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Abstract - In this contribution we propose a subspace-based
channel model suitable to represent frequency selective time
variant MIMO channels. This approach captures the true
nature of the MIMO channel maintaining the spatial cor-
relation present between the antenna arrays. Correlation in
time and frequency is conserved as well. The decomposition
into eigenmodes, which form the channel subspace, gives
an interesting interpretation of the channel’s eigenstructure.
These investigations lead to a very efficient method to
synthesize new channels with the same correlation in time,
frequency and space of a reference channel. The model
allows the interpolation of a channel in order to retrieve
more samples in frequency and time to perform statistical
analysis such as bit error rate and capacity curves. In addition
the model allows the generation of new random channels
with the same spatial, time, and frequency correlations of a
reference channel.
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I. I NTRODUCTION

A time variant frequency selective SISO channel can be
conveniently stored in form of a matrix in one of the four
two-dimensional Bello domains [1]. Either{t, f}, {t, τ},
{fD, f} or {fD, τ} where t, fD, f , and τ denote time,
Doppler frequency, frequency, and delay time, respectively.
When dealing with MIMO systems we need one of these
SISO matrices for each pair of antennas. If we choose
{t, f}, the channel matrix becomes a four-dimensional array
H ∈ C

MR×MT ×Nf×Nt , whereMR andMT are the number
of antennas at the receiver and at the transmitter, whereas
Nf and Nt are the number of samples taken in frequency
and time, respectively. Such a data structure requires a large
amount of parameters to store, namelyMR · MT · Nf · Nt.
This subspace-based model allows us to drastically reduce
the number of parameters needed to describe the channel.

Section II illustrates the data model and the proposed
channel model. Section III deals with the interpolation of
the channel. Finally, section IV draws the conclusions.

The proposed processing algorithms can be extended to
other applications such as channel estimation for multi-
carrier systems, transmit beamforming schemes, and the
generation of uncorrelated realizations of the same channel
for statistical analysis.

II. T HE SUBSPACE-BASED MODEL

The channel for a specific frequency binf0 and time
snapshott0 appears as a two-dimensional matrixHf0,t0 of
sizeMR ×MT . Applying thevec{·} operator to this matrix
gives a vectorhf0,t0 so that

hf0,t0 = vec{H f0,t0} ∈ C
MR·MT×1 (1)

The joint spatial correlation matrixRH for f0 and t0 can
be written as:

RH(f0, t0) = E{hf0,t0 · hH
f0,t0

} ∈ C
MR·MT ×MR·MT (2)

where the superscriptH denotes the hermitian transpose.
We extend the flat fading channel representation proposed

in [2] to a frequency selective time variant channel, ex-
ploiting the correlation in the frequency and time domain.
This model takes advantage of the spatial correlation of the
channel, considering its eigenstructure.

From the joint spatial correlation matrix we can obtain
the unitary matrixU of dimensionsMR · MT × MR · MT

via the eigenvalue decomposition:

RH(f0, t0) = U · Λ · UH
. (3)

The matrix U contains the eigenvectors ofRH(f0, t0)
and represents a full basis for the space in whichhf0,t0
is defined. In other words, it is possible to writehf0,t0 as a
linear combination of the column vectors present inU , as

hf0,t0 =

MRMT∑

k=1

γ
(k)
f0,t0

· u(k) (4)

whereu
(k) is thek-th eigenvector.

The factorγ(k)
f0,t0

can be calculated as the projection of the
vectorh onto thek-th vector of the basis:

γ
(k)
f0,t0

= (u(k))H · hf0,t0 . (5)

Note that ifhf0,t0 = E{hf0,t0}, thenγ
(k)
f0,t0

= λ(k) where
λ(k) is the k-th eigenvalue, i.e., thek-th element on the
diagonal ofΛ.

We can decompose the channel for a different frequency
f1 and timet1 in a similar way, using the same basisU

while applying different weights:

hf1,t1 =

MRMT∑

k=1

γ
(k)
f1,t1

· u(k)
. (6)

It is possible to parametrize the channel at different
frequencies and times, using a common low-rank basis, by



means of storing the differentγ’s for each specific time and
frequency bin.

In fact, in most channels the number of significant weights
is much smaller than their total number. Therefore we can
introduce a low-rank approximation using only the firstL

strongest basis vectors, i.e., the ones which correspond to
the strongest weights, forming a new reduced basisŨ of
sizeMR · MT × L.

h̃f0,t0 =

L∑

k=1

γ
(k)
f0,t0

· ũ(k)
. (7)

Clearly, with a full basis it is always possible to decom-
pose an arbitrary complex vectorhf,t as in eq. (6). However
in order to decompose it with good precision with a reduced
basis, it is necessary forhf,t to lie in the subspace spanned
by the columns of̃U . This occurs in practice ifhf,t is chosen
in the vicinity of f0 and t0, namely within the coherence
bandwidth and coherence time.

In order to parametrize a channel we have to calculate
from the available data an estimatêRH for the joint spatial
correlation matrixRH.

R̂H =
∑

t∈T

∑

f∈F

hf,t · h
H
f,t, (8)

whereT andF represent the domains in time and frequency
in which the averaging is performed.

From R̂H we calculateU and consequently the reduced
basisŨ which is used to decompose all bins withinT and
F .

If the averaging window in time and frequency is small
enough, a reduced basis made up of very few eigenvectors
will be sufficient to accurately reconstruct the channel matri-
ces. In our simulations we have confirmed that the maximum
size of the averaging windows to keep a small error while
having the smallest number of basis vectors is comparable
to the coherence time and coherence bandwidth.

If we average over a larger window we can still apply a
low-rank approximation but we would need more vectors to
keep the error small.

Within a small window the channel possesses the same
spatial subspace. This means that the joint spatial correlation
matrix of every point in the window is the same and thus
will be mapped by the same eigenbasis. If the channel is not
totally uncorrelated, i.e., there exist some dominant paths,
only a part of the eigenvalues of̂RH will be significant. This
leads to the possibility of deriving a low-rank approximation.

As we sum more frequencies outside the coherence band-
width, R̂H becomes richer, meaning that more eigenvalues
become significant. However, the number of vectors needed
for the low-rank approximation grows very slowly with
frequency because the subspaces which are summed are
partially overlapping. This means in practice that one or two
vectors added to the basis are enough to cover a frequency
window 3 to 4 times longer than the coherence bandwidth.

The subspaces corresponding to different frequencies overlap
because they depend strictly on the Directions of Arrival
(DoA) and on the Directions of Departure (DoD), which
are of course the same for every frequency. However, the
overlap is not perfect, because the antenna arrays see the
DoA and DoD differently for different frequencies. For
instance, the response of them-th sensor in a Uniform
Linear Array (ULA) for an impinging wave coming from
an angleθ is e−j· 2π

λ
∆(m−1)·sin(θ), where∆ is the spacing

between the antennas andλ is the wavelength. This fre-
quency dependency partially moves the subspace obliging us
to take more vectors to describe the channel accurately at all
frequencies. A quantitative and more detailed investigation
on the decomposition error can be found in [3].

A. The Eigenmodes - A Physical Interpretation

The decomposition seen in eq. (3) can be rewritten so that
the vectoru(k) is reshaped column-wise into the matrix:

Θ
(k) = unvec{u(k)} ∈ C

MR×MT , (9)

which we will refer to as thek-th eigenmode. Equation (3)
becomes:

Hf0,t0 =

MRMT∑

k=1

γ
(k)
f0,t0

· Θ(k). (10)

If the antenna arrays are ULAs at both ends, it is possible
to reveal the physical interpretation of the matrixΘ(k).
Through a two-dimensional Fourier transform the eigenmode
can be directly transformed into the corresponding azimuthal
spectrum. In this domain the Directions of Departure (DoD)
and Directions of Arrival (DoA) are expressed in theµR, µT

domain, i.e., the spatial frequencies. The following equation
permits us to translate them into the physical anglesθR and
θT:

µ = −
2π

λ
· sin(θ) · ∆. (11)

Figures 1 and 2 show the azimuthal spectra of the first
two Θs derived from a flat-fading, static channel in which
only two paths exist. The channel was generated with the
IlmProp [4]. The antenna arrays at the receiver and at the
transmitter are ULAs consisting of8 elements each. In this
case the first two eigenmodes have rank one and each one
represents a specific path. For richer channels, i.e., with more
paths, the significant eigenmodes can reach higher ranks.
This simply means that more than one path is represented
by the same eigenmode.

This geometrical interpretation suggests that the subspaces
should not change rapidly in time and frequency in the
channels in which the DoD and DoA vary slowly. In case
of other antenna geometries it is more complicated to derive
the azimuthal spectra. It is however true that the eigenmodes
reflect the physical paths, as explained in [3].



Fig. 1
Amplitude of the Azimuthal Spectrum of the strongest

eigenmode. This matrix represents the path forθR = 10◦

andθT = 10◦.

Fig. 2
Amplitude of the Azimuthal Spectrum of the second

strongest. This matrix represents the path forθR = −30◦

andθT = 45◦.

B. Correlation in Frequency and Time

Figure 3 shows a synthetic model generated with the
IlmProp in which an object has been properly set in order
to obscure the Line Of Sight component during the second
half of the simulation time. The transmitter (Tx) moves at
a constant speed of30 km/h. Both ends have a Uniform
Linear Array (ULA) of five omnidirectional antennas each,
parallel to the trajectory. The spacing between the antennas
is λ0

2 , where λ0 is the wavelength corresponding to the
center frequencyf0 = 2 GHz. The sampling is characterized
by sampling periods of∆t = 3 ms and∆f = 600 kHz

Fig. 3
Model generated with the IlmProp. The Line of Sight

(LOS) is obstructed by an obstacle for half of the
experiment time. The transmitter (Tx) moves linearly on
the blue trajectory. The green balls represent scatterers

which are always visible.

in the time and frequency domain, respectively. The total
experiment time is2.5 seconds and the bandwidth is120
MHz. The channel is well sampled in both domains, meaning
that no aliasing affects the results. The RicianK-factor [5],
defined as power of the Line Of Sight (LOS) component
divided by the total power of the scatterers, is approximately
10 when the terminals see each other, and obviously0
otherwise. A white complex Gaussian noise floor is added so
that the average SNR is20 dB. The frequency selectiveness
is guaranteed by two scatterering cluster which introduce
multipath. One of the two clusters, as a whole, generates
a path which is3 dB stronger. The coherence bandwidth
(∆f)c calculated as in [5] is approximately80 MHz. The
decomposition seen in equation (7) is applied to the channel
generated with this model. The matrix̂RH is calculated as
in equation (8) over all frequencies for each time snapshot.
Figure 4 shows the amplitude of the first twoγ’s expressed
in dB. In the first half (until approximately1 second) the
transmitter has clear LOS. The first eigenmode maps the
direct link while the second and the third eigenmodes map
the other two directions. The power of the LOS is very stable
and it is affected only marginally by fast-fading. In fact the
multipath components have overall10 dB less power. As
a resultγ(1) is also very stable. The second eigenmode is
however much more variable in strength since the echoes
are characterized by substantial fluctuations being the sum
of several rays, each one with a different phase due to the
slightly different length. When moving into the NLOS part
the line of sight component abruptly disappears. The first
eigenmode now on maps the strongest echo. In Figure 4 it
can be observed that at some times and frequencies the sec-
ond eigenmode has more energy than the first. This happens
due to the strong fading in time and frequency which affects
the echoes. When the echo mapped by the first eigenmode
experiences a fade, then the second echo might be stronger
and γ(2) will thus be bigger thanγ(1). When analyzing



Fig. 4
Amplitude of the two strongest weights against time and

frequency for an IlmProp channel.

the weights corresponding to higher order eigenmodes, we
notice that they appear increasingly uncorrelated in time
and frequency. This occurs because their eigenmodes map
only the noise. The amplitudes of their weights are in fact
Rayleigh distributed.

In order to validate the model on realistic channels we
analyzed several MIMO measurements gathered at Ilmenau
University of Technology with a RUSK channel sounder
[6]. In all measurements we observed the same degree of
correlation in the weights as seen with synthetic data.

When the eigenmodeΘ(k) maps one path only, i.e., it
has rank1, it is interesting to note that the trend of the
phase of the corresponding weightλ(k) decreases linearly
with frequency. This phenomenon can be clearly observed
in Figure 5, which shows the phase of the strongest weight,
γ(1) for a measured channel. The linear phase is due to the
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Fig. 5
Unwrapped phase of the strongest weight plotted against

time and frequency for a measured channel.

propagation delay of the path. For a given timet0, let τ0

be the propagation delay, i.e., the length of the path divided
by the speed of light. Then the phaseϕ(t0, f) will have the
following expression:

ϕ(t0, f) = e−j2πτ0f . (12)

III. I NTERPOLATING THECHANNEL

The subspace-based channel model proposed in this pa-
per allows us to efficiently interpolate a channel in order
to retrieve more samples to perform statistical analyses.
Each weightγ can be separately interpolated to obtain a
much denser sampling grid in time and frequency. The
reconstruction at a specific time and frequency takes place
using the interpolated weights and the basis which was
calculated in the corresponding window. This technique can
be successfully applied on channel measurements because
it suppresses the noise present in the channel. In order to
validate this method we compare the interpolation done via
the subspace-based model and the trivial interpolation of the
channel array, i.e., interpolating the channel matrix for each
antenna pair.

Let H full be the sum ofHcalc, the channel matrix with
the signal component only, andHn, the noise matrix. From
the downsampling in frequency and time ofH full we obtain
Hdown which is then interpolated back to the original size
with the two methods. LetHssb be the channel array
obtained via the subspace-based model andH inter the one
obtained with a straightforward interpolation. Note that both
interpolations are calculated from the noisy downsampled
version of the channel,Hdown. The channel matrixHssb

has been reconstructed as in equation (7) withL = 3.
Figure 6 shows the Cumulative Distribution Functions

(CDF) of the capacity of a frequency selective channel
generated with the IlmProp. The CDFs are calculated as
in [5] for an SNR of10 dB. The channel is characterized
by a bandwidth of5 MHz and 21 frequency bins. The
downsampling factor is2. For the left plot we assume no
Channel State Information (CSI) while for the right one
the waterfilling algorithm has been applied in a case of
perfect channel knowledge. The CDF obtained fromHcalc

reflects the true capacity of the channel. The CDF ofH inter

approaches the one ofH full because in the interpolation
process the noise has not been removed. On the other
hand, the curve resulting fromHssb successfully approaches
Hcalc having reconstructed the signal subspace only.

Another application for the subspace-based channel model
proposed is thesynthesisof new random channels with the
same spatial, time, and frequency correlations of a reference
channel. From a reference channelHref we can calculate
the complete set of eigenmodesΘref and of weightsγref as
previously described in section II. Using equation (10) read
from right to left, we can synthesize a new channel applying
the same eigenmodesΘref , while generating new random
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Fig. 6
Cumulative Distribution Functions (CDF) of the capacity

of a frequency selective channel generated with the
IlmProp. The curve forH full andHcalc correspond to the
noisy and noiseless channel, respectively. The curves for

H inter andHcalc are for the interpolated channels.

γ’s. Preserving the same eigenmodes assures that the new
channel will have the same correlation in space. In order to
achieve the same correlation in frequency and time the new
γ’s must be generated very carefully. Thek-th weightγ(k)

ref

can be seen as a realization of a two-dimensional stochastic
process in time and frequency whose Power Spectral Density
(PSD) can be estimated via one of the numerous techniques
available in the literature. The process can be assumed wide
sense stationary across frequency and time variant across
time. Once the PSD is known it is possible to generate a new
set ofγ’s via a 2D inverse Fourier transform ofΓ(k)(fD, τ).
The functionΓ(k)(fD, τ) is calculated so that its absolute
value is the square root of the PSD, while its phase is a
random number uniformly distributed in[0, 2π] for every
fD and τ . The realizations generated in such a way can be
processed for any kind of statistical analysis, such as capacity
and bit error rate curves. The results characterize a channel
with the same characteristics in space, time, and frequency.

IV. CONCLUSIONS

In this paper we propose a channel parametrization which
models frequency selective time variant MIMO channels. In
particular we emphasize how the channel’s correlation in
space, time, and frequency is accurately reproduced in the
model. The subspaces in which the channel is decomposed,
possess a strong physical interpretation which is illustrated
thanks to the synthetic channels generated with the IlmProp.
The model allows the interpolation of a channel in order
to retrieve more samples in frequency and time to perform

statistical analysis such as bit error rate and capacity curves.
In addition the model allows the generation of new random
channels with the same correlation in space, time, and
frequency of a reference channel.
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