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Abstract—Relaying is one of the key technologies to satisfy the
demands of future mobile communication systems. In particular,
two-way relaying is known to exploit the radio resources in a
very efficient manner. In this contribution, we consider two-way
relaying with amplify-and-forward (AF) MIMO relays. Since AF
relays do not decode the signals, the separation of the data streams
has to be performed by the terminals themselves. For this task both
nodes require reliable channel knowledge of all relevant channel
parameters. Therefore, we examine channel estimation schemes
for two-way relaying with AF MIMO relays. We investigate a
simple Least Squares (LS) based scheme for the estimation of the
compound channels as well as a tensor-based channel estimation
(TENCE) scheme which takes advantage of the special structure in
the compound channel matrices to further improve the estimation
accuracy. Note that TENCE is purely algebraic (i.e., it does not
require any iterative procedures) and applicable to arbitrary
antenna configurations. Then we demonstrate that the solution
obtained by TENCE can be improved by an iterative refinement
which is based on the structured least squares (SLS) technique.
In this application, between one and four iterations are sufficient
and consequently the increase in computational complexity is
moderate. The iterative refinement is optional and targeted for
cases where the channel estimation accuracy is critical. Moreover,
we propose design rules for the training symbols as well as the
relay amplification matrices during the training phase to facilitate
the estimation procedures. Finally, we evaluate the achievable
channel estimation accuracy of the LS-based compound channel
estimation scheme as well as the tensor-based approach and its
iterative refinement via numerical computer simulations.

Index Terms—Amplify and forward, channel estimation, struc-
tured least squares, two-way relaying.

I. INTRODUCTION

O NE of the major goals in the development of future mo-
bile communication systems is the ubiquitous provision

of a reliable radio access supporting very high data rates. This is
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a challenging task since the network faces different propagation
conditions within its coverage area. Due to the fact that large
distances as well as obstacles such as tall buildings severely at-
tenuate the signal, a large density of network nodes is required.
However, this density is limited by installation and maintenance
costs of the network nodes. Consequently, lowering this cost is
a key aspect in the design of mobile communication systems.

A promising technique to achieve this goal is the deploy-
ment of relays. These intermediate network nodes require less
space and less power than base stations and hence have a signif-
icantly lower installation and maintenance cost. They can assist
the transmission between any two communication partners in
the mobile network, i.e., between two users as well as between
a user and a base station. The concept of relaying has sparked
a significant research interest in recent years. An overview of
relaying techniques and their impact on mobile communication
systems is presented in [19].

A significant part of the existing literature on relaying is ded-
icated to one-way relaying. Here one-way means that the trans-
mission is directed in one direction, i.e., from a specific source
node via one or several relays to a specific destination node.
The one-way relaying channel is quite well understood. Perfor-
mance limits, achievable rates, and efficient signaling schemes
in the single hop case are, for example, examined in [16], a treat-
ment of the multi-hop case is found in [1].

In contrast to one-way relaying, the transmission in both
directions is considered by the two-way relaying scheme. In
the first phase both terminals transmit their data simultaneously
to the relay which receives the superposition of these trans-
missions. In a subsequent second phase, the relay transmits to
both terminals simultaneously. The advantage of this scheme is
that radio resources are used in a particularly efficient manner.
The two-way communication channel was already studied
by Shannon [28] and has been rediscovered as a means to
compensate the spectral efficiency loss in one-way relaying due
to the half duplex constraint of the relay [21], [22].

Relay are usually further divided into two types: regenera-
tive or decode-and-forward (DF) relays and nonregenerative or
amplify-and-forward (AF) relays. The difference is that DF re-
lays decode the received transmissions and reencode them for
the second hop, whereas AF relays amplify the received signal
and retransmit it without any decoding step. We focus on AF
relays since they are simpler to implement, do not need to sup-
port all modulation and coding schemes in the network, and do
not cause additional decoding delays present for DF relays. For
a thorough treatment of two-way relaying with DF relays, the
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reader is referred to [13], [17], and [18]. Note that besides AF
and DF other types of relaying schemes exist, e.g., space-time
coding is discussed in [3], XOR and superposition coding are
discussed in [10], estimate-and-forward (EF) as well as com-
press-and-forward (CF) in the context of one-way relaying are
found in [14].

Most previous publications on two-way AF relaying have
assumed that channel knowledge is available at the terminals.
While the impact of imperfect channel state information on
the performance of relay networks has been investigated in
[31], no particular channel estimation schemes suitable for
two-way relaying have been proposed. A least-squares-based
estimation scheme for one-way relaying can be found in [15].
Maximum likelihood channel estimation schemes for two-way
relaying with AF relays are proposed in [5] and [6]; however,
these techniques are limited to the single-antenna case and a
MIMO extension is not straightforward. Channel estimation in
two-way relaying systems with multiple antennas is limited to
relays employing DF [32] or space-time coding [30]. The very
recent manuscript [20] considers channel estimation in MIMO
two-way relaying systems based on OFDM and relays using
“purely analog AF,” i.e., the received signal at each antenna is
multiplied by one scalar real-valued amplification and then
retransmitted. Note that [20] cannot be compared to the channel
estimation schemes proposed in this manuscript since a) we
consider another form of AF where the relay may multiply the
received signal vector with one complex relay amplification
matrix, b) in [20] the OFDM system and the resulting circulant
structure of the channels is explicitly exploited, and c) in [20]
only the compound channels are estimated whereas we focus on
decoupling the compound channels into the separate channels
between the terminals and the relay.

We examine channel estimation schemes for MIMO two-way
relaying systems with amplify-and-forward relays in this paper.
First we discuss a simple least squares (LS) based scheme
for the estimation of the compound channel matrices. Next,
we propose the purely algebraic tensor-based channel esti-
mation (TENCE) algorithm and an iterative scheme based on
structured least squares (SLS) [8] to refine the initial solution
obtained via TENCE. Moreover, we develop design rules and
recommendations for the training sequences as well as the relay
amplification matrices during the training phase to facilitate the
channel estimation.

We compare the LS-based compound channel estimator with
the tensor-based approach in terms of the required training
overhead as well as the achievable estimation accuracy. Due to
the fact that the tensor-based approach solves a nonlinear least
squares problem and exploits the structure of the channels, it
can yield a more accurate channel estimate in the case where
the number of antennas at the relay is smaller than the number
of antennas at the user terminals.

The main extensions compared to the conference versions of
the channel estimation schemes [26], [27] are the following:
a) The detailed development of the design rules and recommen-
dations for the pilot symbol matrix and the relay amplification
tensor, highlighting the remaining flexibility in their design; b) a
more elaborate discussion of the ambiguities in the channel es-
timates showing how the ambiguities have been reduced to a

single sign and why this is irrelevant; c) a more detailed and
modular presentation of the required procedures for TENCE,
e.g., via the separated algorithms 1–3; d) the complete proof for
the required algebraic manipulations along with some Lemmas
that might be used in other applications; e) the LS-based com-
pound channel estimation scheme and its comparison to the
tensor-based approach; and f) the discussion chapter elaborating
on the complexity and the single-antenna case.

The remainder of this paper is organized as follows. In
Section II, we introduce the notation used in the paper and
define the necessary operators to handle matrices and tensors.
Section III describes the two-way relaying system and explains
the data model. In Section IV, the LS-based compound channel
estimator is introduced. Then, in Section V, we derive the
TENCE algorithm and propose design rules for the training
data as well as the relay amplification matrices. The iterative
refinement of TENCE is derived in Section VI. A discussion
of all schemes in terms of complexity and the special case of a
single antenna at the terminals follows in Section VII. Finally,
simulation results are presented in Section VIII before the
conclusions are drawn in Section IX. To enhance the readability
of the paper, some of the proofs on properties of matrices,
tensors, and norms are moved into the Appendix.

II. NOTATION

To facilitate the distinction between scalars, vectors, ma-
trices, and tensors, the following notation is used throughout
the paper: Scalars are denoted as italic letters ,
vectors as lower-case bold-faced letters , matrices are rep-
resented by upper-case bold-faced letters , and tensors
are written as bold-faced calligraphic letters . To retrieve
the element from a matrix we use the notation .
Similarly the th column and the th row of are represented
by and , respectively.

The superscripts represent matrix transposition,
Hermitian transposition, matrix inverse, and the Moore–Penrose
pseudo inverse, respectively. Moreover, denotes the complex
conjugation operator. The Kronecker product between two ma-
trices and is symbolized by and the Khatri–Rao
(columnwise Kronecker) product by . Moreover, the Schur
product and the inverse Schur product represent
the elementwise multiplication and division of the matrices
and , respectively.

A 3-dimensional tensor is a three-way
array of size along mode . The -mode vectors of are
obtained by varying the th index and keeping all other indexes
fixed. Collecting all -mode vectors into a matrix we obtain
the -mode unfolding of which is represented by

. The ordering of the columns in is
chosen in accordance with [4]. The -rank of is defined as the
(matrix) rank of . Note that, in general, all the -ranks of
one tensor can be different.

The -mode product between a tensor and
a matrix is symbolized by . It is
computed by multiplying all -mode vectors from the left-hand
side by the matrix , i.e., . To represent
the concatenation of two tensor and along the th mode
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Fig. 1. Two-way relaying system model: two user terminals equipped with�
and� antennas communicate with a relay station that has� antennas. There
are two transmission phases: first both terminals transmit to the relay then the
relay sends the amplified signal back to both terminals.

we introduce the operator [9]. Note that this operation
requires and to have the same size in all modes except for
the th mode.

The rank of a tensor can be defined as the
smallest integer number such that there exist matrices

, , and which satisfy
. This is known as the Parallel Factor

(PARAFAC) decomposition of [12]. Note that the tensor rank
satisfies for 1, 2, 3.

The matrices , , and symbolize the zero matrix
of size , a matrix of ones, and the identity ma-
trix, respectively. The tensor is the 3-dimensional identity
tensor of size which is one if all three indexes are equal
and zero otherwise.

The vectorization operator aligns all the elements of
a matrix or a tensor into a vector. For a tensor, the order of
the elements is chosen consistent with the matrix, i.e., first the
first (row) index is varied, then the second (column) index, and
then the third index. For a tensor , permutation
matrices of size are uniquely defined
via the following property [23]:

(1)

III. SYSTEM DESCRIPTION

A. Two-Way AF Relaying

The two-way AF relaying scenario under investigation is de-
picted in Fig. 1. We consider the communication between two
user terminals and with the help of an intermediate
relay station . The terminals and are equipped with

and antennas, respectively. The number of antennas at
the relay station is denoted by . The terminals and the relay
station are assumed to operate in a half-duplex mode, i.e., they
cannot transmit and receive at the same time.

To save the rare time and frequency resources, only two
transmission phases are used in two-way relaying. In the first
phase, both user terminals transmit their data to the relay,
where the transmissions interfere. The AF relay amplifies the
received signal and sends it back to the user terminals in the
second phase. We assume time-division duplex (TDD), i.e., the
same frequencies are used for the two transmission phases in
subsequent time slots.

Both terminals receive a superposition of the transmission
from the other terminal and interference caused by their own
transmissions. However, since each terminal has knowledge of
the data it has transmitted, with additional channel knowledge
this “self-interference” can be canceled. This technique is often
referred to as analogue network coding (ANC) [11].

B. Data Model

In the first transmission phase, the terminals transmit data
to the relay station. Assuming frequency-flat fading, the signal
received at the relay is given by

(2)

where and are the transmitted vectors
from and , the matrices and

represent the quasi-static block fading MIMO channel
between the relay and and . Moreover, the vector
represents the additive noise vector at the relay station.

The amplified signal the relay station transmits in the second
time slot is expressed as

(3)

Here, denotes the relay amplification matrix,
which consists of an amplification matrix normalized such
that and a scalar parameter . The task of
is to compensate the path loss in the transmissions from the ter-
minals to the relay such that the relay transmit power constraint
is not violated. An instantaneous estimate of is given by

(4)

Since a rapid adaptation of renders the ANC step infeasible,
this instantaneous estimate is typically replaced by a longer-
term average of the received power levels.1

The signals received by and are denoted by
and , respectively. Since the system operates in

TDD mode, the received signals can be expressed as

(5)

where we have assumed that reciprocity holds and that the chan-
nels have not changed between the two transmission phases.
Note that (5) can be rewritten in the following form:

(6)

where represents the effective noise con-
tribution for 1, 2. If the user terminals possess knowledge

1In practice, � should be chosen a bit smaller than the average to accommo-
date instantaneous signal fluctuations within the safe transmit power range.
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of the channel matrices and they can cancel the interfer-
ence they have received from their own transmissions and then
decode the transmissions of the other user terminal. Therefore,
we focus on the acquisition of channel state information at the
terminals. For simplicity, we drop the scaling parameter by
considering and focus on the design of the normalized
relay amplification matrix . Since the terminals do not know

, they estimate it as part of their channels. For most schemes,
such a scaling is irrelevant. If the power levels are important, the
value of used during the training phase has to be signaled by
the relay to obtain this unknown parameter.

Introducing the short-hand notation
for the effective channel between and , (6) simplifies
to

(7)

where conveys the self-interference terms for 1, 2 and

conveys the desired signals for , 2, . Conse-

quently, requires knowledge of a) in order to subtract
the self-interference caused by its own transmitted signal , b)

in order to decode the transmission from , and c)
in order to precode its own transmission for . For instance,

may choose the dominant right singular vectors of
for precoding and the Hermitian transpose of the dominant left
singular vectors of for decoding the transmissions, where

is the number of data streams that are spatially multiplexed.
We will discuss two channel estimation schemes in the se-

quel. In Section IV we introduce a LS-based channel estima-
tion scheme that finds estimates for the effective channels
at directly without taking advantage of their special struc-
ture. In Section V we show a tensor-based channel estimation
scheme that exploits the structure of the compound channels by
estimating and separately.

IV. LEAST-SQUARES BASED CHANNEL ESTIMATION

In this section we show a LS-based scheme for estimating the
compound channel matrices at for , 2. While
this scheme is simple and robust, it is not necessarily optimal,
since it ignores the special structure of the compound channel
matrices. It also fails to provide with an estimate of
which it needs to compute a proper precoding matrix. Note that

only if . We have shown in [25] that
ANOMAX with unequal weighting should be chosen in near-far
scenarios. In this case, .

In order to estimate the channels, both terminals transmit a
sequence of pilot symbols , for .
The overall training data received by the relay can be expressed
as

(8)

where the pilot symbol matrices and are defined as

(9)

Let . Then, a least-squares
estimate of the channel matrices and at the relay station
is obtained via

(10)

Note that (10) requires . Based on these esti-
mates, the relay can compute a suitable relay amplification ma-
trix , e.g., via the Algebraic Norm-Maximizing (ANOMAX)
transmit strategy [24]. The received training data is then mul-
tiplied with and transmitted back to the terminals. The signal
received at , , 2 can be expressed as

(11)

Consequently, the LS estimates of the effective channels are
given by

for and

for (12)

where we again require that . Consequently,
with pilots we have estimated the channel matrices

and at the relay, the effective channel matrices and

at , and the effective channel matrices and
at . However, to compute proper precoding matrices,
requires an estimate of and needs an estimate of .
In the case where the relay chooses its amplification matrix
such that , can obtain an estimate of via

. Otherwise, additional pilots are needed to es-

timate at and at . Alternatively, open loop
techniques such as Orthogonal Space-Time Codes can be used
to convey the desired information without transmit channel state
information. Another drawback of the simple LS-based channel
estimation procedure is that the structure of the compound chan-
nels is completely ignored. We show in the next section how the
estimation accuracy can be improved by exploiting this special
structure and estimating the channel matrices and di-
rectly.

V. ALGEBRAIC CHANNEL ESTIMATION ALGORITHM: TENCE

The LS-based scheme for the estimation of the effective
(compound) channel ignores their structure completely. For
instance, , i.e., the elements of
are second-order polynomials in the coefficients in

. Consequently, if it may be more efficient to
estimate by solving a quadratic LS problem and exploiting
the special structure of . This is the motivation behind the
tensor-based channel estimation (TENCE) scheme presented
in this section. TENCE itself is an algebraic (i.e., noniterative)
solution to the nonlinear least squares problem, which is very
simple to compute. If a more accurate solution is required,
TENCE can be refined by a few iterations of an iterative
channel estimation scheme described in Section VI.
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A. Training

In order to acquire channel knowledge of and
at the user terminals we require a special training phase in
which known pilot symbols are transmitted for known relay
amplification matrices. We therefore divide the training phase
into frames. For each frame, we choose a particular relay
amplification matrix , . For
this fixed , pilot sequences and for

are transmitted from and , respec-
tively. The number of pilot symbols that are transmitted for
each and the number of frames will be specified later.
Note that the total number of training time slots is given by

. The received signal from the th pilot symbol within
the th training block is given by

(13)

The data model in (13) can be expressed in a more compact form
using tensor notation. To this end, let us introduce the following
definitions:

(14)

(15)

(16)

Using these definitions, the received training data can be
rewritten as

(17)

where the tensors and contain the vectors and
in such a way that the second index in the tensor represents

and the third index represents .
The tensors and collect of the noise vectors and

in a similar fashion.
It should be noted that the structure of (17) is similar to

a Tucker-2 decomposition [12]. However, the difference to
Tucker-2 is that the core tensor is known (and can even be
designed). Also, a certain symmetry in the factors is present
since the two-mode factor includes and which are also
present in the one-mode factor. Finally, the decomposition
involves the pilot matrix which is also known and can be
designed. These particular properties can be exploited to derive
efficient solutions to the channel estimation problem. Moreover,
we obtain design rules and recommendations on how to choose
the pilot matrix and the training tensor in order to facilitate
the implementation of these channel estimation algorithms.2

2We use the term “design rules” for properties that��� and ��� must fulfill for
TENCE to be applicable and “design recommendations” for additional proper-
ties that��� and ��� may satisfy to improve the estimation accuracy.

B. Derivation of TENCE

Based on this training data we show the derivation of TENCE
in this section. For notational convenience, we ignore the contri-
bution of the noise and write equalities. In the presence of noise,
the following identities will only hold approximately. Also, we
derive the solution for only. Due to the symmetry of the
problem, the solution for is very similar.

First of all, consider the training tensor . Let be the
rank of the tensor . Then can be expressed in terms of its
PARAFAC decomposition [12]

(18)

where is the identity tensor of size and the
matrices , , and
represent the factor matrices of the decomposition. Instead of
designing the tensor directly, we propose design rules for
the matrices , , and individually from the steps in the
derivation where they appear.

Inserting (18) into (17) yields

(19)

Using the elementary properties of -mode products shown in
(58) in the Appendix, it is easy to verify that the three-mode
unfolding of (19) satisfies

(20)

In order to isolate the Khatri–Rao product, the multiplication by
must be inverted. To guarantee that this inversion is unique,

we require that and to be a full rank matrix. This
leads to the first design rule for .

Design Rule 1: The number of training blocks must sat-
isfy and must have full column rank .

Since we can design we can choose this matrix such that
it has orthogonal columns, i.e., is a scaled identity. This
guarantees that the inversion step is well conditioned, which is
favorable from a numerical standpoint and avoids explicit ma-
trix inversion.

Design Recommendation 1: The three-mode factor matrix
should have orthogonal columns.

We can now isolate the Khatri–Rao product in (20) in the
following way:

(21)

where is the pseudo-inverse of (which is a scaled version
of if is chosen to have orthogonal columns).

The Khatri–Rao product in (21) can be inverted up to one
scaling ambiguity per column. That means we can find matrices

and such that

(22)

(23)

where and represent arbitrary
complex numbers. Since in the presence of noise (21) is only
approximately a Khatri–Rao product, the factors represent an
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estimate. The algorithm to obtain these estimates is summarized
below.

Algorithm 1: Least-Squares Factorization of a Khatri–Rao
Product

• Consider a matrix which is an
approximation of the Khatri-Rao product between
a matrix and a matrix , i.e.,

.
• Set .

1) Let , , and be the th columns of the matrices
, , and , respectively. We know that
.

2) Reshape the vector into a matrix ,
such that . It is easy to see that this
matrix satisfies .

3) Compute the singular value decomposition of
as . Now the best rank-one

approximation of is given by truncating the
SVD, i.e., and , where

and represent the first column vectors of
and , respectively, and is the largest singular
value.

4) If , set and go to 1).

Note that from the Eckart–Young theorem it follows that this
algorithm provides the best approximation of the Khatri-Rao
product in the least squares sense. Also note that for every
there is one scaling ambiguity in inverting the outer product
since , . A sim-
ilar idea was used to solve a channel estimation problem for a
one-way relaying scenario in [15].

In order to resolve the unknown parameters we need to
eliminate the unknown channels in (22) and (23). First of all,

can easily be eliminated in (23) if we restrict the pilot matrix
to have orthogonal rows. Again, this choice is also desirable

from a numerical point of view because then the pilot matrix
does not affect the conditioning of the problem. Note that the
rows can only be orthogonal if the matrix is square or “flat”
which yields the necessary condition .

Design Rule 2: The number of pilot symbols per training
block must satisfy .

Design Rule 3: The pilot symbol matrix
must have orthogonal rows.

From these design rules it also follows that the pilot transmis-
sions of the two users are mutually orthogonal. Therefore,

and (24)

Due to the orthogonality constraint, and are
scaled versions of and , respectively. Using (24) in (23)
we can eliminate in the following fashion:

(25)

In order to remove the unknown we need to solve (25) for
. This solution is only unique if is a square or a flat ma-

trix, i.e., . Also, to render this inversion numerically
stable, should have orthogonal rows.

Design Rule 4: The rank of the tensor must satisfy
. Also, from design rule 1, the number of training blocks

must be greater or equal to . Therefore, to reduce the pilot
overhead, should be as small as possible. Consequently, we
choose . Note that it follows that and are square
matrices.

Design Rule 5: The two-mode factor matrix must have
full rank.

Design Recommendation 2: The two-mode factor matrix
should be an orthogonal matrix.

Now we can solve (25) for and insert this solution into
(22). We obtain

(26)

(27)

where in the last step we have used the fact that
and property (52) proven in the Appendix. In order to solve (27)
for the unknown vector , we have to isolate on one side
of the equation. However, to achieve this, we need to move
to the other side. Since is of size this step requires

. For the smallest possible , which was chosen in
design rule 4, this condition reduces to . From the
equivalent equation at the other user terminal, we also get the
condition . As a consequence, we now consider two
cases separately. First of all, we solve the case where both condi-
tions are met, i.e., . Then we consider the
case where this condition is not true. Note that TENCE is only
expected to outperform the LS-based compound channel esti-
mator in case 1, as pointed out in the beginning of this section.
The second case is only shown for completeness to demonstrate
that the tensor-based approach can be used for arbitrary antenna
configurations.

Case 1: : In this case, we can solve
(27) directly for in the following fashion

(28)

Note that since we assume , the matrices and
are square and hence the pseudo-inverse is replaced by the

matrix inverse. Here we apply the inverse Schur product (i.e.,
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element-wise division), which requires that the matrix
does not contain any zero entries. This leads to another design
rule

Design Rule 6: The factor matrices and must be
chosen such that the matrix does not contain any
entries that are equal to zero or very close to zero.

In the presence of noise, (28) holds only approximately.
Therefore, the matrix estimated from (28) does not necessarily
have rank one. In order to find the best approximation of
we can proceed in a manner similar to the inversion of the
Khatri–Rao product and additionally exploit the symmetry of
the matrix. The algorithm to estimate is summarized in the
following steps:

Algorithm 2: Estimation of

• Compute the matrix .
• Force the matrix to be symmetric by computing

.
• Since is symmetric, an SVD of this matrix is given by

. An SVD of this form can for instance be
computed via the Takagi factorization [29].

• Then, the least squares estimate for is given by
, where represents the first column of and

is the largest singular value of .

Note that the estimation of involves one sign ambiguity since
.

From the estimate of we finally obtain estimates for the
channel matrices with the help of (22) and (23)

(29)

(30)

It is also possible to obtain a second estimate for from by
replacing by in (30). However, since the estimate found
from (29) is always more accurate, this additional estimate for

will not be used in the simulations. Note that (29) involves
the inverse of . With the same reasoning as before, we there-
fore propose the corresponding design rule for :

Design Rule 7: The one-mode factor matrix must have
full rank.

Design Recommendation 3: The one-mode factor matrix
should be an orthogonal matrix. Note that from design rule 4 it
follows that is a square matrix.

Note that the sign ambiguity in leads to one sign ambiguity
in the channel estimates: instead of and we may estimate

and . However, since this sign cancels in the trans-
mission (6), this scaling ambiguity is irrelevant. This concludes
the channel estimation algorithm for case 1.

Case 2: : Without loss of gener-
ality, we consider the case where . Since in (27)
is a “flat” matrix, we cannot solve (27) for the unknown matrix

directly. Essentially, there are only equations
for unknowns. However, it is actually not required to esti-
mate all elements in , because this matrix has rank one and
hence does not have degrees of freedom. It is not difficult
to see that already elements from are enough to
reconstruct the entire matrix via the following naive approach:
the main diagonal elements of are equal to from
which we can obtain all up to one ambiguity per coeffi-
cient. These unknown signs can be estimated from the
elements on the first off-diagonal of .

The approach we take to solve this case is to reduce the
number of variables we estimate from to via
a suitable design of the tensor which then facilitates a
well-defined inversion. From the estimated elements
in we can reconstruct the missing elements using the
rank-1 structure (cf. algorithm 3) and then proceed in the same
manner as in the previous case.

To simplify the notation, we introduce the following defini-
tions:

(31)

(32)

i.e., and represent the th columns of and , re-
spectively. Note that we have again used the assumption

. Using definitions (31) and (32) we rewrite the matrix equa-
tion (27) into a system of matrix-vector equations

(33)

Here, we have applied Lemma 2 of the Appendix. Note that if
we set the th element of the vector to zero, the th column
of the matrix becomes zero. This is equivalent to
removing the th column of and the th row of the parameter
vector in the th matrix vector equation of (33). Con-
sequently, we can reduce the number of variables in each of the
matrix-vector equations from to if we place
zeros in each of the vectors . This leads to the crucial design
rule for the second case:

Design Rule 8: The one-mode and two-mode factor matrices
of the tensor must be designed in such a way that each
column of the matrix contains at most

nonzero entries.
Note that design rule 8 does not contradict design rule 6 since

for the first case we have and hence all
elements are allowed to be nonzero by rule 8 (and are forced to
be nonzero by rule 6).

Using this design, we can solve all matrix-vector equations
in (33) and hence obtain entries of each column of .
The elements we obtain are exactly the nonzero positions in the
matrix . From these elements we can reconstruct an estimate
of the full matrix , provided that .3 This recon-
struction algorithm is summarized below:

3Following the proposed design of ��� , for � � � we only obtain the main
diagonal of ��� � ��� , i.e., � , ��. Therefore, we cannot determine the sign of the
individual � in this case. However, � � � has been explicitly assumed, and
the case � � � is further discussed in Section VII.
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Algorithm 3: Rank-One Matrix Reconstruction

• The input to the algorithm is a matrix which contains
the estimates of we have and the pattern
of nonzero elements in the matrix . The nonzero
positions in are the known elements in the estimate
of .

• First of all, we can use the symmetry of by
filling each unknown element with if the latter is
known.

• If after this step there are unknown elements left. we
continue by estimating the ratios for

in the following fashion:
1) Set .
2) Obtain the set of column indexes for which

the elements and are known.
3) Obtain the set of row indexes for which the

elements and are known.
4) Estimate as the arithmetic average of the ratios

and the ratios ,
.

5) If set and go to 2).
• Now we can apply these ratios to fill the rest of the

matrix. For every unknown element in the matrix
, we check:

1) If the element is known, an estimate of
is given by .

2) If the element is known, an estimate of
is given by .

3) If the element is known, an estimate of
is given by .

4) If the element is known, an estimate of
is given by .

• Again, if more than one estimate for is available, an
arithmetic average is computed.

At the end of this algorithm we have an estimate of . De-
pending on the pattern of the unknown elements, this estimate
may not be exactly symmetric and it may also not be exactly
rank one. We therefore proceed in the same manner as in case
one to estimate the vector from this matrix: First the matrix is
forced to be symmetric. After that, a best rank-one approxima-
tion is computed with the help of a singular value decomposition
(cf. Algorithm 2). The estimated vector is then used to com-
pute estimates for the channel matrices and (cf. (29) and
(30)).

C. Summary

The TENCE algorithm is summarized in Table I. Concerning
the design rules for the matrix and the tensor , we have the
following.

• The pilot matrix : The number of pilots
must satisfy and must have orthog-

onal rows (cf. design rules 2 and 3). A reasonable choice

is given by constructing a DFT matrix of size
and then using the first rows for and the next
rows for . To ensure that the transmit power is limited
to for each user terminal 1, 2, and can
be scaled individually, such that the norm of each column
is equal to . Note that is sufficient
for the training, higher values can be used to increase the
estimation accuracy in the presence of noise. Another pos-
sible choice is given by Zadoff–Chu sequences [2] since
these fulfill the required orthogonality conditions as well.

• The relay amplification tensor :
— The rank must satisfy according to de-

sign rule 4. A larger rank leads to higher pilot over-
head according to design rule 1. Therefore, we choose

.
— The factor matrices , ,

and must have full rank ac-
cording to design rules 1, 5, and 7. Moreover, must
satisfy according to the design rules 1 and 4.
Note that is sufficient for the training, higher
values can be used to increase the estimation accuracy
in the presence of noise.

— The matrix must have nonzero
elements per column according to rules 6 and 8. Note
that this implies that this matrix should not have any zero
entries if .

— The factor matrix should have or-
thogonal columns and the factor matrices

should be orthogonal according to recom-
mendations 1, 2, and 3.

The total number of pilots is equal to . Following the
design rules we conclude that at least pilots
are needed. Note that the total number of parameters that must
be identified is equal to in and in .
Therefore, the total number of required pilots is equal to the total
number of parameters that are identified. Note that this does not
correspond to the minimum possible pilot overhead since the
number of observations is indeed larger (by a factor of at
terminal ). To conclude this chapter we give an example how
a tensor can easily be constructed that follows all the design
rules.

• Choose .
• Set to a DFT matrix. If a larger number of

training blocks (frames) is desired, use a DFT
matrix and truncate it to columns.

• Then, compute in the following way: If
: Set , where is an

DFT matrix. Otherwise set ,
where is a circulant matrix computed from the vector

. That means
that the th column of is equal to shifted by
elements in a cyclic manner. To illustrate the structure of

, Fig. 2 displays for and three different values
for . We have verified numerically that this
design provides a full rank matrix for all combinations
of , , and up to .
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TABLE I
SUMMARY OF THE TENCE ALGORITHM AT . FOR WE REPLACE ��� BY ��� IN THE FIRST STEP AND ��� BY ��� IN THE THIRD STEP.

MOREOVER, IN THE FINAL RESULT (29) and (30) WE EXCHANGE ���� AND ���� AND REPLACE ��� BY ���

Fig. 2. Structure of the matrix ��� for � � � and different values for
����� �� �. Empty circles represent zeros, filled circles represent ones.

Note that this design of also fulfills all design recommenda-
tions if . Otherwise, is not necessarily
orthogonal which violates the design recommendation 3.

The amplification matrix which the relay uses in the th
frame can be computed from the matrices , , and in
the following fashion:

where represents the th row of and is chosen such

that . Therefore, if , the relay
uses shifted DFT matrices during the training phase.

VI. ITERATIVE REFINEMENT FOR TENCE

The TENCE algorithm which we have derived in the previous
section is a purely algebraic closed-form solution. Therefore, it
is very fast, since it does not require any iterative procedures.
However it does not provide the MMSE solution. In this section
we show that the MSE can be further reduced by an iterative
procedure. Via the number of iterations we can therefore scale
the complexity. The mathematical manipulations that are used
for this derivation are similar to structured least squares (SLS)
[8] even though the underlying problem that is solved in [8] is
different.

As in the previous section we derive the solution for .
Due to the strong symmetries in the data model, the solution for

is very similar.
Let the initial estimates for the channel matrices and

be given by and and define . Our goal is to
improve the estimates and based on the received training
data. Therefore, we need to define a measure for the quality

of the channel estimates. To this end, introduce the following
definition

(34)

Note that if is chosen to have orthogonal rows as proposed in
the previous section, is a scaled version of . Inserting
(34) into (17) we find that in the absence of noise has the
following structure:

(35)

As we can see, the channel matrix is present in the first and
in the second factor. For TENCE, we exploit this symmetry only
in the second step, i.e., to estimate . In the first step of TENCE
this is not considered since for the inversion of the Khatri-Rao
product, is eliminated in the second factor. This is the reason
that the estimate obtained by TENCE can still be improved by
exploiting the structure of .

In the presence of noise, (35) holds only approximately. We
can therefore judge the quality of the channel estimate via the

norm of the residual tensor . In order to
minimize this norm we introduce update terms and
for the channel estimates and , respectively. Since we al-
ready have an initial estimate we additionally apply regulariza-
tion to enhance the numerical stability. This ensures that the up-
date terms are small compared to the initial solution. The overall
cost function we minimize can be written in the following way4:

(36)

where is the residual tensor after the th iteration which is
given by

(37)

4This cost function ignores the fact that the noise is not white due to the for-
warded relay noise. Since an initial estimate of the channel matrices is already
available via TENCE, the cost function can be extended to take the noise corre-
lation into account. This is achieved by replacing ���� � in the cost function

by ��	���� � � �


 ���	���� �, where �


 is an estimate of the noise covariance
matrix. However, in simulations we have found no significant improvement of
the modified iterative scheme in terms of the channel estimation accuracy. Since
this modification significantly complicates the presentation of the algorithm, it
is omitted here for clarity.
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Here, and represent the updates after the th
iteration and . Moreover, the terms
and in (36) are given by and
where , controls the amount of regularization used
(the larger , the less regularization).5

We can express (36) in a more compact form by applying
Lemma 3 shown in the Appendix. Then, we obtain the following
alternative representation of (36)

(38)

In each iteration, the terms and are updated ac-
cording to the following rules:

(39)

(40)

where the initial values are given by

(41)

Our goal is to find and that minimize the
cost function in the th iteration. Since this represents a non-
linear least squares problem, we use local linearization to solve
it. Using (39) and (40) in (37) for we obtain

(42)

where in the last step we have neglected the higher-order terms
in and . Therefore, (42) is a linear function
in these terms. In order to use this linear function in (38), we

5Our simulations have shown that the performance is not very sensitive to the
choice of the regularization parameter �. For a low SNR, a moderate amount of
regularization �� � ���� enhances the numerical stability, but � should not be
chosen too small. Moreover, for a high SNR, regularization is not needed and
we can choose � � �. If not stated otherwise, we use � � ��� for all the
simulations.

apply the vec-operator and use Lemma 5 to reorder the terms.
Then,

Here, represents the permutation matrix defined in (1).
In order to separate the update terms and we
apply the following identity:

(43)

which follows from the definition of the vec-operator. Equation
(43) allows to express the update equation for the residual tensor

in the following convenient fashion

(44)

where the matrices and are given by

Next, we insert (44) as well as (39) and (40) into the cost func-
tion (38) for the th iteration which yields

(45)

Consequently, the cost function has been rewritten as a linear
least squares problem in the update terms and
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TABLE II
SUMMARY OF THE SLS-BASED ITERATIVE REFINEMENT FOR TENCE AT . FOR WE CONSISTENTLY

EXCHANGE ��� WITH ��� AND REPLACE ��� BY ��� IN EQUATIONS (37), (45), AND (46)

. Therefore, the least squares solution of (45) with
respect to these terms is given by

(46)

The SLS-based iterative refinement proceeds by computing
the updates according to (46) and applying these updates as
shown in (39) and (40). Different criteria can be used to check
whether the iterative procedure has converged. For example,
we can compute the norm of the update terms and

and terminate the algorithm when this norm drops
below a predefined threshold. Alternatively, define the quantity

, which is a measure of the fit of the current
channel estimates to the data received during the training
phase. Then we can terminate the iteration if
for a predefined threshold6 . Moreover, if ,
the th iteration is ignored and the th iteration is used
as a final solution. The SLS-based refinement of TENCE is
summarized in Table II.

VII. DISCUSSION

A. Computational Complexity

The LS-based channel estimation scheme presented in
Section IV requires solving an overdetermined set of
equations for unknowns, where .

In TENCE, since most matrices that have to be inverted are
chosen orthogonal, the only explicit matrix inversion we require
is the pseudo-inverse of which is of size for ,
2. Therefore, the complexity is dominated by the least-squares
Khatri–Rao factorization of a matrix of size for
which SVDs of size are required (NB: for each
SVD, only the dominant singular vectors are needed). On the
other hand, for the SLS-based refinement, an overdetermined
set of linear equations needs to
be solved for variables in each iteration. For

the number of equations reduces to .

6The threshold parameter � represents a trade-off between computational
complexity and estimation accuracy. We observed that � � �� is a rea-
sonable value. Smaller values lead to more iterations, however these do not
result in a significant improvement in accuracy. Larger values of � terminate
the algorithm too early. As we show in the simulations, for this choice of � the
number of iterations is between one and four, even in critical scenarios.

B. Nonorthogonal Pilots

The way the derivation of TENCE is presented, we rely on the
fact that the pilot matrix has orthogonal rows (cf. design rule
3). This condition can be relaxed to allow a nonorthogonal by
replacing the pseudo-inverse of used at various steps of the
derivation by a block of the pseudo-inverse of . However, such
a choice for is detrimental in terms of the channel estimation
accuracy, as the simulation results in [6] have also verified.

C. Single-Antenna Case

Since previous channel estimation scheme for two-way re-
laying with AF relays focus on the single-antenna case [6], we
briefly discuss this special case here. For
the smallest pilot overhead is achieved by choosing and

. The relay amplification tensor becomes a scalar
and therefore the factor matrices are trivially and

. Then, TENCE simplifies into the following algebraic
equations for and estimated at

(47)

where are the pilot sequences and
is the received training data. We compare the channel estima-
tion accuracy of TENCE in this special case with the ML and
LMMSE estimators from [6] in the simulations section. Note
that the SLS-based refinement does not provide any improve-
ment in the single-antenna case. Also note that we cannot re-
place the TENCE algorithm in the general MIMO case by a se-
quential application of the SISO case presented here. The reason
is that each estimate is only unique up to one sign ambiguity
which would leave the estimates of the channel matrices with
one sign ambiguity per element. These ambiguities alter the sub-
space which renders SVD-based pre-/postprocessing infeasible.

VIII. SIMULATION RESULTS

In this section, simulation results are shown to compare the
different channel estimation approaches and demonstrate the
corresponding achievable channel estimation accuracies. We
first show the achievable channel estimation accuracy of the
separate channels and with TENCE and its SLS-based
iterative refinement. Then, we compare the LS-based compound
channel estimator with the tensor-based channel estimation
approach in terms of the estimation error of the compound
channels.
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For all simulations, the channel matrices are generated ac-
cording to a correlated Rayleigh fading distribution. The spatial
correlation follows a Kronecker model, i.e.,

(48)

where and model the spatial
correlation matrices at the relay and at user terminal , respec-
tively. For simplicity, the matrices and are chosen such
that their main diagonal elements are equal to one and the mag-
nitude of all off-diagonal elements is equal to and , re-
spectively. The channels are assumed to be constant during the
training phase.

A. Performance of TENCE and Its SLS-Based Refinement

In this section we present a selection of simulation results
demonstrating the accuracy achievable with TENCE and its
SLS-based refinement.

As a measure of the accuracy, we compute the relative
squared estimation error (RSE) defined as

(49)

where accounts for the sign ambiguity in the estimation of the
channels. The estimation error curves are labeled as , ,

, and , where the first number indicates the terminal
which estimates the channel referenced by the second number.
For instance, represents the estimate of at .

If not stated otherwise, the design of the training data follows
the rules derived in Section V and we choose and

to minimize the pilot overhead. Moreover, the
default values for and are , . We use a
fixed transmit power of for both terminals and the relay
and vary the noise power at the terminals and at the relay as
a function of the .

The first result shown in Fig. 3 corresponds to an uncorrelated
Rayleigh fading scenario where each terminal is equipped with
five antennas. In Fig. 3 we show the complementary cumulative
distribution function (CCDF) of the RSE (i.e., the probability
that the RSE exceeds its abscissa) for a fixed SNR of 20 dB
and randomly drawn channel realizations. Dashed lines repre-
sent the initial estimate obtained via TENCE and solid lines are
used for the SLS-based iterative refinement. We observe signif-
icant improvements via the iterative scheme in the terminals’
own channels to the relay and mild improvements in the chan-
nels between the other terminal and the relay. Moreover, the
slope of the CCDF is steeper for the SLS-based iterative re-
finement which means that their estimates are numerically more
stable than the initial TENCE estimates.

A correlated Rayleigh fading scenario is investigated in Fig. 4
where we choose , , ,

, , and . Therefore, a strong spatial
correlation at the relay is present which impacts both and

. We observe significant improvements obtained by the SLS-
based iterative refinement for the estimates of each terminal’s
own channel to the relay since the iterative channel estimate

Fig. 3. CCDF of the RSE for TENCE and the SLS-based iterative refinement.
Scenario: � � � � � � �, ��� � �� dB, � � � � � � �

(uncorrelated Rayleigh fading).

Fig. 4. Median of the RSE versus the SNR for TENCE and the SLS-based
iterative refinement. Scenario: � � �, � � �, � � 	, � � ��
,
� � � � � (correlated Rayleigh fading).

exploits the fact that each terminal’s own channel is present in
the first as well as the second mode of the training tensor.

The impact of the design parameters and on the perfor-
mance of the SLS-based iterative refinement is shown in Figs. 5
and 6. Here, we consider a scenario with uncorrelated Rayleigh
fading ( , ) for
and antennas. In Fig. 5, we depict the mean RSE for
different choices of the regularization parameter and the SNR.
Note that the last point corresponds to the case where
no regularization is used at all. We observe that for a low SNR
a mild amount of regularization helps to lower the
mean RSE and that this effect diminishes for higher SNRs. For
a very high SNR, we can skip the regularization completely by
setting . For the same scenario, the average number of
iterations of the SLS-based refinement is depicted in Fig. 6. We
observe a slight increase in the number of iterations for the cases
where a mild amount of regularization is used. Moreover, we
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Fig. 5. Mean RSE versus regularization parameter � for different SNRs. Sce-
nario: � � � � �, � � �, � � � � � � � (uncorrelated Rayleigh
fading).

Fig. 6. Number of iterations for the SLS-based refinement versus the SNR for
different choices of � and �. Scenario: � �� � �,� � �, � � � �

� � � (uncorrelated Rayleigh fading).

compare two different choices of the threshold parameter . Ob-
viously, for , significantly more iterations are required.
However, as evident from Fig. 5, these additional iterations do
not lead to a visible improvement in the RSE. Consequently,

is a reasonable choice. For a high SNR, the SLS-based
iterative refinement always terminates after two iterations. This
means that the second iteration does not improve the norm of the
residual tensor anymore. Consequently, one could even limit the
number of iterations to one without losing any performance in
the high SNR regime.

Finally, Fig. 7 shows the comparison of TENCE with the ML
and LMSNR channel estimators proposed in [6]. Since the latter
are only applicable to the SISO case, we set

. Note that in this case, TENCE simplifies to the equa-
tions shown in Section VII-C. Also, we consider a NLOS sce-
nario, i.e., . We observe that in terms of the Me-
dian RSE, TENCE and ML perform almost equally and outper-
form the suboptimal LMSNR scheme. It should be noted that

Fig. 7. Median of the RSE versus the SNR comparing TENCE with the ML and
the LMSNR estimate. Scenario: � �� �� � �, (Rayleigh fading).

the complexity of the closed-form TENCE algorithm is lower
than the complexity of ML or LMSNR.

B. Comparison Between Compound and Tensor-Based
Estimator

In order to compare the LS-based compound channel esti-
mator proposed in Section IV with the tensor-based approach
presented in Sections V and VI we consider the relative estima-
tion error (rCEE) of the compound channels defined via

(50)

Figs. 8 and 9 depict the and achieved via
different approaches. The curves for (i.e., and

) are omitted since they coincide with the ones for
due to the symmetry of the problem. The curves labeled “SLS”
depict the tensor-based approach using TENCE and the SLS-
based iterative refinement with pilots. The
curves labeled “LS” show the LS-based approach for the estima-
tion of the compound channel. Since LS requires only
pilots, two sets of curves are shown: One set that corresponds
to the minimum number of pilots and another set where the
number of pilots has been chosen to for a
fair comparison to the tensor-based approach. Both simulations
assume antennas at the user terminals. The
number of antennas at the relay is set to for Fig. 8
and to for Fig. 9. The relay amplification matrix
is chosen as a DFT matrix. We observe that in both cases, the
channel , which conveys the self-interference, is estimated
more accurate by the tensor-based approach. The estimation ac-
curacies for the channel matrix achieved by LS and SLS
are equal for and SLS is slightly worse for
(comparing SLS and LS for the same number of pilots).

IX. CONCLUSION

In this paper we investigate channel estimation schemes
for two-way relaying with AF MIMO relays. We propose two
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Fig. 8. Median rCEE versus the SNR. Scenario: � � � � �, � � �,
� � � � � � � (uncorrelated Rayleigh fading).

Fig. 9. Median rCEE versus the SNR. Scenario: � � � � �, � � �,
� � � � � � � (uncorrelated Rayleigh fading).

channel estimation approaches. First, the LS-based estimator
for the compound channels is introduced. It represents a simple
and robust scheme with a small pilot overhead. However, it fails
to provide the terminals with transmit CSI for nonsymmetric
relay amplification matrices. Moreover, it ignores the structure
of the compound channel matrices which provides room for
improvements in the channel estimation accuracy. Then, we
introduce a tensor-based approach for estimating the separate
channel matrices between the terminals and the relay. We first
derive the closed-form TENCE algorithm. Furthermore, we
propose design rules for the training symbols and the relay
amplification matrices that are required for the implementation
of TENCE as well as recommendations that improve its esti-
mation accuracy. In a subsequent step we demonstrate that the
estimates obtained via TENCE can be further improved by an
iterative algorithm based on structured least squares. We show
via simulations that significant improvements are achievable
and, depending on the scenario, between one and four iterations
are sufficient.

Comparing the two approaches we find that the tensor-based
approach yields more accurate estimates of the compound
channel matrices that convey the self-interference if the number
of antennas at the relay is smaller than the number of antennas
at the terminals. Moreover, it always provides the user terminals
with transmit CSI, even for nonsymmetric relay amplification
matrices.

APPENDIX

LEMMAS AND IDENTITIES

This appendix summarizes some useful properties of ma-
trices, tensors, and norms that are used in the derivations of this
paper.

Lemma 1: The following identities are used without further
proof, since they are known from the literature.

For arbitrary matrices , , and
[7]

(51)

For diagonal matrices , , ,
, and an arbitrary full matrix it is easy to

see that

(52)

For a tensor and matrices ,
, and , the following identities are

shown in [4]:

(53)

(54)

(55)

An interesting special case of these identities is obtained if the
core tensor is replaced by an identity tensor, as it appears in
the PARAFAC decomposition

(56)

(57)

(58)

where , , and . This
demonstrates that any unfolding of the identity tensor can be
seen as a selection matrix which reduces a Kronecker product
to a Khatri–Rao product.

Lemma 2: For arbitrary matrices , ,
and we can define a matrix in the
following way

(59)

Then, the th column of can be expressed as

(60)

where and represent the th column vectors of and ,
respectively and .
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Proof: Obviously, for arbitrary vectors , we have
that

(61)

Moreover, the th column of (59) is given by

(62)

Applying (61) in (62) for and proves the
Lemma.

Lemma 3: For a tensor of arbitrary size and a matrix of
arbitrary size the following identities hold:

(63)

Proof: The higher-order (tensor) norm, the Frobenius (ma-
trix) norm, and the vector 2-norm are all defined as the square-
root of the sum of the squared magnitude of all elements. Since
the vec-operator only rearranges all the elements into a vector
and the order of the elements is irrelevant for the sum, the iden-
tities are obvious.

Lemma 4: Every tensor fulfills the fol-
lowing properties:

(64)

(65)

(66)

Proof: Let the rank of the tensor be denoted by . Then,
can be expressed in terms of its PARAFAC decomposition in

the following way:

(67)

where the factor matrices are of size for
, 2, 3. To prove (64), we expand and using

(67) and the identities (53) and (55). We obtain

(68)

(69)

To simplify these equations further we use the property (51) for
, , and yields

(70)

Similarly, (51) can be applied to (68) for ,
, and from which we get

(71)

Finally, from the definition of the identity tensor, it is easy to see
that , where is a vector
which is equal to one at the positions
for and zero elsewhere. Consequently, (70) and

(71) are identical, which proves (64). The proof of (65) and (66)
proceeds in analogous fashion.

Lemma 5: For a tensor and matrices
and the following identities hold:

(72)

where are the permutation matrices defined in (1).
Proof: From the definition of the permutation matrices we

know that

(73)
Applying Lemma 5 this can be reformulated into

(74)
Expanding the one-mode product with the help of (53), we ob-
tain

(75)

We can now use property (51) for , ,
and . We get

(76)

which is the first line of the lemma. The proof of the second line
is accomplished in a similar fashion.
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