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ABSTRACT

In this work we discuss the problem of direction of arrival qwes-
timation with a regular-hexagonal shaped 7-element ESPAR (elec-
tronically steerable parasitic antenna radiator) array which has been
studied in recent publications. In order to exploit symmetries and
invariances of the hexagonal shape we define three spatial frequen-
cies instead of one. Estimates for these spatial frequencies can be
found using a 3-dimensional version of the Unitary ESPRIT algo-
rithm, which has not been applied to an antenna array on a hexago-
nal grid before. This algorithm enables us to find estimates for 1-D
directions of arrival (i.e., the azimuth angles) or 2-D directions of ar-
rival (i.e., the azimuth and the elevation angles). Automatic pairing
of these angles will be ensured by means of the Simultaneous Schur
decomposition as a final step in the estimation procedure. After giv-
ing details on how to obtain estimates for the spatial frequencies
from the observed array output, we discuss various ways how these
estimates can be combined efficiently to obtain the direction of ar-
rival angles. Where applicable, results are supported by computer
simulations.

1. INTRODUCTION

Efficient methods for estimating the directions of arrival of several
planar wavefronts have been investigated in the past decades and
they are still a very vivid research area. Knowledge about positions
of radiating sources is not only a key step in developing SDMA com-
munication systems but plays also a major role in several navigation
and imaging applications.

New developments in antenna technology have always been
leading the way for the applicability of those methods. Therefore
we discuss in this work how we can use efficient multidimensional
parameter estimation schemes on a regular-hexagonal shaped
ESPAR array, which has been described in recent publications [1],
[2]. Having only a single-port output, this antenna offers low power
consumption, a small physical size as well as low fabrication cost
which renders it very attractive for practical use in battery operated
portable devices.

We apply a 3-dimensional version of the Unitary ESPRIT algo-
rithm [3], which is well known for its high resolution capabilities as
well as its low computational complexity and has never been applied
to an ESPAR array before. By performing the estimation not only
along one dimension but along three dimensions simultaneously, we
can perfectly exploit symmetries and invariances in the regular struc-
ture of the array. This will lead to a significant improvement in spa-
tial resolution compared to 1-D ESPRIT implementations on this
array [1]. Due to the benefits of the Unitary ESPRIT algorithm, this
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approach will also be superior to reactance domain MUSIC algo-
rithms as proposed in [4], especially in terms of the computational
cost. Moreover it will enable us not only to estimate a 1-D direction
of arrival (i.e., the azimuth) but 2-D directions of arrival (i.e., the
azimuth and the elevation), which cannot be accomplished by 1-D
versions of ESPRIT proposed by other authors. Correct pairing of
those angles will automatically be ensured by applying a simultane-
ous Schur decomposition [5] in the last step of the operation of the
Unitary ESPRIT algorithm.

This paper is organized as follows: First of all the data model is
presented and details how to obtain measurements from the ESPAR
array are given. Then, three spatial frequencies are introduced and it
is shown how they relate to the regular array geometry. In Section 3
the 3-D Unitary ESPRIT algorithm is discussed. After that, different
methods to combine estimates for the spatial frequencies in order
to find direction of arrival angles are presented. Finally, simulation
examples that illustrate the performance of our proposed methods
are given in Section 6.

2. DATA MODEL AND ANTENNA GEOMETRY

Figure 1 illustrates the alignment of theM = 7 sensors in a
hexagonal shape. The single output of the array is connected to one
sensor located at its center. Six more sensors are constructed around
it in a regular hexagon as parasitic elements each of them being
loaded with an adjustable reactance from a varactor diode
connected to it. Due to these reactances and due to the mutual
coupling between the elements, the scalar output we observe is a
weighted combination of the outputs of all the elements and the
weights can be controlled by appropriate steering of the varactor
diodes. Letx(m)(t), m = 1, 2, . . . , M denote the output of the
m-th sensor of the corresponding decoupled 7-output array. To
obtain these we need to apply at leastM different sets of
reactances each leading to a different weight vector [1],[2]
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Therefore, if we choose the reactances such that the weight vec-
tors are linearly independent, we can compute thex(m)(t), m =
1, 2, . . . , M from theM observed scalar outputsyk(t) by solving a
set ofM linear equations.

We assume that the time needed for one such measurement cycle
is small compared to the interval between two snapshotsT0. Under
this assumption we can specify the the measurement vector at time
t = n · T0:

x(t) =
h
x(1)(t), x(2)(t), . . . , x(M)(t)

iT

. (2)
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Fig. 1. 7-element ESPAR array configuration. Left: Pseudo-3D-view, showing the azimuth angleθ and the elevation angleα. Right: View
from top, showing the three coordinate axesµ, ν, andω and their relation to the azimuth angleθ as well as how the antenna elements were
numbered. The distance between adjacent elements is equal toλ/4 [1].

Moreover, let us define a matrixX ∈ CM×N containingN mea-
surements from each of theM sensors:

X = [x(n · T0), x((n− 1) · T0), . . .

x((n−N + 1) · T0)] . (3)

Note that in order to getN snapshots we need a total ofM · N
sequential scalar measurements due to the single-port output.

Let us assume that there existd radiating sources that are located
in the far field of the array, i.e., their wavefronts can be considered
to be planar at the receiver. If we additionally assume that the band-
width of the signals is small, we can express the measurements in
the following way:

X = AS +N , (4)

whereA ∈ CM×d denotes the array steering matrix which consists
of d array steering vectorsa1, . . . ,ad, S ∈ Cd×N containesN
subsequent symbols from thed users, andN ∈ CM×N represents
samples of the additive noise component which are assumed to be
Gaussian distributed and mutually uncorrelated.

2.1. Spatial frequencies

In most of the publications on array processing for this array geom-
etry, the authors have defined three possible configurations for shift
invariant subarrays and have used either of those to estimate a single
spatial frequency. In contrast to that approach, we propose defining
three spatial frequencies in the array plane, and we call themµ, ν,
andω. Their axes are equal to the three symmetry axes of a regu-
lar hexagon as defined in Figure 1. Obviously, the axes are neither
orthogonal nor linearly independent. We can write each of them in
terms of the other two, e.g.,

µ = ν − ω. (5)

However, this does not hold for theestimatesof the spatial frequen-
cies because of the influence of the noise. That is why this overde-
termination will help us to suppress noise and thus increase the esti-
mation accuracy.

We can express the array steering vectora in terms of the spatial
frequencies:

a (µ, ν, ω) =
h
e−jµ, ejω, e−jν , 1, ejν , e−jω, ejµ

iT

, (6)
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Fig. 2. The ESPAR array and its invariances. As we can see the
array is shift invariant along each of the axes we defined.

following the numbering of the sensors we have defined in Figure 1.
In the 1-D case, the spatial frequencies depend on the azimuth angle
θ in the following fashion:

µ(θ) = π/2 · cos (θ) (7)

ν(θ) = π/2 · cos (θ − 60◦) (8)

ω(θ) = π/2 · cos (θ − 120◦) . (9)

On the other hand, if 2-D direction angles are considered, we obtain
the following equations:

µ(θ, α) = π/2 · cos (θ) · sin α (10)

ν(θ, α) = π/2 · cos (θ − 60◦) · sin α (11)

ω(θ, α) = π/2 · cos (θ − 120◦) · sin α, (12)

whereα represents the elevation angle. Figure 1 illustrates how the
angles are defined.

Plugging these equations into equation (6) yields the array steer-
ing vectors in terms of the direction of arrival angles.

2.2. Shift invariance

As you can see from Figure 2, the array is shift invariant along all
three axes we defined. In each case,m = 4 out of theM = 7
elements belong to one subarray, the center element (element #4)
is the only one common to all of them. In order to apply ESPRIT
methods, we have to define selection matrices that select four out of
seven elements belonging to the desired subarrays. Let us consider
the µ-direction first. In this case, sensor #1 has to be mapped to
sensor #4, sensor #2 to sensor #5 and so on. We choose the order of



the rows in the selection matrices such that the following constraint
is satisfied:

Jµ,1 = Πm · Jµ,2ΠM , (13)

whereΠn is ann× n exchange matrix having ones on its antidiag-
onal and zeros elsewhere. Equation (13) is a necessary condition for
the derivation of the Unitary ESPRIT algorithm and it can be satis-
fied by appropriate row ordering. Therefore, the selection matrices
in µ-direction are defined as:

Jµ,1 =

264 1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0

375 (14)

Jµ,2 =

264 0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

375 . (15)

Similar conditions can be applied to the other directions, yielding
the following results:

Jν,1 =

264 1 0 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 1 0

375 (16)

Jν,2 =

264 0 1 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1

375 (17)

Jω,1 =

264 0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

375 (18)

Jω,2 =

264 1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0

375 . (19)

These selection matrices will be used to establish the shift invariance
equations later on.

3. 3-D UNITARY ESPRIT

In order to estimate the spatial frequencies along the three coordi-
nate axes jointly, we use a 3-D version of the well-known Unitary
ESPRIT algorithm. Before we can apply any ESPRIT method, we
need to establish the shift invariance equations for each of the di-
rections. They follow directly from the definitions of the selection
matrices in Section 2.2:

Jµ,1 ·A ·Φµ = Jµ,2 ·A (20)

Jν,1 ·A ·Φν = Jν,2 ·A (21)

Jω,1 ·A ·Φω = Jω,2 ·A, (22)

where the matricesΦ are given by:

Φµ = diag{ejµi}d
i=1 (23)

Φν = diag{ejνi}d
i=1 (24)

Φω = diag{ejωi}d
i=1. (25)

The first step in any ESPRIT type algorithm is the estimation of the
signal subspace. This can be done by computing either thed domi-
nant left singular vectors of the data matrixX (direct data approach)
or by computing thed dominant eigenvectors of the measurement

correlation matrixR̂xx
.
= XXH/N (covariance approach). The

matrix containing the signal subspace will be calledUs ∈ CM×d.
It allows us to eliminate the unknown array steering matrix from the
shift invariance equations, which then take the following form:

Jµ,1 ·Us ·Ψµ ≈ Jµ,2 ·Us (26)

Jν,1 ·Us ·Ψν ≈ Jν,2 ·Us (27)

Jω,1 ·Us ·Ψω ≈ Jω,2 ·Us, (28)

where the matricesΨ have the same eigenvalues as the matricesΦ.
These sets of equations are overdetermined and could, for example,
be solved by an appropriate least squares method. Finally, the spatial
frequencies can be computed from the eigenvaluesφµ,i, φν,i, and
φω,i of the resulting matricesΨµ, Ψν , andΨω:

µi = arg(φµ,i)

νi = arg(φν,i)

ωi = arg(φω,i)

9>=>; i = 1, 2, . . . , d. (29)

The result would be the Standard ESPRIT solution for each of the
directions separately. However in so doing, spatial frequencies are
not automatically paired between different sources. This automatic
pairing is one of the major benefits of theR-D Unitary ESPRIT al-
gorithm [3].

In order to applyUnitary ESPRIT, we transform the problem
into a set of completely real-valued equations in order to reduce the
computational complexity. The transformation is carried out by ap-
plying forward-backward averaging on the measurement data and
using a bijective mapping between the set of centro-Hermitian ma-
trices and the set of real-values matrices introduced by Lee [6]. We
get the following modified shift invariance equations:

Kµ,1 ·Es ·Υµ ≈ Kµ,2 ·Es (30)

Kν,1 ·Es ·Υν ≈ Kν,2 ·Es (31)

Kω,1 ·Es ·Υω ≈ Kω,2 ·Es. (32)

Here, Es ∈ RM×d is the signal subspace obtained
from the transformed real-valued data matrix
T(X) = QH

M [X ΠMX∗ΠN ]Q2N , the asterisk denotes
complex conjugation, and the matricesQp are unitary left-Π-real
matrices, which are those matricesQ ∈ Cp×q that satisfy
ΠQ∗ = Q. Moreover, the matricesKη,i, η ∈ {µ, ν, ω}, i = 1, 2
are obtained from the selection matricesJη,i by using the
transformation:

Kη,1 = 2 · Re{QH
mJη,2QM} (33)

Kη,2 = 2 · Im{QH
mJη,2QM}. (34)

Finally, from the matricesΥ, the spatial frequencies can be obtained:

µi = 2 · arctan(λµ,i)

νi = 2 · arctan(λν,i)

ωi = 2 · arctan(λω,i)

9>=>; i = 1, 2, . . . , d. (35)

whereλµ,i, λν,i, andλω,i denote the eigenvalues of the matrices
Υµ, Υν , andΥω respectively.

In order to achieve automatic pairing between the spatial fre-
quencies, after solving equations (30), (31), and (32) for theΥ-
matrices, we need to compute their eigenvalues jointly. This can be
accomplished by a Simultaneous Schur decomposition, a joint diag-
onalization technique discussed in detail in [5]. Applying equation
(35) to them, we finally find the estimates for the spatial frequencies
µ̂i, ν̂i, andω̂i, i = 1, 2, . . . , d.
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Fig. 3. The range forθ is split into six sectors (roman numbers)
numbered in positiveθ-direction.

4. 1-D DIRECTION OF ARRIVAL ESTIMATION

4.1. Calibration

In this chapter we discuss how we can use estimates of the spatial
frequencies to obtain a good estimate for a 1-D direction of arrival
angle, i.e., the azimuth angleθ. We have seen in equations (7), (8),
and (9) how the spatial frequencies depend on this angle. One could
simply try to invert these equations using the arc-cosine function
in order to obtain estimates for each of the spatial frequencies sep-
arately. Note, however, that this inversion is not unique, because
cos(θ) = cos(−θ), ∀θ. Therefore:

θ̂µ = sµ · arccos(2/π · µ̂) (36)

θ̂ν = sν · arccos(2/π · ν̂) + 60◦ (37)

θ̂ω = sω · arccos(2/π · ω̂) + 120◦, (38)

wheresµ, sν , sω ∈ {−1, +1} represents the inversion ambiguity.
If we only had a single spatial direction, we would not be able to

resolve this ambiguity (as in 1-D ESPRIT). However, by comparing
the three estimates, we can find the correct sign ofθ̂ in all three
directions. The idea is to split the array into six sectors of60◦ width
and to evaluate the signs of the spatial frequencies in each of these
sectors. Figure 3 shows how we have numbered them starting at
θ = 0◦ and counting counterclockwise. As a result, we propose the
following algorithm for finding unique estimates for each direction:

1. Estimateµ̂, ν̂, and ω̂ using the 3-D Unitary ESPRIT algo-
rithm.

2. From the three estimated spatial frequencies, find the one
with the smallest magnitude. Then, there are only two possi-
ble sectors left.

3. Test an additional condition illustrated in Table 1 to decide in
which of the two sectorsθ must be located. Once the sector
has been chosen, only one of the two possibilities for each of
the θ̂ remains, hence the correct sign for all three estimates
can be determined.

4. Use equations (36), (37) and (38) to compute unique esti-
mates for the direction of arrival.

Table 1 shows the sectors as well as the additional conditions that
have to be tested.

Smallest Additional
magnitude condition

Sector sµ sν sω

µ̂
ω̂ ≥ −ν̂ II + + -
ω̂ < −ν̂ V - - +

ν̂
µ̂ ≥ ω̂ VI + + +
µ̂ < ω̂ III - - -

ω̂
ν̂ ≥ −µ̂ I + - -
ν̂ < −µ̂ IV - + +

Table 1. Sector classification algorithm showing the additional con-
ditions and the resulting signs.

This algorithm was designed in such a way that it is robust with
respect to estimation errors. For reasonable noise powers, it classi-
fies the correct sector or at least one of its neighbors (which happens
especially at the borders and is thus an expected behavior). This
technique enables us to compute three estimates for the direction of
arrival angles that are all unique in the complete azimuth-plane.

In the sequel we are going to discuss how we can use these three
estimates to compute one final estimateθ̂ for the directions of arrival
by combining them in a smart way.

4.2. Hard decision

A very straightforward way to find a final̂θ would be to simply select
one of the three estimates that promises the best performance. It
is well known that a linear array has its best resolution for angles
very close to the perpendicular on its axis, because then the aperture
that is seen by the incoming wavefront is maximized. Following the
definition of the sectors in Figure 3, we observe that each sector has
one of these perpendiculars in its center. Thus, once we found the
correct sector by using the algorithm above, we can tell which of
the estimates will be the most accurate on the average and choose
it as a final estimate. The following table summarizes this decision
strategy:

Sector Final estimate
I θ̂ = θ̂ω

II θ̂ = θ̂µ

III θ̂ = θ̂ν

IV θ̂ = θ̂ω

V θ̂ = θ̂µ

VI θ̂ = θ̂ν

Obviously, this method is not very efficient since at the border of two
sectors, the corresponding estimates are equally good and should
thus be combined.

4.3. Weighted average

Applying this idea, we can formulate the final estimateθ̂ as a
weighted average:

θ̂ = wµ · θ̂µ + wν · θ̂ν + wω · θ̂ω, (39)

wherewµ, wν , andwω are some positive weights that sum up to one.
Their task is to put more weight on estimates which promise to be
more accurate and less weights on the inaccurate ones.

The accuracy can be measured by looking at the magnitude of
the estimates for the spatial frequenciesµ̂, ν̂, andω̂. As an example,
consider the first frequency,µ. Forθ = 90◦, µ is equal to zero. The
wavefront arrives along the perpendicular on theµ-axis and hence
the estimation forθ should be relatively good. On the other hand for
θ = 0◦ (180◦), µ is equal toπ/2 (−π/2). In this case, the wavefront
impinges along the axis of the array, which results in a bad estimate
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Fig. 4. Weighting functionwµ for different values ofγ.

for θ. This motivates our proposal to let the weights be zero if the
magnitude of the spatial frequency isπ/2 and one1 if the magnitude
is zero. A sensible weighting function would be:

w̃µ =

� �
1− ( 2

π
· µ̂)2

�γ |µ̂| ≤ π/2
0 |µ̂| > π/2

(40)

wµ =
w̃µ

w̃µ + w̃ν + w̃ω
, (41)

whereγ is a design parameter that controls the shape of the weight-
ing function. Its influence is demonstrated in Figure 4 where we
show the weighting functionwµ for different values ofγ.

Replacingµ̂ by ν̂ and ω̂ yields the other weighting factors in
equation (39).

4.4. Least Squares

Another method is to compare the estimated spatial frequenciesµ̂,
ν̂, andω̂ with the ones we would have obtained in the ideal noiseless
case for any value ofθ and then to select the value forθ that fits best
to what we have observed, i.e., that minimizes the squared error. To
this end let us define an error functionJ(θ) that is to be minimized
over all possible values ofθ:

J(θ) =
�
µ̂− µ(θ)

�2

+
�
ν̂ − ν(θ)

�2

+
�
ω̂ − ω(θ)

�2

, (42)

whereµ(θ), ν(θ), andω(θ) are given by equations (7), (8), and (9),
respectively. Forming the derivative with respect toθ yields after
some elementary operations:

dJ(θ)

dθ
=

π

2

�
(2µ̂ + ν̂ − ω̂) sin(θ)−

√
3 (ν̂ + ω̂) cos(θ)

�
. (43)

It is obvious to see that the derivative has two zero crossings in
[−180◦, 180◦], corresponding to a minimum and a maximum of the
cost function. The two solutions are given by:

θ̂1 =

(
arctan

�√
3(ν̂+ω̂)

2µ̂+ν̂−ω̂

�
for 2µ̂ + ν̂ − ω̂ 6= 0

90◦ otherwise
(44)

θ̂2 =

�
θ̂1 − 180◦ for θ̂1 > 0

θ̂1 + 180◦ for θ̂1 < 0.
(45)

As we can see, the two solutions always have a distance of180◦.
The correct one can easily be identified using the sector classification
from Section 4.1.

1The value of one will only be achieved for the unnormalized weights.
In presence of the other weights, the maximum achievable weight will be
smaller due to the normalization.

4.5. Weighted least squares

The idea of weighted least squares is an extension of the least squares
method described above. So far we have put equal weight on all three
error parts in the cost-function. One could now put more weight on
those error parts that are more reliable in the estimated direction and
less weight on error parts that come from subarrays with a small
aperture in that direction. The modified cost-function can be written
as:

J(θ) = wµ

�
µ̂−µ(θ)

�2

+wν

�
ν̂−ν(θ)

�2

+wω

�
ω̂−ω(θ)

�2

, (46)

where wµ, wν , and wω represent the positive weights. For the
weights we propose using similar definitions as in the weighted
average method discussed in Section 4.3. The disadvantage of this
method is that we cannot find a closed-form solution for the
minimum as in the unweighted case. Thus we need to apply an
iterative minimization technique. Since the first two derivatives can
easily be found, we propose using a Newton iteration on the first
derivative ofJ(θ). A good starting point̂θ0 could be any of the
previously described solutions like the unweighted LS or a hard
decision. The iteration is performed in the following fashion:

θ̂n = θ̂n−1 − J ′(θ̂n−1)

J ′′(θ̂n−1)
, (47)

whereJ ′(θ) andJ ′′(θ) represent the first and second derivative of

the cost-function. The iteration can be stopped either if
���θ̂n − θ̂n−1

���
or
���J(θ̂n)− J(θ̂n−1)

��� becomes smaller than a given threshold.

5. 2-D DIRECTION OF ARRIVAL ESTIMATION

In the 2-D case our goal is to estimate two physical parameters,
the azimuthθ and the elevationα from three spatial frequencies
µ̂, ν̂, andω̂. Thus for both,α andθ we need to combine at least
two of them, which prohibits a hard decision method. Also, the
idea of weighted averages is not so straightforward in the 2-D case.
However, the Least Squares idea can be applied as well. The cost-
function takes the following form:

J(θ, α) =
�
µ̂− µ(θ, α)

�2

+
�
ν̂ − ν(θ, α)

�2

+
�
ω̂ − ω(θ, α)

�2

, (48)

whereµ(θ, α), ν(θ, α), andω(θ, α) are given by equations (10),
(11), and (12), respectively. In order to minimize it with respect toα
andθ, we need to form derivatives with respect to both of them:

∂J

∂θ
=

π

2
sin(α) (ĉ sin(θ)− ŝ cos(θ)) (49)

∂J

∂α
=

π

2
cos(α)

�
3π

2
sin(α)− ĉ cos(θ)− ŝ sin(θ)

�
(50)

ĉ = 2µ̂ + ν̂ − ω̂ (51)

ŝ =
√

3 (ν̂ + ω̂) . (52)

These equations admit a very simple closed-form solution in bothθ
andα. Forθ we get exactly the same result as in the 1-D case:

θ̂1 =

(
arctan

�√
3(ν̂+ω̂)

2µ̂+ν̂−ω̂

�
for 2µ̂ + ν̂ − ω̂ 6= 0

90◦ otherwise
(53)

θ̂2 =

�
θ̂1 − 180◦ for θ̂1 > 0

θ̂1 + 180◦ for θ̂1 < 0,
(54)



where the correct solution should be identified using a sector classi-
fication as in the 1-D case. On the other hand, forα we obtain the
equation:

sin α̂ = ± 4

3π

p
µ̂2 + ν̂2 + ω̂2 + µ̂ν̂ + ν̂ω̂ − µ̂ω̂, (55)

the± coming from the two possible solutions inθ. Since we defined
the elevation angle in the interval[0◦, 180◦], only the positive sign
yields valid solutions and we get two possible elevation angles:

α̂1 = arcsin

�
4

3π

p
µ̂2 + ν̂2 + ω̂2 + µ̂ν̂ + ν̂ω̂ − µ̂ω̂

�
(56)

α̂2 = 180◦ − α̂1. (57)

Unfortunately, we are not able to resolve this ambiguity, since the
elevation angle influences the array steering matrix only through
sin(α) which is the same for̂α1 andα̂2.

As in the 1-D case, we can modifyJ(θ, α) into a weighted cost-
function by introducing three weightswµ, wν , andwω:

J(θ, α) = wµ

�
µ̂− µ(θ, α)

�2

+ wν

�
ν̂ − ν(θ, α)

�2

+wω

�
ω̂ − ω(θ, α)

�2

. (58)

Once again this cost function does not admit a closed-form solution.
Therefore, we propose to find a minimum by using a 2-D Newton
iteration. As a starting point̂θ0, α̂0, we can use the closed-form
solution presented above. The iteration then has to be performed in
the following way:�

θ̂n

α̂n

�
=

�
θ̂n−1

α̂n−1

�
−H−1

J,n−1 · gJ,n−1, (59)

where

gJ,n−1 =

24 ∂J
∂θ

∂J
∂α

35 ����� θ = θ̂n−1
α = α̂n−1

(60)

represents the current gradient and

HJ,n−1 =

264 ∂2J
∂θ2

∂2J
∂α∂θ

∂2J
∂θ∂α

∂2J
∂α2

375 ����� θ = θ̂n−1
α = α̂n−1

(61)

the current Hessian matrix. As in the 1-D case, the iteration can be
stopped if the change in the angles or in the value of the cost-function
between two iterations drops below a certain threshold.

6. SIMULATION RESULTS

In this chapter numerical computer simulations are presented to
demonstrate the capabilities of our proposed algorithm. For all of
the following simulations, a QPSK modulation scheme was
assumed. The data symbols were generated randomly and different
users were assumed to be mutually uncorrelated. If not stated
otherwise, the number of snapshotsN was set to 20 and the
closed-form least squares strategy was used for combining
estimates in the 3-D Unitary ESPRIT algorithm.

First of all let us take a look at error probabilities. In Figure 5
we have plotted the probability that the root mean squared estima-
tion error remains below certain thresholds (3◦, 1◦, and0.5◦) versus
the signal to noise ratio at the receiver. A single source located at
θ = 0◦ was assumed and 100,000 independent Monte Carlo runs
were used to compute the probabilities. The solid lines represent our
proposed method whereas the dashed line represents the Standard
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ESPRIT method with a hard decision strategy. We can clearly see
the benefit of our algorithm especially for low SNR’s.

In the simulation shown in Figure 6 we considered the 2-D case
with a single source located atθ = 30◦, α = 60◦ and varied the
number of snapshotsN . The SNR was fixed to 20 dB. The estima-
tion errors inθ andα are shown separately. We can see how a factor
of 10 times more snapshots reduces the error by half a decade.

Another interesting simulation result is shown in Figure 7, where
we compare the different combination strategies in the 1-D case. In
50,000 independent Monte Carlo simulations, three sources located
at−8◦, 0◦, and12◦ were radiating towards the ESPAR array which
collectedN = 1000 snapshots. The SNR was varied from 20 dB
to 40 dB. We can see that the curve for the hard decision strategy
is the top-most, the weighted average and weighted least squares
strategy perform slightly better and the least squares method yields
the best performance. Obviously, the additional effort that resulted
from introducing the weights is not paying off at all but actually
worsens the performance.

This is also supported by the simulation result depicted in Fig-
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ure 8, where we compare the decision strategies for different values
of θ at a fixed SNR of 15 dB. We can see how the estimation error
for the hard decision method varies overθ. As expected, at the bor-
der of two sectors the error is higher since only one of two equally
reliable estimates is used. An optimal combination strategy should
have the same error for all values ofθ. The diagram shows that the
unweighted least squares strategy yields this desired result, whereas
the weighted least squares method does not. Here,γ was set to 0.5.
Smaller values lead to a flatter curve, forγ = 0 the weights are
all one which leads to the unweighted case. Obviously, the weight-
ing that was introduced is not beneficial at all since it significantly
increases the computational cost and leads to a less accurate estima-
tion. A possible explanation for this behavior is that the errors in
the spatial frequency domain are actually the same for all values of
θ, i.e., the variance of̂µ is the same in every direction. The varying
errors in theθ-domain are only results of the slope of the arc-cosine
function being steep at the borders of the array and flat at the center
of the array. As a result, weighting should only be applied in the
θ-domain as we proposed for the weighted average decision strat-
egy. We can see from the plot that it performs almost as good as the
least squares method and significantly better than the hard decision
method. There are tiny peaks at the borders of the sectors and slight
bows in the middle of the sectors. For this simulation, a value for
γ of 1.5 was used. Smaller values ofγ let the peaks at the borders
of the sectors grow whereas larger values let the bows in the middle
rise.

To show that the algorithm is able to resolve 2-D DoA angles of
up to four sources with automatic pairing, consider the scatter plot
in Figure 9. The true position of the sources is indicated by the red
cross, the blue dots represent estimates for the angles of 200 sim-
ulation runs. An SNR of 30 dB was used. For smaller values of
α, the resolution in theθ-direction is diminished whereas for larger
values ofα (i.e., towards the horizontal plane) the resolution in the
α-direction becomes worse. The same effect is demonstrated more
clearly in Figure 10, where we have varied the elevation angleα of a
single source for a fixed azimuth angleθ and plotted the estimation
error in α andθ separately. The behavior can be explained in the
following way: The parameterα influences all three spatial frequen-
cies with a factorsin(α). For values ofα towards90◦, the slope of
the sine-function becomes very small which means small deviations
in the spatial frequencies lead to large deviations in the elevation an-
gle. On the other hand for values ofα towards0◦, all three spatial
frequencies are scaled down to very small values. Thus, relative es-

−150 −100 −50 0 50 100 150

0.6

0.62

0.64

0.66

0.68

0.7

0.72

0.74

Azimuth angle θ

RM
SE

Hard decision
Soft decision
Least Squares
Weighted Least Squares

Fig. 8. Error performance for different combination strategies versus
1-D DoA angleθ of a single source. The SNR was set to 15 dB.

−80 −60 −40 −20 0 20 40 60 80
0

10

20

30

40

50

60

70

80

90

Azimuth angle θ

El
ev

at
io

n 
an

gl
e 

α

Fig. 9. Scatter plot showing a joint 2-D DoA estimation ofd = 4
sources. The red crosses indicate the true position, the blue dots are
estimates of 200 simulation runs. A signal to noise ratio of 30 dB
was used.

timation errors grow, which in turn increases the uncertainty forθ.

Finally, Figure 11 shows how the algorithm performs for two
sources that are spaced very closely together. We have varied the
angular separation from1◦ to 50◦ for different values of the SNR.
The top curve corresponds to an SNR of 20 dB, the bottom one to
an SNR of 40 dB, respectively. The dashed line shows the separabil-
ity border where the root mean squared estimation error of the first
source is equal to the angular separation. For points on the left hand
side of this border, the two sources cannot be resolved reliably; the
farther you are on the right hand side of the curve, the more reliable
is the separation.

7. CONCLUSIONS

In this paper we have shown how it is possible to perform a 3-D
version of the Unitary ESPRIT algorithm on a 7-element hexagonal
ESPAR array. By defining three spatial frequencies and establishing
a shift invariance relation for each of them we have exploited the
regular geometry efficiently. Then we discussed various ways how
to combine the estimates for the three spatial frequencies in order to
obtain a 1-D direction of arrival angle. The combination was car-
ried out in such a way that the azimuth angle becomes unique in the
complete plane and the estimation uncertainty is constant for all pos-
sible directions. It was demonstrated that a very simple closed-form
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solution that follows a least squares estimation idea can be derived.
Compared to the weighted case it was shown that the unweighted
case is advantageous in terms of estimation accuracy as well as com-
putational cost. Similar observations have been found for the case of
2-D direction of arrival estimation where we also found a closed-
form solution and weighting was again not beneficial.

As a result we have obtained an algorithm that is able to estimate
1-D and 2-D direction of arrival angles of up to four uncorrelated
sources with automatic pairing in the 2-D case. The closed-form LS
solution is the combination strategy that is best suited in the 1-D case
as well as in the 2-D case.

As a final note we would like to point out that the ideas we have
presented in this paper can be extended to larger arrays. If more
than 7 sensors are needed, more slices of sensors can be constructed
around the hexagon. This structure is depicted in Figure 12: One can
either constructn slices each having 6 sensors which is illustrated by
the black circles. This will lead to a total ofM = 6 · n + 1 sensors
and tom = 3 · n + 1 sensors per subarray along each of the three
spatial frequency axes. Even more elements are available if a full
hexagonal structure is used as depicted by black and gray circles.
In that case we end up withM = 3 · n2 + 3 · n + 1 sensors and
m = 3·n2+n sensors per subarray (using maximum overlap). Also,
in this casem corresponds to the maximum number of wavefronts
that can be resolved.
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