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Abstract—In this paper, we present a widely-linear (WL)
distributed beamforming algorithm that takes full advantage of
weak-sense second-order (SO) non-circular source signals. We
consider a single-antenna source-destination pair in an ad-hoc
relay network that suffers from strong interference. Assuming
that perfect channel state information (CSI) is available at
the receiver, we design our algorithm based on the total relay
transmit power minimization subject to a signal-to-interference-
plus-noise ratio (SINR) constraint after applying WL processing
at the relays. We find key properties, analyze the computational
complexity, and show by simulations that the proposed WL
distributed beamforming algorithm provides a substantial relay
power reduction compared to its linear counterpart for different
degrees of non-circularity.

Index Terms—Widely-linear processing, weak-sense non-
circular sources, distributed beamforming, relay networks.

I. INTRODUCTION

In distributed ad-hoc networks, the establishment of reliable

transmissions between nodes has recently received consider-

able attention among researchers in the field of wireless com-

munications. It is known that the performance of a wireless

network, i.e., its coverage, capacity, energy-efficiency, and reli-

ability can be dramatically improved by exploiting the concept

of user cooperation diversity [1], [2]. In such cooperation

scheme, passive relay nodes assist source-destination pairs

in their communications by relaying signals through multiple

independent paths in the network. Thus, they form a virtual

array of transmit antennas to provide spatial diversity at the

receiver without the need of multiple antennas at the users.

One of the most effective techniques to benefit from coop-

erative diversity capabilities is distributed relay beamforming

[3], [4] based on the amplify-and-forward (AF) relaying pro-

tocol [2], which is often preferred due to its simplicity and low

complexity. The authors in [3] and [4] consider a single source-

destination pair and determine the beamforming weights based

on the assumption that the channel state information (CSI)

is available at the receiver. Thus, the weights have to be

fed back to the relays. The studied criteria to determine the

beamforming weights minimize the total relay power subject

to a certain target signal-to-noise ratio (SNR) constraint at

the receiver [4] or maximize the receiver SNR subject to

certain power constraints [3], i.e., either individual relay power
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Fig. 1. A network of K sources, L relays, and one destination.

constraints or a total relay power constraint.

Recently, the concept of widely-linear (WL) processing

originally applied to the conventional beamforming problem

[5]-[8] has been extended to distributed beamforming [9] to

take advantage of the strict second-order (SO) non-circularity

of source signals [10]. Some examples of such signals include

the BPSK, ASK, PAM, and the Offset-QPSK modulation

schemes. It was shown that processing the strictly non-circular

data and its complex conjugate version separately at the relays

provides additional degrees of freedom that lead to significant

performance improvements [9]. However, WL processing for

distributed beamforming has so far not been exploited for the

case of weak-sense SO non-circular signals. An example of

such signals is the rectangular 8-QAM modulation scheme.

In this paper, we propose a WL distributed beamforming

(WL-DB) algorithm that fully exploits the SO statistics of

weak-sense non-circular source signals at the relays, where

only the magnitudes of the non-circularity coefficients are

required. We consider a single-antenna source-destination

communication pair assisted by multiple relays using the AF

protocol that is subject to interference and assume that perfect

CSI is available at the receiver. We minimize the total relay

power under a target signal-to-interference-plus-noise ratio

(SINR) constraint. Moreover, the special cases of circular

and strictly non-circular transmit signals are considered and

the computational complexity is analyzed. Simulations results

show that depending on the degree of non-circularity, the

presented WL-DB algorithm provides a substantial reduction

in the required total relay power and a lower bit error rate

(BER) compared to its linear counterpart (L-DB) [4].



II. SYSTEM MODEL AND WIDELY-LINEAR PROCESSING

We consider a distributed network of nodes with one source-

destination pair, L relays and K − 1 interfering sources, as

illustrated in Fig. 1. All the nodes in the network are single-

antenna units that operate in a common frequency band and

work in half-duplex mode, i.e., they can either transmit or

receive information. We assume that there is no direct link

between the K sources and the destination such that the

communication between them is assisted by all the relays.

Furthermore, we have flat-fading channel realizations and the

network is perfectly synchronized. Each transmission from

the sources to the destination is implemented in a two-step

procedure, e.g., in two consecutive time-slots. In the first slot,

all the sources simultaneously broadcast their signals to the

relays and in the second time-slot, the received signals at the

relays are processed by a complex beamforming weight and

retransmitted to the destination.

In the first stage of the transmission, the noise-corrupted

source signals received at the relays are modeled as

x = FP 1/2s+ µ ∈ C
L×1, (1)

where F = [f1, . . . ,fK ] ∈ C
L×K is the channel

matrix between the sources and the relays, and fi =
[fi,1, . . . , fi,L]

T , i = 1, . . . ,K, contains the channel coef-

ficients from the i-th source to all the relays. The vector

s = [s1, . . . , sK ]T ∈ C
K×1 represents the uncorrelated signals

from the K sources with E{|si|
2} = 1, P ∈ R

K×K is the

diagonal matrix with the source transmit powers Pi on its

diagonal, and µ ∈ C
L×1 is the zero-mean circularly symmetric

complex Gaussian noise at the relays with variance σ2
µ.

Next, we introduce the concept of WL processing for

distributed relay beamforming to exploit the additional in-

formation contained in the pseudo-covariance matrix, when

processing both the SO non-circular data and its complex

conjugate version at the relays separately. Therefore, using

(1), we define the augmented relay vector

xa =

[
x

x∗

]

=

[
FP 1/2s

F ∗P 1/2s∗

]

+

[
µ

µ∗

]

∈ C
2L×1 (2)

to be processed in the sequel. Due to the assumption of weak-

sense SO non-circular source signals, a measure for the non-

circularity degree of the i-th source is defined by the non-

circularity coefficient [10]

ρi =
E{s2i }

Pi
= |ρi|e

jψi , 0 ≤ |ρi| ≤ 1, (3)

where |ρi| = 0 and |ρi| = 1 represent a circular source and a

strictly non-circular (rectilinear) source, respectively.

For |ρi| 6= 0 ∀i, it was shown in [5] and [6] that s∗

is correlated with s and can be modeled as the orthogonal

decomposition into a signal component and an interference

component [6], given by

s∗ = KHs+ (IK −KKH)1/2s′, (4)

where K = diag{ρi}
K
i=1 contains the non-circularity coeffi-

cients for the K signals on its diagonal and s′ is orthonormal

to s, i.e., E{s′Hs} = 0 and E{s′Hs′} = 1. The special cases

of strictly non-circular and circular sources for this model are

analyzed in Section IV. Next, using (2) and (4), the augmented

relay vector xa can be extended as

xa =

[
F

0

]

P 1/2s+

[
0

F ∗

]

P 1/2s∗ +

[
µ

µ∗

]

(5)

=

[
F

F ∗K∗

]

P 1/2s+

[
0

F ∗

]

P 1/2s̄+

[
µ

µ∗

]

= FaP
1/2s+ F̄aP

1/2s̄+ µa, (6)

where Fa = [fa1 , . . . ,faK ] ∈ C
2L×K , F̄a = [f̄a1 , . . . , f̄aK ] ∈

C
2L×K , and s̄ = (IK−KKH)1/2s′. The new dimensions of

xa can be seen as a virtual doubling of the number of relays.

In the second stage of the transmission, the retransmitted

augmented signal from the relays can be expressed as

ra = WH
a xa ∈ C

2L×1, (7)

where Wa = diag{wa} and wa ∈ C
2L×1 contains the 2L

virtual beamforming weights to be designed. The physical

relays transmit the widely-linear combination [9]

r = WH
1 x+WH

2 x∗ ∈ C
L×1, (8)

where Wl = diag{wl}, l = 1, 2, with wl ∈ C
L×1 given

by wa = [wT
1 ,w

T
2 ]
T . Next, we define the augmented channel

vector ga = [gT , gT ]T ∈ C
2L×1, where g = [g1, . . . , gL]

T is

the channel vector between the L relays and the destination.

Thus, w1 and w2 are not necessarily complex conjugates of

each other due to the stacking in ga [9]. Combining (6) and

(7), the received signal at the destination is obtained as

y =
√

Pd gTa W
H
a fad

sd
︸ ︷︷ ︸

augm. desired signal

+ gTa W
H
a

√

Pdf̄ad
s̄d

︸ ︷︷ ︸

augm. interference

(9)

+ gTa W
H
a

K∑

k=1,k 6=d

√

Pk(faksk + f̄ak s̄k)

︸ ︷︷ ︸

augm. interference

+ gTa W
H
a µa + n

︸ ︷︷ ︸

augm. effective
noise

,

where n is the zero-mean noise at the destination with variance

σ2
n and the subscript d denotes the desired signal component.

III. POWER MINIMIZATION

In this section, we design the 2L beamforming weights

using (9) such that the total relay transmit power Pr in the

WL case is minimized while maintaining the receiver SINR at

least at the threshold γ. The presented development is inspired

by the derivation in [4] that only uses linear processing. In

contrast to [4], we incorporate WL processing and consider

K−1 additional interferers in the network as shown in Fig. 1.

The optimization problem is stated as

min
wa

Pr

subject to SINRWL ≥ γ.
(10)

Here, SINRWL is the SINR in the WL case, which is defined

by SINRWL = Ps

Pi+Pn

, where Ps, Pi, and Pn represent the

power of the desired signal, the interference power, and the



noise power at the receiver, respectively. For the expressions

of these powers, we have

Pr = E{‖ra‖
2} = E{xHa WaW

H
a xa}

= Tr{WH
a E{xax

H
a }Wa} = Tr{WH

a TaWa}

= wH
a Dawa, (11)

where Tr{·} is the trace operator and Da ∈ R
2L×2L is a

diagonal matrix with Da = Ta ⊙ I2L, where ⊙ is the Schur-

Hadamard (element-wise) matrix product. The augmented

covariance matrix Ta ∈ C
2L×2L can be expressed as

Ta = E{xax
H
a }

= FaPFH
a + F̄a(P (IK −KKH))F̄H

a + σ2
µI2L. (12)

For the power of the desired signal component, we obtain

Ps = E
{∣
∣
√

Pd gTa W
H
a fad

sd
∣
∣
2}

= Pd gTa W
H
a fad

fHadWag
∗
a

= Pd wH
a diag{ga}fad

fHaddiag{g
∗
a}wa

= wH
a Rawa, (13)

where Ra = Pd had
hHad ∈ C

2L×2L and had
= ga ⊙ fad

. The

interference power can be written as

Pi = E

{∣
∣
∣g
T
a W

H
a

(√

Pdf̄ad s̄d

+

K∑

k=1,k 6=d

√

Pk(faksk + f̄ak s̄k)
∣
∣
∣

2)}

= wH
a diag{ga}

(

Pd(1− |ρd|
2)f̄ad

f̄Had

+
K∑

k=1,k 6=d

Pk
(
fak

fHak + (1− |ρk|
2)f̄ak

f̄Hak

))

diag{g∗
a}wa

= wH
a Qia

wa, (14)

where Qia = Pd(1−|ρd|
2)h̄ad

h̄Had +
∑K
k=1,k 6=d Pk (hak

hHak +

(1 − |ρk|
2)h̄ak

h̄Hak) ∈ C
2L×2L with h̄ad

= ga ⊙ f̄ad
, hak

=
ga ⊙ fak

, and h̄ak
= ga ⊙ f̄ak

. The expression for the noise

power at the receiver can be written as

Pn = E
{∣
∣gTa W

H
a µa + n

∣
∣
2}

= σ2
µg

T
a W

H
a Wag

∗
a + σ2

n

= σ2
µw

H
a diag{ga}diag{g

∗
a}wa + σ2

n

= wH
a Qna

wa + σ2
n, (15)

where Qna
= σ2

µ((gag
H
a ) ⊙ I2L) ∈ R

2L×2L. Whereas Da

and Qna
are real-valued diagonal matrices, the augmented

covariance matrices Ra and Qia contain the additional in-

formation in form of the pseudo-covariance matrices placed

in their off-diagonal blocks as shown in [9]. This information

will be exploited by the proposed WL-DB algorithm based on

the relay power minimization criterion.

Finally, using (11)-(15) and following the lines in [4], the

optimization problem (10) can be rewritten as

min
wa

wH
a Dawa

subject to
wH

a Rawa

wH
a

(
Qia +Qna

)
wa + σ2

n

≥ γ
(16)

and simplified to

min
w̃a

‖w̃a‖
2

subject to w̃H
a D−1/2

a

(
Ra − γQa

)
D−1/2

a w̃a ≥ γσ2
n,

(17)

where Qa = Qia + Qna
and we have substituted the opti-

mization variable by w̃a = D
1/2
a wa. Note that the threshold

γ has to be chosen such that Ra−γQa is not negative definite

in order for the optimization problem in (17) to be feasible.

Otherwise it becomes infeasible and cannot be solved.

To further simplify the optimization problem in (17), we find

that at optimality the inequality constraint has to be satisfied

with equality [4], which can easily be proven by contradiction.

Therefore, we can apply the method of Lagrange multipliers,

which yields the Lagrangian

L(w̃a, λ) = ‖w̃a‖
2 − λ

(
w̃H

a D−1/2
a

(
Ra

− γQa

)
D−1/2

a w̃a − γσ2
n

)
. (18)

Taking the derivative with respect to w̃∗
a and equating the

Lagrange function to zero, we obtain

D−1/2
a

(
Ra − γQa

)
D−1/2

a w̃a =
1

λ
w̃a. (19)

It is evident from (19) after multiplying both sides with λw̃H
a

that minimizing ‖w̃a‖
2 corresponds to minimizing λ and

hence, maximizing 1/λ. Thus, the objective function in (17)

is globally minimized when w̃a is chosen as

w̃a = αw̄a = αP
{

D−1/2
a

(
Ra − γQa

)
D−1/2

a

}

, (20)

where P{·} is the normalized principal eigenvector operator

and α = (γσ2
n/(w̄

H
a D

−1/2
a (Ra − γQa)D

−1/2
a w̄a))

1/2 is

the scaling to fulfill the SINR constraint in (17). Eventually,

after resubstituting w̃a by wa, we obtain the optimal WL

beamforming vector as

wa = αD−1/2
a P

{

D−1/2
a

(
Ra − γQa

)
D−1/2

a

}

, (21)

which is then processed according to (8).

IV. KEY PROPERTIES AND ANALYSIS

In this section, we analyze the special cases of strictly SO

non-circular sources and SO circular sources, study the impact

of the non-circularity phases on the performance, and assess

the computational complexity of the WL-DB algorithm.

1) In the case of strictly non-circular source signals con-

sidered in [9], |ρi| = 1 ∀i holds and the second term in (4)

vanishes. Thus, the augmented relay vector in (6) reduces to

xa = FaP
1/2s+µa. In [9], the rectilinear symbol vector s is

modeled as s = Ψs0, where s0 ∈ R
K×1 is a real-valued

symbol vector and Ψ = diag{ejϕi}Ki=1 contains arbitrary

complex phase shifts on its diagonal that are different for

each signal. It is now straightforward to see that in this case

K = ΨΨ and specifically ψi = 2ϕi ∀i. Furthermore, it is

evident that the spectral norms of the covariance matrices and

pseudo-covariance matrices contained in Ra are equal. The

same holds true for Qia , which consequently provides the

maximum achievable gain for the WL-DB algorithm.



2) In the case of circular sources, |ρi| = 0 ∀i holds, such

that K = 0, and the model in (4) reduces to s∗ = s′. Consid-

ering (6), this leads to the new definition Fa = [F T ,0TL×K ]T ,

which causes the pseudo-covariance matrices contained in Ra

and Qia to be zero. Thus, the WL beamforming vector is given

by wa = [wT
1 ,0

T
L×1]

T and the achieved performance matches

the one for the linear processing [4].

3) The non-circularity phases ψi have no effect on the out-

put performance of the WL-DB algorithm as it only requires

the knowledge of |ρi| at the receiver. This property is also

apparent from the fact that the flat-fading channel vectors in

F are statistically independent from each other. Hence, the

scaling of the columns of F ∗ by the phase components of K

in Fa merely corresponds to a new realization of the channel

vectors without affecting their variances. Only the scaling by

|ρi| 6= 0 translates into a performance change. This important

property was not yet established in [9].

4) The computational complexity of the proposed WL-DB

algorithm is dominated by the computation of the matrices

in (16) and the eigendecomposition in (21). Therefore, the

computational cost is O((2L)3 + (2L)2), where the factor 2

is due to the virtual doubling of the relays achieved by the

WL processing. Compared to its linear counterpart, which is

of cost O(L3 + L2), the WL-DB algorithm only requires a

slight computational increase by a single factor. Note that in

the special case of rectilinear sources, the cost further reduces

as some terms in Qia vanish.

V. SIMULATION RESULTS

In this section, we show simulation results that illustrate the

performance of the proposed WL-DB algorithm based on the

total relay power minimization criterion for different degrees

of SO non-circularity of the sources. For comparison purposes,

we use its linear counterpart (L-DB) [4] to demonstrate the

performance gains achieved by WL processing at the relays.

We have L = 10 relays and adopt Rayleigh flat-fading chan-

nels with unit-variance channel coefficients. We also assume

that the variances of the relay and the destination noise are

equal to each other and SNR = 10 dB. Furthermore, the desired

user transmits with a power of 0 dBW and the signal-to-

interference ratio (SIR) for the K − 1 interferers is set to -20

dB to simulate the strong interference case. The source signals

are described by their non-circularity coefficient, where the

non-circularity phases are drawn from a uniform distribution

in the interval [0, 2π] since they have no impact on the

performance as discussed in the previous section. All the

curves are obtained by averaging over 1000 Monte Carlo trials.

In the first experiment, we evaluate the minimum required

total relay transmit power as a function of the target SINR

γ for various degrees of non-circularity, where we have

K = 3 sources. The non-circularity coefficient is assumed

to be the same for all sources and the curves are plotted for

|ρi| ∀i values of 0, 0.5, 0.8, and 1. Fig. 2 demonstrates the

performance. It is evident that the curves of L-DB and WL-

DB coincide for SO circular signals, where |ρi| = 0 ∀i, and

that the required total relay power decreases with increasing
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|ρi| ∀i. Eventually, the total relay power reduction is maximal

for strict SO non-circularity when |ρi| = 1 ∀i.

In Fig. 3, we display the BER as a function of the minimum

total relay power. The signal of the desired user is BPSK

modulated, i.e., |ρd| = 1 and we vary the non-circularity coef-

ficient of the interferers. The weak-sense non-circular signals

are obtained by modifying a circularly symmetric complex

Gaussian distribution for a given real-valued non-circularity

coefficient. We keep the same parameter for K and the values

of |ρk| ∀k, k = 1, . . . ,K, k 6= d, from the previous plot.

To obtain the BER curves, a symbol-by-symbol maximum

likelihood (ML) decoder is used at the receiver. It can be seen

that the BER decreases when |ρk| ∀k grows. Again, the BER

achieves its lowest curve when all the interfering sources are

strictly SO non-circular, i.e., |ρk| = 1 ∀k.
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In the second experiment, we assess the maximum gain

in terms of the relay power reduction as a function of |ρ|.
The power reduction is computed as the difference of the

minimum relay powers achieved by the WL-DB and the

L-DB algorithms in dB. Here, we only analyze the non-

interference case with K = 1. The target SINR is chosen to be

γ = −10 dB. The curve depicted in Fig. 4 shows the increase

of the gain when |ρ| rises. In the non-interference scenario a

maximum gain of 3 dB can be attained for strictly SO non-

circular sources. This property was analytically proven in [9]

for the SINR maximization criterion.

In the last experiment, we consider the minimum total relay

power as a function of the target SINR γ but assume different

non-circularity coefficients for the desired user and the K − 1
interferers. We now assume K = 4 users in the network

and all the other parameters are kept the same. Specifically,

we analyze the extreme cases where we have a rectilinear

desired user and SO circular interferers, and vice versa. We

also include the case of only rectilinear and circular users

for the comparison. Fig. 5 illustrates the behavior of the

proposed WL-DB algorithm. It turns out that a strictly SO non-

circular desired user provides the largest performance gain,

whereas rectilinear interferers only contribute to a moderate

performance increase.

VI. CONCLUSION

In this paper, we have presented a WL-DB algorithm that

fully exploits the weak-sense SO non-circularity of sources

in a network, which consists of a single-antenna source-

destination pair, multiple relays and multiple interferers. The

weight computation is based on the total relay transmit power

minimization subject to a target SINR constraint after applying

WL processing at the relays, assuming perfect CSI at the

receiver. We have analyzed the special cases of strictly non-

circular and circular sources, and simulation results demon-
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strate the significant performance gains in terms of the SINR

and the BER, requiring only a slight increase in the computa-

tional complexity.
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