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Abstract—In this paper, we present an asymptotic performance analysis
of a subspace-based parameter estimation scheme in DFT beamspace that
is based on a first-order expansion of the estimation error that is due
to additive noise. We provide a general expression of the mean squared
error (MSE) for 1-D ESPRIT in DFT beamspace as a function of the
perturbation in terms of physical parameters, such as the array steering
matrix, the beamforming matrix, the signal correlation, the number of
snapshots, and the size of the array. Additionally, a closed-form expression
is provided for the case of a single source. This paper includes the
main parts of the derivation. For the simulation results, we compare the
analytical performance with the empirical one that is based on Monte-
Carlo trials. We also compare the performance of the DFT beamspace
version with the element space counterpart of the ESPRIT algorithm
and reveal the benefits of the former. In conclusion, we discuss possible
extensions for follow-up investigations.

Index Terms—1-D ESPRIT in DFT Beamspace, harmonic retrieval,
performance assessment, first-order perturbation analysis.

I. INTRODUCTION

In recent years, there has been renewed interest in the development
of high-resolution parameter estimation techniques for applications
related to the next-generation wireless communication systems oper-
ating in the millimeter frequency range. As a result, the importance of
theoretical performance analysis for algorithms increases, especially
to justify the choice among various potential candidates. The first-
order perturbation method represents a powerful tool to compare the
efficiency of various direction of arrival (DOA) estimation algorithms
and methods. It was applied to the analysis of various subspace-based
algorithms, such as MUSIC, ESPRIT, and Min-Norm in [1]-[3]. It
was also successfully extended to the analysis of multidimensional
algorithms in [4]-[7].

In this paper, we derive the performance analysis for the 1-D
ESPRIT in DFT Beamspace described in [8] based on the explicit
first-order expansion of the estimation error in the signal subspace
that is due to additive noise. It differs from the ones presented in [9],
[10], and [11]. In [9], the authors exploit a different approach that is
based on the distribution of the eigenvectors of a sample covariance
matrix [12]. The performance assessment based in [12] is asymptotic
in the number of snapshots N and relies on strong Gaussianity
assumptions on the source symbols and the noise. In [10], authors
consider the beamspace transformation applied to separate subarrays.
This differs from our system model, where we apply beamforming to
the complete aperture. In [11], authors describe the multidimensional
extension of [8] and present the performance analysis for it. However,
the expressions presented in this paper are more accurate and have a
simpler expression than the one presented in [11]. Furthermore, the
performance analysis in [11] is derived in terms of signal subspaces
which makes the application of the resulting expressions more
difficult. Moreover, the presented in this paper expressions are derived
in terms of physical parameters which simplifies the calculation in
comparison to the results presented in [4]-[6], [11]. They can also be
applied to the analysis of multidimensional extensions of Beamspace
ESPRIT in [13] or [11].
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The contributions of the paper are the following:

« We derive expressions in terms of physical parameters for
the asymptotic performance analysis of 1-D ESPRIT in DFT
beamspace using an explicit first-order expansion of the estima-
tion error.

o We derive a closed-form expression of the mean squared error
(MSE) for the case of a single source.

o We show the impact of the number of snapshots as well as the
size of the array aperture on the performance of the algorithm.

For this work, we follow the notation established in [11], [13],

[14].

II. SYSTEM MODEL

We consider a uniform linear array of M isotropic antennas and
inter-element spacing A = % We assume that d plane-wave signals
impinge on the array. The received signal consists of N snapshots.
Its element space formulation is given by

Y=Y +Z=AS+ ZeCM"*V, 1)

where Y € CM*N is the noiseless version of the received signal,
A € CM* is the array steering matrix, the i-th column is a

) ) T
Vandermonde vector a; = | 1e/#i ... M—Dni |~ Wi is the
i-th spatial frequency, S € C™N is the matrix of impinging
signals with zero-mean, i.e., E{S} = 0, and covariance matrix

R, = E{%SSH} € C™? and Z is the matrix with samples
of noise.

Next, we perform the beamspace transformation of the received
signals by applying a set of DFT beamformers to the outputs of the
array

Yorr = WHY = Wl (AS + Z2) = BS + WHZ c CMXN | (2)

where W € CM*M g the matrix of DFT beamformers, the k-th
column is a column from the scaled DFT matrix of size M x M
given by

(M—1 27 . . . T
wm:ej( 2 )RV [1 LS vESELS 7 S e](M_l)“?T}T]

= ej(Algl)’y" [ 1 i eI27n I (M=1)7k ]T , 3)
and 7. = k27,0 < k < (M — 1), B= W"A € CM*? is the
beamspace steering matrix, and W Z is the equivalent matrix with
noise samples after the beamspace transformation. The matrix W is
left IT-real, i.e., IITW™* = W, where II ¢ RM*M g the exchange
matrix with ones on the anti-diagonal [8].

Note that to reduce the complexity of the beamspace version of the
algorithm we use only a subset of columns from the beamforming
matrix W € CM*M which comprises B beamformers. Further in
the paper we denote the subset of B DFT beamformers as Wp €
CM*B _The particular beamformers of the subset can be determined
via a sectorization procedure. An example of such a sectorization
procedure can be found in [11]. An illustration of the beamspace
transformation process is provided in Figure 1.
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Fig. 1: Illustration on 1-D Beamspace transformation.

III. REVIEW OF 1-D ESPRIT IN DFT BEAMSPACE

In this section, we provide a short summary of 1-D ESPRIT in
DFT Beamspace [8]. First, we consider the noiseless case.

We start by calculating the singular value decomposition of the
noiseless received signal Yprr = U - 3 - VY to estimate the signal
subspace Us. To this end, we compute Us as d dominant left singular
vectors of Yppr.

Following the derivation in [8], we can show that for a single
source at the spatial frequency u, the output amplitudes b, () and
br+1(p) of two successive beams of the DFT beamspace manifold
are related as

(e—j%(u—%) _ ej%(u—w)) be(p) +
<efj%(uf%i+1) — ej%(ufvwl)) ber1() =0 (4

where b, (1) = wha(p) and byi1(p) = wiia(w). It leads to the

shift-invariance equation
P
I EIb () + T by (1) (5)

Based on (5), we can write a shift-invariance equation for d sources
impinging on the array as

G1,8BQ=G25B € CB-Dxd 6)

where Q@ = diag {ej‘” }jzl is a diagonal matrix with spatial
information, G1 g € CP~V*5 and Gap € CB-DXB are the
selection matrices defined in (7). In the noiseless case, the matrix B
and the received signals share the same subspace, i.e., B = UT,
where T is a full rank matrix. Hence, we can write

G U TQT ! = Gy pU, € CPDx4, ®
Y

which we solve with respect to Y using the method of Least Squares
(LS)

YT = (Gl,BUs)+ . (GQ’BUS) S CdXd. )

Next, we find the diagonal entries of the matrix €2 as eigenvalues
of the matrix Y
Y=TQT 'ecC™ (10)

In the final stage, the spatial frequency p;, Vi € [1..d] can be obtained
as u; = arg (2(4,17)).

IV. DERIVATION OF ANALYTICAL PERFORMANCE FOR 1-D
STANDARD ESPRIT IN DFT BEAMSPACE

In this section, we present the derivation of the performance
analysis of 1-D ESPRIT in DFT beamspace.

Note that the noiseless received signal in the DFT beamspace can
be written as

Yorr = Wi - A- S = U, V", (11)

where A € CM*9 is the steering matrix of the impinging signals,
S e C*N contains the impinging signals, and Yppr € CEXN
denotes the received signals after applying the DFT beamspace
transformation.

Next, we consider a perturbed received signal Y and establish the
relation between the matrix with noise samples Z (perturbation term)
introduced in (1) and the spatial error for the i-th source Ag,.

A. Perturbation of signal subspace

Following the derivations in [3], the subspace perturbation can be
represented as leakage from the orthogonal subspace

AU, ~U,K and AU, ~ UL, (12)

where the matrices K and L define the leakages into the orthogonal
subspaces. They can be found via properties of the subspaces of
the perturbed matrix for the received signal after the beamspace
transformation f/DFT [3].

The perturbation of the noise subspace can be found as

AU, = U, ST ' VEAYEL U, (13)
while the perturbation of the signal subspace is equal to
AU, = U, Uy AYppr VX[ (14)

In the work, we use the perturbation of the signal subspace AU
only since ESPRIT-type algorithms rely on the estimation of the
signal subspace to find the target parameters.

B. Perturbation of the shift-invariance equation
In the case of perturbed subspaces, the perturbation of the shift-
invariance equation (8) can be written as
Gl,B (Ub + AUS) (T + AT) = G?,B (Ua + AU&) )

G1,BUSAT+G1,BAUST = G2,BAUS, (15)

where we have dropped the second-order terms. As a result, the
perturbation of the matrix Y is equal to

AY = (G1,58Us) " (G2, AU, — G1,5 AULY). (16)

C. Perturbation of eigenvalues

At the next stage, we derive the expression for the perturbation of

the eigenvalues of the matrix Y.
Y =QAQ '=TQT'. a7

Following [15], we can link the perturbation of the original matrix
and the corresponding eigenvalues via

YT+AY =QAQ '+ QAAQ ' +0(A%). (18)

Taking into account that ¥ = QAQ ™! and keeping only the first-
order terms of the expansion (18) we obtain

AN = Q' AYQ,
N~

PH

19)
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which brings us to the following expression for the ¢-th eigenvalue

where we substitute the expression (16) and use the definition Ygq; =
Aiqi
AN ~ p? (Gr’l,BIJs)+ (GZ,BAUS - GI,BAUST) qi,
=pi (G1,8U.)" (G2, 5AU. — \iG1 s AUL) qi,

= pi (G1,8U.) " (Ga,5 — MiG1,B) AULq,. 1)

D. Perturbation of spatial frequencies and angles

The eigenvalues of the matrix Y are the complex-valued exponen-
tial functions in the form of e’*¢, where y; is the spatial frequency
for the ¢-th source. The Taylor expansion for the i-th eigenvalue can
be written as

ol (it Api) _ dmi + jAw; - L) (AQ)

Therefore, for small perturbations of the eigenvalues, we can write

AN;
Xi )

As a result, we get a complete set of expressions to describe the
performance of ESPRIT-type algorithms in DFT beamspace. The
complete expression (24) is found by substituting the expression
(14) in (21) and then in (23). It depends only on the instantaneous
realization of the perturbation term AYpgr, i.e., it does not rely on
statistics.

A similar expression was derived in [3] for the element space
version of the ESPRIT algorithm.

i + AN =\ +jAMi>\i7

A)\i = ‘]AuzAZ — A,ui =Im ( (23)

E. Perturbation of spatial frequencies in terms of physical parame-
ters

In this section, we further simplify the expression (24) following
[16]. We can see from the expression (17) that the matrix T" collects
the right eigenvectors of the matrix X, while T~ collects the left
eigenvectors of the matrix. Using this observation, we can redefine

the i-th pair of eigenvectors p; and g; as
pl=e! T ' and ¢ =Tes, (25)

where e; € R? is the unit vector which corresponds to the i-th
column of the identity matrix I;. We also take into account that the

matrix T" converts the signal subspace into the beamspace steering
matrix, i.e., B = U;T. Then we can rewrite (21) as

1
Ap; =Im (eiTT_l (G1,Us) " (;GQ,B - GI,B) AUsTei> .
1

(26)
We can observe that on the one hand
T ' (G1,pU)" = (G1,5UT)" = (G1,5B)" (27
and on the other hand
e?%frl (G150 = €T~ (G1 pUT)*
=el (G1pBQ) =€l (GosB)". (28

As a result, we can write

Api =1m (] ((G2,B)" Gap — (G18B)" G1.p) AULTe,
(29)

The expression (29) can be further simplified if we follow [16]
and take into account that AU; = UnUrI,{AYDFTV;E; L and
((GQ,BB)+ G2 p — (G1,5B)" GLB) B = 0, ie., the term be-
longs to the left-nullspace of B. As a result we can drop the
additional projection onto the noise subspace U,UL. It leads to

Api =
Im (61-T <(G2,BB)+ G2 p — (Gl,BB)Jr Gl,B) AYDFT%E;ITei)
(30)
We can also rewrite the right part of the expression (30) as
V.2, 'Te; = V.3, 'UMU.Te; = Yy Be:. (31

To simplify this expression, we introduce the auxiliary variables

a;[‘ =V Me;r ((GQVB.B)Jr G2,B — (GLBB)JF G1,B) S (CIXB
(32)

and
Bi = YpprBe; € CV. 33)
In this way, the perturbation of the ¢-th spatial frequency turns into
Ap; =Im (c -aj - AYprr - ﬁi)
— Im (c. (B; ® ai)™ - vec {AYDFT})
=Tm (e (B @ ai)" - Ayorr) (34)

where Ayprr = vec {AYprr} € and c =
In fact, the expression (34) uses the quantities ¢, o; and 3; that

are written only in terms of physical parameters. It can already be

(CBN

1 _
Api =Im | pi' (G1,5Us) " <YG2,B - Gl,B) U U, AYppr Va2 g

(24)

AU,
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used to evaluate numerically the performance of 1-D ESPRIT in DFT
beamspace.

In the next section, we analyze the statistical properties of this
expression.

V. STATISTICAL ANALYSIS OF THE PERTURBATION ERROR
A. Mean value

Assuming zero-mean perturbations E{AyDFT} = 0, the mean
value of the error Au; can be written as

E{Aw}=E {Im (c~ Bi@a;)"- AyDFT>}
=1Im (c- Bi®a)" E {AprT})
—Im (c- (Bi®a:)" - 0) —0. (35)

Analyzing the mean value of the first-order perturbation extension,
we can conclude that 1-D ESPRIT in DFT beamspace is an unbiased
estimator.

B. Variance

The mean squared error (MSE) of the i-th source can be found as
MSE =E {A,u?}. We can write it explicitly in terms of the available
parameters if we substitute in it the expression (34), i.e.,

E{Au} :E{ Im (C (Bi®a)" - AyDFT)
x Im (AygFT (B ® ay) - c) }

Then we can show that for any complex number z € C the following
equality holds Im (z) Im (2) = 3 Re (22*) —  Re (2z) and we can
write

E{Aui} =

1
= 502 Re ((B; ® a))TE {AyDFTAyEIFT} (Bi ® 0)")

(36)

- %c2 Re ((8; ® ai) " E { AyprrAyder } (Bi ® o)), C0)

which is the last stage that we can obtain without any assumptions
about the statistics of the perturbation.

C. Special case of ZMCSCG noise

Next, we assume that samples of noise are drawn from a zero
mean circularly symmetric complex Gaussian (ZMCSCG) distribu-
tion with variance o2. We also take into account the structure of the
perturbation vector, namely

Ayppr = vec {AYppr} =vec {WEZ} = (IN®@Wg) -2, (38)

where z = vec{Z} € CM" is the vectorization of the original
perturbation matrix. Then the following expression holds

E {AyDFTAygFT}
= (v o W) -E{z2"} (In @ Ws) = Mo2Tan,  (39)
———’
o2IyN

where we take into account that WgWB = MIp and B is the
number of beams. We can also show that the second term vanishes,

E {AyDFTAygFT}
- (IN ® W};‘) ~E{zzT} (In @ W5) =0.

N——
Ov N

(40)

Therefore, the expression of the MSE of 1-D Standard ESPRIT in
DFT beamspace (SBE) can be significantly simplified to

2
UZ
MSEsge = E {Api} = > lleill3 18:ll3 4D
where we also take into account that ¢>M = 1.
Next, we show, how we can further simplify the expression (41)
by rewriting ||3;||3 in terms of physical parameters as

H
18:ll5 = B'B: = el BY (Yfer) YoprBe:

= eI BY(BM)* (S8")" BT Be,; = %E?Rs_lei, (42)
where RS = %S SH is the estimate of the data covariance matrix.

In the current form (42), H,BzHg is a random variable since it
depends on the instantaneous realization of the random matrix S.
For the MSE we need to calculate the expectation over random
realizations of signals in S, i.e.,

1 o
E{I8:3} = yel E{R} e,

which we can rewrite using the Neumann series and assuming that
the perturbation AR = R — R of the covariance matrix R is zero-
mean and small enough so that we can only consider the first-order
term to approximate the inverse

E{R'} =E{(R.+AR)"}
~E{R;' - R;'AR.R;'} = R,

since E{AR} = 0.
As a result, the expression for the MSE in terms of physical
parameters can be written as

(43)

(44)

2
MSEspr = —=

ool (R

(45)

K,k

D. Special case of a single source

In the case of a single source (d = 1) we can derive the expression
for ||au1 |2 in a closed form.

We consider case of two consecutive beams b, and b.41, i.e.,
B = [ b, buy1 }T. In this way, the selection matrices G1,2 and
G2,2 can be written as

r+1

_ ik s rt1
C—r"1,2:[e]2,eJ 2

e Y
] and G2 2 = |:ej 2, el 72

] . (46)

Inserting B, G1,2, and G2 2 in (32), the vector a1 can be written
as in (47). It leads us to the following expression of ||cv |3

4 M sin? (ﬁ) (bi + biH)
(02 + 02, + 2cos (&) beber1)®

For the particular case, when the spatial frequency p is chosen such
that by, (1) = be+1(p) and (p —vx) = 17, i.e., the spatial frequency
is in the middle between two beams, the expression can be further

simplified to

llees ]l =

(43)

4 (1
sin® (5 77
leea 13 :2M7(“7{) (49)
which in case of M >> 1 can be approximated by the first order terms
of the Taylor expansion for the numerator and the denominator as

5 1 7\* m
||a1||2~2M( ) (50)

30) T8
this is the desired result which concludes the derivation.

The final expression for the MSE of 1-D Standard ESPRIT in DFT
beamspace (SBE) in case of a single source can be written as

_ 0'3 7'[4 —_1
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Fig. 2: Performance analysis for 1-D ESPRIT in DFT Beamspace in terms of physical parameters.
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Note that in the case of the element space, the asymptotic perfor-
mance of ESPRIT for a single source that is based on the first-order
perturbation expansion [3] is given by the expression
ol 2

2 (M-1)2N

Comparing (51) and (52) we can observe that the MSE for ESPRIT
in DFT beamspace decreases by one order of magnitute faster than
for element space ESPRIT as a function of M. In the next section,
we confirm this observation via simulations.

MSEsg = (RY) (52)

(k,k)

VI. SIMULATION RESULTS

In this section, we present the selected simulation results to demon-
strate the validity of the derived expressions for the performance
analysis of 1-D ESPRIT in DFT Beamspace. For the simulations,
we consider a uniform linear array with M = 32 antennas with
equidistant spacing % The number of snapshots is N = 100
samples unless otherwise stated. We use samples drawn from the
zero-mean circularly symmetric complex Gaussian distribution for
the perturbation matrix. We calculate the variance per element of the
distribution as a function of the SNR, i.e., ag =10" FOR.

The estimation accuracy is measured in terms of the Root Mean
Squared Error (RMSE) that is calculated using the expression

Z(Mz‘ - ﬂz‘)z}

We illustrate the empirical (em) RMSE in solid lines and the
analytical (an) RMSE in dashed lines, which were obtained by
averaging over different realizations of the perturbation. Also, we
show all results for 1-D Standard ESPRIT (SE) in red and 1-D
Beamspace ESPRIT (SBE) in blue. For Standard ESPRIT in element
space [17], the performance analysis is taken from [3]. For the
analytical performance of Beamspace ESPRIT (SBE), we use the
expression (45). In all simulations, we build the beamforming matrix
for the beamspace algorithm by selecting the 2 closest beams to each
spatial frequency. We control the correlation between the sources via
the parameter p by defining the data correlation matrix as

RS = pl + (1 - p)Id7

(53)

Ul

RMSE = E{

(54)

where 1 is a matrix of ones. We assume p = 0 unless otherwise
stated. All simulations presented in this paper were averaged over
10000 realizations of random perturbations and data. For the pre-
sented simulations, we used the following realization of the spatial
frequencies

pw=[ —25 —23, 05 21, 2.5, 3.1]7, (55)

unless otherwise stated. The key simulation parameters for each figure
can be found in Table I

In Figure 2(a), we show the behavior for different values of SNRs.
We can observe that the simulation results follow the analytical
prediction of beamspace ESPRIT. We can also notice a linear decrease
on a logarithmic scale of the RMSE versus the SNR, as predicted by
the expression (45).

TABLE I: Simulation parameters

Figure Parameters
2(a) M =32 N =100 - d=6 p=0
2(b) M = 32 - SNR=20dB d=6 p=0
2(c) M =32 N=100 SNR=20dB d=1 p=0
2(d) - N =100 SNR=20dB d=1 p=0
2(e) M =32 N =100 SNR=20dB d=6 -
2(f) M=32 N=100 SNR=20dB d=2 p=0

In Figure 2(b), we analyze the impact of the number of snapshots
on the performance. We vary N in the range of [10...1000] snapshots.
We can also observe a linear decrease on a logarithmic scale of the
RMSE with an increase in the number of snapshots.

In Figure 2(c), the RMSE over a range of spatial frequencies is
presented. Only two beams bp and b; are selected for the algorithm.
The centers of the beams are shown with the gray dashed vertical
lines. The space between the two centers forms the Sol. We observe a
better performance in the Sol range and a rapid degradation outside of
it. We notice that the expression (45) for the analytical performance
is able to represent the behavior of the empirical results accurately
enough. Additionally, we depict two special points that correspond to
closed-form expressions in the case of a single source - the blue star
point "SBE an (CF)” that corresponds to the RMSE of ESPRIT
in DFT Beamspace (51) and the red star point "SE an (CF)”
corresponds to the RMSE of ESPRIT in element space (52).

In Figure 2(d), we show the impact of the number of antennas
on the performance. We choose d = 1 with the spatial frequency
i = {7, where M is in the range [2...2000]. We can observe that
the slope of the RMSE for the beamspace version of the algorithm
is steeper, which is = O (M _1‘5) for beamspace ESPRIT versus ~
@] (M _1) for the element space counterpart. This result corresponds
to the impact of M in the analytical expressions (51) and (52).

In Figure 2(e), we present the dependence of the RMSE on the
correlation between two sources. As expected, the correlation has
an identical impact on ESPRIT in DFT beamspace and in element
space. A better performance within the Sol range of ESPRIT in DFT
beamspace can explain the shift between the lines.

In Figure 2(f), we depict the impact of the source separation on
the performance. We consider two sources 1 = 0 and ue = Apu.
The total range is equal to Ap € [0, 35]. We can observe a slightly
better ability of ESPRIT in DFT beamspace to handle closely spaced
sources than in element space. We use B = 3 closest beams to each
spatial frequency during the sectorization procedure to determine the
beamforming matrix.

Observing the simulations, we can confirm that the results based
on Monte Carlo trials match the analytical expressions derived in the

paper.

VII. CONCLUSIONS AND FUTURE DIRECTIONS

In this paper, we present an analytical performance assessment
of 1-D ESPRIT in DFT Beamspace. A simplified expression for the
mean squared error is derived in terms of the physical parameters. We
show the impact of the beamspace transformation on the performance
of the algorithm. The presented analytical expression allows us to
predict with high accuracy the performance of 1-D ESPRIT in DFT
Beamspace, especially for the range of high SNRs. Additionally, we
present a simplified expression for the cases of perturbations caused
by white noise and a single source.

The results presented in this paper can be extended to multiple di-
mensions to analyze the performance of multidimensional parameter
estimation algorithms in DFT beamspace, such as Unitary Tensor-
ESPRIT-type algorithms in DFT beamspace. An additional analysis
of the impact of forward-backward-averaging (FBA) and spatial
smoothing can be performed.
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