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Ilmenau University of Technology, Communications Research Laboratory
P.O. Box 100565, D-98684 Ilmenau, Germany

Phone: +49 (3677) 69-2615, Fax: +49 (3677) 69-1195

{giovanni.delgaldo, marko.milojevic, martin.haardt, marko.hennhoefer}@tu-ilmenau.de

ABSTRACT

In this contribution an efficient channel parametrization to
model frequency selective time variant MIMO channels is
proposed. The channel parametrization maintains the corre-
lation properties of the channel in frequency, time, and space
unaltered. Moreover, it exploits this correlation in orderto re-
duce the parameters needed to fully describe the channel. The
proposed model can be exploited in several applications such
as efficient channel estimation techniques for multi-carrier
systems, transmit beamforming schemes, and the modelling
of frequency selective time variant MIMO channels with a
low complexity. In order to assess the validity of the model
we parametrize synthetic as well as measured channels. We
evaluate the error between the channel matrix and the one re-
constructed from the parameters, as well as the error in the bit
error rate curves obtained from the the two data sets.

1. INTRODUCTION

Multi-carrier techniques represent a promising alternative for
future mobile communication systems. First test systems as-
sembled by NTT DoCoMo reach data rates of120 Mbps us-
ing a100 MHz bandwidth with 768 subcarriers [1]. For such
large bandwidths a concise parametrisazion of the channel is
desirable, especially when dealing with MIMO systems.

Instead of storing the full channel matrix we propose to
derive a few parameters which fully describe its subspace
structure. It is then possible to obtain the channel matrix
from the parameters with a small error. We refer to this pro-
cedure aschannel reconstruction. Working with the channel
subspace permits us to exploit the coherence in time and fre-
quency, further lowering the number of parameters needed.

This efficient parametrization of the channel can be em-
ployed in several applications such as efficient channel esti-
mation for multi-carrier systems, transmit beamforming schemes
and channel modelling of frequency selective time variant
MIMO channels.

The proposed channel model is far more sophisticated than
the frequently used Kronecker model [2, 3], which suppresses
any spatial correlation between the antenna arrays at both
ends, as well as the correlation in frequency and time.

2. DATA MODEL

In our analysis we consider both synthetic as well as mea-
sured MIMO channels. The latter have been gathered with a
RUSK MIMO multi-dimensional channel sounder [4] while

the former have been generated with the IlmProp [5], a flex-
ible geometry-based propagation model for wireless commu-
nications developed at Ilmenau University of Technology. Both
the measured and the synthetic channels are stored in form of
a four-dimensional arrayH ∈ C

MR×MT×Nf×Nt , whereMR

andMT are the number of antennas at the receiver and at the
transmitter, whereasNf andNt are the number of samples
taken in frequency and time, respectively.

3. THE CHANNEL PARAMETRIZATION

We extend the flat fading channel representation proposed
in [6, 7] to a frequency selective time variant channel, exploit-
ing the correlation in the frequency and time domain. This
model takes advantage of the spatial correlation of the chan-
nel, considering its eigenstructure.

The channel for a specific frequency binf0 and time snap-
shot t0 appears as a two-dimensional matrixHf0,t0 of size
MR × MT. Applying thevec{·} operator to this matrix gives
a vectorhf0,t0 so that

hf0,t0 = vec{H f0,t0} ∈ C
MR·MT×1. (1)

The joint spatial correlation matrixRH for f0 andt0 can
be written as:

RH(f0, t0) = E{hf0,t0 · h
H
f0,t0

} ∈ C
MR·MT×MR·MT . (2)

From the joint spatial correlation matrix we can obtain the
unitary matrixU of dimensionsMR · MT × MR · MT via the
eigenvalue decomposition:

RH(f0, t0) = U · Λ · UH , (3)

where the superscriptH denotes the Hermitian transpose.
The matrixU contains the eigenvectors ofRH(f0, t0) and

represents a full basis for the space in whichhf0,t0 is defined.
This means that it is possible to writehf0,t0 as a linear com-
bination of the column vectors present inU as

hf0,t0 =

MRMT
∑

k=1

γk · uk, (4)

whereuk is thek-th eigenvector. The factorγk is the projec-
tion of the vectorh onto thek-th vector of the basis. Thus we
can compute

γk = u
H
k · hf0,t0 . (5)

In most channels the number of the significant eigenval-
ues is much lower than their total number. Therefore we
can introduce a low-rank approximation using only the first



L strongest eigenvectors (i.e., the eigenvectors corresponding
to the strongest eigenvalues), which form a new basisŨ of
sizeMR · MT × L. Equation 4 becomes:

h̃f0,t0 =

L
∑

k=1

γk · ũk. (6)

The errorǫ(f0, t0) between the perfect reconstructionhf0,t0

and the low-rank approximatioñhf0,t0 is evaluated as fol-
lows:

ǫ(f0, t0) =

√

||h̃f0,t0 − hf0,t0 ||
2
F

||h̃f0,t0 ||F · ||hf0,t0 ||F
. (7)

In this contribution we demonstrate that it is possible to
reconstruct the channel at different frequencies and times, us-
ing a common low-rank basis, just storing the differentγ’s for
each specific time and frequency bin.

The first step is to average the joint correlation matrix
along the frequencies and times which will be reconstructed:

R̄H =
∑

t∈T

∑

f∈F

RH(t, f), (8)

whereT andF represent the domains in time and frequency
in which the average is performed.

FromR̄H we calculateU and consequently the low-rank
approximationŨ . For eacht ∈ T and eachf ∈ F theγ’s are
calculated as expressed in equation (5).

If the averaging window in time and frequency is small
enough, a reduced basis made up of very few eigenvectors
will be enough to accurately reconstruct the channel matri-
ces. In our simulations we determined that the maximum size
of the averaging windows to keep a small error while hav-
ing the smallest number of basis vectors is comparable to the
coherence time and coherence bandwidth.

If we average over a larger window we can still apply a
low-rank approximation but we would need more vectors to
keep the error low.

Within a small window the channel possesses the same
spatial subspace. This means that the joint spatial correlation
matrix of every point in the window is the same and thus will
be mapped by the same eigenbasis. If the channel is not to-
tally uncorrelated, i.e., there exist some dominant paths,only
a part of the eigenvalues of̄RH will be significant. This leads
to the possibility of deriving a low-rank approximation.

As we sum more frequencies outside the coherence band-
width, R̄H becomes richer, meaning that more eigenvalues
become significant. However, the number of vectors needed
for the low-rank approximation grows very slowly with fre-
quency because the subspaces which are summed are partially
overlapping. This means in practice that one or two vectors
added to the basis are enough to cover a frequency window
3 to 4 times bigger than the coherence bandwidth. The sub-
spaces corresponding to different frequencies overlap because
they depend strictly on the Directions of Arrival (DoA) and
on the Directions of Departure (DoD), which are of course
the same for every frequency. However, the overlap is not
perfect, because the antenna arrays see the DoA and DoD dif-
ferently for different frequencies. For instance, the response
of them-th sensor in a Uniform Linear Array (ULA) for an
impinging wavefront coming from an angleθ is

e−j· 2π
λ

∆(m−1)·sin(θ), (9)

where∆ is the spacing between the antennas andλ is the
wavelength. This frequency dependency partially moves the
subspace obliging us to take more vectors to describe the
channel accurately at all frequencies.

More details on the physical interpretation of the channel
subspaces are given in section 4.

On the other hand, the time dimension is more compli-
cated to treat. In fact, as time passes the DoD and DoA can
considerably change so that the two adjacent windows might
have very different subspaces. In this case if we merged the
two windows we would need to take many more vectors. If
the two subspaces are completely different, that is orthogonal,
we would have to take exactly twice as many.

A good approach in order to further reduce the number of
parameters is to transform the channel into the delay time do-
main. In this way, only a few delay taps will show significant
energy. We consider only theK strongest taps, i.e., the ones
with the most energy. When reconstructing the channel from
the parameters we first reconstruct theseK taps as shown in
equation (6), setting the other taps to zero. After a Fourier
transform we obtain our channel in the original frequency-
time domain, where the evaluation of the approximation is
performed.
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Fig. 1. Number of complex parameters needed to describe
the channel. The scenario is an8 × 8, 300 frequency bins
and one time snapshot. (a) full channel array, (b) low-rank
approximation in the frequency domain (15 basis vectors), (c)
low-rank approximation in the delay time domain (15 taps and
15 basis vectors).

Figure 1 shows the number of complex parameters needed
to describe an8 × 8 MIMO channel characterized by 300
frequency bins and 1 time snapshot. The complexity for the
processing done in frequency (b) and delay time (c) drops
as the number of basis vectors is reduced. Even though the
number of basis vectors is the same for (b) and (c), in delay
time only a few taps have to be reconstructed, i.e., only the
γ’s of a few taps must be calculated. On the contrary, in the
frequency domain, all frequency bins must be reconstructed.

We now analyze an8 × 8 indoor measurement taken at
Ilmenau University of Technology. It is characterized by a
center frequency of 5.2 GHz and a bandwidth of120 MHz.
The coherence bandwidth is 16 MHz, calculated as in [8]. The
coherence time exceeds the measurement window (5 seconds)
since the antennas were moved extremely slowly.

Figure 2 shows the mean reconstruction errorǭ calculated
as in equation (7) averaged over all frequencies and ten time



snapshots, against different numbers of basis vectors. The
solid line is the result from the processing in frequency. The
matrix R̄H was calculated averaging over all frequencies for
one time snapshot. For the delay time processing (dashed
line) R̄H was calculated averaging over the taps which con-
tained98% of the total energy. For the time snapshot shown
in Figure 2 the averaging was performed on 15 taps. For this
reasonR̄H has rank 15. This means that all vectors after the
15th only map the nullspace of̄RH and cannot contribute in
the reconstruction of the 15 taps. For this reason the error
converges to a certain value.
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Fig. 2. The mean reconstruction errorǭ for the processing
in frequency and time, calculated as in equation (7) averaged
over all frequencies and ten time snapshots, against different
number of basis vectors. The bars indicate its standard devia-
tion.

Figure 3 shows the reconstruction errorǫ(f, t0) at a spe-
cific time snapshott0 plotted against frequency for different
numbers of basis vectors. The reconstruction has been per-
formed in the delay time domain. Note once more that there
is no difference in performance between a basis with 15 vec-
tors and a full basis (with 64 vectors).
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Fig. 3. Reconstruction error at specific time snapshott0 plot-
ted against frequency for different numbers of basis vectors.
The reconstruction has been performed in the delay time do-
main.

We tested these algorithms on other measurements as well

as on synthetic channels generated with the IlmProp. In par-
ticular an8×16 outdoor measurement taken in the court yard
of Ilmenau University of Technology shows that it is feasi-
ble to keep the number of basis vectors low, while exceeding
the coherence bandwidth in order to map the whole measure-
ment bandwidth. This analysis demonstrates that subspace
methods do not suffer from antenna dependencies, i.e., they
operate for arbitrary antenna geometries. In fact, in this mea-
surement we utilized a8 ULA as transmitter and a16 Uniform
Circular Array (UCA) for the receiver.

The criterion expressed in equation (7) does not reveal all
properties of the reconstructed channel. Therefore, it is ap-
propriate to perform other comparisons between the original
channel and its reconstruction, for instance on the capacity or
on the achievable BER curves.

If the ergodic capacities are compared, for both no- and
full-channel knowledge at the transmit array, it can be ob-
served that the capacity of the reconstructed channel (using
the low-rank approximation) is slightly lower. However, the
error is much smaller compared to the one resulting from
other proposed models, such as the Kronecker model.

Another measure for the comparison is the Bit Error Rate
(BER), which can be conveniently calculated from the statis-
tics of the channel matrix as described in [9]. Assuming or-
thogonal Space-Time Block Codes (STBC), the BER is cal-
culated based on the distribution of the Frobenius norm of
the channel matrices for various realizations. Figure 4 shows
the BER curves comparing different reconstructions. A fixed
4 × 4 MIMO scenario has been generated with the IlmProp.
Both antenna arrays are ULA’s, and 4 scattering clusters have
been positioned in the surroundings of the antennas. The re-
construction is performed in the frequency domain using21
different frequency bins across a bandwidth of30 MHz. As
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Fig. 4. Bit Error Rate (BER) curves for different reconstruc-
tions of a synthetic channel generated with the IlmProp. The
BER is calculated for orthogonal Space-Time Block Codes
STBC as in [9].

seen in Figure 2, for larger basis the reconstruction is more
precise. The BER curves for smaller basis are higher because
not all paths have been added in the reconstruction. The re-
construction for a full basis is identical to the original channel.



4. A PHYSICAL INTERPRETATION

The decomposition seen in eq. (4) can be rewritten so that the
vectoruk is reshaped column-wise into the matrix:

Θk = unvec{uk} ∈ C
MR×MT , (10)

which we will refer to as thek-th eigenmode, so that Equa-
tion (4) becomes:

Hf0,t0 =

MRMT
∑

k=1

γk · Θk. (11)

If the antenna arrays are ULA’s for both ends, it is pos-
sible to reveal the physical interpretation of the matrixΘk.
Through a bi-dimensional Fourier transform the eigenmode
can be directly transformed into the corresponding azimuthal
spectrum. In this domain the Directions of Departure (DoD)
and Directions of Arrival (DoA) are expressed in theµR, µT

domain, i.e., the spatial frequencies. The following equation
permits to translate them into the physical anglesθR andθT:

µ = −
2π

λ
· sin(θ) · ∆, (12)

whereλ is the wavelength and∆ is the spacing between the
antennas. Figures 5 and 6 show the azimuthal spectra of the
first twoΘ

′s derived from a flat-fading, static synthetic chan-
nel in which only two paths exist. The channel was generated
with the IlmProp. The antenna arrays at the receiver and at
the transmitter are8 elements ULA. In this case the first two

Fig. 5. Amplitude of the Azimuthal Spectrum of the strongest
eigenmode. This matrix represents the path forθR = 10◦ and
θT = 10◦.

eigenmodes have rank one and each one represents a specific
path. For richer channels, i.e., with more paths, it can happen
that the significant eigenmodes reach higher ranks. This sim-
ply means that more than one path is represented by the same
eigenmode.

This geometrical interpretation suggests that the subspaces
must not change rapidly in time and frequency in the chan-
nels in which the DoD and DoA vary slowly. In case of other
antenna geometries it is far more complicated to derive the
azimuthal spectrum. It is however always true that the eigen-
modes reflect the physical paths, as the following example
demonstrates. Figure 7 shows a scenario generated with the

Fig. 6. Amplitude of the Azimuthal Spectrum of the second
strongest. This matrix represents the path forθR = −30◦ and
θT = 45◦.

IlmProp. A fixed Base Station (BS) mounts a 6 elements Uni-
form Circular Array (UCA), while the mobile (M), equipped
with a 5 elements ULA, travels on a curvilinear trajectory. A
scattering cluster provides a second path for the signal besides
the Line Of Sight (LOS). Plot (a) of Figure 8 shows the ampli-

Fig. 7. A multi-path MIMO scenario generated with the Ilm-
Prop. The fixed (BS) mounts a UCA while the mobile (M)
moves on a predetermined trajectory.

tude of the Channel Impulse Response (CIR) of the channel
calculated from the geometry seen in Figure 7. The CIR cor-
responds to the channel linking the first antenna of the Base
Station to the first antenna of the Mobile. Such a high reso-
lution in delay time has been achieved setting the bandwidth
to 240 MHz. This allows us to perfectly distinguish the two
paths. Plot (b) shows the CIR obtained from the reconstructed
channel. In particular only the3 strongest eigenmodes have
been used. In the absence of noise the two channels are prac-
tically identical. Figure 8 (c) shows the CIR of the channel re-
constructed with the strongest eigenmode only. Plot (d) shows
the CIR for the second strongest eigenmode only. As clearly
visible the reconstruction seen in plot (c) maps the LOS while
the one in plot (d) maps the echo. Such a result can be ob-
served for any arbitrary antenna array proving the validityof
the geometrical interpretation hereby described.
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Fig. 8. Impulse Response of the channel generated with the
IlmProp from the geometry shown in Figure 7. (a) original.
(b) reconstructed with the strongest 3 eigenmodes in the fre-
quency domain. (c) reconstructed with the first eigenmode
only. (d) reconstructed with the second eigenmode only. This
Figure shows that different eigenmodes represent different
paths.

5. CONCLUSIONS

In this paper we propose a channel parametrization which
models frequency selective time variant MIMO channels. The
resulting channel model maintains the correlation properties
of the channel in frequency, time, and space unaltered. The
proposed model can be exploited in several applications like
efficient channel estimation techniques for multi-carriersys-
tems, transmit beamforming schemes, channel modelling with
a low complexity in link and system level simulations for re-
alistic frequency selective time variant MIMO channels.

The validity of the model has been assessed testing the
algorithms on both synthetic and measured channels, com-
paring the original channel matrix with the one reconstructed
from the parameters. The comparison has been made on the
relative difference between the Frobenius’ norms, on the re-
sulting channel capacity, and on bit error rate curves.
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