matrix H̃(p)

eq
∈ C(d−dq)×M(BS)

T as

H̃(p)
eq

=
[
H

(p)T

e1 · · · H(p)T

eq−1 H
(p)T

eq+1 · · · H
(p)T

eQ

]T
, (5.42)

which contains the equivalent channel matrices of all the other users that are calculated
in Step 2. The precoding matrix F (p)

q for the qth user in the pth iteration is obtained
as F (p)

q = Ṽ (p)
e(q,0)

∈ CM
(BS)
T ×M(eq)

Tq , where Ṽ (p)
e(q,0)

contains the last M (eq)
Tq

right singular
vectors that form an orthonormal basis for the null space of H̃(p)

eq
[29]. To this end, the

multi-user MIMO downlink transmission is decoupled into parallel equivalent single-user
MIMO transmissions that will be considered in the following steps.

• Step 4: Define a matrix Ȟ(p)
eq
∈ Rdq×2M(eq)

Tq for the qth user based on its equivalent
channel matrix H(p)

eq
F (p)
q after the cancellation of the multi-user interference

Ȟ(p)
eq

=
[

Im
{
H(p)

eq
F (p)
q

}
Re

{
H(p)

eq
F (p)
q

} ]
. (5.43)

• Step 5: Calculate the precoding matrix G(p)
q = G

(p)
q,1G

(p)
q,2 for the qth user in the pth

iteration. First, we perform the singular value decomposition (SVD) of Ȟ(p)
eq

and obtain
V

(p)
q,1,0 ∈ R2M(eq)

Tq
×Mxq as containing the last Mxq = 2M (eq)

Tq
− r(p)

q right singular vectors
that form an orthonormal basis for the null space of Ȟ(p)

eq
, where r(p)

q denotes the rank
of Ȟ(p)

eq
. Hence, G(p)

q,1 ∈ CM
(eq)
Tq
×Mxq can be obtained via

V
(p)
q,1,0 =

 Re
{
G

(p)
q,1

}
Im

{
G

(p)
q,1

}
 ∈ R2M(eq)

Tq
×Mxq (5.44)

such that (5.28) is fulfilled to achieve the mitigation of the intrinsic interference.
Now we define the following equivalent channel matrix after canceling the intrinsic inter-
ference for the qth user in the pth iteration

H̄(p)
eq

= Re
{
H(p)

eq
F (p)
q G

(p)
q,1

}
∈ Rdq×Mxq . (5.45)

Further calculate the SVD of H̄(p)
eq

and define V (p)
q,2,1 ∈ RMxq×dq as containing the first dq

right singular vectors. Then G(p)
q,2 is obtained as G(p)

q,2 = V
(p)
q,2,1.
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• Step 6: Update the decoding matrix for each user based on the real-valued equivalent
channel matrix where the processing at the transmitter and the procedure of taking the
real part of the receive signal are taken into account

H
(p)
etxq

= Re
{
HqF

(p)
q G(p)

q

}
∈ RMRq×dq , q = 1, . . . , Q. (5.46)

When the MMSE receiver is used, the update of the decoding matrix in the pth iteration
for the qth user has the following form:

D(p)
q = H

(p)
etxq

(
H

(p)T

etxq
H

(p)
etxq

+ σ2
nIdq

)−1
. (5.47)

• Step 7: Calculate the term ξ(p) that measures the residual multi-user and the inter-stream
interference for the pth iteration defined as

ξ(p) =
∥∥∥off (D(p)T

Re
{
HF (p)

})∥∥∥2

F
, (5.48)

where off(·) indicates an operation of keeping all off-diagonal elements of its input matrix
while setting its diagonal elements to zero. If ξ(p) < ε, the convergence is achieved, and
the iterative procedure terminates. Otherwise go back to Step 2.

Note that the stopping criterion similar as (5.39) that tracks the change of the precoding
matrix can also be adopted7. In addition, for both IIM-CBF schemes proposed in this section
and Section 5.1.2, it is not required that the users are informed of the decoding matrices
that are obtained at the base station while computing the precoding matrices. After the users
acquire the information of the effective channel via channel estimation, the receive processing
can be performed. For example, the MMSE receiver of the effective channel for each user can
be employed.

5.2.3 Simulation results

In this section, we evaluate the BER performances of the proposed IIM-CBF techniques in
various simulation settings. For all examples, the total number of subcarriers is 128, and the
subcarrier spacing is 15 KHz. In case of CP-OFDM, the length of the CP is set to 1/8 of the
symbol period. The ITU Ped-A channel [33] is adopted. Moreover, the PHYDYAS prototype
filter [32] with the overlapping factor K = 4 is employed. The data symbols are drawn from a
16 QAM constellation. Perfect CSI is assumed at the transmitter and at the receiver.

In the first experiment, a symmetric multi-user MIMO downlink setting is considered, where
the base station is equipped with M (BS)

T = 8 transmit antennas, each of the two users has four
receive antennas, and the number of spatial streams transmitted to each user is 3. The BER
performances of the three schemes for FBMC/OQAM based systems are presented and also
compared to that of a CP-OFDM based system in Fig. 5-3. It can be found that IIM-CBF 1
described in Section 5.2.2.1 yields the best performance. The multi-user interference is first
mitigated by using the BD algorithm [29], and the precoding matrix and the decoding matrix
are computed jointly and iteratively for each of the resulting 4 × 4 equivalent point-to-point
transmissions. Note that the decoding matrix is initialized as (5.19). In this case, we observe
that it takes only two iterations to converge. On the other hand, the transmission scheme that

7These two stopping criteria require different thresholds for the convergence. Here we only present numerical
results obtained when the stopping criterion as in (5.48) is employed, and the threshold ε is set to 10−5.
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is a straightforward extension of BD [29] for the CP-OFDM case as described in Section 5.2.1.1
relies on the assumption that the channel frequency responses remain the same across adjacent
subcarriers. As the ITU Ped-A channel exhibits frequency selectivity and such an assumption
is therefore violated, the performance of this scheme degrades especially in the high signal-to-
noise ratio (SNR) regime. We can also observe that in this symmetric scenario, the BD based
precoding algorithm8 proposed in [28] performs much worse compared to the other schemes.
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FBMC/OQAM direct extension of BD
as for CP−OFDM
FBMC/OQAM IIM−CBF 1
CP−OFDM BD
FBMC/OQAM BD based

Figure 5-3: Comparison of the BER performances of different schemes in a multi-user MIMO
system where Q = 2, M (BS)

T = M
(tot)
R = 8, d = 6, the ITU Ped-A channel is considered; Es

denotes the energy of each 16 QAM symbol, and N0 represents the noise power spectral density

In the second and the third examples, we consider multi-user MIMO downlink settings where
the base station equipped with M (BS)

T = 8 transmit antennas simultaneously serves two users
and three users , i.e., Q = 2 and 3, respectively. Each of the two users in the second scenario
has five receive antennas, and the number of data streams transmitted to each user is 3. On
the other hand, the three users in the third scenario are equipped with three receive antennas
each, and two data streams are transmitted to each of the three users. Note that for such
M

(tot)
R > M

(BS)
T configurations, the transmission strategy proposed in [28] and briefly reviewed

in Section 5.2.1.2 cannot be employed. Fig. 5-4 and Fig. 5-5 show the BER curves for these
two scenarios, respectively. Two techniques are considered for the FBMC/OQAM based system,
i.e., IIM-CBF 2 presented in Section 5.2.2.2 and a direct extension (cf. Section 5.2.1.1) of the
LoCCoBF algorithm [30] originally designed for the case of CP-OFDM. For the purpose of
comparison, we also present the BER performance of a CP-OFDM based system with the same

8In the implementation of this algorithm, after the cancellation of the multi-user interference by using BD,
only the ZF based step that ensures the cancellation of the intrinsic interference is considered. The remaining
part of the transmit processing (spatial mapping) and the receive processing (MMSE receiver) are chosen to
be the same as the other schemes for the purpose of a fair comparison. Note that the precoding algorithm
proposed in [28] is dominated by the BD and ZF based steps.
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as for CP−OFDM
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Figure 5-4: Comparison of the BER performances of different schemes in a multi-user MIMO
downlink system where Q = 2, M (BS)

T = 8, M (tot)
R = 10, d = 6, and the ITU Ped-A channel is

considered; Es denotes the energy of each 16 QAM symbol, and N0 represents the noise power
spectral density

configuration where LoCCoBF is employed. For both the proposed IIM-CBF 2 scheme and
LoCCoBF, ε for the stopping criterion is set to 10−5, and the maximum number of iterations9

is 50. It can be observed that the performance of the FBMC/OQAM based multi-user MIMO
downlink system where IIM-CBF 2 is employed is slightly better than its CP-OFDM based
counterpart due to the fact that no insertion of the CP is required. The other transmission
scheme for the FBMC/OQAM based system suffers from a performance degradation due to
the frequency selectivity of the channel. By assuming that the channel stays constant across
the neighboring subcarriers, the multi-user interference and the intrinsic interference cannot be
eliminated even for high SNRs.

In addition, the convergence behavior of IIM-CBF 2 for the multi-user MIMO FBMC/OQAM
downlink system where M (tot)

R > M
(BS)
T is investigated. The complimentary cumulative distri-

bution function (CCDF) of the number of iterations required to achieve the convergence of the
IIM-CBF 2 scheme presented in Section 5.2.2.2 and LoCCoBF for the case of CP-OFDM is
illustrated in Fig. 5-6. The three-user scenario used for Fig. 5-5 is considered. By comparison,

9Via numerical simulations, it has been observed that there exist rare cases where it takes a large number
of iterations for the stopping criteria of the IIM-CBF schemes to be fulfilled. Therefore, a maximum number of
iterations is set to handle these cases. The iterative procedure is manually terminated if the stopping criteria are
not fulfilled when the number of iterations reaches this maximum number. Taking IIM-CBF 2 as an example,
its stopping criterion corresponds to the residual interference. We have observed that when the algorithm is
manually terminated, though the residual interference is above the threshold, its value is already so small that
the performance is not affected much. Except for this simple way of setting a maximum number of iterations, the
termination of the iterative procedure can also be determined based on the variation of the residual interference
(in case of IIM-CBF 2 and IIM-CBF 3) or the change of the precoding matrix (in case of IIM-CBF 1) as the
number of iterations increases.
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FBMC/OQAM direct extension of LoCCoBF
as for CP−OFDM
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Figure 5-5: Comparison of the BER performances of different schemes in a multi-user MIMO
downlink system where Q = 3, M (BS)

T = 8, M (tot)
R = 9, d = 6, and the ITU Ped-A channel is

considered; Es denotes the energy of each 16 QAM symbol, and N0 represents the noise power
spectral density

we also plot the same set of results for a four-user case, i.e., Q = 4. The base station has 8
transmit antennas, and each of the four users is equipped with 3 receive antennas and is sent
to 2 data streams. Thereby, the total number of the receive antennas of the users M (tot)

R = 12,
and all spatial degrees of freedom are exploited. It can be observed that for the three-user
scenario IIM-CBF 2 converges within 6 iterations in almost all of the cases. As the number of
users and consequently the total number of receive antennas increase, the number of iterations
needed for the convergence becomes slightly larger. Nevertheless, the convergence is achieved
within 10 iterations. Moreover, we can see from the comparison of the proposed IIM-CBF 2
technique for the FBMC/OQAM based system and LoCCoBF for the case of CP-OFDM that
the number of iterations required for the convergence for both schemes are similar. Hence,
compared to the CP-OFDM based multi-user MIMO downlink setting, employing such an IIM-
CBF technique in the FBMC/OQAM based system where M (tot)

R > M
(BS)
T does not result in

an increased number of iterations for the convergence. Only the processing dedicated to the
elimination of the intrinsic interference contributes to a slight additional complexity.

5.3 On the sensitivity of the transmit beamforming schemes to im-
perfect channel state information

5.3.1 Channel estimation error model

The coordinated beamforming based transmission schemes proposed in this chapter compute
precoding matrices based on the channel state information at the transmitter (CSIT). Perfect
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Figure 5-6: CCDF of the number of iterations required for IIM-CBF 2 and LoCCoBF in multi-
user MIMO FBMC/OQAM and CP-OFDM based downlink systems with different settings,
respectively, and the ITU Ped-A channel is considered

CSIT is assumed for all the simulations results presented in the previous sections. Now we
investigate the sensitivity of the proposed transmission strategies to imperfect CSIT via numer-
ical simulations. In this report, we model the imperfect CSI with an additive inaccuracy matrix
[35], [36], [37]

Ĥ = H +E, (5.49)

where E denotes the inaccuracy matrix. Its entries are modeled as independent identically
distributed zero-mean circulant symmetric complex Gaussian random variables with variance β2.
Consequently, Ĥ contains imperfect CSI that is used at the transmitter to perform precoding.
Such a model includes the inaccuracy in both the magnitude and the phase of the channel.

5.3.2 Simulation results

In this section we assess the BER performance of the proposed coordinated beamforming
schemes in the presence of imperfect CSIT. The simulation parameters are similar to those
in Section 5.2.3. In the first example, the same symmetric multi-user MIMO downlink setting
as for Fig. 5-3 is considered. The base station is equipped with M (BS)

T = 8 transmit antennas,
each of the two users has four receive antennas, and the number of spatial streams transmit-
ted to each user is 3. The BER performances of the three schemes for FBMC/OQAM based
systems are presented and also compared to that of a CP-OFDM based system in Fig. 5-7.
For the purpose of comparison, the results obtained by assuming perfect CSI are also plotted.
It can be seen that when β = 0.05, the performance degradation of the proposed IIM-CBF 1
scheme is very small. As β increases, the deviation between the true channel and the one used
to perform the precoding becomes larger. Consequently, the performance degradation is more
severe. In case of the CP-OFDM systems with BD, similar observations can be obtained.
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Figure 5-7: BER performances of different schemes in the presence of imperfect CSIT; Q = 2,
M

(BS)
T = M

(tot)
R = 8, d = 6, the ITU Ped-A channel is considered; Es denotes the energy of

each 16 QAM symbol, and N0 represents the noise power spectral density

We further look at a multi-user MIMO downlink setting where the base station equipped
with M (BS)

T = 8 transmit antennas simultaneously serves three users, i.e., Q = 3. Each of the
two users in the second scenario has three receive antennas, and the number of data streams
transmitted to each user is 2. The corresponding results are shown in Fig. 5-8. We have
similar observations as in Fig. 5-7. On the other hand, the transmission scheme that is a
straightforward extension of LoCCoBF for the CP-OFDM case as described in Section 5.2.1.1
is much less robust against imperfect CSI compared to the proposed IIM-CBF 2 algorithm.
Regardless of the level of the CSIT inaccuracy, the proposed IIM-CBF schemes yields the best
BER performance.
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Figure 5-8: BER performances of different schemes in the presence of imperfect CSIT; Q = 2,
M

(BS)
T = 8, M (tot)

R = 9, d = 6, and the ITU Ped-A channel is considered; Es denotes the
energy of each 16 QAM symbol, and N0 represents the noise power spectral density
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6. Transmission strategies for multi-user MISO and MIMO
FBMC/OQAM systems in highly frequency selective chan-
nels

In this chapter, we present the design of linear precoding and equalization schemes for the down-
link of FBMC/OQAM based multi-user MISO and MIMO systems considering highly frequency
selective channels. As reviewed in the previous chapter, Chapter 5, most of the state-of-the-art
solutions for FBMC/OQAM based multi-user downlink settings have been developed assuming
that the channel on each subcarrier can be treated as flat fading. The coordinated beamform-
ing based transmission strategies described in Chapter 5 have the advantage of alleviating the
dimensionality constraint such that the number of receive antennas is not restricted. Still, these
algorithms can only be employed if the channel on each subcarrier is flat fading. Therefore,
following this contribution, in this chapter we turn to more challenging PMR scenarios where
the channels are highly frequency selective. Recall that strong frequency selectivity has been
considered in Chapter 2 of this document that focuses on point-to-point MIMO transmissions.
Here starting with the downlink of FBMC/OQAM based multi-user MISO systems, we pro-
pose two different MMSE approaches. In the first one, a closed form solution is provided for
a system that has all the complexity at the transmitter side by the use of precoders only. In
the second, we extend this approach to a joint transmitter and receiver design by an iterative
technique. Then, transmission schemes for FBMC/OQAM based multi-user MIMO systems in
highly frequency selective channels are investigated. An iterative design of the precoders and
the equalizers is developed. Extensive simulations have been performed to demonstrate the
performance of the proposed algorithms.

6.1 Sytem model

On the transmitter side of an FBMC/OQAM system, the real part and the complex part of the
QAM modulated data symbols dk[m] = αk[m] + j βk[m] are staggered by half of the symbol
period T/2 as illustrated in Figure 6-1 for even-indexed subcarriers. The resulting signals are
multiplexed by a synthesis filter bank (SFB). At the receiver, signals from the subchannels are
separated by an analysis filter bank (AFB) as shown in Figure 6-2. Assuming an exponentially
modulated filter bank is used for the SFB and the AFB, the pulse shaping filter of the kth
subcarrier has the following form

hk[lP] =hP[lP]exp
(

2π
M
k
(
lP −

LP − 1
2

))
,

lP = 0, 1, . . . , LP − 1, (6.1)

where hP[lP] is the prototype filter of length LP, and M denotes the number of subcarriers.
Here for the prototype filter we choose a root raised cosine of length LP = KM + 1, where K
represents the overlapping factor.

One base station serves U users simultaneously. The number of transmit antennas is denoted
by NT, whereas the jth user is equipped with NRj

receive antennas. The total number of receive
antennas of all users is denoted by NR = ∑U

j=1NRj
. One data stream is transmitted to each

user. Multi-tap precoding filters at the base station and equalizers at the user terminals are
designed to mitigate the multi-user interference (MUI), inter-symbol interference (ISI), and
inter-carrier interference (ICI) as well as to recover the desired signals. After the OQAM
staggering, the signal transmitted to the jth user on the `th subcarrier is denoted by xj`[n],
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dk[m] <{•}

j={•}

x2x2

Ts
2 xk[n]

Figure 6-1: OQAM Staggering for even indexed subcarriers

d0[m]
d1[m] ...

dM−1[m]
SFB Channel

WGN

AFB
+Eq

d̂0[m]
d̂1[m]...
d̂M−1[m]

Figure 6-2: Single user single antenna FBMC System

j = 1, 2, . . . , U . The impulse response of its corresponding precoding filter is symbolized by
bi,j` [n], i = 1, 2, . . . , NT, while B denotes the length of the precoding filters. The output of the
precoders are then combined to be fed into the subcarrier filters for each subcarrier as shown in
Figure 6-3. In order to derive a subcarrier model, Figure 6-4 show how the different precoder
blocks B` of Figure 6-3 are combined with the subcarrier filters and transmit antennas. In
this work, highly frequency selective channels are considered, and hi,j,rch represents the impulse
response of the propagation channel between the ith transmit antenna and the rth receiver
antenna of the jth user. The signal on the kth subcarrier is contaminated by interference from
the (k − 1)th and the (k + 1) subcarrier. The equivalent channel impulse response for the
signal that is transmitted on the `th subcarrier from the ith transmit antenna to the rth receive
antenna and passed through the analysis filter for the kth subcarrier can be expressed as

hi,j,r`,k [n] =
[
h`[lP] ∗ hi,j,rch [lP] ∗ hk[lP]

]
lP=nM

2
, (6.2)

where the effects of the transmit filter, the propagation channel, the receive filter, and the
upsampling and downsampling operations are included. The resulting number of taps of this
equivalent channel is

Q =
⌈

2(LP − 1) + Lch

M/2

⌉
, (6.3)

where Lch denotes the length of the channel impulse response. For the rth receive antenna of
the jth user, an equalizer is applied, and its impulse response is represented by gj,rk [n], where
j = 1, 2, . . . , U , and r = 1, 2, . . . , NRj

. The subcarrier model for the receiver side is then show
in 6-5. In Figure 6-6 we show the total subcarrier model for the kth subcarrier, jth user, jth
transmit antenna and rth receive antenna. Equivalently, the recovered signal of the jth user
on the kth subcarrier can be written as

x̂jk[n] =
NRj∑
r=1

gj,rk [n] ∗
NT∑
i=1

k+1∑
`=k−1

(
hi,j,r`,k [n] ∗

U∑
s=1

(
bi,s` [n] ∗ xs`[n]

))
+ η̂j,rk [n]

 ,
where η̂j,rk [n] denotes the filtered additive white Gaussian noise

η̂j,rk [n] =
[
hk[lP] ∗ ηj,r[lP]

]
lP=nM

2
. (6.4)
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...
bNT,2
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` [n]
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`

b2,U
`

...
bNT,U
`

xU` [n]

s1
` [n]

s2
` [n]

sNT
` [n]

...... ...

B`

Figure 6-3: Precoding of U users onto NT transmit antennas for subcarrier `

As OQAM is employed, the data sequence can be stacked in the vector xjk[n] as follows

xjk[n] =


[
αjk[m] βjk[m] αjk[m− 1] · · ·

]T
, for k odd,[

βjk[m] αjk[m] βjk[m− 1] · · ·
]T
, for k even.

(6.5)

6.2 Precoder design for MISO systems

In the particular case of MISO systems each user is equiped with only one antenna, i.e. NRj
= 1

for all j. In this section we also assume that the equalizers gjk[n] for all users are trivial, this
means that their impulse responses have length one and real valued coefficients. We can them
simplify our model to express the received signal by

α̂jk[m] = γjk

k+1∑
l=k−1

U∑
s=1

NT∑
i=1
<{hi,jl,k[n] ∗ bi,sl [n] ∗ xsl [n] + η̂jk[n]}, (6.6)

if the received symbol should be a real one and

β̂jk[m] = γjk

k+1∑
l=k−1

U∑
s=1

NT∑
i=1
={hi,jl,k[n] ∗ bi,sl [n] ∗ xsl [n] + η̂jk[n]}, (6.7)

if the received symbol should be a imaginary one. Here γjk is a purely real single tap equalizer
and it is necessary because we want to limit the transmitted signal power by introducing the
power constraint given by

b̂j,Tk,optb̂
j
k,opt = 1. (6.8)
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Figure 6-4: Precoded transmitter subcarrier model for NT antennas
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Figure 6-5: Subcarrier model for rth receive antenna

This is achieved by normalizing the precoder and, as a consequence, γjk is the inverse of the
normalization factor as we will show later.

In matrix-vector notation we have

α̂jk[m] = γjk

 k+1∑
l=k−1

U∑
s=1
<{xs,Tl [n]Hj

k,lb
s
l }+ <{hH

kη
j}

 (6.9)

where

Hj
l,k =

[
H1,j

l,k H2,j
l,k . . . HNT,j

l,k

]
∈ CB+Q−1×BNt

bsk =
[
b1,s,T
k b2,s,T

k . . . bNT,s,T
k

]T
∈ CBNT (6.10)

and hk performs the receiver filtering operation on the noise vector. H i,j
l,k ∈ CB+Q−1×B is a

Toeplitz matrix corresponding to the filtering operation with hi,jl,k[n]. The vector bsk ∈ CBNT

contains all precoders within one subchannel that precode user s. The input vector xsk[n] ∈
CB+Q−1 contains B +Q− 1 consecutive input samples.
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Figure 6-6: Model for subcarrier k, user j, transmit antenna i and receive antenna r

The precoder for the jth user on the kth subcarrier can be obtained via the following
optimization problem [38]

b̂jk = argmin
bj

k
,ν

E
∣∣∣∣∣ α̂

j
k[m]
γjk

− αjk[m− ν]
∣∣∣∣∣
2

+ cjk + ujk

 (6.11)

where ν is the delay of the whole system and ck acorrespond to the ICI introduced by user j in
adjacent subcarriers and uk to the MUI introduced by the user j in other users. They given by

cjk = |={xj,Tk [n]Hj
k−1,kb

j
k}|2 + |={xj,Tk [n]Hj

k+1,kb
j
k}|2 (6.12)

ujk =
U∑
s=1
s 6=j

(
|={xj,Tk [n]Hs

k−1,kb
j
k}|2 + |<{xj,Tk [n]Hs

k,kb
j
k}|2 + |={xj,Tk [n]Hs

k+1,kb
j
k}|2

)
. (6.13)

and their sum is calculated by

cjk + ujk =
U∑
s=1
s 6=j

|<{xj,Tk [n]Hs
k,kb

j
k}|2 +

U∑
s=1

(
|={xj,Tk [n]Hs

k−1,kb
j
k}|2 + |={xj,Tk [n]Hs

k+1,kb
j
k}|2

)
.

(6.14)

Let us define x̃jk ∈ RB+Q−1 such that

xjk = Jk · x̃jk, (6.15)

where the diagonal matrix Jk ∈ {0, 1, j }(B+Q−1)×(B+Q−1) has the following form

Jk =



1 0 0 0 · · ·

0 j 0 0 · · ·

0 0 1 0 · · ·

0 0 0 j · · ·
... ... ... ... . . .


. (6.16)

Similarly as in [38], the following linear expressions for the real part and the imaginary part of
the interference terms in 6.13 and (6.13) can be obtained

Re
{
xj

T

k [n] ·Hs
k,k · b

j
k

}
= x̃j

T

k ·Ψs
k,k · ξ

j
k (6.17)

Im
{
xj

T

k [n] ·Hs
`,k · b

j
k

}
= x̃j

T

k ·Φs
`,k · ξ

j
k (6.18)
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where

Ψs
k,k =

[
Re

{
H̃s

k,k

}
−Im

{
H̃s

k,k

}]
, Φs

`,k =
[
Im

{
H̃s

`,k

}
Re

{
H̃s

`,k

}]
(6.19)

ξjk =

Re
{
bjk
}

Im
{
bjk
}
 , H̃s

`,k = Jk ·Hs
`,k. (6.20)

Plugging (6.17) and (6.18) into (6.9), (6.12) and (6.13) and then into (6.11) and evaluating
the expected value operator yields

ξ̂jk = argmin
ξj

k

σ2
x

U∑
s=1

k+1∑
l=k−1

(
ξs,Tl Ψj,T

l,k Ψj
l,kξ

s
l − 2ξs,Tl Ψj,T

l,k eν
)

+ σ2
x

U∑
s=1

(
ξj,Tk Φs,T

k−1,kΦ
s
k−1,kξ

j
k + ξj,Tk Φs,T

k+1,kΦ
s
k+1,kξ

j
k

)

+ σ2
x

U∑
s=1
s 6=j

ξj,Tk Ψs,T
k,kΨ

s
k,kξ

j
k +

σ2
η

2 h
H
khk, (6.21)

where the vector eν is a unit vector with a one at position ν which corresponds to the precoder
delay. For this result we have assumed that all input signals are independently and identically
distributed

E
[
xsk[n]xt,Hl [n]

]
=

σ2
xIB+Q−1, if s = t and k = l,

0B+Q−1, otherwise,
(6.22)

and σ2
x = 0.5σ2

d with σ2
d being the variance of the QAM input symbols djk[n] The above

expression can be optimized by taking its derivative with respect to ξjk and setting it to zero,
which results in

ξ̂jk =
(

U∑
s=1

(
Ψs,T
k,kΨ

s
k,k + Φs,T

k−1,kΦ
s
k−1,k + Φs,T

k+1,kΦ
s
k+1,k

))−1

Ψj,T
k,keν . (6.23)

To fulfill (6.8), we normalize the result of (6.23) to get

ξ̂jk,opt = 1√
ξ̂j,Tk ξ̂jk

ξ̂jk (6.24)

The purely real single tap equalizer is then given by

γjk =
√
ξ̂j,Tk ξ̂jk. (6.25)

The optimization described above was performed under the assumption that the received
signal at time instances n corresponds to a real valued input sample. It can be shown that by
using βsk[m] instead of αsk[m] and interchanging all <{•} and ={•} operations we end up with
the same result.
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6.3 Iterative design of precoder and equalizer for MISO systems

Now we assume that the equalizer gjk[n] for each user is a multi-tap filter with complex coeffi-
cients. The complexitiy is then divided between transmitter and receivers. Since the receivers
are still single antenna, the equalizers are only able to remove ISI and ICI. The precoders will also
have more ability to remove the MUI and the design of precoders and equalizers is performed
in an iterative way.

The received signal in the k-th subcarrier of the j-th user is given by

x̂jk[n] =
Nt∑
i=1

k+1∑
l=k−1

(
qi,jl,k[n] ∗

U∑
s=1

(
bi,sl [n] ∗ xsl [n]

))
+ η̃jk[n], (6.26)

with

qi,jl,k[n] = gjk[n] ∗ hi,jl,k[n] (6.27)

being the convolution of the total transmission chain and the equalizer. η̃jk[n] = gjk[n] ∗ η̂jk[n]
corresponds to the received noise convolved with the equalizer. If we again change to matrix-
vector notation and take the real part of the received signal we get

α̂jk[m] =
k+1∑
l=k−1

U∑
s=1
<{xs,Tl [n]Qj

k,lb
s
l }+ <{η̃jk[n]}. (6.28)

The convolution matrix is now represented by Qj
k,l ∈ C(Q+Leq+B−2)×B with Leq being the

length of the equalizer. If we compare (6.28) with (6.9), we have replaced the matrix Hj
k,l

by Qj
k,l, which includes the equalizer, and we have also obtained a noise signal depending

on the equalizer which, however, is irrelevant for the optimization. The remaining precoder
optimization is therefore equivalent to the preceding section. For the first iteration we assume
that the equalizer is not removing any interference and we leave it as a simple delay.

After obtaining the first precoder, the equalizer design is similar to [39] for SISO systems
without precoding. But now we have to take into account the nontrivial precoder in the
transmission chain. The received signal at user j on subchannel k prior to equalization is given
by

yjk[n] =
Nt∑
i=1

k+1∑
l=k−1

hi,jk,l[n] ∗
U∑
s=1

bi,sl [n] ∗ xsl [n] + η̂jk[n]. (6.29)

In a similar way as in the precoder design we now define a new filter pi,jk,l[n] by convolving the
precoder with the total transmission chain, yielding

yjk[n] =
Nt∑
i=1

U∑
s=1

k+1∑
l=k−1

pi,jk,l[n] ∗ xsl [n] + η̂jk[n], (6.30)

where

pi,jk,l[n] = hi,jk,l[n] ∗ bi,sl [n]. (6.31)

Again we switch to a matrix-vector notation where we define the vector yjk[n] ∈ CLeq consisting
of Leq consecutive output symbols

yjk[n] =
U∑
s=1

k+1∑
l=k−1

Nt∑
i=1
P i,j
k,lx

s
l [n] + Γkη

j[r], (6.32)
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where P i,j
k,l ∈ CLeq×Leq+Q+B−2 is the convolution matrix corresponding to pi,jk,l[n]. This signal

is now filtered with the equalizer gjk ∈ CLeq and we again shift the imaginary units j from the
input signal xjk[n] into the convolution matrix by multiplying every second column of P i,j

k,l with
j leaving the resulting x̃sl [n] as a purely real vector:

α̂jk[n] = <

gj,Hk
 U∑
s=1

k+1∑
l=k−1

Nt∑
i=1
P̃ i,j
k,l x̃

s
l [n] + Γkη

j[r]
 . (6.33)

We can now formulate the optimization problem which is given by

ĝjk = argmin
gj

k

E
[
|α̂jk[m]− αjk[m− ν]|2

]
. (6.34)

Compared to (6.11) we do not have to add additional interference terms. They are already
embedded in the received signal α̂jk[m]. To simplify the objective function, we again attempt
to find a linear expression for taking the real part in (6.33). Accordingly we now define the new
vector and matrices

Θi,j
k,l =

 P̃ i,j,(R)
k,l

P̃
i,j,(I)
k,l

 , ϑjk =
[
g
j,(R),T
k g

j,(I),T
k

]T
. (6.35)

Similar to the previous section, we can show that

<{gj,Hk P̃
i,j
k,l x̃

s
l [n]} = ϑj,Tk Θi,j

k,lx̃
s
l [n]. (6.36)

If we now plug (6.36) into (6.33) and then into (6.34) we find the optimal equalizer by taking
the derivative of (6.34) with respect to ϑjk and set it to zero yielding

ϑ̂jk =
 U∑
s=1

k+1∑
l=k−1

Θj
k,lΘ

j,T
k,l +

σ2
ηj

σ2
d

R
η̂

j,(R)
k

−1

Θj
k,keν , (6.37)

where

Θj
k,l =

Nt∑
i=1

Θi,j
k,l. (6.38)

Again we have assumed that the input signals are i.i.d. (see (6.22)). The noise covariance
matrix R

η̂
j,(R)
k

is given by

R
η̂

j,(R)
k

=
σ2
η

2 Γ′kΓ
′T
k Γ′k =

Γ(R)
k Γ

(I)
k

Γ
(I)
k −Γ

(R)
k

 . (6.39)

If this optimization is performed for βjk[m] instead of αjk[m] the resulting equalizer will again
be the same. For the second iteration, ϑjk is now fed back to the precoder design.
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6.4 Iterative design of precoder and equalizer for MIMO systems

Now we consider the case where NRj
> 1 and the precoder is designed to mitigate the MUI, ISI,

and ICI. At each user terminal, only a single tap spatial filter is applied for each subcarrier and
each antenna. The recovered desired signal α̂jk[m] is expressed in a matrix-vector formulation
as follows

α̂jk[m] = Re


NRj∑
r=1

gj,rk ·

 k+1∑
`=k−1

U∑
s=1

xs
T
` [n] ·Hj,r

`,k · b
s
` + η̂j,rk [n]


 , (6.40)

where

bsk =
[
b1,s,T
k b2,s,T

k . . . bNT,s,T
k

]T
∈ CBNT (6.41)

contains the coefficients of the precoding filter for the sth user on the `th subcarrier, and

Hj,r
`,k =

[
H1,j,r
`,k H2,j,r

`,k · · · HNT,j,r
`,k

]
∈ C(B+Q−1)×NTB (6.42)

with H i,j,r
`,k ∈ C(B+Q−1)×B, i = 1, 2, . . . , NT, representing a Toeplitz matrix with respect to hi,j,r`,k [n].

The data vector xsk[n] ∈ CB+Q−1 contains consecutive data symbols. In case of β̂jk[m], it is obtained
by taking the imaginary part of (6.4). Since both cases are actually equivalent to each other, we
focus on the former in the sequel. Now assume that the spatial filter is known and further write the
expression of the estimated desired signal into

α̂jk[m] =Re


k+1∑
`=k−1

U∑
s=1

xs
T
` [n] · H̆j

`,k · b
s
`

+ Re


NRj∑
r=1

gj,r · η̂j,rk [n]

 ,
where

H̆j
`,k =

NRj∑
r=1

gj,rk ·H
j,r
`,k (6.43)

is introduced as a short-hand notation.
The precoder for the jth user on the kth subcarrier can be obtained via the following optimization

problem [38]

bjk = arg min
bj

k

E
{∣∣∣α̂jk[m]− αjk[m− ν]

∣∣∣2 + cjk + ujk

}
, (6.44)

where ν is the delay of the system, and a fixed value is chosen in the simulations. Note that it has
been pointed out in [38] that ν can also be optimized to further minimize the MSE. The terms cjk
and ujk measure the interference caused by the signal for the jth user on the kth subcarrier to the
adjacent subcarriers and the other users. In the following, let us treat two cases with respect to the
real-valued design and the complex-valued design of the spatial filter, respectively. If a real-valued
spatial filter is designed, i.e., for the jth user and the kth subcarrier gj,rk , r = 1, 2, . . . , NRj , are real,
the expression of α̂jk[m] can be written as

α̂jk[m] =
NRj∑
r=1

gj,rk · Re


 k+1∑
`=k−1

U∑
s=1

xs
T
` [n] ·Hj,r

`,k · b
s
` + η̂j,rk [n]

 . (6.45)
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The interference terms cjk and ujk have the following forms

cjk =
NRj∑
r=1

( ∣∣∣Im{
xj

T

k [n] ·Hj,r
k−1,k · b

j
k

}∣∣∣2 +
∣∣∣Im{

xj
T

k [n] ·Hj,r
k+1,k · b

j
k

}∣∣∣2) (6.46)

ujk =
U∑

s=1,s 6=j

NRs∑
r=1

( ∣∣∣Im{
xj

T

k [n] ·Hs,r
k−1,k · b

j
k

}∣∣∣2 +
∣∣∣Re

{
xj

T

k [n] ·Hs,r
k,k · b

j
k

}∣∣∣2

+
∣∣∣Im{

xj
T

k [n] ·Hs,r
k+1,k · b

j
k

}∣∣∣2), (6.47)

and consequently

cjk + ujk =
U∑
s=1

NRs∑
r=1

( ∣∣∣Im{
xj

T

k [n] ·Hs,r
k−1,k · b

j
k

}∣∣∣2 +
∣∣∣Im{

xj
T

k [n] ·Hs,r
k+1,k · b

j
k

}∣∣∣2 )

+
U∑

s=1,s 6=j

NRs∑
r=1

∣∣∣Re
{
xj

T

k [n] ·Hs,r
k,k · b

j
k

}∣∣∣2 . (6.48)

Define x̃jk ∈ RB+Q−1 such that

xjk = Jk · x̃jk, (6.49)

where the diagonal matrix Jk ∈ {0, 1, j }(B+Q−1)×(B+Q−1) is as defined via (6.16). Similarly as in
[38], the following linear expressions for the real part and the imaginary part of the interference terms
in (6.46) and (6.47) can be obtained

Re
{
xj

T

k [n] ·Hs,r
k,k · b

j
k

}
= x̃j

T

k ·Ψ
s,r
k,k · ξ

j
k (6.50)

Im
{
xj

T

k [n] ·Hs,r
`,k · b

j
k

}
= x̃j

T

k ·Φ
s,r
`,k · ξ

j
k (6.51)

where

Ψs,r
k,k =

[
Re
{
H̃s,r
k,k

}
−Im

{
H̃s,r
k,k

}]
(6.52)

Φs,r
`,k =

[
Im
{
H̃s,r
`,k

}
Re
{
H̃s,r
`,k

}]
(6.53)

ξjk =

Re
{
bjk

}
Im
{
bjk

}
 (6.54)

H̃s,r
`,k = Jk ·Hs,r

`,k . (6.55)

The linear formulation for the operation of taking the real part in (6.43) can be similarly obtained via
defining

Ψ̆j
k,` =

[
Re
{
Jk · H̆j

`,k

}
−Im

{
Jk · H̆j

`,k

}]
(6.56)

Assuming that data symbols are uncorrelated, and the desired signal and the noise are uncorrelated,
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the optimization problem defined via (6.44) can be reformulated into

ξjk =arg min
ξj

k

σ2
x ·
(

k+1∑
`=k−1

U∑
s=1

ξs
T
` · Ψ̆

jT

`,k · Ψ̆
j
`,k · ξ

s
` − 2ξj

T

k · Ψ̆
jT

k,k · eν + 1
)

+ σ2
x ·

U∑
s=1

NRs∑
r=1

(
ξj

T

k ·Φ
s,rT

k−1,k ·Φ
s,r
k−1,k · ξ

j
k + ξj

T

k ·Φ
s,rT

k+1,k ·Φ
s,r
k+1,k · ξ

j
k
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+ σ2
x ·

U∑
s=1,s 6=j

NRs∑
r=1

ξj
T

k ·Ψ
s,rT

k,k ·Ψ
s,r
k,k · ξ

j
k +Rj

′
nnk

, (6.57)

where σ2
x denotes the variance of the in-phase or the quadrature components of the QAM symbols,

and Rj′nnk
represents the equivalent covariance of the real part of the filtered noise after the spatial

filtering. Taking the derivative with respect to ξjk and setting it to zero yield

ξjk =
(
Ψ̆jT

k,k · Ψ̆
j
k,k +

U∑
s=1

NRs∑
r=1

(
Φs,rT

k−1,k ·Φ
s,r
k−1,k + Φs,rT

k+1,k ·Φ
s,r
k+1,k

)

+
U∑

s=1,s 6=j

NRs∑
r=1

Ψs,rT

k,k ·Ψ
s,r
k,k

)−1

· Ψ̆jT

k,k · eν . (6.58)

To update the spatial filter, it is assumed that the MUI, ISI, and ICI have been canceled completely,
i.e., α̂jk[m] takes the following form

α̂jk[m] = Re

xjTk [n] ·
NRj∑
r=1

gj,rk ·H
j,r
k,k · b

j
k

 . (6.59)

Define a vector gjk ∈ RNRj that contains the NRj coefficients of the spatial filter of the jth user on
the kth subcarrier, i.e.,

gjk =
[
gj,1k gj,2k · · · g

j,NRj

k

]T
. (6.60)

The Toeplitz matrices corresponding to the precoders for the jth user on the kth subcarrier, Bi,j
k ∈

CQ×(B+Q−1), i = 1, 2, . . . , NT, are stacked in Bj
k

Bj
k =



B1,j
k

B2,j
k
...

BNT,j
k


∈ CNT·Q×(B+Q−1). (6.61)

In addition, we define

Ȟj
k,k =



h1,j,1T

k,k h2,j,1T

k,k · · · hNT,j,1T

k,k

h1,j,2T

k,k

. . . . . . ...
... . . . . . . ...

h
1,j,NRj

T

k,k · · · · · · h
NT,j,NRj

T

k,k


∈ CNRj

×NT·Q, (6.62)
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which corresponds to the impulse responses of the channels between the transmit antennas of the
base station and the receiver antennas of jth user. Then (6.59) can be written as

α̂jk[m] =Re
{
gj

T

k · Ȟ
j
k,k ·B

j
k · x

j
k[n]

}
=gj

T

k · Re
{
Ȟj
k,k ·B

j
k · x

j
k[n]

}
. (6.63)

Define

ȟjk,k = Re
{
Ȟj
k,k ·B

j
k · eν

}
∈ RNRj , (6.64)

where eν ∈ CB+Q−1 is a unit vector with its νth element as one.
The MRC is used as the criterion for the spatial filter. Therefore, gjk can be obtained as

gjk = ȟjk,k. (6.65)

6.5 Simulation results

Extensive numerical simulations have been performed to evaluate the performance of the proposed
linear precoding and equalization schemes for the downlink of multi-user MISO and MIMO PMR
systems. Highly frequency selective channels are considered. The total number of subcarriers is 128,
whereas the number of useful subcarriers is 72. The subcarrier spacing is set to 15 KHz, and the
bandwidth is 1.4 MHz. The data symbols are drawn from the 16-QAM constellation. For all examples,
1000 simulation trials have been performed with a block length of 1000 samples per subcarrier, and
a single spatial stream is sent to each user.

6.5.1 FBMC/OQAM based multi-user MISO downlink systems

We present here the numerical results for the multi-user MISO downlink for both MMSE precoder-only
and for the iterative design where each mobile station uses a multi-tap equalizer. All numerical results
presented in this subsection are obtained by employing the WINNER Phase II model based on the
3GPP spatial channel model that is also used in [38]. The maximum channel length is approximately
Lch = 22. For all scenarios the number of transmit antennas at the BS has been set to NT = 4
and we consider three different cases for U = 2, 3 and 4 users. The simulations where performed for
different Eb=N0 which is the ratio between the signal power per bit and the noise power at one user.
For the delay we chose ν = dB/2e and ν = d(B+Leq)/2e for the precoder-only and iterative designs,
respectively.

In Fig. 6-7 we can see the performance of the precoder-only approach in a 4x2 system (4 transmit
antennas and 2 users). The BER is given for different lengths of the precoder. It can be seen that
the BER decreases significantly if B is increased from 1 to 5. Incrementing B any further, however,
does not lead to any significant additional improvement for the scenario considered. To measure the
complexity of the implemented system we note that the number of taps per user is given by NTB,
resulting in 4, 8, 20 and 32 taps for a precoder length of 1, 2, 5 and 8, respectively.

Fig. 6-8 depicts again uncoded BER for the precoder only configuration but now we evaluate the
performance for U = 2, 3 and 4 users. We can verify the loss on performance as the number of users
increases.

The results for the iterative technique are shown in Fig. 6-9, again for a 4x2 system. The length
of the equalizer is kept constant at Leq = 3 while the precoder length is increased from 1 to 5. The
number of iterations is constant at Nit = 4. Again we see considerable improvement if 3 taps are used
instead of 1, but the performance for B = 5 is almost equal to that for B = 4. The total number of
taps per user is now given by NtB + Leq yielding 7, 11, 19 and 25 taps for B = 1, 2, 4 and 5.
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Figure 6-7: BER performance in different multi-user MISO downlink settings where NR = U =
2, NT = 4, B = 1, 2, 5, and 8
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Figure 6-8: BER performance in different multi-user MISO downlink settings where NR = U =
2, 3, 4, NT = 4, and B = 5
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Figure 6-9: BER performance in different multi-user MISO downlink settings where NR = U =
2, NT = 4, B = 1, 2, 4 or 5, and Nit = 4
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Figure 6-10: BER performance in different multi-user MISO downlink settings where NR =
U = 2, NT = 4, B = 5, Nit = 1, 2, 3 and 4
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The impact of the number of iterations is depicted in Fig. 6-10 where also a 4x2 system has been
employed. We can see that in the low Eb/N0 regime the lowest BER is already achieved after only
one iteration. Further improvement with additional iterations can only be reached in the high Eb/N0
regime. Although not shown in this picture, the same is true for the 4x3 and the 4x4 systems. The
convergence of the iterative algorithm is very similar for the multi-user MIMO system. In the next
section we provide a more detailed study of the convergence for the iterative algorithm in that case.
By comparing the curves for both precoder only and iterative designs, where 5 taps are used at the
precoders for the first and 4 taps for the second, one can see that the show a similar BER performance.
In this case the precoder only has a total o 20 taps per user and the iterative has 19. This means
that in the case of the iterative design, besides the complexity distribution between transmitter and
receiver, also some complexity reduction can be achieved for the same performance.

6.5.2 FBMC/OQAM based multi-user MIMO downlink systems

Now we present the numerical results with respect to the proposed iterative design of the precoding
filters and the real-valued MRC receivers for FBMC/OQAM based multi-user MIMO downlink systems.
In the simulations, we have employed the WINNER Phase II channel model based on the 3GPP spatial
channel model that is also used in [38]. The maximum channel length is approximately Lch = 22. In
the proposed iterative scheme, gjk (j = 1, 2, . . . , U) that contains the NRj real-valued coefficients of
the receive spatial filter of the jth user on the kth subcarrier is initialized randomly. To determine the
termination of the iterative procedure, we propose to use the following stopping criterion. The term
∆(g) that tracks the change of the receive spatial filters is defined as

∆(g) =
∣∣∣g(p)
k − g

(p−1)
k

∣∣∣2 , (6.66)

where g(p)
k ∈ RNR and g(p−1)

k ∈ RNR contain the coefficients of the receive spatial filters of all U
users computed in the pth iteration and the (p− 1)th iteration, respectively. A threshold denoted by
ε is set to 10−5 in the simulations. At the end of each iteration, ∆(g) is calculated and compared to
ε. If ∆(g) < ε, the algorithm terminates, and the precoders are obtained. Otherwise, the iterative
procedure continues, and the precoders and the receive filters are further updated.

To compute the precoders via (6.58), we introduce a regularization factor α > 0 in the matrix
inversion involved in (6.58) to solve the problem that the matrix might be ill-conditioned, i.e.,

ξjk =
(
Ψ̆jT

k,k · Ψ̆
j
k,k +

U∑
s=1

NRs∑
r=1

(
Φs,rT

k−1,k ·Φ
s,r
k−1,k + Φs,rT

k+1,k ·Φ
s,r
k+1,k

)

+
U∑

s=1,s 6=j

NRs∑
r=1

Ψs,rT

k,k ·Ψ
s,r
k,k + α · Iα

)−1

· Ψ̆jT

k,k · eν , (6.67)

where the identity matrix Iα is of size (2 ·B ·NT)× (2 ·B ·NT). The choice of α has impact on the
performance as shown later via the simulation results.

In addition to the bit error rate (BER) performance, we show plots of the residual ISI and the
residual leakage that is the interference caused by signals of each user on a certain subcarrier to the
other users and the adjacent subcarriers. For the kth subcarrier, the residual leakage can be expressed
as

U∑
j=1

E
{
cjk + ujk

}
, (6.68)

where (cjk + ujk) for the jth user is given in (6.48). Consequently, the residual leakage on the kth
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subcarrier is measured by

U∑
j=1
ξj

T

k ·
(

U∑
s=1

NRs∑
r=1

(
Φs,rT

k−1,k ·Φ
s,r
k−1,k + Φs,rT

k+1,k ·Φ
s,r
k+1,k

)
+

U∑
s=1,s 6=j

NRs∑
r=1

Ψs,rT

k,k ·Ψ
s,r
k,k

)
· ξjk (6.69)

To provide the expression of the residual ISI, we introduce a “selection” matrix denoted by Jsel ∈
R(N+Q−1)×(N+Q−2) that is obtained by removing the νth column of a (N +Q− 1)× (N +Q− 1)
identity matrix. Then, the residual ISI for the kth subcarrier is computed as

U∑
j=1

∣∣∣gjTk · Re
{
Ȟj
k,k ·B

j
k · Jsel

}∣∣∣2 . (6.70)

In the first example, we consider a two-user scenario, and each user is equipped with two receive
antennas, i.e., U = 2, and NR1 = NR2 = 2. The number of transmit antennas at the base station
NT = 8, 6, or 4. The length of the precoder B is set to 5, whereas the matrix inversion regularization
factor is chosen as 0.01. Fig. 6-11 depicts the BER performance, and it is observed that as the number
of transmit antennas increases, the BER performance is better. This observation is supported by the
results presented in Fig. 6-14 where the complimentary cumulative distribution function (CCDF) of
the residual ISI and the residual leakage is plotted. A larger number of transmit antennas leads to
greater spatial degrees of freedom for the users that are simultaneously served in such SDMA settings.
Consequently, the MUI caused by each users to the other users is more effectively mitigated. The
resulting inter-carrier interference is smaller, too. In addition, the CCDF of the number of iterations
required for convergence is illustrated in Fig. 6-12, while the CCDF of the final value (recorded as
the algorithm terminates) of the term ∆(g) is shown in Fig. 6-13. It can be seen that the algorithm
converges within five iterations at a probability of around 90% regardless of the number of transmit
antennas considered in this example.
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Figure 6-11: BER performance in different multi-user MIMO downlink settings where U = 2,
NR1 = NR2 = 2, NT = 8, 6, or 4, B = 5, and α = 0.01
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Figure 6-12: CCDF of the number of iterations in different multi-user MIMO downlink settings
where U = 2, NR1 = NR2 = 2, NT = 8, 6, or 4, B = 5, and α = 0.01
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Figure 6-13: CCDF of the final value of ∆(g) in different multi-user MIMO downlink settings
where U = 2, NR1 = NR2 = 2, NT = 8, 6, or 4, B = 5, and α = 0.01
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Figure 6-14: CCDF of the residual ISI and leakage in different multi-user MIMO downlink
settings where U = 2, NR1 = NR2 = 2, NT = 8, 6, or 4, B = 5, and α = 0.01

In the second example, we fix the simulation setting to the two-user scenario where NT = 6 and
NR1 = NR2 = 2. Different lengths of the precoding filters are considered, i.e., B = 1, 3, 5, or 9.
The matrix inversion regularization factor α = 0.01 or 10−4. The corresponding BER performance,
CCDF of the number of iterations required for convergence, and CCDF of the residual ISI as well
as the residual leakage are presented in Fig. 6-15, Fig. 6-16, and Fig. 6-17, respectively. A greater
length of the precoders contributes to a superior capability in mitigating the multi-user interference,
the inter-carrier interference, and the ISI, as demonstrated in Fig. 6-17. Hence, the BER performance
becomes better, as the length of the precoding filters increases. Nevertheless, by increasing the length
from five to nine, the performance improvement is already very small. On the other hand, Fig. 6-16
implies that the number of iterations required for convergence is barely affected by the length of the
precoders.

We investigate the impact of the matrix inversion regularization factor on the performance of the
proposed scheme in the third example. A 4×4 scenario is considered, where U = 2, NR1 = NR2 = 2,
NT = 4, and B = 5. The corresponding BER performance, CCDF of the number of iterations required
for convergence, and CCDF of the residual ISI as well as the residual leakage are presented in Fig. 6-18,
Fig. 6-19, and Fig. 6-20, respectively. It is observed in Fig. 6-18 that a larger value for the matrix
inversion regularization factor leads to a better performance in the low signal-to-noise-ratio (SNR)
regime, while there is an error floor in the high SNR regime. As shown in Fig. 6-20, a larger value for
the regularization factor results in larger residual ISI and residual leakage due to approximation errors
induced by the regularization procedure. Unlike the low SNR regime, in the high SNR regime the
residual interference (residual ISI and residual leakage) instead of the noise dominates. This explains
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Figure 6-15: BER performance with respect to different lengths of the precoders in a multi-user
MIMO downlink setting where U = 2, NR1 = NR2 = 2, NT = 6, B = 1, 3, 5, or 9, and
α = 0.01 or 10−4
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Figure 6-16: CCDF of the number of iterations with respect to different lengths of the precoders
in a multi-user MIMO downlink setting where U = 2, NR1 = NR2 = 2, NT = 6, B = 1, 3, 5,
or 9, and α = 0.01
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Figure 6-17: CCDF of the residual ISI and leakage with respect to different lengths of the
precoders in a multi-user MIMO downlink setting where U = 2, NR1 = NR2 = 2, NT = 6,
B = 1, 3, 5, or 9, and α = 0.01

the observation in the BER performance. Moreover, we can see that in Fig. 6-19 that the influence
of the regularization factor on the number of iterations required for convergence is negligible. This
batch of results also inspire the design of an SNR-related regularization factor.

In the last example of this subsection, we present numerical results with respect to different multi-
user MIMO downlink settings where the base station is equipped with eight transmit antennas. Two
two-user scenarios are considered, where NR1 = NR2 = 2 and NR1 = NR2 = 3, respectively. The
third is a three-user setting where NR1 = NR2 = NR3 = 2. Fig. 6-21 and Fig. 6-22 illustrate the BER
performance and the CCDF of the residual ISI and the residual leakage, respectively. In the comparison
of the two two-user settings, 8× 4 and 8× 6, we can see that the former has a smaller residual multi-
user interference and inter-carrier interference leakage due to a smaller number of receiver antennas,
while the latter provides a superior BER performance owing to the diversity gain that results from a
larger number of receive antennas. In addition, altogether three spatial streams are transmitted in the
three-user case, and the data rate is thus higher compared to the two-user settings. It is as expected
that the corresponding BER performance is worse than that of the two-user scenarios.

In the end, we show some simulation results in case of spatially uncorrelated ITU Veh-B channels.
Different multi-user MIMO downlink settings are investigated, and the results are presented in Fig. 6-
23 and Fig. 6-25. The impacts of the length of the precoders and the regularization factor on
the performance are shown in Fig. 6-24 and Fig. 6-26, respectively. Similar observations as for the
WINNER channel case are obtained. By contrast, we can see that the lack of spatial correlation leads
to better performance for all scenarios compared to the WINNER channel case.

ICT-EMPhAtiC Deliverable D4.3 88/108



ICT 318362 EMPhAtiC Date: 30/8/2014

−15 −10 −5 0 5 10 15 20 25 30
10

−4

10
−3

10
−2

10
−1

10
0

E
b
/N

0

un
co

de
d 

B
E

R

 

 

4 × 4, U = 2, B = 5, α = 10−2

4 × 4, U = 2, B = 5, α = 10−3

4 × 4, U = 2, B = 5, α = 10−4

Figure 6-18: BER performance with respect to different values for the inversion regularization
factor in a multi-user MIMO downlink setting where U = 2, NR1 = NR2 = 2, NT = 4, B = 5,
and α = 0.01, 10−3, or 10−4
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Figure 6-19: CCDF of the number of iterations with respect to different values for the inversion
regularization factor in a multi-user MIMO downlink setting where U = 2, NR1 = NR2 = 2,
NT = 4, B = 5, and α = 0.01, 10−3, or 10−4
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Figure 6-20: CCDF of the residual ISI and leakage with respect to different values for the
inversion regularization factor in a multi-user MIMO downlink setting where U = 2, NR1 =
NR2 = 2, NT = 4, B = 5, and α = 0.01, 10−3, or 10−4
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8 × 4, U = 2, B = 5
8 × 6, U = 2, B = 5
8 × 6, U = 3, B = 5

Figure 6-21: BER performance in different multi-user MIMO downlink settings where U = 2
or 3, NT = 8, NR = 4 or 6, B = 5, and α = 0.01
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Figure 6-22: CCDF of the residual ISI and leakage in different multi-user MIMO downlink
settings where U = 2 or 3, NT = 8, NR = 4 or 6, B = 5, and α = 0.01
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8 × 4, U = 2, B = 5
6 × 4, U = 2, B = 5
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Figure 6-23: BER performance in different multi-user MIMO downlink settings where U = 2,
NR1 = NR2 = 2, NT = 8, 6, or 4, B = 5, and α = 0.01; ITU Veh-B channel is used
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6 × 4, U = 2, B = 1
6 × 4, U = 2, B = 3
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Figure 6-24: BER performance with respect to different lengths of the precoders in a multi-user
MIMO downlink setting where U = 2, NR1 = NR2 = 2, NT = 6, B = 1, 3, 5, or 9, and
α = 0.01; ITU Veh-B channel is used
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8 × 4, U = 2, B = 5
8 × 6, U = 2, B = 5
8 × 6, U = 3, B = 5

Figure 6-25: BER performance in different multi-user MIMO downlink settings where U = 2
or 3, NT = 8, NR = 4 or 6, B = 5, and α = 0.01; ITU Veh-B channel is used
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8 × 4, U = 2, B = 5, α = 1

8 × 4, U = 2, B = 5, α = 10−2

8 × 4, U = 2, B = 5, α = 10−4
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Figure 6-26: BER performance with respect to different values for the inversion regularization
factor in a multi-user MIMO downlink setting where U = 2, NR1 = NR2 = 2, NT = 8, B = 5,
and α = 1, 0.01, 10−4, or 10−6; ITU Veh-B channel is used
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7. Study of the impact of imperfect channel state informa-
tion at the transmitter on ZF precoding

7.1 Introduction

When CSI is available at the transmitter, the potential gain increases considerably as shown in [40]
and [41] where random vector quantization (RVQ) has been used to compute the achievable data rate
of multi input multi output (MISO) point-to-point single user communication and multiuser MIMO
broadcast channels with finite rate feedback. As we have reviewed in Chapter 5, assuming that CSI
was perfectly known at the transmitter, a zero forcing (ZF) based approach has been proposed in [25]
for multi-stream transmissions in MIMO FBMC/OQAM systems. In [27], the authors have proposed
a space division multiple access (SDMA) approach for the MISO broadcast channel based on the
Tomlinson-Harashima precoding. Without restriction on the number of transmit antennas and receive
antennas, a coordinated beamforming algorithm for point-to-point MIMO FBMC/OQAM systems
and multi-user MIMO downlink settings has been recently introduced in [42]. This scheme has been
described in detail in Chapter 5 of this document, and its performance in the presence of channel
estimation error has been presented as well.

In this chapter, we evaluate the impact of imperfect CSI at the transmitter on the performance of
ZF based multi-user MIMO precoding for FBMC modulation. For flat fading channels, we will show
that as in OFDM, depending on the number of users and consequently the number of interferers, the
number of required feedback bits per channel vector can be rather high to cope with the inter-user
interference.

7.2 FBMC system model

In a baseband discrete time model, we can write at the transmitter side the FBMC signal as follows
[16]:

s[m] =
M−1∑
k=0

∑
n∈Z

sk,ngk,n[m], (7.1)

where gk,n[m] are the shifted versions of the prototype filter g[m] in time and frequency, M is an even
number of subcarriers, and sk,n are the real-valued transmitted symbols.

Assuming that the channel is constant at least over the summation zone Ωk,n = Ω∗k,n ∪ {(k, n)},
the signal at the receiver output can be written as [43]:

yk,n = hk,n

+∞∑
m=−∞

s[m]g∗k,n[m] + bk,n

= hk,n(sk,n + juk,n) + bk,n (7.2)

where hk,n and bk,n are, respectively, the channel coefficient and the noise term at kth subcarrier
and nth time index.

The intrinsic interference Ik,n = juk,n is pure imaginary and depends only on symbols transmitted
in a restricted set Ω∗k,n of time-frequency positions around the considered position (k, n). It can be
expressed as:

Ik,n =
∑

(k′,n′)∈Ω∗
k,n

sk′,n′Γδk,δn. (7.3)

Table 7-1 depicts the main coefficients Γδk,δn assuming the PHYDYAS prototype filter [22] with
an overlapping factor K = 4.
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n− 3 n− 2 n− 1 n n+ 1 n+ 2 n+ 3

k − 1 0.043j 0.125j 0.206j 0.239j 0.206j 0.125j 0.043j

k 0.067j 0 0.564j 1 −0.564j 0 −0.067j

k + 1 0.043j −0.125j 0.206j −0.239j 0.206j −0.125j 0.043j

Table 7-1: Transmultiplexer impulse response (main part) using the PHYDYAS filter

7.3 ZF precoding with imperfect CSI at the transmitter

We consider a multi-user MIMO FBMC/OQAM downlink scenario where the BS, equipped with Nt

transmit antennas, transmits to Q users at the same time and same frequency. We assume here that
each user is equipped with only one receive antenna. We can write the received signal at user q on
the kth subcarrier and the nth time index as follows (for sake of clarity we omit the index k and n in
the remainder of the paper) :

yq = hHq fq(sq + juq) +
Q∑

j=1;j 6=q
hHq fj(sj + juj) + nq (7.4)

where hq is the channel vector for the q-th user of size Nt× 1, fq represents the precoding vector
that maps the data symbols sq to the transmit antennas and nq denotes the additive white Gaussian
noise vector with variance σ2

n and zero mean.
Assuming a finite rate feedback link, each user quantizes the direction of the channel vector using

B bits and feeds it back to the base station (BS). The BS must then determine the precoding matrix
using the quantized channel direction information (CDI). In this work, we will restrict our analysis to
the ZF precoding scheme. Other precoding schemes exist including Dirty Paper Coding strategy or
Regularized Zero-Forcing precoding scheme [44].

Considering perfect channel state information at the user side, each user quantizes its CDI, gq =
hq

||hq || with a vector w∗q that is selected from the codebook W of size N = 2B in order to maximize
the instantaneous SNR or equivalently to minimize the chordal distance metric.

The optimum precoding vector is selected according to the following criterion:

w∗q = arg max
wi∈W

|hHq wi|2

= arg min
wi∈W

(1− |gHq wi|2) (7.5)

where 1− |gHq wi|2 is the square chordal distance d2(gq,wi) between the unit vectors gq and wi.
The index of the selected vectors w∗q are fed back to the transmitter without errors through a

finite rate feedback link. Then at the BS, a concatenated quantized CDI matrix W̃ of size Q×Nt is
built as follows :

W̃ =


w∗H1
...

w∗HQ

 (7.6)
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The beamforming vectors f1, . . . , fQ are chosen as the normalized columns of the matrix F given
by

fq = F(:, q)
||F(:, q)|| (7.7)

where
F = W̃H(W̃W̃H)−1 (7.8)

At the qth receiver, we first multiply the received signal yq by
(hH

q fq)H

||hq ||2 . We have :

ỹq =
(hHq fq)H

||hq||2
yq

= |gHq fq|2(sq + juq) +
Q∑

j=1;j 6=q
(gHq fq)H(gHq fj)(sj + juj) +

(hHq fq)H

||hq||2
nq (7.9)

Then, by taking only the real part of ỹq we have

<(ỹq) = |gHq fq|2sq + I − J + <
((hHq fq)H

||hq||2
nq
)

(7.10)

where

I =
Q∑

j=1;j 6=q
<((gHq fq)H(gHq fj))sj (7.11)

and

J =
Q∑

j=1;j 6=q
=((gHq fq)H(gHq fj))uj (7.12)

The quantity I−J is the multi-user interference. In the limited feedback case, since ZF precoding
is performed from the selected vectors w∗q , the multi-user interference is only partially removed.

Interestingly, in the OFDM case, the same treatment is applied but both the real and imaginary
part are taken in order to recover the complex symbol. When considering the real part, the only
difference between OFDM and FBMC is that the interfering term uj is a PAM modulation in the
OFDM case, while it is a discrete distribution obtained from equation (7.3) in the FBMC case.

Since E(|sq|2) = E(|uq|2) = P/2Nt where P is the total transmit power, it can easily be shown
that, for both OFDM and FBMC, the SINR can be written as:

γq =
P
Nt

∣∣∣hHq fq
∣∣∣2

N0BW + P
Nt

Q∑
j=1;j 6=q

∣∣∣hHq fj
∣∣∣2 (7.13)

where N0BW is the total noise power.

7.4 Performance analysis

7.4.1 Bit error rate analysis

RVQ [41] is a practical tool to estimate the performance of MISO point-to-point single user commu-
nication and multiuser MIMO broadcast channels with finite rate feedback.
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In RVQ, the N = 2B quantization vectors are independently chosen from the isotropic distribution
on the Nt-dimensional unit sphere. From a practical point of view, it is equivalent to build the
codebook by selecting randomly 2B unit vector beamforming vectors. It has been shown that RVQ is
very useful for performance analysis and performs close to the optimal quantization when B →∞.

In [40], under the RVQ assumption, the author has shown that gq and fq are independent isotropic
vectors when using ZF beamforming with Q = Nt. Consequently, the inner product |gHq fq|2 is beta
distributed 1 with parameters 1 and Nt − 1 . For the case Nt = 2, the distribution becomes uniform
between -1 and +1.

In order to derive the BER, we will first evaluate the distribution of the interference terms
<((gHq fq)H(gHq fj))sj and =((gHq fq)H(gHq fj))uj .

We can write

<((gHq fq)H(gHq fj)) = <(gHq fq)H)<(gHq fj)−=((gHq fq)H)=(gHq fj)
= A+B (7.14)

Both terms A and B are distributed Laplace random variables with mean 0 and scale factor s. The
parameter s is directly related to the size of the codebook. The scale factor s for different numbers
of bits per channel vector and two different multiuser systems (Q = Nt = 2 and Q = Nt = 4) are
given in table 7-2

B (bits) 4 6 8 10 12

s(Q = Nt = 2) 0.06 0.03 0.015 0.075 0.037

s(Q = Nt = 4) 0.061 0.048 0.036 0.029 0.023

Table 7-2: scale factor s versus the number of bits per channel vector B for Q = Nt = 2 and
Q = Nt = 4.

The distribution of the sum A+B can be computed as [45]

fA+B(x) = 1
4s
(
1 + |x|

s

)
exp

(
− |x|

s

)
(7.15)

Then the distribution of R((gHq fq)H(gHq fj))sj can be given by

f
(s)
Z (z) =

∑
x∈S

1
|x|
fA+B

(
z

x

)
fX(x) (7.16)

where S is the constellation set, and fX(x) is the distribution of sj (PAM symbols). On the other
hand, the distribution of I((gHq fq)H(gHq fj))uj can be given by

f
(u)
Z (z) =

∑
x∈U

1
|u|
fA+B

(
z

u

)
fU (u) (7.17)

where U is the set of all possible values of the intrinsic interference u, and its distribution is given by
fU (u).

According to (11) and (12), we can deduce that the distribution of the interference terms I and
J can be, respectively, given by

fI(z) = f
(s)
Z (z) ∗ ... ∗ f (s)

Z (z)︸ ︷︷ ︸
Q−1 times

(7.18)

1The beta distribution is given by f(x;α, β) = 1
B(α,β)x

α−1(1 − x)β−1 where B(α, β) is the beta function
to ensure that the probability integrates to 1
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and

fJ(z) = f
(u)
Z (z) ∗ ... ∗ f (u)

Z (z)︸ ︷︷ ︸
Q−1 times

(7.19)

where ∗ stands for the convolution product.
For OQAM4 modulation, the asymptotic BER (without thermal noise) can be computed as follows

TEB =
∫ +∞

−∞
fγ(γ)

∫ +∞

γ
fI−J(z)dzdγ (7.20)

where fγ(γ) is the beta distribution of parameters 1 and Nt − 1 of |gHq fq|2 and fI−J(z) is the
distribution of the interference term and can be calculated by convolution using relation (7.18) and
(7.19).

7.4.2 Achievable rate analysis

The instantaneous data rate Rq for the q-th user is calculated as follows :

Rq = BW log2(1 + γq) (7.21)

For the multiuser MIMO broadcast channels, the throughput loss using finite rate feedback with
RVQ compared to the sum rate achieved with perfect CSI at the transmitter ZF precoding has been
computed by Jindal in [40]. Since the SINR expression γq given in (7.13) for FBMC system is the
same, assuming a gaussian distribution of the transmitted symbols sq, we have the same achievable
sum data rate. Particularly, as demonstrated in [40], a finite-rate feedback with B feedback bits per
user channel vector incurs a throughput loss compared to full CSI at the transmitter ZF precoding
that can be upper bounded by

∆R < log2

(
1 + P

N0BW
2−

B
Nt−1

)
(7.22)

7.5 Simulation results

We first consider both OFDM and FBMC multiuser systems with Nt = Q = 2. For sake of simplicity,
the elements of channel vector are generated as i.i.d random complex Gaussian variables with unit
variance.

In all the simulations, the codebooks for 4 bits and 6 bits per channel vector have been obtained
using vector quantization codebook design [44] while the codebooks for 8 and more bits are built
based on RVQ.

In Figure 7-1, give the performance of BER as a function of Eb/N0 using QPSK/OQAM4 mod-
ulation with perfect and imperfect CSI at the transmitter. The number of bits per channel vector
B is 4, 6 and 8. We also draw the three asymptotical limits for both OFDM and FBMC computed
using Eq. (7.20) given in the previous section. The performance of finite rate feedback OFDM and
FBMC are almost the same despite the fact that the distribution of the interference terms I and J is
different. We also provide the performance curve with perfect CSI at the transmitter. In that case,
since there is no inter user interference, OFDM and FBMC performance are exactly the same.

In Figure 7-2, we consider both OFDM and FBMC multiuser system with Nt = 4 and Q = 4 using
QPSK modulation. In this scenario, the performance of FBMC and OFDM is interference limited when
Eb/N0 > 12dB for B ≤ 12 bits. The number of feedback bits should be high in order to mitigate
the inter user interference.

Figure 7-3 we consider the case where Nt = 4 and Q = 2. In this case, OFDM slightly outperforms
FBMC due to the different distribution of the interference terms.
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Figure 7-1: BER versus Eb/N0 for Q = 2 and Nt = 2 using OFDM and FBMC with
QPSK/OQAM4 modulation and perfect/ imperfect CSI at the transmitter.
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Figure 7-2: BER versus Eb/N0 for Q = 4 and Nt = 4 using OFDM and FBMC with
QPSK/OQAM4 modulation and perfect/ imperfect CSI at the transmitter.
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Figure 7-3: BER versus Eb/N0 for Q = 2 and Nt = 4 using OFDM and FBMC with
QPSK/OQAM4 modulation and perfect/ imperfect CSI at the transmitter.

Finally, in Figure 7-4, we plot the curves BER=f(Eb/N0 using QAM16/OQAM16 modulation for
Nt = 4 and Q = 2. Compared to the QPSK/OQAM case, the performance of FBMC and OFDM are
almost the same since the interference distribution of FBMC (that can be approximated by a truncated
gaussian distribution) and OFDM (PAM4 modulation close to uniform distribution) are closer.

7.6 Conclusion

In this work, we have evaluated the impact of imperfect CSI at the transmitter on the performance
of ZF based MIMO precoding for the FBMC modulation and compared the performance with OFDM
in multi-user MIMO downlink scenario where the BS, equipped with multiple transmit antennas,
transmits to Q users equipped with a single antenna.

Simulation-based results have shown that except when the number of users is less than the number
of transmit antennas and the order of modulation is limited, the BER performance and achievable sum
data rate of FBMC and OFDM modulation are almost the same. These results have been theoretically
justified by studying the probability distribution of the interference terms. FBMC becomes attractive
not only because it relaxes the synchronization with respect to OFDM, but also because it achieves
the same performance results as OFDM for multi-user MIMO precoding even in the case of imperfect
CSI at the transmitter. In future work, we will consider the case of user selection in addition to MIMO
precoding.
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Figure 7-4: BER versus Eb/N0 for Q = 2 and Nt = 4 using OFDM and FBMC with
QAM16/OQAM16 modulation and perfect/ imperfect CSI at the transmitter.
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8. Conclusions and future work
In this deliverable, we have reported a variety of contributions on transmission and reception techniques
for point-to-point and multi-user multi-antenna broadband PMR systems. The results obtained via
research activities in T4.2 and T4.3 have been presented. Recent advances in multi-antenna processing
for broadband PMR systems have been included.

With a focus on MIMO FBMC/OQAM systems under strong frequency selectivity, new beamform-
ing / precoding schemes have been proposed by adapting a very standard precoding constructed from
the eigenvectors of the MIMO channel matrix. A thorough study on the reference phase selection has
been conducted. Numerical results show a significant performance improvement that is achieved by
carefully selecting the phase function associated with the eigenvector entry with the highest modulus.
The proposed second order model for the reference phase leads to enhanced performance for both the
traditional construction and the Taylor-based precoding architecture with two parallel stages.

A two steps MAP antenna processing approach has been devised for SIMO broadband PMR
systems that use the FMT scheme as in the wideband evolution of the TETRA standard, TEDS. This
technique is able to achieve the co-channel interference mitigation without the a priori knowledge of
the interfering signals. The first step of this approach is dedicated to the spatial noise whitening using
a MAP method, and MRC is employed in the second step. Via simulation results, it is observed that
under various fast-varying frequency selective propagation conditions, both the coded and the uncoded
BER performances are significantly enhanced by the proposed two steps MAP antenna processing
approach compared to classical MRC and other variants of the MRC technique.

MIMO and MISO detection schemes have been developed based on the real-domain SIC. The
more challenging MUD configuration has also been investigated. Numerical results for flat fading
channels have been presented, and it is observed that in the MIMO case the diversity gain is achieved,
and possible reasons and the corresponding solution are provided for the problem observed in the
performance of the MISO case.

Starting with point-to-point MIMO broadband PMR scenarios, a coordinated beamforming based
transmission strategy has been designed, where precoding and decoding are jointly and iteratively
performed to alleviate the dimensionality constraint. Then for the downlink of multi-user MIMO
broadband PMR systems, we have developed two transmission schemes, namely IIM-CBF 1 and IIM-
CBF 2, based on the concept of coordinated beamforming as well. These two techniques have been
proposed as a solution to the problem that the state-of-the-art transmission strategies for the downlink
of FBMC/OQAM based multi-user MIMO systems cannot be employed or fail to achieve satisfactory
performance when the total number of receive antennas is not smaller the number of transmit antennas
of the base station. It is worth noting that in addition to the suppression of the multi-user interference,
the proposed IIM-CBF schemes are effective in mitigating the intrinsic interference that is inherent in
FBMC/OQAM based systems without assuming that the propagation channel is almost flat fading.
Via the simulation results, it has been shown that the FBMC/OQAM based multi-user MIMO downlink
systems where IIM-CBF 1 or IIM-CBF 2 is employed achieve a similar performance compared to their
CP-OFDM based counterparts but with a higher spectral efficiency and a greater robustness against
misalignments in the frequency domain. We have also numerically analyzed the convergence of the
IIM-CBF techniques. It leads to the conclusion that the additional complexity is quite acceptable. In
addition, the performance of the proposed IIM-CBF algorithms has been evaluated in the presence of
imperfect channel state information at the transmitter.

Following the aforementioned contributions on the downlink of FBMC/OQAM based multi-user
MIMO systems that assume the channel on each subcarrier is flat fading, we have investigated more
challenging but more realistic PMR scenarios where the channels are highly frequency selective. Two
different MMSE approaches have been proposed for the MISO downlink where each user node is
equipped with a single antenna. The first technique provides a closed-form solution and loads all the
computational complexity on the transmitter side by only employing precoders. In the second scheme,
we extend the first approach to a joint transmitter and receiver design. Then, transmission schemes
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for multi-user MIMO PMR scenarios in highly frequency selective channels have been devised. An
iterative design of the precoders and the receive spatial filters has been proposed. Extensive simulations
have been performed to assess the performance of these proposed schemes. It can be seen that all
the proposed linear precoding and equalization schemes are able to effectively combat the multi-user
interference, inter-carrier interference and the inter-symbol interference. Moreover, the convergence
behaviors of the iterative designs are satisfactory.

Finally, we have analyzed the impact of imperfect CSI at the transmitter on the performance
of FBMC/OQAM based multi-user downlink systems where each user node has a single antenna
and the ZF precoding algorithm is employed. A performance comparison with the CP-OFDM based
counterpart systems has been conducted. The numerical results have been theoretically justified by
studying the probability distribution of the interference terms. Conclusions have been drawn that
FBMC/OQAM being a promising candidate multi-carrier scheme for broadband PMR systems is not
only due to the fact it relaxes the synchronization requirement compared to CP-OFDM, but also
because of its similar performance results as CP-OFDM in case of multi-user downlink systems with
imperfect CSI.

These proposed transmit and receive antenna processing schemes and the thorough analysis in
this area have laid the foundation for future research of even more sophisticated broadband PMR
scenarios. For instance, it is interesting and important to carry out investigations on coordinated
multi-point (CoMP) techniques for broadband PMR networks. Partial cooperation of adjacent cells
can be considered, where cell-edge users are served by adjacent cells jointly to boost the cell-edge
throughput in spite of more severe path loss and interference. The transmission schemes for the
downlink of multi-user MIMO PMR scenarios that have been presented in this document can be
extended to CoMP scenarios to enable joint transmissions of base stations in adjacent cells. We have
observed these schemes have satisfactory capabilities in mitigating the intrinsic interference inherent
in PMR systems and the multi-user interference as well. They will be further adjusted and modified
to effectively combat the inter-cell interference.
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Glossary and Definitions

Acronym Meaning

AFB Analysis Filter Bank

AWGN Additive White Gaussian Noise

BD Block Diagonalization

BER Bit Error Rate

BS Base Station

BERC Bit Error Rate after decoding

CCDF Complimentary Cumulative Distribution Function

CDI Channel Direction Information

CP Cyclic Prefix

CP-OFDM Orthogonal Frequency Division Multiplexing with the Cyclic Pre-
fix insertion

CSI Channel State Information

CSIT Channel State Information at Transmitter

EVA Extended Vehicular A

FB-MC Filter Bank based Multi-Carrier modulation

FBMC/OQAM Filter Bank based Multi-Carrier with Offset Quadrature Ampli-
tude Modulation

FEC Forward Error Code

FMT Filtered Multi-Tone

ICI Inter-Carrier Interference

IIM-CBF Intrinsic Interference Mitigating Coordinated Beamforming

ISI Inter-Symbol Interference

LLR Log-Likelihood Ratio

LoCCoBF Low Complexity Coordinated Beamforming

LTE Long-Term Evolution

MAP Maximum A Posteriori

MER Message Error Rate

MF Matched Filter

MIMO Multiple-Input-Multiple-Output

MISO Multiple-Input-Single-Output

MISO-BC Multiple-Input-Single-Output-Broadcast-Channel
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MLSE Maximum Likelihood Sequence Estimation

MMSE Minimum Mean Square Error

MRC Maximum Ratio Combining

MSE Mean Square Error

MUD Multi-User Detection

MUI Multi-User Interference

OQAM Offset Quadrature Amplitude Modulation

PAM Phase Amplitude Modulation

Ped-A Pedestrian-A [channel model]

PHYDYAS PHYsical layer for DYnamic AccesS and cognitive radio, ICT
PHYDYAS project,

PMR Professional Mobile Radio

QAM Quadrature Amplitude Modulation

QPSK Quadrature Phase Shift Keying

RVQ Random Vector Quantization

RX Receiver

SDM Space-Division Multiplexing

SDMA Space Division Multiple Access

SDR Signal to Distortion power Ratio

SFB Synthesis Filter Bank

SIC Successive Interference Cancellation

SIMO Single-Input-Multiple-Output

SISO Single-Input-Single-Output

SNR Single-to-Noise-Ratio

STHP Spatial Tomlinson Harashima Precoder

SVD Singular Value Decomposition

TX Transmitter

UE User Equipment

Veh-A Vehicular-A [channel model]

Veh-B Vehicular-B [channel model]

ZF Zero-Forcing
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