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ABSTRACT

Space division multiple access (SDMA) promises high gains in
the system throughput of wireless multiple antenna systems. If
SDMA is used on the downlink of a multi-user multiple-input
multiple-output (MIMO) system, either long-term or short-
term channel state information has to be available at the base
station (BS) to facilitate the joint precoding of the signals in-
tended for the different users. Precoding is used to efficiently
eliminate or suppress multi-user interference (MUI). It also al-
lows us to perform most of the complex processing at the BS
which leads to a simplification of the mobile terminals. In this
paper we introduce two novel precoding techniques (a linear
and a non-linear one) that improve the system capacity and the
diversity order. The new non-linear precoding technique com-
bines successive minimum-mean-squared error (SMMSE) and
Tomlinson-Harashima precoding (THP) to provide a higher
capacity and diversity. But it is very sensitive to channel es-
timation errors. The new linear precoding technique is called
regularized block diagonalization (RBD). Although it has a
smaller capacity than SMMES THP it achieves a higher diver-
sity order than SMMSE THP. At high data rates it can extract
the maximum diversity order of the channel. RBD is less sen-
sitive to channel estimation errors than non-linear techniques
and can be also used for precoding with long-term channel
state information.

Index Terms - MIMO precoding, Tomlinson-Harashima pre-
coding, MMSE precoding.

1. INTRODUCTION

Multiple-input, multiple-output (MIMO) systems are the key
component of the future wireless communication systems,
because of their promising improvement in terms of per-
formance and bandwidth efficiency [1], [2], [3], [4], [5].
Multi-user (MU) MIMO systems are especially important
since they have the potential to combine the high through-
put achievable with MIMO processing with the benefits of
space division multiple access (SDMA). In the downlink
scenario, a base station (BS) is equipped with multiple an-
tennas and it is simultaneously transmitting to a group of

users. Each of these users is also equipped with multiple
antennas. In this case, the base station has the ability to
coordinate the transmission from all of its antennas. The
receiving antennas are associated with different users that
are typically unable to coordinate with each other. The BS
exploits the channel state information (CSI) available at the
transmitter to allow these users to share the same channel
and mitigate or ideally completely eliminate multi-user in-
terference (MUI) by linear or non-linear precoding. It is
essential to have CSI at the base station since it allows joint
processing of all users’ signals which results in a significant
performance improvement and increased data rates.

The information theoretic results on the sum capacity
of the multi-user MIMO downlink system have shown that
some kind of Costa or Tomlinson-Harashima precoding (THP)
is necessary to attain it, [3], [6], [7], [8], [9]. DPC can
achieve the maximum sum rate of the system and provide
the maximum diversity order. However, these techniques
require the use of a complex sphere-decoder or an approxi-
mate closest-point solution, which makes them hard to im-
plement in practice. A simple but practical technique that
eliminates a part of the MUI and improves the system di-
versity is THP. THP is a non-linear precoding technique
originally developed for single-input single-output (SISO)
multipath channels. THP can be interpreted as moving the
feedback part of the decision-feedback equalization (DFE)
to the transmitter. It is also applied for the pre-equalization
of MUI in MIMO systems [10], where it performs spatial
pre-equalization instead of temporal pre-equalization for ISI
channels.

All precoding techniques can be classified by the amount
of the MUI they allow (as zero or non-zero MUI techniques)
and their linearity (as linear and non-linear techniques).Lin-
ear precoding techniques require no overhead to provide the
mobile the demodulation information, they are less compu-
tationally expensive and less sensitive to the channel esti-
mation errors at the transmitter than thir non-linear counter-



parts.
Block diagonalization (BD) is a linear pre-coding tech-

nique for the downlink of MU MIMO systems [11]. It de-
composes a MU MIMO downlink channel into multiple par-
allel independent single-user MIMO downlink channels. The
signal of each user is pre-processed at the transmitter using
a modulation matrix that lies in the null space of all other
users’ channel matrices. Thereby, the MUI in the system
is efficiently set to zero. BD can be used with any other
previously defined single-user MIMO technique [12], as the
different users do not interfere with each other. BD is attrac-
tive if the users are equipped with more than one antenna.
However, the zero MUI constraint can lead to a significant
capacity loss when the users’ subspaces significantly over-
lap. Another technique also proposed in [11], named suc-
cessive optimization (SO), addresses the power minimiza-
tion and the near-far problem and it can yield better results
in some situations but its performance depends on the power
allocation and the order in which the users’ signals are pre-
processed. The zero MUI constraint is relaxed and a certain
amount of interference is allowed.

Minimum mean-square-error (MMSE) precoding in com-
bination with THP is proposed in [13]. MMSE balances the
MUI in order to improve the performance with respect ot
zero frocing tecniques while the THP is used to eliminate a
part of the MUI and improves the diversity. However, for
two closely spaced antennas, as in the case when the user is
equipped with multiple antennas, the inter-stream interfer-
ence mitigation still causes some performance degradation.

SO THP proposed in [14] combines SO and THP in or-
der to reduce the capacity degradation due to the cancella-
tion of overlapping subspaces of different users and to elim-
inate the MUI. After the precoding, the resulting equivalent
combined channel matrix of all users is again block diago-
nal. This also facilitates the definition of a new ordering al-
gorithm. Unlike in [6] and [13], this technique allows more
than one antenna at the mobile terminals and has no perfor-
mance degradation due to the cancellation of interference
between the signals transmitted to two closely spaced an-
tennas at the same terminal.

In this paper we introduce two novel MU MIMO pre-
coding techniques. The first one combines THP and suc-
cessive MMSE (SMMSE) proposed [15]. The use of THP
precoding results in improved diversity and substantial ca-
pacity gains, especially at low SNRs. The second technique
is a linear MU MIMO precoding technique that represents
a generalization of BD and offers significant improvements
over all previously proposed linear precoding techniques.
With this technique we can achieve the maximum diversity
order with a much lower complexity than with ”dirty-paper”
codes (DPC).

This paper is organized as follows. In Section 2, we de-
scribe the MU downlink channel. In Section 3, we describe

Fig. 1. Block diagram of multi-user MIMO downlink sys-
tem.

the precoding techniques that will be compared and in Sec-
tion 4, we present the results of the simulations. A short
summary follows in the Section 5.

2. SYSTEM MODEL

We consider a MU MIMO downlink channel, whereMT

transmit antennas are located at the base station andMRi

receive antennas are located at thei-th mobile station (MS),
i = 1, 2, . . . ,K. There areK users (user terminals - UTs)
in the system. The total number of receive antennas is

MR =

K∑

i=1

MRi
.

A block diagram of such a system is depicted in Fig. 1.
We will use the notation{MR1

, . . . ,MRK
} × MT to

describe the antenna configuration of the system. Let us
assume a frequency selective, slow fading channel. Data
transmission is performed using OFDM and MIMO process-
ing is implemented in the frequency domain on every sub-
carrier. The MIMO channel to useri, on thek-th subcarrier
is denoted asH(k)

i ∈ C
MRi

×MT . Moreover, the combined
channel matrix on thek-th subcarrier is given by

H
(k) =

[
H

(k)
1

T
H

(k)
2

T
· · · H

(k)
K

T
]T

.

3. MULTI-USER PRECODING

For the sake of simplicity we will consider processing only
on one subcarrier and omit the indices of subcarriers in the
following analysis.



Let us define the precoder matrices as

F =
[

F1 F2 · · · FK

]
∈ C

MT ×r (1)

whereFi ∈ CMT ×ri is the i-th user’s precoder matrix.
Moreover,r ≤ min (MR,MT ) is the total number of the
transmitted data stream sequences, whereasri is the number
of data stream sequences transmitted to thei-th user. Con-
sider the precoding technique block diagonalization (BD)
that was first proposed in [11]. We can find the optimal pre-
coding matrixF such that all MUI is zero by choosing a
precoding matrixFi that lies in the null space of the other
users’ channel matrices. Thereby, a MU MIMO downlink
channel is decomposed into multiple parallel independent
SU MIMO channels [16], [12]. However, this kind of ap-
proach results in a very poor performance if the subspaces
of the users’ channel matrices overlap significantly, and has
a dimensionality constraint such that the total number of re-
ceive antennas has to be less or equal to the number of an-
tennas at the BS,MR ≤ MT . Our goal is to perform MIMO
precoding in such a way that the loss due to the multi-user
interference mitigation is minimum, to better use multiple
antennas at the UTs and that there are no constraints con-
sidering the number of antennas at the UTs like in the case
of MMSE THP, [13].

We write the precoding matrix in equation (1) as

F = βFa · Fb, (2)

where

Fa =
[

Fa1
Fa2

· · · FaK

]
∈ C

MT ×KMT ,

and

Fb =




Fb1 0 · · · 0

0 Fb2 · · · 0

...
...

. . .
...

0 0 · · · FbK


 ∈ C

KMT ×r,

with Fai
∈ CMT ×MT andFbi

∈ CMT ×ri . The parameter
β is chosen to set the total transmit power toPT .

Here, we use an approach similar to the one in [16],
where MU MIMO precoding is performed in two steps. In
the first step we suppress the MUI using matricesFai

. In
case of BD, where we have a zero MUI constraint, the ma-
tricesFai

are chosen such that they lie in the null subspaces
of all other users’ channel matrices. Then, the matricesFbi

are calculated in the second step based on the desired cri-
terion. For example, these matrices can be obtained by a
modal decomposition of the equivalent users’ channels af-
ter precoding using the matricesFai

with appropriate power
loading. If we want to achieve the maximum information
rate we will use water pouring, and if we want to maximize
the SNR at the UTs we will transmit only on users’ respec-
tive dominant eigenmodes.

3.1. Successive MMSE transmit precoding THP
(SMMSE THP)

MMSE precoding can improve the system performance by
introducing a certain amount of interference especially for
users equipped with a single antenna. However, it suffers
a performance loss when it attempts to mitigate the inter-
ference between two closely spaced antennas as in the case
when the user terminal is equipped with more than one re-
ceive antenna. SMMSE, proposed in [15], deals with this
problem by successively calculating the columns of the pre-
coding matrixFai

for each of the receive antennas sepa-
rately. In this way it provides a higher diversity and a higher
array gain. Here, the diversity is further improved by com-
bining SMMSE and THP. Block diagram of SMMSE THP
system is shown in FIgure 2.

The columns in the precoding matrixFai
, each cor-

responding to one receive antenna, are calculated succes-
sively using SMMSE in the following way. For thei-th user,
i = 1, . . . ,K, andj-th receive antennaj = 1, . . . ,MRi

we
define the matrixH̄(j)

i as:

H̄
(j)
i =




hT
i,j

H1

...
Hi−1

Hi+1

...
HK




wherehT
i,j is the j-th row of thei-th user’s channel matrix

Hi. The corresponding column of the precoding matrixFai

is equal to the first column of the following matrix:

Fi,j =
(
H̄

(j) H
i H̄

(j)
i + αIMT

)−1

H̄
(j) H
i (3)

whereα = MRσ2
n/PT , PT is the total transmit power, and

σ2
n is the variance of a zero mean additive white Gaussian

noise. The MSE corresponding to this antenna disregard-
ing the interference from the other antennas colocated at the
same UT is equal to:

msei,j =

[(
H̄

(j)
i H̄

(j) H
i + αIMR−MMRi

+1

)−1
]

1,1

(4)

where the index1, 1 denotes the matrix element and the total
per antenna MSE of thei-th user is:

msei =
∑

j

msei,j (5)

From the SVD ofHiFai
= UiΣiV

H
i the matrixFbi

is
calculated asFbi

= ViΦi, whereΦi is thei-th user’s power
loading matrix.
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Fig. 2. Block diagram of the SMMSE THP system.

G = H;
for i = K : 1�

P1, . . . Pi, mse1, . . . msei

�
= SMMSE(G) ;

ki = argmink∈S msei;
Fi = Pki

;

Di = F
H

i
H

H

i

�
HiFiF

H

i
H

H

i
+ σ2

n
IMR

�
−1

;

S = S\{ki};

G =
h

H
T

1 . . . H
T

ki−1 H
T

ki+1 . . . H
T

K

i
T

;

end;
F =

�
F1 . . . FK

�
;

D =

2664 D1

. . .
DK

3775 ;

B = lower triangular
�

DHF · diag
�
[DHF ]−1

ii

��
;

Table 1. SMMSE THP algorithm.

The combination of SMMSE and THP (SMMSE THP)
is performed by successively calculating SMMSE, the re-
ordering of users, and in the end precoding with THP. In
every step we use a heuristic approach and minimize the to-
tal per antenna MSE of each user. The whole SMMSE THP
algorithm is summarized in Table 1.

In Table 1, we use the following notation: SMMSE() is
the SMMSE function as explained in previous section,Pk is
an auxiliary matrix where we store the precoding matrices
generated using SMMSE,S is a set of indices of the users
to be processed,Di is thei-th user’s demodulation matrix
andB is the THP feedback matrix. In each step we find
the user with the minimum total per antenna MSE and place
it as the last one. Afterwards, we form the new combined
channel matrixG without this user’s channel matrixHki

.
We repeat these steps until the combined channel matrix is
empty.

3.2. Regularized Block diagonalization (RBD)

Let us definẽHi as

H̃i =
[

HT
1 · · · HT

i−1 HT
i+1 · · · HT

K

]T
(6)

Then we can rewrite equation (3) as:

Fi,j =
(
h
∗
i,jh

T
i,j + H̃

H
i H̃i + αIMT

)−1

H̄
(j) H
i (7)

=
(
H̃

H
i H̃i + αIMT

)−1

F̄i,j (8)

From the previous equation we see that each column in the
precoding matrix generated by SMMSE,F can be factored

in two matrices where the first one does not depend on the
column index. Let us define the SVD of this matrix as:

(
H̃

H
i H̃i + αIMT

)−1

= Ṽi

(
Σ̃

2
i + αIMT

)−1

Ṽ
H

i (9)

Next, we define the matrixFai
as:

Fai
= Ṽi

(
Σ̃

2
i + αIMT

)−1/2

(10)

From the equation (10) we see that in this case each user
transmits on the eigenmodes of the combined channel ma-
trix of all other users with the power that is inversely propor-
tional to the regularized eigenvalues of the combined chan-
nel matrix of all other users in the system. At high SNRs
each user transmits only in the null subspace of all other
users. The matrixFbi

is then calculated in the same way as
for SMMSE, from the SVD ofHiFai

.

4. SIMULATION RESULTS

In this section we compare the performance of systems em-
ploying RBD, SMMSE THP, BD, SO THP and TDMA. To
do so, we take into account a purely stochastic channelHw

and a frequency selective MIMO channel with the power de-
lay profile as defined by IEEE802.11n - D with non-line of
sight conditions [17]. We assume data transmission using
OFDM system withN = 64 subcarriers, subcarrier spac-
ing of 150 kHz and cyclic prefixNpre = 4 samples long.
The data is encoded using a convolutional code rate1/2
(561, 753)oct. After coding the data is mapped using QAM
and 16 QAM modulation. Coded and modulated symbols
are transmitted usingNc = 48 subcarriers andNsymb = 2
OFDM symbols.

We also consider the antenna correlation at the BS and
UTs. Antenna correlation is modeled in the delay domain
using the Kronecker model. The channel of each user’sl-th
path component is modeled as

H
(l)
i = R

(l)
ri

1/2
H

(l)
wi

R
(l)
ti

1/2
(11)

whereH
(l)
wi

is a spatially white unit variance flat fading
MIMO channel of dimensionMRi

× MT , whereasR(l)
ri

andR
(l)
ti

are receive and transmit covariance matrices with

tr
(
R

(l)
ri

)
= MRi

and tr
(
R

(l)
ti

)
= MT .

For the simulations we assume a scenario where the
MS is surrounded by a rich scattering environment and the
BS/AP antennas are separated by less than the coherence
distance. These propagation conditions correspond to a cel-
lular communication systems typically characterized by a
low angular spread at the BS/AP. On the other hand, the an-
gular spread at the mobile is often very large and thus low



spatial correlation can be achieved with relatively small an-
tenna separation. Hence, we can write

R
(l)
ri

= IMRi
, R

(l)
ti

=
MT

tr
(
A(l)∗A(l)T

)A
(l)∗

A
(l)T

(12)

and thel-th path ofi-th user channel is modeled as

H
(l)
i =

√√√√ MT

tr
(
A(l)∗A(l)T

)H
(l)
wi

A
(l)T

(13)

whereA(l) ∈ CMT ×N is an array steering matrix contain-
ing N array response vectors of the transmitting antenna
array corresponding toN directions of departure [18].

In Figure 1 we show the 10% outage capacity as a func-
tion of the ratio of total transmit powerPT and additive
white Gaussian noise at the input of every antennaσ2

n. The
capacity is calculated using the results on the capacity of
MIMO broadcast channels in [3]. We also present capacity
results for a TDMA system as a comparison. By combining
SMMSE and THP we substantially improve the capacity of
the system. At high SNRs SO THP provides a higher capac-
ity than SMMSE THP but it still has the constraint regard-
ing the number of antennas at the BS and the total number
of receive antennas. In the same figure we can see that by
increasing the number of antennas at the UTs SMMSE THP
performs much better, especially at low SNRs. On the other
hand, although RBD has lower capacity than SMMSE THP
it provides an improvement compared to BD and SMMSE.
RBD outperforms both SMMSE and BD. At different SNRs
RBD will adapt and at low SNRs it performs as SMMSE
and at high SNRs where the MUI interference is the main
factor limiting the capacity it has the same capacity as BD.

The complementary cumulative distribution function
(CCDF) of the capacity is shown in Figure 3. By combin-
ing THP and SMMSE we improve the system capacity and
at the same time remove the constraint regarding the num-
ber of transmit and receive antennas that limits the use of
BD and SO THP. RBD has a higher array gain and a higher
diversity gain compared to BD.

The BER performance of the proposed precoding tech-
niques are shown in Fig. 5. We compare the performance
of these techniques with BD and SMMSE. BD is a linear
precoding technique that has a zero MUI interference con-
straint. By introducing MUI, SMMSE provides a higher di-
versity and array gain than BD. SMMSE THP has a higher
diversity gain than SMMSE and outperforms SMMSE at
high SNRs. It is an attractive solution for high SNRs and
data rates. A more interesting result is that RBD, which
is a linear precoding technique, outperforms a non-linear
technique like SMMSE THP. In figure 6 we show the BER
performance of RBD and the BER curve for a similar ”ge-
nie aided” system where the users are assumed perfectly or-
thogonal in order to show the diversity inherent in this type
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of system. We assume that all users’ data in the system are
modulated using 16 QAM. As we can see from this figure
RBD in this case extracts the full diversity of the system.

5. CONCLUSION

In this paper we have introduced two novel techniques that
provide additional gains compared to previously proposed
techniques. Depending on the set of constraints, like the size
of the overhead or the amount of the MUI allowed, different
techniques should be used. Linear techniques are compu-
tationally less expensive and generally require no signaling
overhead. On the other hand, the non-linear techniques can
provide a better performance. SMMSE balances MUI in or-
der to reduce the performance loss due to the overlapping
of users’ subspaces and has a higher capacity than BD at
low SNRs. It extracts higher diversity and array gain than
BD or MMSE and has no dimensionality problem regard-
ing the number of antennas at the BS and UTs. By combin-
ing SMMSE and THP we substantially improve the capac-
ity of this technique. At high SNRs it has a lower capacity
than SO THP. But it can better exploit available antennas
at the UTs, and since it has no dimensionality constraints,
SMMSE THP is able to provide a higher capacity than SO
THP at low SNRs.

The main drawbacks that all non-linear techniques expe-
rience are a higher computational complexity, the required
signalling overhead and their sensitivity to channel estima-
tion errors. Linear techniques are simpler, less sensitiveand
could adapt to various CSI quality which makes them more
attractive for a practical implementation. BD is a linear
technique and can decompose the MU MIMO channel into
a set of independent SU MIMO channels. The equivalent
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MU MIMO channel is also block diagonal after SMMSE
precoding at high SNRs. Although BD has a higher capac-
ity than SMMSE at high SNRs, SMMSE provides a higher
array and diversity gain. By using regularized BD, each
user transmits on the eigenmodes of the combined chan-
nel of all other users but with the power that is inversely
proportional to the regularized eigenvalues of this matrix.
The system performance at low SNRs is limited by noise
and the user transmits in the null and a part of the signal
subspace of all other users, balancing the MUI in order to
better use the available subspace. At high SNRs the sys-
tem performance is limited by MUI and now the user trans-
mits only in the null subspace of all other users. RBD has
the same capacity as SMMSE at low SNRs and as BD at
high SNRs. Note that RBD provides higher diversity than
non-linear SMMSE THP. For high data rates, RBD extracts
the full diversity in the system. It can be used short-term
(instantaneous) and long-term CSI at the transmitter. Even
though SMMSE THP could provide a higher system capac-
ity, RBD is more flexible and more attractive for a practical
implementation.
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