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Abstract— Geometry-based MIMO channel modelling and
high-resolution parameter estimation are applications in which
a precise description of the radiation pattern of the antenna
arrays is required. In this contribution we propose an efficient
representation of the polarimetric antenna response, which we
refer to as the Effective Aperture Distribution Function (EADF) .
This reduced description permits us to efficiently interpolate the
beam pattern to gather the antenna response for an arbitrary
direction in azimuth and elevation. Moreover, the EADF provides
a continuous description of the array manifold and its derivatives
with respect to azimuth and elevation. The latter is valuable for
the performance evaluation of an antenna array as well as for
gradient-based parameter estimation techniques.

I. I NTRODUCTION

A precise antenna description, namely its beam pattern
with respect to the two polarizations, plays a major role in
the wireless channel description, modelling and estimation.
Traditionally the polarimetric beam pattern is stored as a
matrix in the azimuth and elevation domain, i.e., in a spherical
coordinate system. However, such an approach is computa-
tionally unattractive since the number of complex values tobe
stored is significant. Additionally, if the beam pattern hasto
be calculated for an angle which is not matching the sampling
grid, an expensive interpolation is required. In this contribution
we propose an efficient representation of the polarimetric
antenna response, which we refer to as the Effective Aperture
Distribution Function (EADF). The EADF achieves a high data
compression, allowing us to reduce the number of samples
needed to fully describe a beam.

Furthermore it provides an efficient way of interpolation.
Section II introduces the data model and the basic idea

behind the EADF. Section III illustrates its use in some
exemplary applications, while section IV deals with the limi-
tations introduced by the spherical coordinate system. Finally,
section V presents the conclusions.

II. T HE EFFECTIVE APERTUREDISTRIBUTION FUNCTION

Let θ be the polar coordinate, withθ ∈ [0, π], also called
co-elevation, so thatθ = 0 corresponds to the north pole.
The azimuthal coordinate,ϕ be defined asϕ ∈ [0, 2π), where
ϕ = 0 represents the positivex axis in the usual Cartesian co-
ordinates. The narrowband beam pattern corresponding to one

Fig. 1. The measured 3D beam pattern of an element of a Stacked
Polarimetric Uniform Circular Patch Array (SPUCPA) having 192 elements
in total, disposed on four rings.

polarization can be either measured or generated synthetically
and is then stored in form of the matrixB[N1×N2], sampling
both coordinates uniformly. The superscript[·] denotes the
dimension of the matrix.

Let ∆θ and ∆ϕ be the sampling periods for the azimuth
and elevation, respectively. The matrix will then be definedon
θ = [0, ∆θ, . . . π]T andϕ = [0, ∆ϕ, . . . 2π−∆ϕ]T .

Figure 1 shows a measured beam pattern represented as a
3D surface, so that the distance from the surface to the origin
is the absolute value of the gain function. The beam pattern
belongs to one element of a Stacked Polarimetric Uniform
Circular Patch Array (SPUCPA) having192 elements in total,
disposed on four rings.

Physically the beam pattern is measured as depicted in
Figure 2: a probe, acting as transmitter, is mounted on a robotic
arm which can move at any arbitrary elevation and azimuth



Fig. 2. Set up to measure the beam pattern of an antenna. A knowntransmit
antenna is put at a specific elevation and rotated for all azimuths. The antenna
under study is placed in the origin of the coordinate system.

with respect to the center of the coordinate system, where
the antenna under study is placed. Each row in the matrix
B[N1×N2] corresponds to the signal received as the arm set to
a specific elevation is rotated for the whole360◦ azimuth.

The beam pattern described in this way is periodic only
with respect to the azimuthal coordinate. In order to make it
periodic across elevation the beam pattern description can
be simply extended for elevations bigger thanπ up to θ =
2π − ∆θ. The fourth position depicted in Figure 2 shows
the orientation of the transmit antenna for a co-elevation of
θ4 = 342◦. At this particular point the measured beam pattern
will be the negated version of what was measured atθ3 for
an azimuth of180◦.

The resulting beam pattern can be stored in the matrix
B[N ′

1
×N2]

p defined onϕ andθ′ = [0, ∆θ, . . . 2π −∆θ]:

Bp ∈ C
( π

∆θ
+1)× 2π

∆ϕ . (1)

The periodic beam patternBp relates toB as follows:

Bp =

[

B
Br

]

. (2)

The matrixBr comprises the same information contained by
−B. The data is simply shifted about180◦ in azimuth and
flipped across elevation.

The periodic beam patternBp can then be transformed
via a two-dimensional Discrete Fourier Transfrom (DFT). The
resulting functionG(f1, f2) represents the Effective Aperture
Distribution Function of the beam pattern.

Figure 3 (a) shows the periodic beam patternBp con-
structed as in equation (2) from a measured beam patternB.
Plot (b) shows the corresponding EADF in dB.

In case of an over-sampling of the beam pattern in the
angular domain, this transformation can be used to achieve a
data compression. In other words, the energy in the EADF will
be concentrated and only a subset of frequency components
can be taken into account for further processing.
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Fig. 3. The absolute value of the periodic beam pattern (a) and the
corresponding EADF in dB (b).

The beam patternb(ϕ, θ) for an arbitrary azimuthϕ and
elevationθ can be calculated as:

b(ϕ, θ) = db1(θ) · G · db2(ϕ), (3)

where

db1(θ) = ejθµT
1 (4)

db2(ϕ) = ejϕµ
2 ,

and

µ1 =

[

−(L1 − 1)

2
, . . .

(L1 − 1)

2

]T

(5)

µ2 =

[

−(L2 − 1)

2
, . . .

(L2 − 1)

2

]T

.

The parametersL1 andL2 define the size of the finite support
on which the Discrete Fourier Transform is calculated. When
L1 = N ′

1 andL2 = N2 all samples are considered. However,
when the energy is concentrated, smallerL1 and L2 can
be chosen. This description permits us to store less samples
and, as explained in section III, this leads to a very efficient
interpolation technique as well as the possibility to exactly
compute the beam pattern derivatives.

III. A PPLICATIONS

A. Geometry-based Channel Models

The Geometry-based approach to MIMO channel modelling
offers several advantages to a pure stochastic one. In fact
it is capable of producing channels which inherently show
correlation in time, frequency, and space. Such an approach
has been followed in theIlmProp, a flexible multi-user, multi-
hop MIMO channel model developed at Ilmenau University
of Technology [1].

In order to improve the realism of the channel model it
is important to accurately model the antenna elements of the
arrays, namely considering their beam patterns and behaviour
with respect to polarization. This includes the necessity to
efficiently store the information regarding each antenna ele-
ment and, more importantly, the possibility to retrieve quickly
the antenna responses for impinging waves coming from
arbitrary directions. In fact, most geometric models rely on
the decomposition of the propagation into a limited number
of rays, which correspond to the multi-path components. Other
double-directional channel models such as the Measurement-
Based Parametric Channel Models (MBPCM) proposed in [2]
have the same requirements. The EADF can be successfully



employed to solve both issues. The data compression allows us
to store as little data as possible, while the interpolationseen
in equation (3) can be extended as follows: let the column
vectorsθI andϕI contain theLI azimuth and elevation pairs
of all rays which have to be calculated. Equation (3) becomes

b(ϕI, θI) = 11×L1
· Db1(θI) ◦ (G · Db2(ϕI)), (6)

where◦ defines the element-wise product,11×L1
is a 1×L1

matrix of all ones, andDb1 andDb2 are defined as

Db1(θI) = ejµ
1
θT

I ∈ C
L1×LI (7)

Db2(ϕI) = ejµ
2
ϕT

I ∈ C
L2×LI .

The computational complexity required in equation (6) can
be additionally reduced by exploiting the symmetry of the
complex exponentials and the symmetry of the EADF itself.
The latter results from the redundancy present in the matrix
Bp.

Furthermore, discarding part of the coefficients in the EADF
acts as a way of filtering the measurement noise.

B. Parameter Estimation Techniques

The EADF finds several important applications in the field
of parameter estimation.

All parameter estimation algorithms [3], [4], [5] are based
on the description of the channel through a data model. One
of the most commonly used is the well known base-band
double directional model which approximates the narrow-
band radio channel by the superposition of a finite number
of propagation paths [6]. Every path is parameterized by
14 real values, namely the real and imaginary part of the
four polarimetric complex path weights, the transmit angles
(azimuth and elevation), the time-delay, the Doppler-shift,
and the receive angles (azimuth and elevation). The use of
the EADF in such a data model allows us to describe it in
the equivalent aperture domains of the Directions of Arrival
(DoA) and the Directions of Departure (DoD). The advantage
is that in the aperture domain each path can be seen as a
simple six-dimensional shift operator on the transmit signal.
This technique is already known for Uniform Linear Arrays
(ULAs), however only with the use of the EADF it is possible
for an arbitrary array geometry.

The EADF can also be helpful in those algorithms which
rely on gradient based methods [7]. In this case the derivatives
of the observations with respect to the channel parameters are
needed. They can be computed as follows:

∂b(ϕ, θ)

∂ϕ
= j · db1(θ) · G · (db2(ϕ) ◦ µ2) (8)

∂b(ϕ, θ)

∂θ
= j · (db1(θ) ◦ µ1)

T · G · db2(ϕ), .

Moreover, the continuous derivatives can also be applied in
the evaluation of antenna arrays for channel parameter esti-
mation [8], [9], via the calculation of the Fisher Information
Matrix, leading to the Cramer-Rao Lower Bound (CRLB).

IV. L IMITS OF THE SPHERICAL COORDINATE SYSTEM

Unfortunately the Spherical Coordinate System is affected
by two knots at the poles and it represents a non-linear
transformation done on the beam pattern. For instance, let
B(1) andB(2) be the beam patterns measured from the same
antenna with two different coordinate systemsS(1) andS(2).
If the axes which connect the poles of both systems do not
perfectly overlap, then there exists no linear transformation
which can transformB(1) into B(2).
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Fig. 4. The beam pattern expressed in azimuth and elevation for the very
same antenna rotated so that the main lobe is oriented towards four different
elevations (a), (b), (c), and (d), for∆θ = 0◦, 30◦, 60◦ and90◦, respectively.

Figure 4 shows the beam pattern of the very same antenna
rotated so that its main lobe is oriented towards four different
elevations. Although the shape of the 3D beam pattern does not
change with the rotation, the 2D function stored in the matrix
B varies significantly. As a consequence,Bp will change and
the EADF, being the 2D Fourier transform ofBp, will vary
as well. Thus, the EADF is not a rotation-invariant descriptor
of the beam pattern. Note that if the beam pattern is rotated
along the main axis of the coordinate system then the values
in the matrixB will simply shift in one direction. In other
words, the shape of the beam pattern is simply shifted and the
EADF remains unaltered except for a linear phase introduced
acrossµ2.

Figure 5 shows the matrixBp for different rotations of the
same antenna. When the beam pattern has some energy near a
pole it happens that a wall builds up at the interface betweenB

andBr. This vertical slope in the signal across elevation will
certainly require higher frequencies in order to be correctly
represented.

The EADF will be more or less condensed depending on
how smooth the sampled function inBp is.

Figure 6 shows the Normalized Mean Squared Error for
different reconstructions at different orientations and with
different sizes of the finite support. The EADF is calculated
from the beam pattern for a specific rotation∆θ. For a square
finite support, i.e.,L1 = L2, the complete beam pattern is
reconstructed as in equation (6) and is then compared to the
original via the normalized mean square error. LetB0 be the
original andBr the reconstructed beam pattern, respectively,



Fig. 5. The periodic beam pattern for different rotations ofthe antenna across
elevation. Plots (a), (b), (c), and (d), correspond to∆θ = 0◦, 30◦, 60◦ and
90◦, respectively.
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Fig. 6. Normalized Mean Squared Error in dB of the beam pattern
reconstruction for different orientations of the antenna plotted against the size
of the finite support of the EADF.

then the NMSE is computed as

NMSE =
mean{|B0 − Br|

2}

mean{|B0|2}
. (9)

The plot shows how the reconstruction error changes with
respect to the size of the finite support and orientation of
the antenna. Although the beam pattern is simply rotated, the
function to interpolate, namelyB, varies greatly an so does
the number of frequency coefficients necessary to accurately
represent it. In order to achieve the smallest finite supportof
the EADF and minimize the interpolation error, it is advisable
that the antenna to be measured is oriented in such a way
so that there is no energy aimed in the direction of the
poles. Figure 7 shows the reconstruction error calculated as
in equation (9) for a square finite support of27 frequency
components (in both directions) and plotted for each azimuth
and elevation. As expected, due to the non linearity of the
spherical coordinate system most errors appear in the vicinity
of the poles.

V. CONCLUSION

In this paper we propose the Effective Aperture Distribution
Function (EADF), an efficient representation of the polari-
metric antenna response. This reduced description permits
us to efficiently interpolate the beam pattern to gather the
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Fig. 7. Reconstruction error for different rotations across elevation for
a reconstruction done withL1 = L2 = 27. Plots (a), (b), (c), and (d),
correspond to∆θ = 0◦, 30◦, 60◦ and90◦, respectively.

antenna response for an arbitrary direction in azimuth and
elevation, rendering the EADF especially suited for Geometry-
based channel modelling. Moreover, the EADF provides a
continuous description of the array manifold and its derivatives
with respect to azimuth and elevation. The latter is valuable
for the performance evaluation of an antenna array as well as
for gradient-based parameter estimation techniques.
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