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Abstract—Hybrid beamforming (HBF) structures have been
recently proposed as one of the solutions to reduce cost and en-
ergy consumption of fully-digital multi-user MIMO systems in the
millimeter-wave range. However, most of the initial references on
HBF design assume frequency-flat single-carrier MIMO systems.
Their extension to the frequency-selective multi-carrier MIMO-
OFDM case is, in general, not a straightforward task, especially
in partially-connected architectures. In this paper, we propose a
new HBF design approach for multi-user massive MIMO-OFDM
systems. Simulation results reveal that the proposed solution
achieves a comparable performance to the benchmark methods in
the fully-connected case, while significantly outperforming them
in case of partially-connected architectures.

Index Terms—Hybrid beamforming, millimeter-wave, multi-
user MIMO-OFDM.

I. INTRODUCTION

Massive MIMO and millimeter-wave communications are
among key techniques in future 5G wireless networks to in-
crease system capacity and achievable data rates [1]. However,
a large number of radio-frequency (RF) chains render the
conventional fully-digital architectures impractical, due to the
associated high cost and energy consumption. Therefore, HBF
structures are proposed to reduce the number of RF chains
by dividing the beamforming matrix into a high-dimensional
analog beamforming (ABF) matrix and a low-dimensional
baseband beamforming (BBF) matrix [2], [3]. Initial works
[4]–[11] focused on HBF design for MIMO systems assuming
fully-connected ABF architectures, where each RF chain is
connected to all antenna elements using a network of phase-
shifters (PSs). To reduce the cost and power consumption of
high resolution PSs, partially-connected ABF architectures are
proposed [10], [12]–[14], where each RF chain is connected
to only a subset of antennas.

The aforementioned references, however, assume frequency-
flat single-carrier MIMO systems. Their extension to
frequency-selective multi-carrier MIMO-OFDM systems is,
in general, not a straightforward task, especially with the
partially-connected architectures. Therefore, recent works
[15]–[20] proposed HBF design methods considering MIMO-
OFDM systems. For example, the authors in [19] consider
a downlink multi-user MISO-OFDM system, where the BBF
matrix is designed using the classical zero-forcing (ZF)
method, while the ABF matrix is designed such that the
approximated upper-bound of the system’s spectral efficiency
(SE) is maximized. However, the proposed solution in [19]
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is mostly applicable for fully-connected architectures, where
its simple adaption to partially-connected architectures incurs
a high performance lose. Differently, the authors in [20]
consider a fully-connected downlink multi-user MIMO-OFDM
system and propose a HBF design approach, where the ABF
matrices are designed using a subspace matching approach by
exploiting the tensor structure of the propagation channels,
while the BBF matrices are designed afterward as a solution
to a signal-to-leakage-plus-noise ratio optimization problem.

In this paper, we consider a frequency-selective downlink
multi-user MIMO-OFDM system and propose a HBF de-
sign approach that is applicable to both fully-connected and
partially-connected architectures. We assume that the transmit
BBF matrices are designed using the classical ZF method,
while the receive BBF matrices are designed using the MMSE
approach [21]. Moreover, we derive an approximation of
system’s SE upper-bound, which is used as the objective
function of the transmit ABF matrix optimization. To obtain
a solution, we divide the problem into a series of convex
sub-problems that are updated iteratively until convergence is
obtained. Simulation results show that the proposed solution
achieves a comparable performance to the benchmark methods
for fully-connected architectures, while significantly outper-
forming them in the partially-connected case.

II. SYSTEM MODEL AND PROBLEM FORMULATION

We consider a downlink multi-user MIMO-OFDM system,
where a single base station (BS) communicates with K mobile
stations (MSs). The BS is equipped with MT antennas and
NT ≤ MT RF chains, while each MS is equipped with MR
antennas, NR ≤MR RF chains, and receives Ns data streams.
Here, we assume that NT

def
= KNs and NR

def
= Ns. A cyclic-prefix

(CP)-OFDM based multi-carrier modulation scheme with N
subcarriers is applied to combat the multipath effect. Assuming
that the CP length has the same length as the maximum
excess delay of the channel, such that the intersymbol inter-
ference is avoided, the received signal on the nth subcarrier,
n ∈ {1, . . . ,N}, at the kth MS, k ∈ {1, . . . ,K}, is given as

ŝk,n =WH
k,n
(
Hk,nFk,nsk,n +Hk,n∑ j 6=kF j,ns j,n +nk,n

)
, (1)

where Hk,n ∈CMR×MT is the MIMO frequency-domain chan-
nel, Fk,n ∈ CMT×Ns is the precoding matrix, Wk,n ∈ CMR×Ns

is the decoding matrix, sk,n ∈ CNs is the data vector with
E{sk,ns

H
k,n} = INs , and nk,n ∈ CMR is the additive white

Gaussian noise with variance σ2. We consider a HBF structure
such that Fk,n

def
= F RFF BB

k,n and Wk,n
def
= W RF

k W BB
k,n . Here,
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F RF ∈ CMT×NT and W RF
k ∈ CMR×NR are the ABF matrices,

while F BB
k,n ∈CNT×Ns and W BB

k,n ∈CNR×Ns are the BBF matri-
ces. We consider the two well-known ABF architectures [9],
[10]: fully-connected (A1) and partially-connected (A2). In
A1, each RF-chain is connected to all antennas using a net-
works of PSs. Therefore, F RF = [fRF

1 , . . . ,fRF
NT

], fRF
` ∈ CMT ,

|[fRF
` ][i]| = 1√

MT
, W RF

k = [wRF
k,1, . . . ,w

RF
k,NR

], wRF
k,` ∈ CMR , and

|[wRF
k,` ][i]| =

1√
MR

. In A2, each RF-chain is connected to a
subset of the antennas using a network of PSs. Therefore,
F RF = blkdiag{fRF

1 , . . . ,fRF
NT
}, fRF

` ∈ CMT /NT , |[fRF
` ][i]| =

1√
MT /NT

, W RF
k = blkdiag{wRF

k,1, . . . ,w
RF
k,NR
}, wRF

k,` ∈ CMR/NR ,

and |[wRF
k,` ][i]| =

1√
MR/NR

. The achievable SE at the kth MS

on the nth subcarrier can be expressed as

SEk,n = log |INs +Φ−1
k,nW

H
k,nHk,nFk,nF

H
k,nH

H
k,nWk,n|, (2)

where Φk,n = WH
k,n

(
Hk,n

(
∑
j 6=k

F j,nF
H
j,n
)
HH

k,n + σ2IMR

)
Wk,n

denotes the covariance matrix of the multi-user interference
plus noise. Let Fn = [F1,n, . . . ,FK,n] ∈ CMT×KNs . Then, we
enforce ‖Fn‖2

F = Pn, where Pn
def
= P

N and P is the total transmit
power.

In this paper, our goal is to design the HBF matrices to
maximize the total SE of the system, i.e.,

max
{Fk,n,Wk,n}

SE = ∑
k

∑
n

SEk,n

s.t. ‖Fn‖2
F = Pn,∀n, F RF ∈F , and W RF

k ∈W ,∀k,
(3)

where W and F denote the sets of ABF matrices satisfying
the constraints that are associated with each architecture as
specified above. Note that (3) is a non-convex optimization
problem, where the major difficulty comes from the joint
optimization of the BBF and ABF matrices and the non-convex
constraints in W RF

k ∈W ,∀k, and F RF ∈F . In the following,
we relax problem (3) by decoupling the optimization of BBF
and ABF matrices and treat them separately, which is a
common practice in the literature, see [4], [13], [19], [20].

III. BASEBAND BEAMFORMING DESIGN

For given and fixed ABF matrices, the BS designs its trans-
mit BBF matrices using the conventional linear ZF scheme
to eliminate the multi-user interference. We assume that MS
k applies the noise whitening filter Qk =

(
(W RF

k )HW RF
k

)− 1
2

after applying its receive ABF. Let H̊k,n
def
=QH

k (W
RF
k )HHk,n ∈

CNR×MT , H̊n
def
= [H̊T

1,n, . . . ,H̊
T
K,n]

T ∈ CKNR×MT , and H̄n
def
=

H̊nF
RF ∈ CKNR×NT . The transmit BBF matrix F BB

n
def
=

[F BB
1,n , . . . ,F

BB
K,n ] ∈ CNT×KNR for the nth subcarrier is given as

F BB
n =

√
Pn
(
F̄ BB

n /‖F RFF̄ BB
n ‖F

)
, (4)

where F̄ BB
n = H̄H

n (H̄nH̄
H
n )
−1 is the un-normalized ZF-based

precoding matrix and F BB
k,n ∈ CNT×Ns is the kth sub-matrix

of F BB
n related to the kth MS (recall that NR

def
= Ns). On

the other hand, the receive BBF matrix of the kth MS on
the nth subcarrier is calculated using the MMSE scheme as
W BB

k,n = minW BB
k,n

E[‖ŝk,n−sk,n‖2], i.e., W BB
k,n ∈ CNR×Ns ,∀k,n,

is computed such that the mean-squared-error of the received
signal is minimized, where its solution is given by [21], [22]

W BB
k,n = Ω−1

k,n(W
RF
k )HHk,nFk,n, (5)

where Ωk,n = ∑ j Sk, j,nS
H
k, j,n + σ2QH

k (W
RF
k )HW RF

k Qk and
Sk, j,n =QH

k (W
RF
k )HHk,nF j,n. As F BB

j,n ,∀ j, are calculated as in
(4), we have Ωk,n = Sk,k,nS

H
k,k,n +σ2INR , where Sk, j,nS

H
k, j,n =

0,∀ j 6= k, and σ2QH
k (W

RF
k )HW RF

k Qk = σ2INR .

IV. ANALOG BEAMFORMING DESIGN

Since the BBF matrices are designed using the ZF method,
the multi-user interference can be neglected during the ABF
design, where the problem can be formulated such that the
capacity of each effective channel Heff

k,n
def
= (W RF

k )HHk,nF
RF

is maximized. In the following, we decouple the ABF matrices
design between W RF

k and F RF by treating them independently.
For the kth MS, one approach to design W RF

k is

max
W RF

k ∈W
ηk = ∑

n
log |INR +(W RF

k )HHk,nH
H
k,nW

RF
k |. (6)

To obtain a solution of problem (6), we first rewrite its
objective function in terms of its upper-bound as

ηk < log |INR +(W RF
k )HAkW

RF
k | (7)

which follows from the Jensen’s inequality [16], [19] and
Ak = ∑nHk,nH

H
k,n ∈ CMR×MR . Therefore, (6) reduces to

max
W RF

k ∈W
log |INR +(W RF

k )HAkW
RF
k |. (8)

Problem (8) has been addressed recently in [13] considering
an ABF architecture A2. Meanwhile, the authors in [14]
proposed a unifying design approach for the flat-fading case
that is applicable for both ABF architectures A1 and A2. In
this paper, we assume that W RF

k ,∀k, are updated using the
proposed method in [14].

Assuming that F BB
k,n and W BB

k,n ,∀k,n, are computed by (4)
and (5), respectively. Then, (2) simplifies to [21]

SEk,n = log |INs +
1

σ2 (F
BB
k,n )

H(F RF)HH̊H
k,nH̊k,nF

RFF BB
k,n |. (9)

Therefore, the objective function of (3) simplifies to

SE = ∑
k

∑
n

SEk,n = ∑
n

log |IKNs +
1

σ2 (F
BB
n )HH̄H

n H̄nF
BB
n |, (10)

which can be upper-bounded as

SE≤ KNs log
(

1+
Pn

σ2(KNR)2 Tr[(F RF)HAF RF]
)
, (11)

where A = ∑n H̊
H
n H̊n. The derivation of the upper-bound

in (11) is provided in Appendix A. Therefore, F RF can be
designed so that (11) is maximized, i.e.,

max
F RF∈CMT×NT

Tr
[
(F RF)HAF RF] s.t. F RF ∈F . (12)

For architecture A1, a direct solution of (12) is to update
F RF using the phase-angles of the dominant NT eigenvectors
VNT ∈CMT×NT of the estimated covariance matrix A, i.e., [19]

F RF = 1/
√

MT e j(VNT )∠ , (13)
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where (.)∠ is a function that extracts the phase angles. For
architecture A2, the authors in [19] simply update the `th block
of F RF using the phase-angles of the dominant eigenvector
of A`, where A`, ` ∈ {1, . . . ,NT}, is the channel covariance
matrix of all antennas connected to the `th RF-chain. As will
be shown latter, this simplified approach incurs a significant
performance degradation. Next, we take another solution ap-
proach that is applicable to architectures A1 and A2.

We note that problem (12) can be equivalently written as

max
{fRF

` }
∑
`

(fRF
` )HAfRF

` , s.t. fRF
` ∈F ,∀`, (14)

where fRF
` ∈CMT is the `th column of F RF ∈CMT×NT . Clearly,

problem (14) simplifies problem (12) by decoupling the op-
timization of F RF into NT sub-problems. Although (14) is a
non-convex problem, a solution of its `th sub-problem, i.e.,
f` can be efficiently calculated using the proposed method in
[9]. However, the problem formulation in (14) only considers
maximizing the main diagonal elements of (F RF)HAF RF but
ignores the minimization of its off-diagonal entries, which cor-
respond to the cross-correlation between the different columns
of F RF, i.e., (fRF

` )HAfRF
k ,∀` 6= k. Note that, using the proposed

solution in (13), we are implicitly satisfying an additional set
of contrarians of minimizing |(fRF

` )HAfRF
k |2,∀` 6= k, where we

have |(fRF
` )HAfRF

k |2 = 0,∀` 6= k, if we simply set F RF = VNT .
Therefore, we propose to reformulate problem (14) as

max
{fRF

` }
∑
`

(
(fRF

` )HAfRF
` −ϒ`

)
s.t. fRF

` ∈F ,∀`, (15)

where ϒ` = ∑k 6=` |(fRF
k )HAfRF

` |2, which represents the total
interference-leakage caused by fRF

` . We propose to solve (15) in
an alternating fashion as following. Let a`

def
=AfRF

` ∈CMT , ` ∈
{1, . . . ,NT}. Then, (15) can be rewritten as

max
{fRF

` }
∑
`

(
aH
` f

RF
` −∑

k 6=`

|aH
k f

RF
` |2

)
s.t. fRF

` ∈F ,∀`. (16)

Problem (16) is non-convex, due to the constant modulus
constrains. Note that when fRF

` ∈F , then ‖fRF
` ‖2 = 1. There-

fore, we propose to relax (16) and write it as

max
{fRF

` }
∑
`

(
aH
` f

RF
` −∑

k 6=`

|aH
k f

RF
` |2

)
s.t. ‖fRF

` ‖2 = 1,∀`, (17)

which is a convex optimization problem. The optimal solution
to fRF

` satisfying the Karush-Kuhn-Tucker (KKT) conditions
is given by Proposition 4.1.

Proposition 4.1: The optimal solution to problem (17) w.r.t. fRF
`

is given as

fRF
`,opt = µ`

(
∑k 6=`aka

H
k +IMT

)−1
a`, (18)

where µ` = 1/‖
(
∑k 6=`aka

H
k + IMT

)−1
a`‖. Please refer to Ap-

pendix B. Algorithm 1 summarizes the proposed approach
for updating F RF, where in step 5, we enforce the constant
modulus constraints of fRF

`,opt ∈F . The symbol � refers to an
element-wise product and φ` ∈ BMT is a binary vector. For
architecture A1, XT

def
= MT and φ`

def
= 1MT ,∀`, i.e., an all ones

vector. For architecture A2, XT
def
= MT/NT and φ` contains ones

at the indices [(`−1)MT
NT

+1, . . . , `MT
NT

] and zeros elsewhere.

Remark 1: From our simulation results, we notice that Algo-
rithm 1 always converges to a point where the cost function stops
increasing or decreasing, although not monotonically. We leave
the convergence proof to a future work, which can be carried
out by interpreting problem (17) from a game theory view-point
[23], [24], where the proof can be accomplished by showing its
convergence to a Nash equilibrium point .

Algorithm 1 Proposed Analog Beamforming Design

Input: A= ∑n H̊
H
n H̊n ∈ CMT×MT and F RF[0] ∈F

1: Compute a`[0]
def
=AfRF

` [0] ∈ CMT ,∀`, and set n = 1
2: while not converged do
3: for `= 1 to NT do
4: Compute f`,opt using (18)
5: Set fRF

` [n] = 1/
√

XT e j(f`,opt�φ`)
∠

6: Set a`[n]
def
=AfRF

` [n] ∈ CMT

7: end for
8: end while

Output: F RF[n]

V. NUMERICAL RESULTS

We assume that each channel matrix is generated using the
model shown in [15], where we fix the number of channel
paths L = 8. We define the signal-to-noise ratio (SNR) as ρ =
P

σ2 dB and assume K = 4, MR = 8, and Ns = 2. For comparison,
we show simulation results of the proposed HBF methods in
[19], [20]1, [13]2, and the fully-digital ZF-based approach3.

In Fig. 1, we show the system SE, normalized by the number
of sub-carriers N and the number of MSs K, versus SNR in
Fig. 1a, versus MT in Fig. 1b, and versus N in Fig. 1c.

From Fig. 1, we can see that all the HBF algorithms
using ABF architecture A1 (HBF-A1) achieve a compara-
ble performance to each other with some performance gap
compared to the fully-digital architecture. As expected, the
SE with the ABF architecture A2 (HBF-A2) incurs a large
performance gap compared to the HBF-A1 and the fully-
digital counterparts. Nonetheless, we can see that the proposed
HBF-A2 approach outperforms the other HBF-A2 methods in
[13], [19], [20]. The proposed HBF-A2 methods in [19], [20]
simplify the ABF design by completely decoupling the opti-
mization between the ABF blocks. Differently, the proposed
HBF-A2 method in [13] partially decouples the optimization
between the ABF blocks by sequentially updating them, where
in each step, the previously designed blocks are taken into
account when designing the current block. On the other hand,

1In [20], the authors consider the fully-connected architecture A1. Analo-
gous to [19], the proposed solution can be simply extended to the partially-
connected architecture A2 by updating the `th block of the ABF matrix
considering the unfolding of the channel-tensor of all antennas connected
to the `th RF-chain.

2In [13], the authors consider the partially-connected architecture A2. Its
extension to the fully-connected architecture A1 coincide with the proposed
method in [19], hence, its corresponding simulation results are not shown.

3To have a fair comparison, we assumed that the fully-digital ZF transmit
precoding matrix is calculated using (4), while assuming that F RF def

= IMT and
W RF

k
def
=Uk ∈ CMR×NT , where Uk consists of the NR dominant eigenvectors

of the channel covariance matrix Ak given by (7).
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Fig. 1: System SE (bps/Hz/user/sub-carrier) vs. SNR, vs. number of transmit antennas MT , and vs. number of sub-carriers N.

the proposed method in this paper updates the ABF matrix
sequentially and iteratively with the aim of finding a good
balance between maximizing the received signal in each block
and minimizing the interference leakage to the other blocks.

Moreover, we can see from Fig. 1c that the SE per sub-
carrier per user decreases when the number of sub-carriers N
increases. This can be explained by the following two reasons.
The first reason is due to the assumed power allocation
approach (recall that Pn

def
= P/N). Therefore, when N increases,

the power allocation per sub-carrier Pn decreases. The second
reason, and more importantly, is that the capacity of every
equivalent channel Heff

k,n decreases when N increases. This is
due to the fact that the common transmit ABF matrix F RF is
computed from A that is given by (11). Therefore, when N
increases, F RF will span a larger subspace that is formed by
N covariance matrices, which results in a capacity reduction
of each Heff

k,n,∀n,k. Note that the un-normalized SE increases
with the increasing N, which can be checked by multiplying
each point in Fig. 1c by K = 4 and the respective value of N.

VI. CONCLUSIONS

In this paper, a new HBF design method is proposed for
multi-user massive MIMO-OFDM millimeter-wave systems,
which updates the ABF matrix sequentially and iteratively with
the aim of finding a good balance between maximizing the
received signal in each block and minimizing the interference
leakage to the other blocks. Simulation results reveal that
the proposed method has a comparable performance with the
benchmark methods in the fully-connected HBF architectures,
while it significantly outperforming them in the partially-
connected case.

APPENDIX A
DERIVATION OF EQUATION (11)

Substituting F BB
k,n given by (4) into (10), then we can write

SE = KNs ∑
n

log

(
1+

Pn

σ2‖F RFF̄ BB
n ‖2

F

)
, (19)

where we have used the fact that (F̄ BB
n )HH̄H

n H̄nF̄
BB
n = IKNs .

Then, after substituting F̄ BB
n = H̄H

n (H̄nH̄
H
n )
−1, the term ζ

def
=

‖F RFF̄ BB
n ‖2

F can be written as

ζ = Tr[(H̄nH̄
H
n )
−1H̄n(F

RF)HF RFH̄H
n (H̄nH̄

H
n )
−1]

≈ Tr[(H̄nH̄
H
n )
−1] (20)

where the approximation follows by noting that (F RF)HF RF

can be approximated as (F RF)HF RF ≈ INT , especially when
MT is large [7]. Using (20), we can approximate (19) as

SE≈ KNs ∑
n

log
(

1+
Pn

σ2Tr[(H̊nF RF(F RF)HH̊H
n )
−1]

)
,

(a)
≤ KNs log

(
1+

Pn

σ2 ∑
n

1
Tr[(H̊nF RF(F RF)HH̊H

n )
−1]

)
(21)

(b)
≤ KNs log

(
1+

Pn

σ2(KNR)2 ∑
n

Tr[H̊nF
RF(F RF)HH̊H

n ]
)

= KNs log
(

1+
Pn

σ2(KNR)2 Tr[(F RF)HAF RF]
)
, (22)

where A = ∑n H̊
H
n H̊n, (a) follows from Jensen’s inequality,

and (b) follows from using the fact that Tr[C−1] ≥ n2/Tr[C]
for any positive definite matrix C ∈ Cn×n.

APPENDIX B
PROOF OF PROPOSITION 4.1

We define the Lagrangian function of (17) as

L(f`,λ`) =−∑
`

(
aH
` f`−∑

k 6= j
|aH

k f`|
2)+λ`(‖f`‖2−1), (23)

where λ` is the Lagrangian multiplier associated with problem
(17). Taking the gradient of L(f`,λ`) w.r.t. f` as

∂L(f`,λ`)

∂f`
=−a`+ ∑

k 6=`

aka
H
k f`+λ`f`. (24)

Equating (24) to zero and solving for f`, we have f`,opt =(
∑k 6=`aka

H
k + λ`IMT

)−1
a`. Since ‖f`‖2 = 1, we can sim-

ply update f` as f`,opt = µ`

(
∑k 6=`aka

H
k + I

)−1
a`, where µ` =

1/‖
(
∑k 6=`aka

H
k +IMT

)−1
a`‖.
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