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Abstract—In this paper we address the beamforming design
problem for a full-duplex point-to-point MIMO system under
imperfect channel state information (CSI). More specifically, we
consider the worst-case beamforming design which minimizes
the required transmit power subject to total SINR requirements
and self-interference constraints which guarantee that the full-
duplex device will work in the limited dynamic range of the
receiver. This optimization problem is non-convex since it involves
an infinite number of constraints which are due to the channel
error model. Nevertheless, by applying the S-procedure and
the Schur complement, it is possible to transform the original
problem into a convex semidefinite programming problem which
can be solved using the standard interior-point algorithm. The
simulation results have shown that a significant gain is obtained
via the proposed robust design especially when the channel error
intensity is high and the array size is large.

Index Terms—S-procedure, Schur complement, semidefinite
programming, full-duplex MIMO.

I. INTRODUCTION

Full duplex (FD) systems enable simultaneous transmission

and reception on the same frequency at the same time and

thus have the potential to double the spectral efficiency.

The major challenge of realizing a FD device lies in the

cancellation of the strong loop-back self-interference. Several

self-interference cancellation techniques have been proposed,

including analog and digital techniques in [1], [2], [3], and

[4]. These techniques have also been adopted and extended

for one-way FD relay networks in [5]. Unfortunately, all the

aforementioned techniques have assumed perfect channel state

information (CSI) which is impossible to obtain in practice.

Thus, robust design approaches which take into account the

imperfections of the CSI such as [6] are important for a

realistic system implementation.

In this paper, we develop robust transmit strategies by

applying a worst-case deterministic channel error model in

case of imperfect CSI. Our objective is to minimize the worst-

case total transmit power of a FD point-to-point MIMO system

subject to self-interference constraints and total SINR require-

ments. The considered problem is non-convex. By applying the

S-procedure and the Schur complement as described in [7], we

are able to convert the optimization problem into an equivalent

semidefinite programming (SDP) problem. Thus, it can be

solved efficiently using a standard interior-point algorithm.

The simulation results demonstrate that a significant gain is

obtained by applying the proposed robust design especially

when the uncertainty region of the CSI errors is large and

there are many antennas at each device.

II. SYSTEM MODEL

Fig. 1. A symmetric full-duplex point-to-point system with deterministic
channel errors.

We consider a symmetric FD point-to-point MIMO system

as depicted in Fig. 1. Two devices communicate with each

other simultaneously on the same frequency. Each of the

devices has Mt transmit antennas and Mr receive antennas.

The desired channel between the two devices is denoted as

Hii ∈ C
Mr×Mt while the self-interference channel from the

jth transmitter to the ith receiver is denoted as Hij ∈ C
Mr×Mt

where i, j ∈ {1, 2} and i 6= j. Assume that all the channels

have full rank and are quasi-static flat fading. The received

signal at the ith receiver is written as

yi = Hiixi
︸ ︷︷ ︸

desired signal

+ Hijxj
︸ ︷︷ ︸

self-interference

+ni (1)

where xi, ∀i are the uncorrelated transmitted signal vec-

tors with zero-mean and covariance matrix E{xix
H
i } =

FiF
H
i = Qi where Fi is the transmit beamformer. The actual

transmit power at the ith transmitter is then expressed as

E{‖xi‖
2} = Tr{Qi}, ∀i. The vector ni contains the zero-

mean circularly symmetric complex Gaussian (ZMCSCG)

noise with E{nin
H
i } = σ2

nIMr
, ∀i. Here E{·} stands for the

expectation operator, and the Euclidean norm of a vector and

the trace operation of a matrix are denoted by ‖ · ‖ and Tr{·},

respectively.

Each device knows its own transmitted signal. Thus, the

self-interference term can be subtracted given the channel
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knowledge Hij . However, due to the limited dynamic range

at the receiver, the strong loop-back self-interference might

saturate the receiver and thus results in residual interference

which prevents us from fully exploiting the benefits of a FD

device [2]. In [4], we have proposed a beamforming approach

which can take advantage of the degrees of freedom in the

spatial domain and the prior information the devices possess

with regard to the self-interference. That is, we first suppress

the self-interference up to a certain threshold (in other words,

up to the limited dynamic range of the receiver). Afterwards,

we subtract the self-interference at the receiver. The threshold

is modeled as E{‖Hijxj‖
2} ≤ P

(ref)
i . The same transmit

strategy is also applied here. But instead of assuming perfect

CSI as in [4] we consider imperfect CSI which is more

realistic. A system design with imperfect CSI will result in

a degraded performance. Thus, a robust design is essential for

a practical system implementation. In our work, the imperfect

CSI is modeled as [6]

Hii = Ĥii +∆ii, Hij = Ĥij +∆ij , ∀i, j (2)

where Ĥii and Ĥij are the estimated channels. The corre-

sponding CSI errors are modeled deterministically using ∆ii

and ∆ij and they are bounded by ellipsoids such that

Tr{∆iiTii∆
H
ii} ≤ ǫii, Tr{∆ijTij∆

H
ij} ≤ ǫij , ∀i, j (3)

where {Tii,Tij} ≻ 0 characterize the shape of the uncertainty

region of the CSI errors and ≻ stands for positive definite [6].

It is further assumed that ∆ii and ∆ij are independent from

each other. Given the CSI error model in (2), we can subtract

the estimated self-interference term Ĥijxj . Then the received

signal at the ith receiver can be rewritten as

yi = (Ĥii +∆ii)xi
︸ ︷︷ ︸

desired signal

+ ∆ijxj
︸ ︷︷ ︸

residual interference

+ni (4)

Let us define the total SINR at the ith receiver as the ratio

between the sum of the received signal power and the sum of

the received interference plus noise power at all antennas of

the ith receiver. Then it is calculated as

SINRi =
Tr{(Ĥii +∆ii)Qi(Ĥii +∆ii)

H}

Tr{∆ijQj∆
H
ij}+Mrσ2

n

(5)

and the self-interference constraint is computed by

E{‖Hijxj‖
2} = Tr{(Ĥij+∆ij)Qj(Ĥij+∆ij)

H} ≤ P
(ref)
i .

(6)

Our goal is to design worst-case optimal covariance matrices

Qi, ∀i which minimize the total required transmit power of the

system subject to total SINR constraints and self-interference

constraints. Afterwards, the robust transmit beamforming Fi

is determined by Fi = Q
1

2

i .

III. WORST-CASE TRANSMIT STRATEGIES

Our worst-case total transmit power minimization problem

can be formulated as the following min-max problem:

min
Qi,
∀i

max
∆ii,∆ij ,

∀i,j

∑

i

Tr{Qi}

s.t.
Tr{(Ĥii +∆ii)Qi(Ĥii +∆ii)

H}

Tr{∆ijQj∆
H
ij}+Mrσ2

n

≥ ηi

Tr{(Ĥij +∆ij)Qj(Ĥij +∆ij)
H} ≤ P

(ref)
i

Tr{∆iiTii∆
H
ii} ≤ ǫii

Tr{∆ijTij∆
H
ij} ≤ ǫij

Qi � 0,∀i, j (7)

where ηi > 0 are the SINR requirements. Noticing that the

objective function in (7) is independent of ∆ii and ∆ij , ∀i, j,

we can reformulate the cost function and get the following

equivalent problem:

min
Qi,∀∆ii,∆ij

∑

i

Tr{Qi}

s.t.
Tr{(Ĥii +∆ii)Qi(Ĥii +∆ii)

H}

Tr{∆ijQj∆
H
ij}+Mrσ2

n

≥ ηi (8a)

Tr{(Ĥij +∆ij)Qj(Ĥij +∆ij)
H} ≤ P

(ref)
i

(8b)

Tr{∆iiTii∆
H
ii} ≤ ǫii (8c)

Tr{∆ijTij∆
H
ij} ≤ ǫij (8d)

Qi � 0,∀i, j (8e)

Problem (8) is still non-convex since its constraints are infinite,

i.e., we need to solve (8) for every feasible ∆ii and ∆ij

which makes it intractable. Nevertheless, by applying the S-

procedure and the Schur complement as in [6], it is possible to

convert problem (10) into a SDP problem. For this purpose,

we reformulate the constraint (8a) such that its dependence

on ∆ii and ∆ii is separated. Let us introduce slack variables

ti > 0 [7]. Then (8a) can be split into the following two

constraints.

Tr{(Ĥii +∆ii)Qi(Ĥii +∆ii)
H} ≥ tiηi

Tr{∆ijQj∆
H
ij}+Mrσ

2
n ≤ ti (9)

Replacing (8a) with its equivalent constraints in (9), we get

min
Qi,ti,∀∆ii,∆ij

∑

i

Tr{Qi}

s.t. Tr{(Ĥii +∆ii)Qi(Ĥii +∆ii)
H} ≥ tiηi

(10a)

Tr{∆ijQj∆
H
ij}+Mrσ

2
n ≤ ti (10b)

Tr{(Ĥij +∆ij)Qj(Ĥij +∆ij)
H} ≤ P

(ref)
i

(10c)

Tr{∆iiTii∆
H
ii} ≤ ǫii (10d)

Tr{∆ijTij∆
H
ij} ≤ ǫij (10e)

Qi � 0, ti > 0,∀i, j (10f)
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Now let us review the definitions of the S-procedure and

the Schur complement from [7].

Lemma 1. (S-procedure [7]) Let Ak = AH
k ∈ C

m×m, bk ∈
C

m, and ck ∈ R where k ∈ {1, 2}. Then

xHA1x+ 2Re{bH1 x}+ c1 ≤ 0

implies

xHA2x+ 2Re{bH2 x}+ c2 ≤ 0

if and only if there exists a µ ≥ 0 such that

µ

[
A1 b1
bH1 c1

]

−

[
A2 b2
bH2 c2

]

� 0 (11)

provided there exists a point x̂ with

x̂HA1x̂+ 2Re{bH1 x̂}+ c1 < 0. (12)

Lemma 2. (Schur complement [7]) Let

Γ =

[
A BH

B D

]

(13)

be a Hermitian matrix. Then Γ � 0 if and only if D −
BHA−1B � 0 (assuming A ≻ 0), or A − BHD−1B � 0
(assuming D ≻ 0).

Define δii = vec{∆H
ii} and δij = vec{∆H

ij} where vec{·}
stacks the columns of a matrix into a vector. Using the fact

that Tr{ABCD} = vec{AH}H(DH ⊗B)vec{C} where ⊗
stands for the Kronecker product, the constraint (10a) can be

further expanded as

Tr{(Ĥii +∆ii)Qi(Ĥii +∆ii)
H}

= Tr{∆iiQi∆
H
ii + 2Re{ĤiiQi∆

H
ii}+ ĤiiQiĤ

H
ii }

= δHii(IMr
⊗Qi)δii + 2Re{vec{ĤH

ii }
H(IMr

⊗Qi)δii}

+Tr{ĤiiQiĤ
H
ii } − tiηi ≥ 0 (14)

Similarly, constraints (10b)-(10e) can be also rewritten as the

following quadratic forms, respectively.

δHij(IMr
⊗Qj)δij +Mrσ

2
n − ti ≤ 0 (15a)

δHij(IMr
⊗Qj)δij + 2Re{vec{ĤH

ij}
H(IMr

⊗Qj)δij}

+Tr{ĤijQjĤ
H
ij} − P

(ref)
i ≤ 0 (15b)

δHii(IMr
⊗ Tii)δii − ǫii ≤ 0 (15c)

δHij(IMr
⊗ Tij)δij − ǫij ≤ 0 (15d)

Since δii and δij are independent, we can deal with the

constraints (10a), (10d) ((14) and (15c), respectively) and

(10b), (10c), (10e) ((15a), (15b), and (15d), respectively)

separately. Clearly, according to Lemma 1, (14) and (15c) hold

if and only if there exists µi ≥ 0 such that
[

IMr
⊗ (Qi + µiTii) (IMr

⊗Qi)vec{Ĥ
H
ii }

vec{ĤH
ii }

H(IMr
⊗Qi) Tr{ĤiiQiĤ

H
ii } − tiηi − µiǫii

]

� 0 (16)

To further simplify the constraint (16), we apply Lemma 2.

Then it is worth mentioning that we need to distinguish the

two cases µi > 0 and µi = 0 since Q−1
i might not exist when

µi = 0 [6]. For µi > 0, using Lemma 2, (16) is equivalent to

Tr{ĤiiQiĤ
H
ii } − tiηi − µiǫii − vec{ĤH

ii }
H(IMr

⊗Qi)

(IMr
⊗ (Qi + µiTii))

−1(IMr
⊗Qi)vec{Ĥ

H
ii } ≥ 0 (17)

which can be further simplified to

Tr{ĤiiQiĤ
H
ii } − Tr{ĤiiQi(Qi + µiTii)

−1QiĤ
H
ii }

− tiηi − µiǫii ≥ 0. (18)

Again introducing an auxiliary variable Zi ∈ C
Mt×Mt and

using the tool Tr{AB} = Tr{BA}, the constraint (18) can

be written as the following two constraints.

Tr{ĤH
ii Ĥii(Qi −Zi)} − tiηi − µiǫii ≥ 0 (19a)

Qi(Qi + µiTii)
−1Qi � Zi (19b)

Using Lemma 2 again, (19b) can be equivalently transformed

into [
Zi Qi

Qi Qi + µiTii

]

� 0 (20)

Furthermore, it can be proven that the case µi = 0 can be

integrated into the new constraints (19a) and (20) by following

a similar proof as in [6]. Thereby, the infinite constraints (10a)

and (10d) with respect to ∆ii are successfully reformulated

into two equivalent convex constraints (19a) and (20).

However, there are three instead of two sets of infinite

constraints with respect to ∆ii, i.e., (10b), (10c), and (10e),

which does not fulfill the structure of the original S-procedure.

Therefore, it is not straightforward to apply the same deriva-

tion. To tackle this problem, we notice that the feasible region

for the three constraints is equivalent to the intersection of

the feasible region of any two constraints. For instance, we

can choose the sets {(10b),(10e)} and {(10c),(10e)} as the

two pairs. Then the intersection of the feasible region of these

two pairs of constraints will give us exactly the same feasible

region for the case with three constraints. The benefits of doing

this is that for each pair we can apply the original S-procedure.

Thus, we can convert the infinite constraints into equivalent

convex constraints as we have done for (10a) and (10d).

Finally, the constraints (10b) and (10e) can be transformed

into the following equivalent convex constraints

Tr{ĤH
ijĤij(−Qj − Yi)} − κiǫij + P

(ref)
i ≥ 0 (21a)

[
Yi −Qj

−Qj −Qj + κiTij

]

� 0 (21b)

where κi ≥ 0 and Yi ∈ C
Mt×Mt are auxiliary variables. The

constraints (10c) and (10e) can be converted to

ti −Mrσ
2
n − λiǫij ≥ 0 (22a)

[
Xi −Qj

−Qj −Qj + λiTij

]

� 0 (22b)

where λi ≥ 0 and Xi ∈ C
Mt×Mt are auxiliary variables.

Thereby, the three constraints (10b), (10c), and (10e) can now

be substituted by the equivalent four convex constraints (21a),

(21b), (22a), and (22b).
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Replacing (10a), (10b), (10c), (10d), and (10e) with (19a),

(20), (21a), (21b), (22a), and (22b), problem (10) is reformu-

lated as

min
Qi,Xi,Yi,Zi,
ti,µi,κi,λi

∑

i

Tr{Qi}

s.t. Tr{ĤH
ii Ĥii(Qi −Zi)} − tiηi − µiǫii ≥ 0

Tr{ĤH
ijĤij(−Qj − Yi)} − κiǫij + P

(ref)
i ≥ 0

ti −Mrσ
2
n − λiǫij ≥ 0

[
Zi Qi

Qi Qi + µiTii

]

� 0

[
Yi −Qj

−Qj −Qj + κiTij

]

� 0

[
Xi −Qj

−Qj −Qj + λiTij

]

� 0

Qi � 0, ti > 0,

µi ≥ 0, κi ≥ 0, λi ≥ 0,∀i, j (23)

Problem (23) is a convex semidefinite programming problem.

Thus, it can be solved efficiently using the standard interior-

point algorithm in [7].

IV. SIMULATION RESULTS

In this section the proposed robust algorithm is evaluated

using Monte Carlo simulations. The generated channel is a

Rayleigh flat fading channel and all the simulation results are

averaged over 1000 channel realizations. The noise level is

normalized to be unity and we have Tii = Tij = IMt
, ∀i, j.

“Robust” stands for the solution of (23). “Non-Robust” stands

for the solution where problem (8) is first solved by assuming

∆ii = ∆ij = 0,∀i, j and then the obtained solution is

scaled such that the constraints are satisfied. We further define

υ1 = ǫii, ∀i and υ2 = ǫji/ǫii, ∀i, j to represent the channel

error intensity for the desired channel and the self-interference

channel, respectively [6].
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Fig. 2. Average minimum required power vs. SINR constraint η = ηi, ∀i,

Mt = Mr = 2, P
(ref)
i

= 60 dBW, ∀i.

Fig. 2 demonstrates the comparison of the robust design and

the non-robust design over different SINR requirements. The

channel error intensity of the self-interference channel is much

smaller than that of the desired channel, i.e., ν2 = 10−3 ≪ 1.

It can be seen that as the SINR requirements increase the

robust design outperforms the non-robust design. Moreover,

the gain increases as the the channel error intensity becomes

higher.
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Fig. 3 compares the performance of the robust design

and the non-robust design when the channel error intensity

varies. Clearly, as the channel error intensity of both the self-

interference channel and the desired channel increases, the

robust design performs better compared to the non-robust de-

sign. When the array size increases, a higher gain is obtained.

This is an interesting result since more antennas not only

provide more degrees of freedom but also increase the self-

interference. Hence, it is surprising to observe that the robust

design significantly benefits from the enlarged array size.

V. CONCLUSION

In this work we investigate the full-duplex point-to-point

systems in the presence of imperfect CSI, where the CSI

errors are modeled deterministically and are bounded by

ellipsoids. To fully exploit the benefits of a full-duplex sys-

tem, we develop beamforming strategies which can combat

both the self-interference and the imperfect CSI. Specifically,

we formulate an optimization problem to find the optimal

beamformers which can minimize the worst-case required

transmit power subject to total SINR constraints and the self-

interference constraints. The original problem is non-convex.

Inspired by [6], we convert the non-convex problem into a

convex SDP problem by applying the S-procedure and the

Schur complement. The simulation results demonstrate that

the proposed robust design is superior compared to the non-

robust design especially when the channel error intensity is

high and the array size is large.
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