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Boolean combinations of w-rational trace
languages: emptiness, rationality, regularity
Dietrich Kuske =

Technische Universitiat Ilmenau

—— Abstract

This paper studies decision problems for Boolean combinations of w-rational trace languages. The
complexities of these decision problems (emptiness, regularity, rationality) are classified depending
on properties of the independence alphabets and of the Boolean combinations allowed. For any of
the problems, we obtain a trichotomy ranging from decidable over a low level of the arithmetical
hierarchy to a low level of the analytical hierarchy.
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1 Introduction

Finite and infinite Mazurkiewicz traces [32, 10] (cf. [9]) are a formal model for the description
of the (nonterminating) behavior of concurrent systems that synchronize via shared actions.
They are closely related to communicating finite state machines [5, 16, 17, 30], have been
studied in the contexts of model checking (e.g., [12, 3]) and the distributed control synthesis
problem [15, 18, 19] and allow to model multi-buffer systems [25] and multi-pushdown systems
[26, 27, 29].

The idea behind traces is that sequences of basic actions, i.e., words, form interleavings
of the executions of several, concurrently running, processes. Words that are interleavings of
one and the same concurrent execution are considered equivalent. Formally, the concurrency
in a system is given by an independence alphabet that describes which pairs of actions are
executed by disjoint sets of sequential processes and can therefore commute in interleaving
executions. As a consequence, questions like “Do two concurrent systems allow the same
concurrent executions?” translate into “Does every interleaving execution of one system have
an equivalent interleaving execution of the other system?” or “Are the closures of the sets
of interleaving executions under the equivalence of words equal?” In other words, one is
interested in the closure of a language under this equivalence.

For regular sets of finite words, questions of this type have been studied in detail. Here,
e.g., non-inclusion asks for the existence of some finite object (a word) with some decidable
property (to belong to the closure of the first regular set, but not to the closure of the
second). Hence inclusion belongs to the first universal level of the arithmetical hierarchy I19.
Differently, regularity asks for the existence of a finite object (a finite automaton) such that
all finite objects (words) satisfy some decidable property (to belong to the closure if, and
only if, they are accepted by the automaton). Hence, this problem belongs to the second
existential level of the arithmetical hierarchy 9. These easy observations do by no means
exclude that inclusion or regularity can be expressed by simpler means, e.g., are decidable or
belong to I19.

The computer science literature provides a clear distinction between the decidable and
undecidable instances of these problems. This border is described using two properties of
independence alphabets, namely “transitivity” and “diagonality” (which is strictly more
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Boolean combinations of w-rational trace languages: emptiness, rationality, regularity

general). The known answers are as follows: inclusion and regularity are decidable for
transitive independence alphabets, and otherwise complete for I1{ and X9, respectively
[2, 44, 28]; disjointness is decidable even for diagonal independence alphabets and II9-
complete otherwise [1].

An attempt to extend these results to infinite traces was started in [28]. That paper
shows in particular that, for closures of regular languages of infinite traces, regularity for
transitive independence alphabets and disjointness for diagonal independence alphabets are
in I19; it was left open as to whether these problems are decidable as they are in the finite
case [44, 1]. The results of this paper imply affirmative answers to both these questions.

In detail, we study decision problems for Boolean combinations of closures of regular
w-languages, namely the emptiness, the regularity, and the rationality problem that asks
whether a given Boolean combination is the closure of some regular language (this latter
problem has been considered for finite words in [2], but does not appear in [28]). For infinite
words, all these problems belong to the second universal level of the analytical hierarchy II3.
Depending on graph theoretic properties of the independence alphabet (i.e., the “architecture”
of the distributed system) and properties of the Boolean combination, we classify all these
problems into decidable, I1{-complete, ¥9-complete, and IT}-hard (cf. Table 1). The only
graph properties appearing in this classification are “transitive”, “diagonal”, and “non-
diagonal”; and the only properties of the Boolean combinations are “trivial” (i.e., ) or “all
words”), “finite union”, “positive”, and “non-positive”. Looking at the results, one observes
two striking similarities between the cases of finite and infinite words:

1. A problem for infinite words is decidable if, and only if, its version for finite words is
decidable.

2. If one considers only diagonal independence alphabets, then there is no difference in
complexity between a problem for infinite words and for finite words.

One also notes that the regularity problem and the rationality problem behave much the

same: the levels of undecidability are almost always the same. Nevertheless, these two

problems are quite different: the regularity problem is of maximal difficulty even for the

trace closure of a rational language (where the rationality problem has a trivial answer).
On the other hand, there are also two striking differences:

1. Any of the problems on finite words yields a dichotomy while, for infinite words, we
always have a trichotomy.

2. If one allows some non-diagonal independence alphabet, then the problem for finite words
remains arithmetical while it is IT{-hard for infinite words.

2 Preliminaries

The the set N of non-negative integers starts with 0 and, for n € N, we set [n] = {1,...,n}.
The powerset of a set X is denoted P(X).

Words and automata

Let T" be an alphabet. The set of finite words over I' is denoted I'*, ' denotes the set
of w-words over I', and I'** = T* UT¥. For x € ' and 0 < m < |z|, z[l...m] is the
prefix of w of length m. For two words or w-words x,y € I'*°, the shuffle z Wy C I'*° is
the set of all words or w-words zgyp x1y1 T2y2 - - where z;,y; € I'* are finite words with
T =xox1T2 -+ and y = yoy1y2 - --. For a € I'*° and A C T, the projection proj,(a) € A
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is obtained by deleting all letters from « that do not belong to A. We write |a|4 for the
length of the projection proj,(«); proj,(a), |als, and |a| abbreviate projg, (a), [al(ay, and
|a|r, respectively.

Subsets of I'* are called finitary languages or *-languages while subsets of I' are w-
languages.

Let K CT™ and L C I'°. Then the concatenation of K and Lis K- L = {ux | u €
K and z € L} C T'*°. The Kleene iteration K* is the set of words uj us - - u,, for some
m > 0 with uy,uo,...,uy, € K. The w-iteration K“ of K is the set of w-words uj ug - -
with u; € K\ {€} for all ¢ > 1.

Let K, L C I'"*°. The shuffle of K and L is the union of all shuffles z LUy with z € K and
y € L, we will also apply this operation to more than two languages in the obvious manner.

A nondeterministic finite automaton or nfa is a tuple A = (Q,T,S,T, F) where Q is a
finite set of “states”, I an alphabet, S, F C @ sets of “initial” and “final states”, respectively,
and T C @ x I' x @ the transition relation. For a state p € @, we write AP~ for the nfa
(Q,T,{p}, T, F) that only differs from A in its initial state. For p,q € Q and u € T'*, we
write p — ¢ if there is some u-labeled path from p to ¢. If there is such a path that visits
some accepting state, we write p = ¢q. A word u € I'* is accepted by A if there are p € S

and ¢ € F with p % ¢; L*(A) denotes the *-language of words accepted by A. A x-language
L CT* is regular if there exist an nfa A with L = L*(A).

An w-word « is accepted by A if it splits into finite words av = ug uy - -- such that p —% ¢
and ¢ <% ¢ for all 4 > 1 for some p € S and g € F. The set of w-words accepted by A is
L¥(A); an w-language L is regular if there is some nfa A with L = L¥(A).

Finally, we recall some clasical notions on binary relations on I'*® from [22], cf. [4] for the
case of relations on finite words.

Let RCT* x ' and S C '™ x I'*® be two binary relations. Then R-S = {(uv, uv") |
(u,u') € R and (v,v") € S} is the concatenation of R and S. The power of R is defined
inductively by R = {(¢,¢)} and R"*! = R- R". The finite iteration of R is R* =J,~, R";
its w-iteration is the set -

R* = {(ujugug - -+ ,v1v9v5 -+ ) €T X T | (u;,v;) € R for all ¢ > 1}

The relation S C I'*® x I'*® is rational if it can be constructed from finite relations on I'*
using union, concatenation (with the first factor a relation on I'*), and finite and w-iteration
(applied to relations on I'*).

Rational relations describe the behavior of transducers: a transducer is a tuple A =

(Q,T,S, T, F) where Q, T', S and F are as in nfas and T'C Q x (I'U{e})? x Q the transition

relation. For p,q € @Q and u,v € T'*, we write p M q if there is some (u,v)-labeled path

from p to q. A pair of possibly infinite words (a, 8) € ' x I'*° is accepted by A if o and
split into @« = uguy -+ and 8 = wvgv; --- such that there are states p € S and ¢ € F with

(u0,v0) (wi,vi

p—>qandq—)>qf0ra11i21 (if u; = v; = ¢ for all 7 > j, then o and g8 both are
finite and there is a sequence of transitions from g back to ¢ that all are labeled (g,¢)). The
set of pairs accepted by A is R>(A). Then a relation on I'*° is rational iff it is accepted by
some transducer.

From an nfa A and a transducer B, one can construct an nfa A’ with v € L*(A’) iff
there exists u € L*(A) with (u,v) € R*(B). Similarly, from a Biichi-automaton A and
a transducer B, one can construct a Biichi-automaton A’ with 8 € L¥(A’) iff there exists

a € L¥(A) with (a, 8) € R®(B).
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» Convention. Many objects considered in this paper appear in two forms: word vs. w-word,
*-language vs. w-language. At places, we blur this distinction and just talk about words and
languages assuming that the context explains what version is meant.

Traces

An independence alphabet is a pair (T, I) of an alphabet I' and an irreflexive and symmetric
independence relation I C T x T'; its complement is the dependence relation D =T?\ I. The
set of all independence alphabets is denoted IndA.

Two words x,y € I'™ are equivalent [10] (denoted x ~ y) if, for all (not necessarily
distinct) letters a,b € I' with (a,b) € D, we have projg, 43 () = proj, s} (y).!

For L C T'™°, the closure is the set [L] = {y € ' | 3x € L: x ~ y} of all (w-)words y
that are equivalent to some element of L. The set L C T'*° is closed if L = [L]. If L = {x} is
a singleton, the closure [L] of L equals the equivalence class [z] of x wrt. ~.

In this paper, we will regularly be concerned with closures of regular sets and with
closed regular sets. If L is closed and regular, then it is the closure [L] of the regular set
L. Conversely, suppose (a,b) € I. The closure of the regular set L = {ab}* is the set [L] of
words u € {a,b}* with |u|, = |uly and therefore not regular. Thus, regular closed sets are
closures of regular sets, but there are closures of regular sets that are not regular.

» Remark. Recognizable and rational sets of (infinite) traces [32, 11] correspond to closed
regular and closures of regular languages, respectively. We could therefore phrase our results
in terms of these sets of traces; the author prefers the current point of view as it only concerns
sets of words and avoids the consideration of traces as equivalence classes of words.

Decision problems

This paper deals with decision problems related to Boolean combinations of closures of
regular languages, e.g., we will investigate the decidability status of the question whether
the language [L*(A;1)] N [L*(Az2)] is empty (is regular, resp.) for two nfas A; and Az. To
present all these problems uniformly, we next introduce some notions.

Let : {0,1}™ — {0,1} be a Boolean function and L, ..., L, C I'® ®-languages over T

23:5

The ®-language (L1, ..., L, )" is the set of words # € T'® such that ¢ (xz, (z), X1, (7), ..., X1, (z)) =

1 where xp, is the characteristic function of L;.

» Example. Let Id be the unary identity function, A the binary minimum-function, and —
the negation. Then, for any languages Ly and Lo, we have <L1>I =L, <L1, L2>A =L1NLs,
and <L1>_‘ = F® \L1

We now come to the decision problems studied in this paper.

» Definition 2.1. Let © € {x,w}, A C IndA be some set of independence alphabets, ® some
set of Boolean functions, and GenP € {EmptP, RatP,RegP}. Then GenP (A, ®) is the set
of tuples ((I', I), p, A1, ..., An) with (T, I) € A an independence alphabet from A, p € @ an
n-ary Boolean function from ®, and Ay, ..., A, nfas over I with

H = <[L©(A1)L Lo, [L@(An>1>

such that

! Two other, equivalent, definitions of ~ have been formulated by Gastin [10].
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GenP = EmptP and H = () (the emptiness problem ),
GenP = RatP and H = [L] for some regular language L C T'® (the rationality problem),
or GenP = RegP and H is reqular (the regularity problem)

» Example. The problems EmptP ((I',I), A) (the “disjointness problem”), RatP ((T', ), -),
and RegP, (T, I),1d) are undecidable in general [1, 44].

The above problems are parametrized by a set A of independence alphabets and a set of
Boolean functions ®. We next describe particular sets that are central in our classification.
A Boolean function ¢: {0,1}"™ — {0,1} is

constant if p(b) = (€) holds for all b, € {0, 1}".

a maz-function if it is constant or there exists a non-empty set A C [n] with ¢(by,...,b,) =
max{b; | i € A} for all by,...,b, € {0,1}.

monotone if p(b1,...,b,) < ¢(ci1,...,¢,) for any arguments from {0, 1} with b; < ¢; for
all i € [n].

The set of all constant (max-, monotone, resp.) functions is denoted CONST (MAX, monBF,
resp.); BF denotes the set of all Boolean functions.

It turns out that the regularity problem for constant functions and the emptiness problem
and the rationality problem for max-functions are simple (if not trivial).

» Proposition 2.2. Let © € {*,w}. Then EmptP,(IndA, MAX), RatP,(IndA, MAX), and
RegP (IndA, CONST) are decidable.

After considering constant and max-functions, we next turn attention to Boolean functions
outside these classes. Claim (1) in the following lemma ensures that the function Id
induces the full difficulty of the regularity problem RegP (A, ®) if ® € CONST. Similarly,
A € monBF \ MAX (- ¢ monBF, resp.) gives rise to the full difficulty of GenP (A, ®) if
® C monBF and ® € MAX (® Z monBF).

» Lemma 2.3. Let © € {*,w}, GenP € {EmptP, RatP,RegP}, A C IndA, and ¢ € BF.

(1) If ¢ ¢ CONST, then RegP (A,Id) < RegP (A, ¢).
(2) If ¢ € monBF \ MAX, then GenP (A, A) < GenP (A, p).
(3) If ¢ ¢ monBF, then GenP (A, ) < GenP (A, ¢).

Besides the above classes of Boolean functions, there are also classes of independence
alphabets central in this paper. Let (T, I) be an independence alphabet. It is

complete if (a,b) € I for all a,b € T distinct.

transitive if P3 (the path on three vertices) is not an induced subgraph.

diagonal if neither Cy (the cycle on four vertices) nor Py is an induced subgraph.
The term “diagonal” was coined in [46], [1] uses the term “transitive forest” instead.

The set of all complete (transitive, diagonal, resp.) independence alphabets is denoted
ComplA (TransA, DiagA, respectively).
Arithmetical and analytical hierarchy

This paper describes the complexity of the above decision problems. But as most of them
are undecidable, this requires a yardstick for undecidability. The said hierarchies are such a
yardstick. We refer the reader to [37] for definitions and useful properties.
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3 Finitary languages

In this section, we study the problems GenP, (A, ®), i.e., consider finite words. Many of
the results follow easily from the literature, an exception is the rationality problem for
non-transitive independence alphabets.

We first state upper bounds on some versions of the emptiness problem EmptP, (A, ®),
thanks to the work by Aalbersberg, Welzl, and Hoogeboom, the proofs of claim (2) and (3)
are rather straightforward. Claim (1) follows since containment in the closure of a regular
language is decidable.

» Lemma 3.1. (1) The emptiness problem EmptP, (IndA, BF) is in T1Y.
(2) The emptiness problem EmptP, (TransA, BF) is decidable [2].
(3) The emptiness problem EmptP, (DiagA, monBF) is decidable [1].

Now the following dichotomy result follows easily from [1, 31, 44, 35].
» Theorem 3.2. Let A C IndA and ® C BF be decidable sets.

(1) The emptiness problem EmptP, (A, ®) is decidable if A C TransA, or A C DiagA and
® C monBF, or ® C MAX.
(2) Otherwise, the emptiness problem EmptP, (A, ®) is I19-hard.

We next turn to the rationality problem, i.e., the question whether a given Boolean
combinations of closures of regular languages is the closure of some regular language.

We start by presenting two upper bounds. Again, citing work by Aalbersberg and Welzl,
the first claim follows easily, and also the second follows easily from the definition of the
rationality problem.

» Lemma 3.3. (1) The rationality problem RatP,(TransA, BF) is decidable [2].
(2) The rationality problem RatP,(IndA, BF) is in 39.

For a lower bound, one first proves the ¥9-hardness of RatP,((T',I),¢) for any non-
transitive independence alphabet (I", I) and any of the two Boolean functions A and —. This
is achieved in two steps (where ¢ € {A,—}):

The first step step proves that RatP, (StarA, ¢) is X9-hard where StarA is the set of all
independence alphabets (3, I) that form a star.

To show this, let o, 3: AT — B be homomorphisms, L C A™ regular, ¢ ¢ AU B, and
(3,I) the star with center ¢ and leaves AU B. Furthermore, let K = {u € L | a(u) =
B(u)}. For v € {a, B}, let W, denote the union of all languages u~y(u) w c"®l for u € L.
One first shows that K is finite iff W, N Wpg is the closure of some regular language iff
[L - (Bc)*]\ (W, N Wpg) is the closure of some regular language. Following [31, 35], one can
construct nfas A and B with ¥* \ [L*(A)] = W, NWp and L*(B) = L - (Bc)*. It follows that
K is finite iff ((3,1),, A) € RatP,(StarA, -) iff ((3,1),A, A, B) € RatP,(StarA, A). Since,
by [28], the finiteness of K is X9-hard, the claim follows.

In the second step, one proves RatP, (StarA, ¢) < RatP,((T, I), ¢) for any non-transitive
independence alphabet (T, I).

So let a,b,c € T be three letters with (a,c), (b,¢) € I and (a,b) € D. And let (X,I) be
a star with center ¢ and leaves ay,...,a,. Then define the homomorphism f: ¥* — I'* by
f(c) = cand f(a;) = ba® for all i € [n]. Then, for any u,v € X*, one obtains u ~ v <=
f(u) ~ f(v). From this, it follows that [K] = [L1] N [La] < [f(K)] = [f(L1)]N[f(L2)] as
well as [K] = X%\ [L1] < [f(K)] = [f(Z*)]\ [f(L1)] for any languages K, L1, Ly C ¥*.
For the reduction, one also needs that [L1] N [Lg] is the closure of some regular language K

23:7

proof: p. 17

proof: p. 18

proof: p. 18

Prop. B.3

Lemma B.2

Prop. B.1

Prop. B.6

Lemma B.4
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26 iff this holds for [f(L1)] N [f(L2)] (and similarly for £* \ [L;] and T* \ [f(L1)]). While the
7 implication “=” is straightforward considering f(K), the converse is more involved since, e.g.,
s there can be a regular language K’ C I'* with [K'] = [f(L1)] N [f(L2)] and K' N f(X*) = 0.
0 Considering the pre-image of K’ under f yields the empty set whose closure need not be
Proof of x0 the intersection [L;] N [Ls]. To prove the implication “<”, one first constructs a partial
Prop. B.6 s rational function r: ' — I' on T that “computes” for every word U € [f(¥X*)] a “witness”
we V€ f(E*) with U ~ V, ie., satisfies U ~ r(U) € f(£*) whenever r(U) is defined and r(U)
s is defined for any U € [f(X*)]. Then the closure of the regular language f~1(r(K')) equals
Lemma B.5 24 [L1] N [Lo] and ¥* \ [L1], respectively. As a result, one obtains that also the rationality
s problems RatP, (T, I),A) and RatP,((T',I),—) are X9-hard.
%6 In summary, we get the following dichotomy that covers arbitrary sets of independence
»7  alphabets and Boolean functions. The lower bound holds due to Lemma 2.3(2,3) and the
xs above arguments.
269 For the regularity problem, the lower bounds can be shown using the arguments for [28,
2o Thm. 3.1] (that build on [44] and the above version of Post’s correspondence problem); the

o1 upper bounds follow similarly to those of the rationality problem as well as from [2, 44].
proof: p. 24
22 Theorem 3.4. Let A C IndA and ® C BF be decidable sets.

a3 (1) If A C TransA or ® C MAX, then the rationality problem RatP (A, @) is decidable.
o (2) Otherwise, the rationality problem RatP, (A, ®) is ¥.9-complete.

as (17) If A C TransA or ® C CONST, then the reqularity problem RegP, (A, ®) is decidable.
w (2°) Otherwise, the regularity problem RegP, (A, ®) is X9-complete.

-» 4  Transitive independence alphabets

s From now on, we only consider the w-versions of the decision problems.

279 The “universality problem” EmptP (TransA, —) and the “disjointness problem” EmptP (TransA, A)
s  both are decidable [28, Thm. 4.5] and the regularity problem RegP,,(TransA,Id) is in 39 [28,
s Thm. 4.6]. In this section, we improve on this latter result by demonstrating its decidability.
22 This proof is based on our first result, namely that any Boolean combination of closures of
23 regular languages is the closure of a regular language (assuming the independence alphabet to
¢ be transitive). From these two result, we finally infer that all problems GenP ,(TransA, BF)
25 are decidable.

286 But before we can do so, we first recall and extend the main tool of the two decidability
27 proofs, namely types (called “characteristicts” in [28]) and type automata. To this aim, let
28 ([, I) € TransA be the disjoint union of the complete independence alphabets (I'y, Ij) for
20k € [m], let ¢ be an n-ary Boolean function, and let A; = (Q;,T, S;,T;, F;) for i € [n] be
20 Biichi-automata over I'. Words from (Jy.¢(,,) I'i* \ {€} are called mono-alphabetic since they
201 use letters from only one of the subalphabets I'.

200 For a finite mono-alphabetic word u € If with & € [m], define the type tp, (u) =

2 ((Ri, RF)icin), k) setting, for i € [n], R = {(p.q) € Q7 | I/ ~u:p i>Ai q} and RI' =
o {(p,q) €Q? | I ~u:p LN 4, 4} [28]. Note that, differently from classical transition profiles

s (cf. [6]), we collect all pairs of states that are connected by a path whose label is some word
ws  from [u]. Here, we also define the type of an infinite mono-alphabetic word o € T'Y: it is
w1 (@) = ((Ai)iepn), k) with A4; = {p € Q; | Fo/ ~ a: o’ € L*(AY7)} for all i € [n]. Then
ws  A; is the set of states of the Biichi-automaton A; that allow to accept some word from [a].
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Note that there are only finitely many types; hence the set of all types of mono-alphabetic
words is an alphabet that can be computed. From the set of all types and the tuple of
Biichi-automata, one can construct type automata A;"*°"° and A?ulti over the set of all types
with the following central properties:

Suppose w1, us,--- € I'T are mono-alphabetic words. Then the infinite type sequence
tp, (u1) tp, (uz2) -+ is accepted by the Biichi-automaton AMM iff wjug - -+ € [L¥(A;)]
and none of the factors u;u; 41 is mono-alphabetic (cf. [28, Lemma 4.3]).

Suppose ug,...,u, € ['T and B € I'™ are mono-alphabetic words. Then the finite type se-
quence tp, (u1) tp, (u2) - -+ tp, (ue) tp,,(B) is accepted by the nfa A" iff uyug - - - uef €
[L“(A;)] and none of the factors u;u; 1 nor ug 8 is mono-alphabetic.

Using classical constructions from automata theory, one can construct an nfa 5™°"° and
a Biichi automaton B™"* over the set of all types accepting (L*(AF°), ..., L*(APon))?
and (L@ (AP L@ (APUH))YY respectively.

Consider some transition in the Biichi-automaton . Its label is the type t; of some
finite mono-alphabetic word over I'y. Since the subalphabet (I, I}) is complete, one can
construct an nfa C;, such that the closure [LT(C;, )] of its language is the set of all finite
words of type ¢4 [2]. In the nfa B™°"°  some of the transitions are labeled by the type t,, of
some infinite mono-alphabetic word over I'y. Again using the completeness of (I'y, I)), one
can also construct a Biichi-automaton C;, such that the closure [L“(Cy, )] of its language is
the set of all w-words of type .

Bmulti

Now, in the type automata B™°"° and B™4 replace every ¢, -labeled transition with
the nfa C;, . Furthermore, in the nfa B™°%°, replace every t,-labeled transition from p to
some accepting state with the Biichi-automaton B; . Let B denote the disjoint union of the
resulting two Biichi-automata. One then shows that the closure of the language of B is the
given Boolean combination of the closures of the languages of A;. In summary, this proves

» Theorem 4.1. From a transitive independence alphabet (I',I), an n-ary Boolean function
©, and Biichi-automata A; over T for i € [n], one can construct a Biichi-automaton B with

[L2(B)] = ([L*(A1)], -, [L(An)])”
Hence, the problems RatP,(TransA, BF) and EmptP ,(TransA, BF) are decidable.

Next, we consider the regularity problem RegP, (TransA,Id). So let, as before, (T, I) be
the disjoint union of the complete independence alphabets (I, Ii) for k € [m] and let A be
some Biichi-automaton over I'. We will use types and type automata as defined above, this
time for a single automaton, i.e., n = 1 and A; = A.

Two mono-alphabetic words u and v are type-equivalent (denoted u =4 v) if they have
the same type. Then the relation =4 is an equivalence relation on |J ke[m] I'° that only
relates words from I'}” or from I'Y for some k € [m]; such equivalence relations shall be called
multi-equivalences. A language L C I'“ is saturated by the multi-equivalence = iff replacing
maximal mono-alphabetic factors in words from L by equivalent ones results in a word from
L. More precisely, iff the following hold.

Let ujug - - - € L such that all factors u;, but none of the factors w;u; 1 is mono-alphabetic.
Furthermore, let u; = v; for all ¢ > 1. Then vivy--- € L.

Let ujug - --ugf € L such that all factors u; and 3, but none of the factors u;u;4+1 and
ugf3 is mono-alphabetic. Furthermore, let u; = v; and 8 = . Then vyvy ---vpy € L.
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Recall that, in the definitions of the type of z € I'}°, we considered all words equivalent
with z. Therefore, the type-equivalence =4 saturates the closure [L¥(A)] of the language of
A. Furthermore, the equivalence classes of =4 are closures of regular languages. But, in
general, these closures need not be regular. The central insight on the regularity of [L“(A)]
is the following.

» Proposition 4.2. Let A be a Biichi-automaton. Then [L*(A)] is regular if, and only if,
[L¥(A)] is saturated by some multi-equivalence = D =4 such that all equivalence classes of
= are reqular.

Let = C =4 be a multi-equivalence and C' some equivalence class of =. Since = is a
multi-equivalence, C' is a language over some complete independence alphabet (I, Ij). Since
= extends =4, C is a union of equivalence classes of = 4. Note that =4 has only finitely
many equivalence classes and recall that any such equivalence class is the closure of some
regular language. Hence C' is the closure of the union of finitely many regular languages.
If C is a set of finite words, then its regularity can be decided by [2], and also in case C
is a set of infinite words, this is possible. It remains to decide whether = saturates the
closure of L“(A). To this aim, we define the block closure blkcl(L) of a language L C I'¥
as the minimal language containing L which is saturated by =. Since the equivalence
classes of =4 are closed languages, the same holds for the equivalence classes of =. Hence
blkel([L]) = blkel(L) = [blkel(L)]. Since the equivalence classes of = are regular, one can
construct a Biichi-automaton B that accepts blkcl(L“(A)). Hence [L“(.A)] is saturated by =,
i.e., blkel([L¥(A)]) C [L¥(A)] if, and only if, [L*(B)] C [L¥(A)] — which is decidable using
Theorem 4.1.

Hence, for any multi-equivalence = extending the type equivalence =4, one can decide
whether it witnesses the regularity of [L¥(A)] in the sense of Prop. 4.2. Since there are only
finitely many such equivalence relations and since this finite set can be computed, we obtain
that the regularity of [L*(A)] is decidable. Now Theorem 4.1 implies the decidability of
RegP,, (TransA, BF): to handle an arbitrary function ¢, first compute a single automaton B
as in Theorem 4.1 and then check the regularity of the closure [L¥(B)] of its language.

Hence we obtain the following extension of Theorem 3.4(2’) and therefore of Sakarovich’s
result [44] from finite words to w-words.

» Theorem 4.3. The reqularity problem RegP (TransA, BF) is decidable.

5 Diagonal independence alphabets

In this section, we consider the w-versions of the emptiness, the rationality, and the regularity
problem for diagonal independence alphabets. For the emptiness problem, we will distinguish
the case of monotone and non-monotone Boolean functions since the problem becomes
decidable in the former case and undecidable in the latter. For the other two problems, the
monotonicity of the Boolean function does not play any role.

Emptiness for monotone Boolean functions

The aim of this section is to show that the emptiness problem EmptP  (DiagA, monBF)
for diagonal independence alphabets and monotone Boolean functions is decidable. Since
EmptP, (DiagA, BF) is undecidable (cf. Theorem 3.2(2)), the crucial point in the decidability
proof of EmptP,(DiagA, monBF) is the monotonicity of the Boolean functions considered.

A first simple observation is that it suffices to consider connected diagonal independence
alphabets; we denote the set of all such independence alphabets with ConDiagA. These

Lemma C.9
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independence alphabets can be considered as order trees, i.e., a structure (I', %) where < is a
partial order on the finite set I' with largest element such that, for all a,b,c € T, ¢ < a,b
implies a = b or b < a. An independence alphabet (T, I) is connected and diagonal if, and
only if, there exists an order tree (T', <) with (a,b) € ] < a<borb=<a,ie, ] =>U<
[46, 47].

In the following, we will always assume that (I, <) is an order tree with I = > U <.

ForaeT,let la={beT |b=a}and Ja={beT|b=<a} bethe sets of elements of I'
(properly) below a; Ja C T is the set of letters comparable with a, i.e., a together with all
letters b € I' with (a,b) € I.

We next define relations that are central to our arguments, these definitions are adaptations
of similar notions from [1] to Biichi-automata. Let A = (A4;);en be a tuple of nfas
Ai = (Qi, T, 1;, T3, ), D = (Pi)icin) and § = (¢:)ie[n) tuples of states from Hie[n] Q;, and
a € T. Then R(P,q, a) denotes the set of tuples of words that lead from p; to g; visiting some
accepting state and use only letters independent from or equal to a:

R(ﬁ7qa a’) = {(u17~ . ';un) | u; € ia’*a Di gfh qi for all i € [n]}
Collecting all tuples of w-words over Ja accepted by A; from p;, we get the analogous relation
RY(p,a) = {(a1,...,an) | a; € Ja® N LY (AV'7) for all i € [n]}

We will be interested in the restrictions of these relations to tuples of words whose
projections to {la and |a are mutually equivalent:

Ry(p,7,a) = {(ui)iein) € R(D,q, a) | projy,(u1) ~ projy,(u;) for all i € [n]}
R} (p,a) = {(ai)ie[n] € R(p,a) ’ projw(al) ~ projw(ai) for all 7 € [n]}
RY (P, a) = {(a)iein) € R(D,a) | projy, (o) ~ projy,(a;) for all i € [n]}

Suppose a is the root of (I', %) such that proj,(a) = a for all @ € I'*. Furthermore,
suppose ©(Z1,...,Ty) = min{zy,...,z,}, and let p; be the (only) initial state of A; for all
i € [n]. Then ([L¥(Ay)],...,[L¥ (.An)]y equals R{(p, a), so we have to decide the emptiness
of this relation. If it was rational, this would easily be possible. Unfortunately, this is not
the case in general. For finite words, Aalbersberg and Hoogeboom approximate the relation
R{(p,a) by its Parikh image. In order to also handle w-words, we generalize this by the
notion of a “language version” that is introduced next.

For an alphabet ¥ (e.g., ¥ = I' x [n]), the Parikh mapping ¥: ¥*° — (NU{oo}* is defined
by ¥U(a) = (Jolq)aex for all & € 3°°. We extend the Parikh mapping to tuples of words:
the mapping U,,: ()" — (NU {oco})!*[" is defined by W, (z1,...,%0) (0 = |Tila, i€,
U, (21,...,2,)(a,1) is the number of occurrences of the letter a in the word number i. The
language L C (T x [n])* is a language version of the relation R C (I'>°)™ if ¥,,(R) = ¥(L).

The following crucial result will allow to decide the problem EmptP,(DiagA, monBF).

» Lemma 5.1. One can construct a Biichi-automaton B that accepts a language version of
the relation R = {(a;)icpn) | i € L(A;) and oy ~ o for all i € [n]}.

Proof idea. By induction on the size of |a, one shows R (p,a) = R (p,a) N Eq, and that
the relation R{ (P, a) can be constructed from the relations Ry (q,7,a) and R{(q,b) for b < a
using union, concatenation, and w-iteration.

From [1], one gets regular language versions of the relations Ry(p,q,a). Note that the
union of language versions of two relations is a language version of the union (similarly
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for concatenation and iteration). While this does not hold for all intersections of relations,
we can nevertheless construct a language version for the intersection with the very special
relation Eq; and its language version of all w-words over T X [n] whose projection to {a} x [n]
belongs to ((a,1)(a,2)...(a,n))” . To handle this intersection, the idea is to consider the
complete independence relation on T' x [n] and then to refer to Theorem 4.1. |

Since the emptiness of the regular language version of R is decidable, one can infer
the main decidability result for diagonal independence alphabets; it is an extension of
Lemma 3.1(3) (which follows easily from [1]) to Biichi-automata.

» Theorem 5.2. The emptiness problem EmptP , (DiagA, monBF) is decidable.

Emptiness for general Boolean functions

Next, we study non-monotone Boolean functions (. The II{-hardness of EmptP, (DiagA, ¢)
(Theorem 3.2(2)) transfers to EmptP ,(DiagA, ¢). To show containment in I19, one generalizes
the proof of [28, Cor. 5.5] that yields the result for the Boolean function p(x1,z2) = 1 A —xa.

The crucial insight is that, with H = ([L*(A;)],...,[L(A4,)])” and the independence
alphabet diagonal, H = () or H contains some ultimately periodic w-word uv* (this is not
necessarily the case if the independence alphabet is not diagonal).

Since it is decidable whether an ultimately periodic word is in [L“(.A4;)] [28, Obs. 5.1], we
can just search for a witness for non-emptiness. It follows that the non-emptiness problem is
semi-decidable.

» Corollary 5.3. The emptiness problem EmptP (DiagA, BF) is in I19.

Rationality and regularity problem

By Theorem 3.4, the problems RatP,((T', I), ) and RegP, ((T', I), —) are ¥9-hard for any non-
transitive independence alphabet (T', I), these lower bounds transfer to the w-versions of these
problems. We can also prove matching upper bounds for the set of all diagonal independence
alphabets and all Boolean functions. These proofs rely on the emptiness problem and are
almost identical to the corresponding proof for finite words, cf. Lemma 3.3(2).

» Theorem 5.4. The rationality problem RatP,(DiagA,BF) and the regularity problem
RegP,, (DiagA, BF) are in 9.

6 General independence alphabets

The problems EmptP ((T',I),¢) for ¢ € {A,—} and RegP,((T,I),Id) are I}-hard for
any non-diagonal independence alphabet (T, I) [28, Thm. 6.4]. In view of Lemma 2.3, it
follows that EmptP (A, ®) (and RegP, (A, ®)) is II}-hard if A ¢ DiagA and ® ¢ MAX
(® ¢ CONST, resp.)

The central point in the hardness proof from [28] is the construction of regular languages
H, K, and L such that the regularity of [H N K] N [L] is IT}-hard (cf. paragraph following
[28, Prop. 6.2]). For the very same languages H, K, and L, one can similarly prove that the
existence of a regular language M with [M] = [H N K] N [L] is equivalent to the regularity of
[H N K] N[L] and therefore IT3-hard.

This leads to the lower bounds in the following result, the upper bounds are rather
straightforward consequence of the definition of these problems.

» Theorem 6.1.
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(1) For all GenP € {EmptP, RatP, RegP}, the problem GenP,(IndA,BF) is in II3.

The problem EmptP(IndA, monBF) is in I13.

(2) Let A C IndA with A Z DiagA and ® C BF be decidable sets.

7

A discussion of the results of this paper (cf. Table 1) can be found at the end of the introduction.

If ® ¢ MAX, then RatP (A, ®) and EmptP (A, ®) are 11} -hard.
If ® ¢ CONST, then RegP (A, ®) is 11} -hard.

Summary and open problems

In particular, we solved two of the open problems from [28]: the regularity problem for

transitive independence alphabets and the emptiness problem for diagonal independence
alphabets and monotone Boolean functions are decidable and not just semi-decidable.

Let (I'1, ;) and (T'2, I3) be two non-diagonal independence alphabets and 1, p2 be two

monotone, but non-max functions. Then the emptiness problems EmptP  ((I'1, 1), ¢1) and
EmptP ((T'2, I2), v2) both are ITi-complete and therefore inter-reducible. If ¢; and o are
non-monotone, containment in I} is not known. We do not even know whether the two
problems are inter-reducible or whether these problems define different (possibly many)
degrees of unsolvability.
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A  Appendix

A.1 Proofs from Sect. 2

» Proposition 2.2. Let © € {*,w}. Then EmptP (IndA, MAX), RatP (IndA, MAX), and
RegP . (IndA, CONST) are decidable.

Proof. Let (T, I) € IndA be an independence alphabet, ¢ an n-ary Boolean function, and
Ai,..., A, nfas over I'. Let H denote the language ([L®(A1)], ..., [L9(A,)])7.

If ¢ is constant, then H is one of I'® (if ©(0,...,0) = 1) or 0 (otherwise). In any case, H
is regular implying that RegP (A, ®) is (trivially) decidable for ® € CONST.

Next, let ¢ € MAX. If ¢ is even constant, then, as we saw above, H is regular and
closed and therefore the closure of some regular language; hence ((I',I), ¢, A1,...,A,) €
RatP (IndA,MAX). Now suppose ¢ € MAX \ CONST is not constant. Then there is
some non-empty set A C [n] with ¢(by,...,b,) = max{b; | i € A} for all b; € {0,1}.
Hence H is the union of the languages [L®(A;)] for i € A and therefore the closure of
L = U;ea L9(A;). Thus, also in this case, ((T',1),¢, A1, .., A,) € RatPg(IndA, MAX).
Hence, RatP (IndA, MAX) is trivially decidable.

Finally, we consider the emptiness problem. Above we saw that, for any ¢ € MAX,
the language H is the closure of some (effectively computable) language L (namely (), I'®,
or ;eq LO(Ai)). Since H = ) <= L = (), the decidability of the emptiness problem
EmptP (IndA, MAX) follows. <

» Lemma 2.3. Let © € {*,w}, GenP € {EmptP,RatP,RegP}, A C IndA, and ¢ € BF.

(1) If ¢ ¢ CONST, then RegP (A,Id) < RegP (A, ¢).
(2) If ¢ € monBF \ MAX, then GenP (A, A) < GenP (A, p).
(3) If ¢ ¢ monBF, then GenP (A, ) < GenP (A, ¢).

Proof. First, suppose ¢ ¢ CONST. For notational simplicity, suppose there is b =
(bi)iem—1) € {0,1}7~! with o(b,0) # ©(b,1). Let (I',I) € A be some independence al-
phabet from A and A some nfa over I'. Then we choose, for i € [n — 1], an nfa A; with

o ifb =1

1
0 ifb; =0. @)

LO(A;) = {

As a consequence,

(L2 (A)] if ¢
TON[LO(A)] if o

)=1

<[L®(A1)L...,[LQ(-An—l)]a[LG('A>]>LP:{ )=0.

b1
b,1
Hence ((T', I),1d, A) € RegP (A, 1d) if, and only if, (I', 1), ¢, A1, ..., An—1,.A) € RegP (A, p).
In other words, the mapping ((I', I),1d, A) — (I, I), ¢, A1, ..., A,_1, A) reduces RegP . (A, 1d)
to RegP (A, ¢).

To show the second claim, let ¢ € monBF \ MAX be monotone, but not a max-function.
Let by,...,b, € {0,1}" be the minimal tuples (wrt. the componentwise order) satisfying

©(b) = 1. Since ¢ is monotone, we get

p(©)=1 <= Fje[m]: b; <e.
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Now suppose all the tuples E contain at most one entry 1, say entry number ¢;. Then
¢(¢) = max(c;; | j € [m]).

But this contradicts our assumption that ¢ is not a max-function. Consequently, one of the
tuples E contains k > 2 entries equal to 1. For notational simplicity, we omit the index j
(i.e., set 5:b7j) and suppose b= ( 1,...,1,0,...,0),ie,b; =1 < i<k forallic [n]
——
k>2 entries
Now let (I',I) € A be some independence alphabet from A and .4; and Az be nfas
over I' and set K = L®(A;) and L = L®(Ay). For all i with 2 < i < n let A; be an nfa
satisfying (1). Then, for any word w € T'®, one gets w € ([LO(A1)],...,[LO(A,)])7 iff

o(x1(w), x2(w), b, ..., b,) = 1 where x; is the characteristic function of the language [L®(A;)].

Our choice of the tuple b and the nfas Aj, ..., A, implies that this is equivalent to x1(w) =
x2(w) =1, ie., tow € [LO(A;)]N[L®(Az)]. Hence we showed ([LO(A)],...,[LO(A4,)])" =
([LO (A, [29(A)))".

It follows that the mapping ((T',I), A, A1, A3) — (T, 1), 0, A1,...,A,) is a reduction
from GenP (A, A) to GenP (A, p).

Finally suppose ¢ € BF \ monBF not to be monotone, i.e., there are b; < ¢; in {0,1}
for all ¢ € [n] such that ©(by,...,b,) > ¢(c1,...,¢,). There are even b; < ¢; in {0,1} for
all ¢ € [n] with @(b1,...,b,) =1, f(c1,...,¢,) =0, and b; = ¢; for all but one i € [n]. For
notational simplicity, we assume by # ¢y, i.e., by = 0 and ¢; = 1 such that ©(0,ba,...,b,) =1
and ¢(1,b2,...,b,) = 0. For all i with 2 < i < n, define an nfa A; satisfying (1). Now
let (I',I) € A be some independence alphabet from A and A; an nfa over I'. Then, for
any word w € T'®, one gets w € ([LO(A1)],...,[LO(An)])7 iff o(x(w),ba,...,b,) = 1
where x is the characteristic function of the language [L®(A;)]. Our choice of the tuple
As, ..., A, ensures that this is the case iff y(w) = 0, i.e., w ¢ [L®(A;)]. Hence we get
([LP(A],- .., [LG(A”)DW =T\ [LO(A1)] = ([L®(A1)]) . It follows that the mapping
(I, 1),~, A1) = (I, 1), 0, Ay, ..., Ay) is a reduction of GenP (A, —) to GenP (A, p). <

B Proofs from Section 3

» Lemma 3.1. (1) The emptiness problem EmptP, (IndA, BF) is in I19.
(2) The emptiness problem EmptP, (TransA, BF) is decidable [2].
(8) The emptiness problem EmptP, (DiagA, monBF) is decidable [1].

Proof. Let (T',I) be some independence alphabet, ¢ an n-ary Boolean function, and A; for
i € [n] nfas over I'. For a word u € I'*, we have u € [L*(A;)] iff [u] N L*(A;) # 0. Since one
can compute the finite set [u] from the word u, it is decidable whether u € [L*(A;)]. Hence
[L*(A;)] is a decidable language. Then

H = (L (A1), [ (A)])7

is a Boolean combination of decidable languages and therefore decidable.

Now claim (1) follows since H = ) if, and only if, Vu € T*: w ¢ H, which proves that the
emptiness problem EmptP, (IndA, BF) belongs to I19.

Now let (T, I) be transitive. Aalbersberg and Welzl found an algorithm [2] that, from
(T, 1), ¢, and the nfas A;, constructs an nfa B such that [L*(B)] = H. Hence H = §) iff
L*(B) = () which is decidable. Thus, EmptP, (TransA, BF) is decidable.
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657 Finally, let (I', I) € DiagA be diagonal and ¢ € monBF monotone. Since ¢ is monotone,
s one can construct a finite set ) C P([n]) of sets A C [n] such that

H= ) L A)].

AcYicA

s It therefore suffices to decide the emptiness of [, 4,[L*(A;)] for all A € Y. By [1], this can
e1  be done for sets A of size 2, but their proof generalizes to arbitrary finite sets A. Thus, also
sz  EmptP, (DiagA, monBF) is decidable. <

s P Theorem 3.2. Let A C IndA and ® C BF be decidable sets.

e (1) The emptiness problem EmptP (A, @) is decidable if

665 (i) A C TransA,
oo (17) or A C DiagA and ® C monBF,
667 (%Z) or ® C MAX.

s (2) Otherwise, the emptiness problem EmptP, (A, ®) is I19-hard.

6o Proof. The first claim follows from Lemma 3.1(2,3) and Proposition 2.2.
670 Now suppose none of the properties (i-iii) holds. Since TransA C DiagA and MAX C
en  monBF, there are (I',I) € A and ¢ € ® with

s (a) (I, I) ¢ DiagA and ¢ ¢ MAX
o3 (b) or (I, I) ¢ TransA and ¢ ¢ monBF.

o74 If (a) holds, the non-halting problem for two-counter automata [33] reduces to EmptP, ((T', ), A)
s [1] which, by Lemma 2.3(2), reduces to EmptP, ((T', I), ¢).

676 Now suppose (b) holds. Let f,g: A* — B* be homomorphisms for two alphabets A and

o7 B. To prove Theorem 2 in [35], Muscholl and Petersen produce regular languages Ly and Ly,

ers such that [Ly U L,] = I'* iff there is no non-empty word v € A% with f(u) = f(g) (the work

oo by Muscholl and Petersen is based on [31, 44]). Then L = LU Ly is regular with I'* \ [L] = ()

0 iff [L] = T iff € is the only word u € I"* with f(u) = g(u). This gives a reduction of the

sr  complement of Post’s correspondence problem [41] to EmptP, ((T', ), —).

682 Since the non-halting problem for two-counter automata as well as the complement of

s Post’s correspondence problem is I19-hard, the second claim follows from Lemma 3.1(1). <

s« » Lemma 3.3. (1) The rationality problem RatP (TransA, BF) is decidable [2].
e (2) The rationality problem RatP, (IndA, BF) is in 9.

e Proof. Let ¢ be an n-ary Boolean function and Ay, ..., A, nfas over I'.
687 First, let (T, I) € TransA be some transitive independence alphabet. Then the language
o H:=([L*(A1)],...,[L*(A4,)])” is a Boolean combination of the languages [L*(A;)]. Aalber-

0 sberg and Welzl [2] showed that there exists a regular language L whose closure equals H.
o0 Hence RatP, (TransA, BF) is (trivially) decidable.

601 Now let (T', ) be an arbitrary independence alphabet. In the following, let X A Y
s denote the symmetric difference X \ YUY \ X of the two sets X and Y’; we will use that
w3 XAY =0 < X =Y. We have (I, I), 9, A1, ..., A,) € RatP,(IndA, BF) iff

694 E| nfa B: [L*(B)] A <[L*(A1)]’ Tt [L*(An)]yp = @
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But this is the case iff
Jnfa B: (T, 1),¢, A1, ..., An, B) € EmptP, (IndA, BF)

where ¢’ is the (n+1)-ary Boolean function with ¢'(b1,...,b,11) = 1iff o(b1,...,by) # bpt1.

Since EmptP, (IndA, BF) € IIY by Lemma 3.1(1), this statement proves containment in
9. <

» Proposition B.1 ([28]). The set ePCPg, is hard for X9.
» Lemma B.2. Let (A, B,«, 3,L) be an instance,

Wo = U uc(u) w Wl and Wy = U ufB(u) w Pl

uel u€L
¥ = AUBU/{c} and I the symmetric closure of (AU B) x {c}. Then the following are
equivalent.
(i) {u € L|a(u)=LF(u)} is finite, i.e., (A, B,«a, 3,L) € ePCPg,
(ii) There exists a regular language K with [K] = W, N Wp.

w7 (4it) There exists a reqular language K’ with [K'] = [L - (Be)*] \ (Wo N Wp).
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(iv) {ua(u) |u € L,a(u) = B(u)} is reqular.

Proof. We first show that (i) implies (ii) and (iii). So suppose the language from (i) to
be finite. Then W, N Wjs is the union of all languages ua(u) LU cl@l with w € L and
a(u) = B(u). Since any of these languages is finite and since the language from (i) is finite,
the intersection is finite.

Hence K := W, NWj is regular. Since W, and Wp are closed, we get [K] = [W, NWpg] =
W, N Wi, ie., (ii) holds.

Now set K’ = L - (Be)* \ (W, N W3). Since W, N Wp is regular, the language K’ is
regular. Since W, N Wj is closed, we get [K'] = [L - (Bc)*] \ (W, N Wpg), i.e., (iii) holds.

Next, we show that (ii) implies (iv). So suppose K is regular with [K] = W, N Wjg. Since
the letters from A U B = X are mutually dependent, we obtain

projx(Wa N Wﬁ) = projx ([K]) = projy (K) .

Since K is regular, this implies the regularity of projyx (W, N W3) = {ua(u) | v € L, a(u) =
Blu)}, ie., (iv).
The next paragraph demonstrates that also (iii) implies (iv). So let K’ be regular with
[K']=[L-(Be)*]\ (W nNWs). With X = AU B, we obtain
projx (K') = projx ([K])
= projx ([L - (Be)'] \ (Wa N Wp))
={uv|u€L,ve B v#a(u)orv#pfu)}.
Since K’ is regular, so is this language and therefore its complement wrt. LB*, i.e., the
language LB* \ projy(K’) = {uwv | v € L,v € B*,a(u) = S(u) = v}. Since this is the
language from (iv), we proved that (iv) follows from (iii).

To get the equivalence of all the statements, it remains to be shown that (iv) implies (i).

So suppose H = {ua(u) | v € L,a(u) = B(u)} is regular. Towards a contradiction, suppose
the language from (i) is infinite. Since the mapping u — ua(u) maps the language from (i)
injectively to H, it follows that also H is infinite. The regularity of H C LB* then implies

the existence of infinitely many words uy,us, -+ € L and a word v € B* with u;v € H for
all 4+ > 1. But this contradicts |u| < |a(u)| for all u € A*. Hence, indeed, (i) follows from
(iv). <
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» Proposition B.3. The rationality problems RatP, (StarA,—) and RatP, (StarA, A) are
¥9-hard.

Proof. Both results are shown by a reduction from ePCPg,,.
Preparation. Let Ins = (A, B,a, 8, L) be an instance. Set X = AUB, ¥ = X W {c}, let I
be the symmetric closure of X x {c}, and let W, and W3 be the two languages defined in
Lemma B.2. Note that these two languages are closed, i.e., [W,] = W, and [W3] = Wp.
Let W' = U, ca- va(u) W clel € . By [31] (see also [35]), one can construct an nfa
accepting a language V with [V] = ¥* \ W’. Note that W, = W' N (L B* W ¢*) implying
S\ Wy =X\ W UX*\ (LB*wc). Since the language ¥* \ (L B* L ¢*) is regular and
closed, one can construct an nfa accepting the language V,, = V.U X*\ (L B* w ¢*). Then
one has

Vo] = [VIU[E"\ (LB* w )]
=X\ WUX*\ (LB* wc") since ©* and LB™ LI ¢* are closed
=Y\ (W' N (LB*wc"))
=X\ [Wa]
=Y\ W,

where the last equality holds since W,, is closed. Similarly, we get a regular language V3
with [Vﬁ] =X \Wﬁ
Negation. Hence one can construct an nfa A with L*(A) = V,, U V. Then

SNL(A)] =87\ [Va UVp] = 57\ ([Va] U [VB]) = 2"\ [Va] N 27\ [Vi] = Wa N W

By the equivalence of (i) and (ii) in Lemma B.2, there exists a regular language K with
[K] =W,NW;g (ie., [K] =T*\ [L*(A)]) if, and only if, Ins € ePCPg,. Hence the mapping
Ins — ((2,1),-,.A) is a reduction of ePCPg, to the rationality problem RatP,(StarA, )
implying that this problem is hard for XY by Prop. B.1.

Conjunction. Furthermore, one can construct an nfa B with L*(B) = L-(Bc¢)*. Then we have

(LA N [LH(B)] = [Va U V5] N [L- (Be)']
=3\ (Wa N Ws)N[L- (Be)']
= [L-(Be)' ]\ (Wa N Wp).

Now the equivalence of (i) and (iii) in Lemma B.2 implies that there exists a regular
language K’ with [K'] = [L*(A)] N [L*(B)] if, and only if, Ins € ePCPg,. Hence the
mapping Ins — ((3,1),A, A, B) is a reduction from ePCPg, to the rationality problem
RatP, (StarA, A) which is therefore ¥9-hard by Prop. B.1. <

» Lemma B.4. Let (X,1) and (T, I) be independence alphabets, ® € {*,w}, and f: ¥© — T'®
a mapping satisfying

u~u = flu)~ f(u) (2)
for all u,u’ € £©. Let furthermore ¢ be an n-ary Boolean function, and K, L1, ..., L, C X°.
Then

(K] = ([La],- -, [La])” = [FE)] = [FEN L), L))



775

776

777

778

779

780

781

782

783

784

785

786

787

788

789

790

791

792

793

794

795

796

797

798

799

800

801

802

803

804

805

806

807

808

809

810

D. Kuske

Proof. For any u € £® and i € [n], we have u € [L;] iff there is some v € L; with u ~ v.
By (2), this is equivalent to the existence of some v € L; with f(u) ~ f(v) and therefore to
f(u) € [f(Ly)]. Since ([L1],...,[L,])* and ([f(L1)],...,[f(L,)])” are “analogue” Boolean

combinations, we get

we ([La],-. o [La])” = flu) € ([f(LD))- -, [F(La)])” 3)

for all u € ¥®. Consequently,
(K] = {([L1],. .., [La])
iff
VueX®: (uelK] < uc <[L1L...,[Ln]>¢)
which is, by Equivalence (3), the case iff
Yu € B9 (f(u) € [f(K)] <= f(u) € ((F(L0)),-... [F(La)])7)
iff
VU € f(£9): (U € [f(K)] <= U e ([f(L))-- [f(L)])7)-

Since both these languages are closed, this is equivalent to

YU € [f(E9)]: (U € [f(K)] <= U e([f(L),-.-, [f(La)])7)-

Since [f(K)] C [f(X9)], this is equivalent to

[FE)] = [FEDN (L], L)) <

» Lemma B.5. Let (3,1) and (T, 1) be independence alphabets, ® € {x,w}, and f: ¥ — T'F
a mapping whose letterwise extension to a mapping ° — T'© (that we also denote f) satisfies
Equivalence (2) from Lemma B.4. Furthermore, let R C T© x I'® be a rational relation such
that

(a) () € R implies U ~V € f(£°) and
(b) U € [f(X®)] ensures the existence of V € T'© with (g) € R.

Finally, let ¢ be an n-ary Boolean function and Ly, ...,L, C X°. Then the following are
equivalent.

(i) There exists a regular language K C X° with [K] = ([L1],.. ., [Ln]>¢.
(ii) There ezists a regular language K' C T'® with [K'] = [f(S®)] N ([f(L1)],- .., [f(Ln)]y.

Proof. We start with the implication (i)=-(ii). So suppose K C X¢ is regular with [K] =

<[L1]v RS [Ln]>Lp
The language K’ := f(K) is regular since it is obtained from the regular language K by ap-

plying f letterwise. Then Lemma B.4 implies [K'] = [f(K)] = [f(E)]N{[f(L1)], .-, [f(Ln)]>¢

Thus, indeed, the implication (i)=-(ii) holds.

We next verify the converse implication. So let K C I'® be regular with [K'] = [f(K)] =
FEDN(f(L1)], .-, [f(Ln)])”. Note that K’ need not be a subset of f(£®) such that
setting K = f~1(K’) does not make much sense. Instead, we replace K’ by some regular
language K” C f(X©) that we obtain using the rational relation R C T'® x I'®. So let
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aw K'"={V eI*|3U € K": (g) € R}. Then K" is regular (as the image of the regular
sz language K’ under the rational relation R) and a subset of f(X®). We verify [K"] = [K'].
sz For the inclusion “C”, suppose W € [K"]. Then there exists V € K” with W ~ V. Hence
s there is U € K’ with (g) € R and therefore V ~ U. We therefore get W ~V ~ U € K', i.e.,
as W € [K']. Thus, we verified the inclusion “C”. To show the converse inclusion, let W € [K’|
s and therefore W € [f(X®)]. Hence there is a word V with (V“,/) € R implying V € K”. Hence
sz we have W ~ V € K" and therefore W € [K"”]. Thus, indeed, [K"] = [K'].

818 Now let K = {u € ? | f(u) € K”}. As the pre-image of the regular language K" under
s the letterwise application of f: ¥ — I'T, the language K is regular. By its very definition
e0 and K" C f(X®), we get f(K) = K". Hence it follows that

o1 [FE)) = [K"] = [K'] = [/(S)] N ([f(La)], ... [F(La)])”
22 Now Lemma B.4 implies [K] = ([L1],...,[L,])". Hence, also the implication (ii)=(i) holds,
w3 l.e., (i) and (ii) are equivalent. <

e« » Proposition B.6. Let (I',I) be some non-transitive independence alphabet. Then the
s rationality problems RatP, (T, I),A) and RatP, ((T',I),=) for (I',I) both are ¥3-hard.

w26 Proof. Since (T',I) is non-transitive, there are mutually distinct letters a,b,c € T' with
o1 (a,¢),(b,c) € I and (a,b) € D.

828 We reduce from the rationality problems RatP, (StarA, A) and RatP, (StarA, —) in Prop. B.3.
220 So let (X, ]) € StarA be some independence alphabet with ¥ = X U {c} and I the symmetric
s closure of X x {c} and let A, A;, and Ay be nfas over ¥. These reductions use Lemma B.5.
sn  Therefore, we first provide a mapping f and a rational relation R satisfying Equivalence (2)
s from Lemma B.4 and conditions (a) and (b) from Lemma B.5.

s3  Preparation. Enumerate the elements of X as X = {a1,...,a,} and consider the injective
s homomorphism f: ¥* — I'* given by a; — ab’ and ¢ + c. Since f(zy) ~ f(yx) for all
a5 x,y € X with (x,y) € I, we have u ~ v = f(u) ~ f(v) for all u,v € £*. For the converse
s implication, note that f(u) ~ f(v) implies f(u), f(v) € {a,b,c}*,

837 f(projx (u)) = projy, 4y (f () = projyq 41 (f(v)) = f(projx (u)),

s and

839 lule = [f(u)|c = |f(v)[c = [v]e-

a0 Hence we have u ~ v, i.e., the equivalence (2) from Lemma B.4 holds.
sa1 Next, we construct a rational relation R satisfying conditions (a) and (b) of Lemma B.5.
s For i € [n], let

o s=() (OO0

sas  and set
C * *
R:<) (U s)"
¢ 1€[n]

us  Suppose () € S;. Then U = ac™bc™b- - c™i-1b¢™ and V = ablc™o+™i++mi for some
wr mo,...,m; € N. Hence U ~ V = f(aq;cmotmit+mi) ¢ f($*). It follows that () € R
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implies U ~ V € f(£*). Next let U € [f(Z*)] C {a,b,c}*. Let mo € N be maximal such
that U = ¢™°U’. Then also U’ € [f(¥*)]. We have to present some word W € f(X*)
with (U, W) € R. There is v € ¥* with U’ ~ f(v). Since U’ does not start with ¢ and ¢
is independent from all other letters occuring in U’, we can assume that v does not start
with ¢ either. Then there are k¥ € N, mq,...,m; € N and iy,42,...,i; € [n] such that
U' ~ f(ai,c™a;,c™ - a;, ™) = abitc™ab™c™2 - - - abte ™,

Since U’ ~ f(v) € {a,b,c}* determines the projections of U’ to the alphabets {a,b}
and {c}, respectively, we can split the word U’ as follows: there are nj,...,n; € N and
words uy, g, ..., up € {b,c}” with 3 .cgymy = 3 ey ny and u; € bl W ¢ such that
U' = aujaus - - - auy,.

Then set W’ = abi¢™ ...ab%c™. From ( ¢, ) € S;, for all j € [k], we obtain U’ ~

ab'i ¢

W’ e f(X*) and (U’,W’) € R. Finally, observe that also (U, c™W') = (¢™U’,¢™W’) € R.

Finally note that, given the independence alphabet (X, I'), the mapping f and a transducer
for the rational relation R can be computed.

Conjunction. After these preparations, we now compute from ((X,7),A, A1, A2) a tuple
(T, I), A, By, By) such that the former belongs to RatP, (StarA, A) iff the latter is an element
of RatP,((T',I),A). We can compute nfas By and By over I with L*(B;) = f(L*(A;)) for
all i € [2]. By Lemma B.5, ((X,1),A,A1,As) € RatP, (StarA, A) if, and only if, there
exists a regular language K’ C I'* with [K'] = [f(Z*)] N [f(L*(A1))] N [f(L*(A2))]. Note
that this latter language equals [L*(B1)] N [L*(B2)] since [f(L*(A1))] C [f(X*)]. Hence
we showed the equivalence of ((3,1), A, A1, As) € RatP, (StarA, A) and ((T',I), A, By, Bs) €
RatP,((T',I),A), i.e., that the mapping ((3, 1), A, A1, A2) — (T, 1), A, By, Bs) is a reduction
of the rationality problem RatP, (StarA, A) to the rationality problem RatP, ((T', I), A) which
is therefore ¥9-hard.

Negation. Tt remains to also we compute, from ((,I),—,.A), a tuple ((T', I), —~, B) such that
the former belongs to RatP, (StarA, —) iff the latter is an element of RatP, (T, I), ).

We can compute an nfa B over I with L*(B) = f(L*(.A)). By Lemma B.5, ((£,1),—, A4) €
RatP,(StarA, —) if, and only if, there exists a regular language K’ C I'* with [K'] =
ST\ L)), e, with [K] = [F(S9)] | [L*(B)].

We show that this is equivalent to the existence of a regular language K with [K"] =
=\ [L*(B)] (i.e., (T,I),~,B) € RatP,((T',I),—)). But first, note that the closure of f(¥*)
is regular since u € [f(X*)] iff u € {a,b,c}* and the projection proj, ;j(u) belongs to the
regular langage {ab’ | i € [n]}*, i.e., [f(Z*)] = {ab® | i € [n]}* W c*.

Now, suppose [f(X*)] \ [L*(B)] is the closure of the regular language K’. Then K" =
K'uT*\ [f(X*)] is regular and satisfies

[K"] = [K'TU [T\ [£(2)]]
= [FEDIN LA BIUT\ [f(ZY)] since I\ [f(X7)] is closed
=\ [L7(B)] since [L*(B)] = [f(L*(A))] € [f(Z7)].

Conversely, suppose I'* \ [L*(B)] is the closure of the regular language K”'. Then K’ :=
K" N [f(2*)] is regular and satisfies

[K'] = [K"] N [f(X")] since [f(X*)] is closed
=\ LB N [f(E)]
= [FEIINIL(B)].
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Thus, indeed, [f(3*)]\ [L*(B)] is the closure of some regular language K’ if, and only if,
I\ [L*(B)] is the closure of some regular language K”. Thus, the mapping ((X,7),—, A) —
((T',I),—,B) is a reduction of the rationality problem RatP,(StarA,—) to the rationality
problem RatP, ((T, I), ~) which is therefore ¥3-hard. <

» Theorem 3.4. Let A C IndA and ® C BF be decidable sets.

(1) If A C TransA or ® C MAX, then the rationality problem RatP, (A, ®) is decidable.
(2) Otherwise, the rationality problem RatP, (A, ®) is %9-complete.

(1’) If A C TransA or ® C CONST, then the regularity problem RegP, (A, ®) is decidable.

s0 (2°) Otherwise, the regularity problem RegP, (A, ®) is 33-complete.
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Proof. The first statement follows from Lemma 3.3(1) and Prop. 2.2.

If A € TransA and ® € MAX, then there are (I', I) € A and ¢ € ® such that (', ) ¢
TransA and ¢ ¢ MAX. Since (T, I) is not transitive, the rationality problems RatP, ((T, I), A)
and RatP,((T',I), ) both are ¥9-hard by Proposition B.6. Since ¢ is not a max-function,
Lemma 2.3(2,3) allows to reduce one of them to the rationality problem RatP,((T', 1), ¢)
which is therefore %9-hard as well. Now (T, 1) € A and ¢ € ® implies that also RatP, (A, ®)
is X9-hard. Finally, the X9-completeness follows from Lemma 3.3(2).

The rest of this proof deals with the regularity problem RegP, (A, ®).

First, suppose A C TransA. Let (I',I) € A, ¢ € ®, and Ay, ..., A, nfas over T'. Since
(T, I) is transitive, [2] allows to construct an nfa B over I' with

[L*(B)] = ([L*(AL)], - [L*(Aa)])” -

Again using the transitivity of (T, I), it is decidable whether this language is regular by [44],
hence RegP, (A, ®) is decidable. If A C CONST, the decidability forllows from Prop. 2.2.

To also prove the second claim, let (I, I) € A be non-transitive and ¢ € ® non-constant.
Then, by [28], the regularity problem RegP, ((T', I),1d) is ©9-hard. By Lemma 2.3(1), it can
be reduced to RegP, ((T', ), ¢) and therefore to RegP, (A, ®). Hence, also this problem is
¥9-hard.

It remains to verify containment in X9. So let (I',I) € A and ¢ € ®. In the following, let
X A'Y denote the symmetric difference X \ Y UY \ X of the two sets X and Y; we will use
that XAY =0 <= X =Y. We have ((I,I), ¢, A1,...,A,) € RegP, (A, ®) iff

3 nfa B: L*(B) A ([L*(A)],. .., [L*(A)]) = 0.
But this is the case iff

dnfa B: (I,1),¢, As,..., Ay, B) € EmptP, (IndA, BF) A L*(B) = [L*(B)]
where ¢’ is the (n+1)-ary Boolean function with ¢’(by, ... ,bpy1) = Liff o(by,...,b,) # bpa1.
Since EmptP, (IndA, BF) € II{ by Lemma 3.1(1) and since the equality L*(B) = [L*(B)] is

decidable, this statement proves containment in 39. <

» Lemma B.7. Given a Biichi-automaton A over I', it is decidable whether there is an
equivalent deterministic Biichi-automaton B.

Since, from A, one can also construct a Biichi-automaton A’ accepting the complement
of L¥(A), it is decidable whether A is co-deterministic.
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Proof. For o € I'Y, let pref(a) C I'* denote the set of finite prefixes of a. For a language
Y CT* let }_/) denote the set of all words o € I' with infinitely many prefixes in Y. We use
that a L« (A) is deterministic regular if, and only if, there exists a regular language Y with
= L¥(A) [40, Cor. 1.6.3].
Now let A be a Biichi-automaton. By Biichi’s theorem [7], one can construct an MSO
formula ¢(X) with a single free set variable X such that, for all o € T',

I = p(pref(a)). <= ae LY(A)
Consider the closed formula
¢ =3Y: VB branch: ¢(B) < Vbe BlyeY:b<y.

Here, B C T'* is a branch if it satisfies Va,b3c: a <be B —a € BAb<c€ B,ie.,, Bisa
language of the form pref(«) for some a € I'Y. Hence the formula 1) expresses that there is a
set Y CT* with ¥ = L¥(A).

We claim that L“(A) is deterministic regular iff this formula ¢ holds in I'*. First,
suppose L“(A) is deterministic regular. Then there exists a regular language ¥ C I'* with
L¥(A) =Y, hence the formula ¢ holds. Conversely, suppose the formula 1 holds, i.e., there
is a (not necessarily regular) language Y with Y = L“(A). Since Y is a set satisfying the
part of ¢ following the outermost existential quantifier, by [42, Thm. 23], there is also a
regular language Y with Y = L¥(A). The regularity of Y implies that L*(A) is deterministic
regular. |

C Proofs from Section 4

C.1 Complete independence alphabets

The following lemma was shown by Aalbersberg and Welzl as an existential statement (see
first part of the proof of [2, Lemma 2.3]). We include the proof here to stress that it is
effective.

» Lemma C.1. From a complete independence alphabet (I, I), an n-ary Boolean function ¢,

and nfas A; fori € [n], one can construct an nfa B with [L*(B)] = ([L*(A1)],. .., [L*(A)])7.
Proof. Note that the language ([L*(A1)],..., [L* (-An)]>¢ can be build from the languages
[L*(A;)] using union and complementation. Since [L1] U [Ls] = [L1 U Lo] and since, from

two nfas, one can construct an nfa for the union of the accepted languages, it remains to
handle complementation.

Thus, let (', I) be a complete independence alphabet and A an nfa over I'. We have to
construct an nfa B with [L*(B)] = T\ [L*(A)].

We use the Parikh mapping ¥: I'* — N!' with U(w) = (|w|a)aer for all w € T*. Since
(T, I) is complete, we have u ~ v <= ¥(u) = ¥(v) and therefore

N [LH(A)] = {vel™ | U(v) ¢ W(L*(A))}-

By Parikh’s theorem [38], the set U(L*(.A)) is effectively semi-linear and the same holds
of its complement [20]. In other words, one can compute m,n; > 1 and u;,v;; € I'* for all
i € [m] and j € [n;] such that

N\ (A) = [ (T(w) + D N-T(vy))

i€[m] J€[n]
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which implies

DAL A = U [wiviivly i ]

i€[m)]

Since one can construct an nfa B with L*(B) = ;g wivj1 vz - - viy,, the lemma is
demonstrated. <

We next want to demonstrate the analogous statement for Biichi-automata.

» Lemma C.2. From a complete independence alphabet (T, 1), an n-ary Boolean function o,
and Biichi-automata A; for i € [n], one can construct a Biichi-automaton B with

[L2(B)] = ([L*(A], -, [LY(An)])”

Proof. Note that the language ([L“(A1)],..., [L“(An)]yp can be build from the languages
[L“(A;)] using union and complementation. Since [L1] U [Lo] = [L1 U Lg] and since, from
two Biichi-automata, one can construct a Biichi-automaton for the union of the accepted
languages, it remains to handle complementation.

Thus, let (T', I) be a complete independence alphabet and A a Biichi-automaton over T.
We have to construct a Biichi-automaton B with [L¢(B)] = T'“ \ [L¥(A)].

For any non-empty set A C T', let Inf4 = I'* W | | Ia“’ denote the set of words that
a€A
contain infinitely many occurrences of each letter from A (and only those). Then Inf 4 is

closed and I'* is the disjoint union of the languages Inf 4. Consequently,

T\ [L(A)) = | | Infa ] \[Z¥(A)]
P£ACT

= |J (Infa\[Z2A)]) .
P£ACT

Let A C T be non-empty. We first construct a Biichi-automaton A4 such that
[L(Aa)] = Infa \ [L¥(A)].

Fix some word wy with |wal, >0 <= a € A for all a € T'. Since any two letters are
independent, any word from I_l_la“’ is equivalent to (wa)“. Thus, for any a € Inf,4, we
acA
have a ~ projp 4(a) (wa)®. )
Since L¥(A) N1Inf 4 is effectively regular, one can construct an nfa B4 with L*(Ba) =
projpy (L (A) NInf ).
We claim the following equivalence for any « € Inf 4:

a € [L¥(A)] <= projr\a(a) € [L*(Ba)] (4)

So let o € Inf4 be arbitrary. Then, as we saw above, a ~ projpy 4 () (wa)®.
First, assume o € [L*(A)]. Then there exists f € L*(A) with o ~ 8. Then § € Inf4
since the set Inf 4 is closed and contains a.. Hence 8 ~ projp 4(8) (w4)® implying

projpy a(@) (wa)® ~ a ~ B ~ projp 4 (@) (wa)” .

Since the letters occurring in projp 4 () and projpy 4(8) are distinct from those appearing in
(wa)®, we obtain projp 4(a) ~ projp 4(8). Finally, 8 € L¥(A) N1Inf4 implies projp 4(3) €
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projpy 4 (L9 (A) NInfa) = L*(Ba) and therefore projp 4(a) € [L*(Ba)]. This proves the
implication ”=" in the equivalence (4).

For the converse implication, suppose projp (@) € [L*(Ba)]. Then there exists u €
L*(Ba) with a ~ u(wa)®. Since u € L*(Ba) = projp 4(L¥(A) N Infa), there exists
B € L¥(A) NInf s with u = projp 4(8). It follows that

a ~ uwj = projp 4(B) wi ~ 5 € L¥(A)

where the last equivalence holds since 8 € Inf 4. Hence o € [L¥(A)], i.e., we also showed the
converse implication. Thus, the equivalence (4) holds.
Using Lemma C.1, one can construct (from B,4) an nfa C4 with

[L*(Ca)l =T\ [L*(Ba)] -
Then we have the following for any w-word a € Inf 4:

a ¢ [L¥(A)] <= projp\a(a) ¢ [L*(Ba)] by (4)
< projr\a(a) € [L7(Ca)]
< a€[L*(Ca)(wa)”]
Finally, one can construct a Biichi-automaton A4 accepting L*(C4) (w4)® such that (for
a€Infy) a ¢ [LY(A)] < ac[L¥(Ax)].
Since the sets Inf4 (for A C I" nonemtpy) are closed and form a partition of I', we
therefore get the following (where all unions extend over all nonempty subsets A of T'):

'\ [L¥(A)] = U (Infa \ [L¥(A)]) (see above)
= JI*(Aq)]
= [Ur=an].

With B the disjoint union of the Biichi-automata 44, we obtain [L¥(B)] =T% \ [L¥(A)] as
required. |

The above two lemmas yield the decidability of all problems (considered in this paper)
for complete independence alphabets and w-languages.

» Corollary C.3. For all GenP € {EmptP, RatP, RegP}, the problem GenP_,(ComplA, BF)
is decidable.

Proof. Let (I',I) € A be a complete independence alphabet, ¢ € ® an n-ary Boolean function,
and A; for i € [n] a Biichi-automaton over I'. Then, by Lemma C.2; we can construct a Biichi-
automaton B with [L¥(B)] = ([L¥(A1)],...,[L¥(A,)])7. Hence (I, 1), ¢, A1,..., A,) €
RatP (A, ®), i.e., this rationality problem is (trivially) decidable. Since the emptiness of the
regular language L“(B) is decidable, also the emptiness problem EmptP (A, ®) is decidable.

To handle the regularity problem, let L = L“(B) and, for A C T, let Inf 4 = I'* U | | |aw
acA
denote the set of all words over A with infinitely many occurrences of all letters from A.

Then the language [L] is regular iff all the languages [L] NInf4 for A C T are regular. So let
A CT. Since Inf 4 is closed, we get
[L]NInfy = [LNInf4]
= [projF\A(L NInfy)]wInfy.
This language is regular iff [projr 4 (LNInf4)] is regular. Note that all words from projp 4 (LN

Inf 4) are finite. Since, from the Biichi-automaton B and the set A C T', we can construct an
nfa for this language, the decidability follows from [21]. <
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C.2 Types and type automata

We next introduce notions and prove some results that will be useful later on as well (cf. proof
of Theorem D.8), therefore, they are more general than needed at this point. So let (I'y, I%)
for k € [m] be mutually disjoint independence alphabets and let (I", I) be their union, i.e.,
I = Uke[m] I', and I = Uke[m] I (note that we do not require (T'y, I.) to be complete such
that (T', ) is not necessarily transitive). We call a non-empty finite or infinite word over T’
mono-alphabetic if there is k € [m] such that all letters appearing in the word belong to Ty,
i.e., the set of mono-alphabetic words equals (J;¢(,y; (TP ury).

Now let, for i € [n], A; = (Q;,T, S;, T;, F;) be a Biichi-automaton over I'. Our aim is to
abstract the behavior of a € I'Y in the automata A; for all ¢ € [n]. The word « splits uniquely
into maximal mono-alphabetic factors. For any such factor, we will define its “type” and
then consider the sequence of these “types” as abstraction of a. There are two possibilities
for the splitting of «a: it can result in infinitely many finite factors or in finitely many finite
ones followed by a single infinite. Since these two cases have to be considered separately, we
define the corresponding sets of words a as follows.

Let Monolnf := Uke[m] I'* 'Y denote the set of words mono-alphabetic at infinity and

Multilnf := T'* \ MonoInf = | J || |('*,T%,T%)

1<k<f<m

the set of words multi-alphabetic at infinity. Note that o € Monolnf iff it splits into finitely
many maximal mono-alphabetic factors and o € Multilnf otherwise.

For a finite mono-alphabetic word u € If with k € [m], define the type tp, (u) =
((Ris RF)icn). k) as follows (with i € [n]):

Ri={(p,q) €Q? |3 ~u:p -4, q}
R ={(p,q) € Q? | 3 ~u: p=4, q}

(Recall that p N 4, q denotes that there is a u/-labeled path from p to ¢ that visits some

accepting state.)

The type of a finite mono-alphabetic word generalizes what is often called the transition
profile (cf. [6]) of a word. If I = () and ¢ € [n], then R; is the set of pairs connected by the
word u and RY the set of pairs connected by some u-labeled path that visits some accepting
state. Thus, in this case, the type is the tuple of transition profiles of u in the automata
A;. If I # (), we do not only collect those pairs that are connected by some u-labeled path,
but also add those that are connected by some path whose label is equivalent to u. In other
words, the type of u is the tuple of “unions” of transition profiles of all words v’ € [u] in the
automata A;.

For an infinite mono-alphabetic word a € T'Y, define the type tp,, () = ((4;)ic[n, k) by

Ai={peQ;|3d ~a:ad € LY(AI7)}

where i € [n]. Then A; is the set of states of the Biichi-automaton 4; that allow to accept
some word from [a].

Let TPy = Ugepm{tr4(uv) [ u € '} denote the set of all types of mono-alphabetic finite
words and TP, Uke[n] {tp,, () | @ € 'Y} the set of all types of mono-alphabetic infinite
words. Let TP be the union of the sets TP, and TP,,. As (possibly proper) subset of

[T (P@i x Qi) x P(Qi x Q:)) x [n]U [] P(Qi) x [n],

i€[n] i€[n]
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all these sets are finite. It is not difficult to see that tp, (u) can be computed from a finite
mono-alphabetic word w, the Biichi-automata A;, and the tuple of independence alphabets
(T, I1) since all words equivalent with u are of length |u|. Since the finite words can be
enumerated, it follows that the set TP, of all types of finite mono-alphabetic words can
be enumerated from the tuples (A;)icpn and (I'k, Ix)kem). But, in general, it cannot be
computed from these tuples as this would require to determine the existence of a finite word
u for a given tuple ((Ri7 RF )icin], k) of the above direct product; this, in particular, requires
to decide the existence of a word u € FI with p 1>Ai q, but not p’ 1>Ai q' for any v ~ u for
(p,q) € R; and (p',¢') ¢ R;, a question that is undecidable in general [1] (it is decidable for
transitive independence alphabets, see Lemma C.10 below).

Note that the above consideration does not even yield the semi-decidability of the set
TP, since we cannot enumerate all infinite mono-alphabetic words oo € I'Y.

Let o € I' be some infinite word. Depending on whether a € Multilnf or not, we now
define the type sequence of « as follows:

Suppose o = ujugusz--- with u; € sz and k; # kjiq for all j > 1. Then the type
sequence of « is the infinite word

tpsqu(ar) = tp, (u1) tp, (u2) tpy (uz)--- € TPY .

Suppose a = ujug - - - ug B with u; € 1";7,, pely,,  and kj # kjyq foralli e [¢]. Then
the type sequence of « is the finite word

tpsqu(a) = tpy (u1) tp, (u2) - - tp (ue) tp,(B) € TP TP, .
» Lemma C.4. Let o, B € T with o ~ B. Then tpsqu(a) = tpsqu(f).

Proof. Suppose o = ujuy - -+ with u; € sz and k; # kj41 for all j > 1. Since letters from
distinct alphabets I'y, are dependent, o ~ § implies 8 = v1vg - - - for some words v; € sz
with u; ~ v; for all j > 1. But then tp, (u;) = tp, (v;) and therefore tpsqu(a) = tpsqu(/3).

If @ € Monolnf is mono-alphabetic at infinitely, one can argue similarly. <

Let TPSQU™" denote the set of words from TP TP, that do not contain a factor of the

form ((Ri,Rf)ie[n],k) ((Si,SZF)ie[n],k) or ((Ri,Rf)ie[n],k) ((Ai)ie[n],k) for any k € [m].

Similarly, let TPSQU™ " denote the set of w-words from TP? that do not contain such a
factor. Clearly, given the sets of types TP and TP,,, one can construct an nfa accepting
TPSQU™ " and a Biichi-automaton accepting TPSQU™!t!,

» Lemma C.5. We have TPSQU™" = {tpsqu(a) | o € Multilnf} and TPSQU™™® =
{tpsqu(e) | & € MonoInf}.

Proof. First, let a € Multilnf. Then « splits uniquely into mono-alphabetic finite words
uj € sz with k; # kj4q for all j > 1. Since tpsqu™*(a) is the sequence of types tp (uy)
and since k; # kji1 for all j > 1, we obtain tpsqu(a) € TPSQU™UI,

Conversely, let W = t; ty --- € TPSQU™ " with t; € TP, for all j > 1. The definition of
the set TP implies that there are finite mono-alphabetic words u; € Fzrj with t; = tp (u;)

for all j > 1. Note that the index k; is determined by the type t;. Since W € TPSQU™t
we obtain k; # kj4q for all j > 1. With o = uj ug ug - - -, we therefore get o € Multilnf and
tpsqu™™ti(a) = W.

Thus, we proved the claim regarding TPSQU™!t!

, the other claim is shown similarly. <
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Boolean combinations of w-rational trace languages: emptiness, rationality, regularity

We will next prove that the language [L¥(A;)] is the inverse image (wrt. the mapping
tpsqu) of some regular set. More precisely, this will be shown for the languages [L“(A4;)] N
Multilnf and [L“(.A;)] N Monolnf separately since the type sequences of the former set are
infinite while those of the latter are finite.

We first handle the case of words multi-alphabetic at infinity, i.e., the former language
that is a subset of TPSQU™ C TP%. From the Biichi-automaton A;, we define a new
Biichi-automaton AP = (Qmulti Tp, gmulti pmulti pmulti) gyer the alphabet TP as
follows:

The set of states is defined by QM = Q; x [n] x {+, —}.
The set of initial states equals SPW = S, x [n] x {+, —}.
The set of accepting states equals F/™ = Q; x [n] x {+}.

] . ) ((Ri, R )iem)-k) N F
There is a transition (p, j,a) ———— (g, ¢,b) in T} with ((R;, R; )iE[n]’k) €

TP, iff
(p,q) € Ry,
j#k=t

b= —or (p,q) € RF.

The alphabet of this automaton A™% is the set TP of types of finite words. Then there
is a tp (u)-labeled transition from (p,j,a) to (q,¢,b) if, for some word v equivalent with
u, the automaton A; has a v-labeled path from p to ¢; the component ¢ of (g, ¢, b) recalls
the sub-alphabet I'y that the words u and v use; the final component b recalls whether the
v-labeled path visits some accepting state or not. Using the second component of states, the
automaton A?mlti ensures that, in any accepted word, consecutive types ¢ and ¢’ refer to
distinct sub-alphabets Ty and T, i.e., L¥(AM) C TPSQU™,

» Lemma C.6. For alli € [n], we have
[L¥(A;)] N Multilnf = {« € Multilnf: tpsqu(a) € L¥ (Aimu“i)} )

Proof. Let i € [n]. Since both sites of the equation are subsets of Multilnf, we consider some
o € Multilnf. Then there are u; € F‘k"j with k; # k;11 for all j > 1 such that o = ujug - --.
For j > 1, let tp, (u;) = ((Rij, R)icn)s k5)-

We have o € [L¥(A;)] iff

there is € L¥(A;) with a ~ . (5)

Note that any such § is multi-alphabetic at infinity since o € Multilnf. Therefore, (5) is
equivalent to

there are words v1,vs, ... with vivg--- € L¥(A;) and u; ~ v; for all j > 1.

By the definition of the language of the Biichi-automaton A;, this is equivalent to the
existence of words vy, v9,... and states qg, q1, -+ € Q; of A; such that

qo € S; is initial in A;,

there is a vj-labeled path from ¢;_; to ¢; in A; for all j > 1,

such a path visits some accepting state for infinitely many j > 1, and
u; ~ v; for all 7 > 1.

Since tp (u;) = ((Rij, Rf)iern), k;) for all j > 1, this is equivalent to the existence of states
qo,q1, -+ € Q; such that
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1167 qo € S; is initial in A;,

1168 (¢j—1,45) € R;j for all j > 1, and

1169 (gj-1,q5) € Rf;- for infinitely many 7 > 1.

uo  But this is equivalent to saying that the Biichi-automaton A accepts tp., (u1) tp (u2) -+ -
un  which equals tpsqu(a). <
un We next want to prove that also the language [L* (A;)]NMonolnf is the inverse image (wrt.

urz  the mapping tpsqu) of some regular set. Since type sequences of words from Monolnf are finite
uns  words over TP, we construct the following nfa AM°"° = (Qeore, TP, Simone Timono | frmonoy
urs fori € [n]

176 The set of states is defined by Q" = (Q; x [n]) U{T}.
ur The set of initial states equals S = (S; x [n]).
178 T is the only accepting state.
. .  (Ri,R{)icin) k) . .
1 There is a transition (p, j) ————— (¢,€) in T/"°"° with ((R;, R )iejn), k) € TP
1180 iff (p, q) € R; and j 7& k==
181 There is a transition (p, j) M T in T;"°" with ((A:)igm), k) € TP, iff p € A;
1182 andj 7& k.
1183 There are no further transitions in 7",

us«  » Lemma C.7. For all i € [n], we have
1165 [L¥(A;)] N Monolnf = {& € MonoInf: tpsqu(a) € L¥ (A"} .

uss Proof. Let i € [n]. Since both sites of the equation are subsets of Monolnf, we consider
uez  some o € Monolnf. Then there are £ > 0, u; € ng and o' € 1"‘,‘;2“ with k; # kj4q for all
s j € [(] such that o = wyug---uge!. For j € [f], let tp, (u;) = ((Rij, RE)icin), kj) and let

1189 tpw(o/) = ((Ai)ie[n]aké—i-l)-
1190 We have « € [L¥(A;)] iff
1101 there is 5 € L¥(A;) with a ~ §. (6)

uez  Note that any such 2 is mono-alphabetic at infinity since @ € Monolnf. Therefore, (6) is
e equivalent to

ue there are words vy, v, ... vp, B with viva - --ve8’ € L¥(A;), u; ~ v; for all j € [{], and o/ ~ .

nos By the definition of the language of the Biichi-automaton A4;, this is equivalent to the

e existence of words vy, vs, ..., v, 8 and states qg, q1,...,q € Q; of A; such that
1107 qo € S; is initial in A;,

1198 there is a vj;-labeled path from ¢;_; to ¢; in A; for all j € [£],

1199 BI e L (Agz+1%), and

1200 uj ~v; forall j € [(] and o' ~ .

en Since tpy (u;) = ((Rij, Rf)iem), k;) for all j € [£] and tp, (/) = ((Ai)ien qe), this is

1202 equivalent to the existence of states qg, q1,...,qe € Q; such that
1203 qo € S; is initial in A;,

1204 (Qj_1,Qj) € R;; for all j € [€], and

1205 qr € Ai.
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Boolean combinations of w-rational trace languages: emptiness, rationality, regularity

But this is equivalent to saying that the nfa A" accepts tp_ (u1)tp (u2) - - - tp (ue)tp, (')
which equals tpsqu(a). <

Now we can summarize our results on types and type sequences.
» Theorem C.8. From

mutually disjoint independence alphabets (T, It,) for k € [m],
Biichi-automata A; over I' = Uy i for i € [n],

an n-ary Boolean function y, and

the sets of types TP and TP,

one can compute a Biichi-automaton A™ and an nfa A™°"° such that (for all o € T%)
a e ([L2(A)]; -, [L9(An)])*

if, and only if,
tpsqu(a) € L¥ (A™) U L*(A™m0)

Proof. From the given data, one can compute the Biichi-automata A™!* and the nfas
Amone - Since (L@(APW), . L@ (ADWH))7 is a Boolean combination of the languages of

the Biichi-automata A™* one can construct a Biichi-automaton A™4 with
Lw(Amulti> _ <Lw (Arlnulti)’ o Lw(Afulti)YP ]

Now let @ € Multilnf. By Lemma C.6, we have a € ([L¥(A1)],...,[L*(A,)])” iff tpsqu(a) €
<[Lw (Arlnultiﬂ, o [Lw(Agulti)D@ iff tpsqu(a) c ¥ (Amulti).
Similarly, one can construct an nfa A™°"° with

L (A1) — (LA (AP®), ..., L*(AD7))
and obtain, for any a € MonoInf, a € ([L¥(A)],. .., [L¥(A,)])” iff tpsqu(e) € L@ (A™Om°)
using Lemma C.7. <

C.3 Rationality problem

» Lemma C.9. Given complete independence alphabets (L', I)) for k € [m], Biichi-automata
A’i = (Qiarv‘g%ﬂaFi) fO’f"i € [Tl] over I' = Uke[m] Fk7 I = Uk;e[m] Ik; sets RZaRrLF c Q?}
A; € Q;, and k € [m], one can compute

an nfa Ty over Ty with [L(T1)] = {u ery | tpy(u) = ((Ri,Rf)ie[n],k;)} and

a Biichi-automaton Tz over T'y, with [L*(T2)] = {a eT¥ | tp, () = ((Ai)iepns k)}

Proof. We first construct the nfa 7;. For i € [n] and p,q € Q;, let KP? C I’} denote the
set of words u € I'} with p 54, ¢ and KZ-qu the set of words v’ € I'} with p == 4, .
Furthermore, consider the language

Ki= () [KMn () TP\IKY
(p,q)ER; (p,9) EQ?\R;

n () &0 () TENE™Y.
(p,q)ERY (p,9)€Q?\RF
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Then K = (¢}, K is the set of words a € '} whose type equals ((R;, RY)icn), k).

This is a Boolean combination of closures of regular sets in F; Since (T, I) is complete,
one can construct the nfa 7; as required using Lemma C.1.

The construction of the Biichi-automaton 75 follows similar lines. For i € [n] and p € Q;,
let L? = L*(AP7) NT% denote the set of words 8 € T'Y accepted by the Biichi-automaton
A; when started in state p. Furthermore, consider the language

Li= (VI () TR\[LFL.

PEA; PEQi\A;

Then L = ﬂie[n] L; is the set of words o € I'Y whose type equals ((Ai)ie[n], k). The language
L is a Boolean combination of closures of regular sets. Note that all the languages LY are
subsets of I'Y and that (I'x, Ij,) is a complete independence alphabet. Hence, by Lemma C.2,
we can construct a Biichi-automaton T3 over T'y, with L = [L¥(T3)]. <

» Lemma C.10. Given complete independence alphabets (T'y, It,) for k € [m], Bichi-automata
A; =(Q;,T,S;,T;, F;) fori € [n] over T’ = Uke[m] Ty, and I = Uke[m] 1., one can compute
the sets of types TP, and TP,,.

Proof. Let t1 = ((R“Rf‘%e[n],k‘) and to = ((Az)ze[n];k) with RZ‘,Rf - Q% and Ai - Qz
for all ¢ € [n] and k € [m]. Then, by Lemma C.9, one can construct an nfa 7;, and a
Biichi-automaton Ty, such that [L*(T;,)] is the set of finite words of type t; and [L¥(Tz,)] is
the set of infinite words of type t2. Since the emptiness of these two languages is decidable,
we can decide whether t; € TP, and t5 € TP, respectively. Since there are only finitely
many tuples ¢; and t,, the result follows. <

In view of this lemma and Theorem C.8, we see that one can compute the automata

Amulth and A™eme that accept the type sequences of words from ([L¥(A1)],. .., [L¥(A,)])7.

In order to build an automaton for this set itself, we will apply a rational relation to the
languages of these two automata.

» Lemma C.11. From

mutually disjoint complete independence alphabets (T, Iy) for k € [m] and
Biichi-automata A; over I' = Uy ¢, 'k for all i € [n],

one can compute an w-transducer for a relation R such that the following hold:

For any o € 'Y, there exists § ~ o with (tpsqu(«), 8) € R.
For any (W, a) € R with W € TPSQU, we have W = tpsqu(c).

Proof. The relation R will be the union of relations RY and R} H where Ry C TP, xI'"
and H C TP, xI'“.

By Lemma C.10, one can compute the sets of types TP and TP,. From ¢t € TP, one
can compute an nfa 77 such that the closure of its languages equals the set of finite words of
type t (Lemma C.9). Hence

Ri= |J ({t} = L* (7))

teTP,
is rational such that the following hold:

For any finite mono-alphabetic word u € I'}\, there exists v ~ u with (tp (u),v) € Ry.
For any (t,u) € Ry, we have t = tp_ (u).

23:33

CVIT 2016



23:34

1278

1279

1280
1281

1282

1283

1284

1285
1286

1287

1288
1289
1290
1291
1292
1293

1294

1295
1296

1297

1298

1299

1300
1301

1302

1303

1304

1305
1306
1307
1308
1309

1310

1311
1312

1313

1314
1315

1316

Boolean combinations of w-rational trace languages: emptiness, rationality, regularity

Now consider the rational relation R{ and let o € Multilnf be arbitrary. Then we have the
following.

There is 8 ~ « with (tpsqu(«), 8) € RY.

To see this, consider the splitting of a into maximal mono-alphabetic factors, i.e., let
uj € FZ; with kj # kjyq for all j > 1 such that o = ujug---. For j > 1, let t; = tp, (u;).
Then Lemma C.9 ensures the existence of words v; ~ u; with v; € L*(Tltj) and therefore
(tj, vj) € Ry as well as viv--- ~ «. Hence

(tpsqu(a),vive -+ ) = (tp+(u1), Ul) (tp+(uQ), vz) (tp+(u3), ’1)3) e
= (tpo(v1),v1) (tp4(v2), v2) (tp4 (v3),v3) -+ since u; ~ v;
€ RY.

The only word W € TPSQU with (W, «) € Ry is W = tpsqu(«).

To see this, suppose (W, ) € RY with W € TPSQU. Then o = uqug--- and W = tytg - -
with (¢;,u;) € Ry for all j > 1. From the definition of Ry, we get u; € L*(7;") and
therefore ¢; = tp, (u;) for all j > 1. In particular, the factors u; satisfy u; € F;:j where
the index k; € [m] is determined by the type t;. Since W € TPSQU, we obtain k; # k;11
for all j > 1. Hence the type sequence of « is the sequence of types tp, (u;) = t;, i.e.,
equals W.

Having considered the relation RY, i.e., the first part of the relation R, we next define the

relation H and study R} H. From ¢ € TP,,, one can compute a Biichi-automaton 75 such
that the closure of its language equals the set of infinite words of type ¢ (Lemma C.9). Hence

H= |J ({tt x (1)

teTP,,

is rational such that the following hold:

For any infinite mono-alphabetic word o’ € T'Y, there exists 5’ ~ o’ with (tp,,(¢/), ') €
H.
For any (t,a’) € H, we have t = tp,, ().

Now consider the rational relation R} - H and let o € Monolnf be arbitrary. Then we have
the following.

There is 8 ~ a with (tpsqu(a), 3) € Ra.

To see this, consider the splitting of a into maximal mono-alphabetic factors, i.e., let
uj € FE and o € 1"7;“1 with k; # kj41 for all j € [¢] such that & = ujus---uga’. For
J €l let t; =tp, (u;) and set ty1; = tp, (o). Then Lemma C.9 ensures the existence
of words v; ~ u; and ' ~ o with v; € L*(T{%) and f' € L*(T;**") (and therefore
(tj,vj) € Ry and (teq1,B") € H as well as vivg - - -8’ ~ a). Hence

(tpsqu(a), v1ve - - veB') = (tp4(wr),v1) -+« (tpy(ue), ve) (tp, (), B')
= (tpy (v1),v1) -+ (tpy (ve), ve) (tp,(B)), B')
€RTH=R,.

The only word W € TPSQU with (W, ) € R} H is W = tpsqu(a).
To see this, suppose (W, ) € Rf H with W € TPSQU. Then o = ujusg - - uga’ and
W = tita-- -ty tg+1 with (tj,uj) € R; for allj S [@] and (tg.;,_l,a,) € H. From the
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definitions of Ry and H, we get u; € L*(T,) and therefore tj =tpy (u;) for all j € [(] as
well as o’ € L¥(7,**"). In particular, the factors uj and o satisfy u; € ng and o’ €T, |
where the index k; € [m] is determined by the type ¢; and t,y1. Since W € TPSQU, we
obtain k; # kj;q for all j € [(]. Hence the type sequence of « is the sequence of types
tp (u;) = t; followed by tp, (') = ts41, i.e., equals W.

To finish, let R = RY U R* H. This relation is effectively rational and has the desired
properties. <

» Theorem 4.1. From a transitive independence alphabet (T',T), an n-ary Boolean function
¢, and Bichi-automata A; over I' for i € [n], one can construct a Biichi-automaton B with

[L¥(B)] = ([L (A1), - ., [L2(A)])7 -

Hence, the problems RatP ,(TransA, BF) and EmptP ,(TransA, BF) are decidable.

Proof. Let, for k € [m], (I'y, Ix) be the connected components of (I',I). Since (T',I) is
transitive, these independence alphabets are complete.

First, compute the sets of types TP, and TP, using Lemma C.10. Then, using The-
orem C.8, construct the automata A™ and A4™°"°  From Lemma C.11, construct a
transducer for the relation R. Finally, let L denote the set of words o € I'¥ such that
(tpsqu(a), ) € R and tpsqu(a) € L¥(A™WH) U L*(A™°"°). One can construct a Biichi-
automaton B for this language L since R is rational.

It remains to be shown that the closure [L] of L equals ([L*(A1)],...,[L¥(An)])7.
So let @ € T“. Suppose a € [L]. Then there exists 8 ~ a with § € L. From the
definition of L, we get in particular tpsqu(B) € L¥(A™WH) U L*(A™°"°) and therefore,

by Theorem C.8, B € ([L¥(A1)],...,[L¥(A,)])”. Since o ~ S and since the language
([L¥(AD)], ..., [L¥(A,)])7 is closed, we obtain o € ([L¥(A1)], ..., [L(An)])7.
Conversely, suppose o € ([L¥(A1)],..., [L¥ (An)]><’0- Then, by Theorem C.8, tpsqu(«a) €

LY (A Y L* (A™On0) | Furthermore, by Lemma C.11, there exists 3 ~ a with (tpsqu(a), 8) €
R. Note that the type sequences of o and 3 coincide since 8 ~ «; hence (tpsqu(8),5) € R
and tpsqu(B) € L¥(A™UI) U L*(A™om°). But this ensures 3 € L and therefore o € [L].

It follows, as in the case of complete independence alphabets, that the rationality problem
RatP  (TransA, BF) is trivially decidable since the answer is always “yes”. |

C.4 The regularity problem

The multi-equivalence = induces the block equivalence =P'¥ on T'“ as follows. The idea is that
a =% 3 means that o can be transformed into 8 by replacing maximal mono-alphabetic
factors by equivalent ones (wrt. =). The exact definition is as follows. Let o, 8 € T%. If
a € Multilnf and 3 € Monolnf (or vice versa), then o ZPk 3.

Suppose «, f € Multilnf. Then they factorize uniquely into o = ujus -+ - and 8 = vivg - - -
with uj; € F;:j, k‘j #* kij.H, v; € FZ and Ej =+ Ej.;,_l for all j > 1.

We set o =PI¥ 3 if u; = v; holds for all j > 1.

Suppose «, 8 € Monolnf. Then they factorize uniquely into a = wjus---upa’ and
f = v1v2 - Uy, where the words uj, o, vy and ' for all j € [{] and k € [m] are
mono-alphabetic and none of w;u;11, ugd!, vivE11 and v, B’ is mono-alphabetic for any
je—1] and k € [m — 1J.

We set o =PI* B if £ =m, u; = v; for all j € [], and o/ = j'.
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A language L C Multilnf is saturated by = if « =P¥ g € L implies o € L, i.e., if L is a
union of equivalence classes of =Pk,

For two mono-alphabetic words x and y with «* ~ y, we have x =4 y. Hence the
multi-equivalence = 4 saturates every closed language, in particular the language [L“(.A)].

Finally, the block closure of L wrt. = is the minimal language blkcl=(L) that is saturated
by = and contains L. This block closure of L exists since the class of languages saturated by
= is closed under arbitrary intersections. It is obtained from the words in L by replacing
maximal mono-alphabetic factors by any equivalent ones.

The following example demonstrates that there is not necessarily a largest multi-equivalence
that saturates a given language L C Multilnf.

» Example. Let I'; = {a} and 'y = {b} (with I; = I = @) and consider the language L of
all words

a=a™ b a™p"? ...

with m;,n; > 1 for all ¢ > 1 and {i | n; = n or m; = n} finite for all n > 1 (i.e., any “block
size” appears only finitely often). Now let =; and =5 be the multi-equivalences given by

for any ¢ € {a,b}, ¢™ =1 ¢" iff [m —n| > 1 and min(m,n) is even and
for any ¢ € {a,b}, ™ =5 ¢" iff [m —n| > 1 and min(m, n) is odd.

Suppose a =¥ 3 € L. Then the number of blocks of size m in « is at most the number
of blocks of size m — 1, m, or m 4+ 1 in 5. From § € L, we obtain that this number is
finite and therefore o € L. Consequently, =; and similarly =5 both saturate L. Note
that the only multi-equivalence containing them both is the total multi-equivalence = with
equivalence classes a™, b+, {a“}, and {b¥}. But this multi-equivalence does not saturate L
since L # (ab)* =P a'b2ab?a®b0 --- € L.

This cannot happen if L is saturated by some multi-equivalence of finite index.

» Lemma C.12. Let L C T be saturated by the multi-equivalences =1 and =2 and suppose
there are only finitely many equivalence classes wrt. =1. Then L is saturated by some
multi-equivalence = O =1 U =s.

Proof. Let = be the least equivalence relation with =; U =5, C =; then = is a multi-
equivalence.

Consider two mono-alphabetic words  and z with x = z. Since the relations =; and =,
are reflexive and transitive, there are n > 0 and mono-alphabetic words yq, y1,- - ., Y2, such
that

T = Yo

for all j € [n], we have ya;_2 =1 Y2-1 =2 Y2;, and

Yon = 2.

Let n be minimal with these properties. Then there cannot exist 0 < ¢ < j < n with
Y2i—2 =1 Y2;—2 for otherwise

T =Yo,Y1s---5Y2i—2,Y25-1,Y25,---,Yon = 2

would be a shorter sequence witnessing = = z. Hence n is at most twice the number N of
equivalence classes of =;.

Now let a =¥ 8 € L. By the above arguments, there are words ag, ay, ..., as, with
0 <n < N such that
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a = g,
for all j € [n], we have ag;_o =blk Q-1 =blk a; and

Qgp = /3'

Since L is saturated by both multi-equivalences =; and =5, we obtain by induction «; € L
for all ¢ € [2n] and therefore in particular o € L. Hence, indeed, L is saturated by =. <

The following lemma shows that the block closure wrt. = of a regular language is regular.
The condition for this is that all equivalence classes of = are regular. If these equivalence
classes are giben by finite automata, then a Biichi-automaton for the block closure is
computable — this is the actual content of the following lemma.

» Lemma C.13. From a Biichi-automaton A, a tuple of nfas (B;)ic(ar, and a tuple of Biichi-
automata (C;);e[ny, one can construct a Biichi-automaton B with the following property. If
there is a multi-equivalence = with set of equivalence classes {L*(B;) | i € [M]} U{L“(C; |
i € [N]}, then L¥(B) = blkel=(L“(A)).

Proof. Since the equivalence classes of = are regular, the relations Ry = {(u,v) | u,v €
rtu=ov}= Uiean L*(Bi) x L*(B;) and Ry = {(a, B) | o, B € I, @ = B} = Uy L (Ci) %
L¥(C;) are rational (more precisely: transducers for these relations can be computed). It
follows that also a transducer for the block equivalence =P can be constructed. Hence one
can compute a Biichi-automaton accepting the block closure blkcl=(L*(A)) of L“(A). <=

» Proposition 4.2. Let A be a Biichi-automaton. Then [L*(A)] is regular if, and only if,
[L¥(A)] is saturated by some multi-equivalence = D =4 such that all equivalence classes of
= are regular.

Proof. First, suppose [L¥(A)] is regular. By [13, Thm. 4.6] and the proof of [13, Prop. 3.4],
there exists a Biichi-automaton B such that L« (B) = [L“(.A)] and all equivalence classes
of =p are regular. By Lemma C.12, there exists a multi-equivalence = 2O =4 U =g that
saturates [L“(A)]. Since the equivalence classes of = are (finite) unions of equivalence classes
of =g, they are regular.

Conversely, suppose = D =4 saturates [L¥(A)] and all equivalence classes of = are
regular. Then, by Lemma C.13, the block closure blkel=(L“(.A)) of L¥(A) is regular. Since
= saturates [L*(A)], we get [L¥(A)] C blkcl=([L¥(A)]) C [L¥(A)]. Furthermore, ~ C =Pk
implies blkcl=([L¥(A)]) = blkcl=(L¥(A)). Hence [L¥(A)] equals the regular language
blkel= (L¥(A)). <

» Theorem 4.3. The regularity problem RegP ,(TransA, BF) is decidable.

Proof. Let (I',I) € TransA, ¢ € BF n-ary, and Ay, ..., A, Biichi-automata over I'. By The-
orem 4.1, one can construct a Biichi-automaton A with [L“(A)] = ([L¥(A1)], ..., [L“(.An)]y.
To prove the theorem, it remains to decide whether [L¥(A)] is regular.

Let (I',I) be the disjoint union of the complete independence alphabets (I'y, Ii) for
k € [m]. By Lemma C.10, one can compute the sets of types TP and TP,,. By Lemma C.9,
one can then compute nfas B; for ¢ € TP, and Biichi-automata C; for t € TP, such that
the languages [L*(B;)] and [L“(C;)] are the equivalence classes of the multi-equivalence = 4.

For an equivalence relation =~ on the set TP of all types, define the equivalence = on the
set of mono-alphabetic words by x = y iff the types of x and y are equivalent wrt. ~. Note
that then = O =4 and that any equivalence relation extending =4 arises this way. Thus,
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23:38 Boolean combinations of w-rational trace languages: emptiness, rationality, regularity

s the language [L¥(A)] is regular if, and only if, there is an equivalence relation & on the set
1 of all types such that the induced equivalence relation = is a multi-equivalence, saturates
ws  [L¥(A)], and has only regular equivalence classes (cf. Prop. 4.2). Since there are only finitely
s many types, there are only finitely many equivalence relations =~ that we will test one after
1z the other.

1448 So let &~ be an equivalence relation on the set of all types and let = denote the induced
e equivalence relation on the set of mono-alphabetic words. Then the equivalence classes of ~
uso  are unions of languages of the form [L*(B;)] and [L“(C:)]. Note that = is a multi-equivalence
usi  iff, for each equivalence class C of =, there exists k € [m] with C C '} or C CT'%. Since
w2 C'is a union of languages [L*(B;)] and [L“(C;)], this is decidable. Assuming this, one has
us3  to decide whether the equivalence classes are regular. Since the independence alphabets
wsa (T, Iy) all are complete, this is decidable by Corollary C.3. If, indeed, all equivalence classes
uss are regular, Lemmas C.1 and C.2 allow to compute automata accepting these equivalence
uss  classes. Finally, Lemma C.13 allows to compute a Biichi-automaton B accepting the language
ust blkel=(L¥(A)). It remains to decide whether = saturates [L“(.A)] which is the case iff
wss  blkel=([L¥(A)]) C [L¥(A)]. Since = ~ y for mono-alphabetic words x and y implies © =4 y
uso  and therefore z = y, we get ~ C =Pk, Hence

wo bkl ([L¥(A)]) = blkel= (L (A)) = [blkel=(L¥(A))] = [L*(B)],

ue  i.e., = saturates [L¥(A)] iff [L¥(B)] C [L*(A)], which is equivalent to the emptiness of
ue  [LY(A)]\ [L¥(B)]. But this is decidable by Theorem 4.1. <

ws D Proofs from Sect. 5

uee » Lemma D.1. Let & C monBF be a set of monotone Boolean functions. The emptiness
ues  problem EmptP  (DiagA, ®) for arbitrary diagonal independence alphabets can be reduced to
ues  EmptP, (ConDiagA, @) for connected diagonal independence alphabets.

usr  Proof. Let (I',I) € DiagA, ¢ € ® n-ary, and Ay, ..., A, Biichi-automata over T

1468 To (T, ), add a letter a that is independent from all letters from T, i.e., set ¥ =T U {a}
uo and Iy = ITU ({a} x T) U (T x {a}). The independence alphabet (3, I5) is connected and
wo  diagonal.

w7 Then, for any language L C I'“| the closure [L] remains the same no matter whether we

w2 construct it wrt. (I, I) or (X, Ix).

1473 Since ¢ € ® C monBF is a monotone Boolean function, the language ([L*(A1)], ..., [L¥ (An)]y
ws  can be constructed from the languages [L¥(A;)] by union and intersection. Hence also the

ws  language ([L9(Ay)], ..., [L¥ (An)]><p remains the same no matter whether we construct it

we  wrt. (T, 1) or (,Ix). Consequently, ((I',I), ¢, As,...,A,) € EmptP, (DiagA, ®) if, and

w7 only if, ((E, IE), ©, Ay, ... ,An) S Empth(ConDiagA, ‘I)) <

ws B Lemma D.2. From a connected diagonal independence alphabet (T, 1), a letter a € T, nfas
wo  A; = (Qi, I, I;, Ty, Fy) for i € [n], and tuples of states p = (pi)iem) and § = (qi)ic[n) from
1480 Hie[n] Q;, one can compute an nfa over I' X [n] that accepts a language version of the relation
ua Ry (ﬁ, q, a).

usz  Proof. We first show that the set ¥, (RU P, q, a)) C N'*[" is semi-linear. To this aim, we
uss  define auxiliary nfas B; = (Q; x [2],T,0,T/,0) setting

79

1484 ((p,b),a,(q,0)) €T} < ((p7a,q) eT;and (c=2 <— b:2\/p€Fi\/q€Fi)>
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What is important here is that, for any word u; € ', we have
pi ==, ¢ iff (pi, 1) ~55, (¢:,2)

Hence, for any tuple @ = (u;);e[n) of non-empty words over I', we have @ € Ry (p,q, a) if, and
only if,

(piv ]-) i)Bi (qzv 2)7
projy,(u1) ~ projy,(us), and

u; € Ja*
for all ¢ € [n]. Now [1, Claim 2.7] implies that, indeed, ¥,,(Ry (P, q,a)) is effectively semi-
linear. In other words, one can compute finitely many tuples (zq, 1, . .., z;) with z, € NT*["
for all s € {0, ...,t} such that ¥,,(Ry(P,q,a)) is the union of the sets zo + Zse[t] N.z;. For
any of the tuples (zo,..., ), let wo,w1,...,w; € (I' X [n])* be words with Parikh image
o, X1, - - -, Tt, respectively. Then

L =wywiw; - wy

is regular with Parikh image z¢ + Zse[t] N 2. Hence a finite union of languages of the form
L form a language version of the relation Ry(p,q,a). Note that the finite set of the tuples
(zo,...,2) can be computed from the automata B;, the tuple of states p and g, and the
letter a. Hence one can compute an nfa for this regular language version of Ry (p,q,a). <

» Lemma D.3. Let (', <) be an order tree and I = - U <. Let furthermore A = (A;);iepn)
be a tuple of Biichi-automata A; = (Q;, T, I;, T;, F;).
For allp € Hie[n] Q; and a € T, the following hold:

RY(p,a) = R{(p,a) NEqq

R{pa)= |J R®ga)-|R@za*v |J Ri@b)

qe H Qi bemax({Ja)
i€ln]
Proof. Let @ = (ci)ic[n) be a tuple of w-words a; € I' for all i € [n].

Since the letter a is independent from all letters in |a, we get proj,(a1) ~ proj,(a;)
if, and only if, projy,(a1) ~ projy,(e;) and proj,(a1) ~ proj,(a;) (which is equivalent to
|a]a = || and therefore to @ € Eq). This proves the first equation.

We now turn to the second equation. Note that the independence alphabet ({a,I) is
the disjoint union of the independence alphabets (b, I) for b € max({a,<). Hence the
projection of a; to {la is a word over the disjoint union of these independence alphabets.
As in Section C.2, we will distinguish the cases of this projection to be multi-alphabetic at
infinity or mono-alphabetic at infinity.
multi-alphabetic projection. So, first, suppose projw(al) is multi-alphabetic at infinity,
i.e., contains infinitely many occurrences of letters from |b and |c for two distinct letters
b, ¢ € max({la). Note the following.

Since projy, (1) is multi-alphabetic at infinity, we have that projy,(ai) ~ projy, (o)

for all 4 € [n] is equivalent to the existence of words v! € U)j’ with b; € max({a),
projy, () = vjoi---, vl ~ !, and b; # bjyq for all i € [n] and j > 1. Since the
factorisation of the projection projy,(a;) corresponds to some factorisation of a;, the

above is equivalent to the existence of words u] € ib; with b; € max(Ja), a; = ulu?---,

projl}a(u{) ~ projlm(uf), and b; # bj4q for all ¢ € [n] and j > 1.
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Let u! € T with a; = ulu2--- for all i € [n] and j > 1. Then, for all i € [n], a; € Ja®
if, and only if, u} € Ja* for all j > 1.

Let, again, u) € T with a; = ulu?--- for all i € [n] and j > 1. Then o; € L¥(A"7)
for all 7 € [n] if, and only if, there are § = (¢;)icn) € Hz‘e[n] Q; and natural numbers
1 <ny <ng <ng--- such that, for all i € [n] and £ > 1,

npg+1 np+2 n 1
ui H? " ’Ll,.Z ’U,iz ""Lbie+

u.
p; =>4, q; and ¢; - A; i -

In summary, we have (in case projy, (1) is multi-alphabetic at infinity)

acR{(pa) < ac |J RyP.70) Ry7.70)".
EEHI.E[TL]Q,-

mono-alphabetic projection. It remains to consider the case that projy, (a1) is mono-alphabetic
at infinity, i.e., belongs to ({a)*({b)* for some b € max({a). Note the following.

Since projy,(a1) is mono-alphabetic at infinity, we have that projy,(a1) ~ projy, ()

for all ¢ € [n] is equivalent to the existence of words v] € ibj' and 3; € |by,, with
bj,bey1 € max({a), projy,(a;) = viv? vl B, v{ ~ vf, Br ~ Bi, bj # by for all
i € [n] and j € [n]. Since the factorisation of the projection projy,(a;) corresponds
to some factorisation of «;, the above is equivalent to the existence of words uf € ibj
and ~; € ib‘gﬂrl with b;,be+1 € max(da), oy = uju? ~~uf’yi, projua(u{) ~ projua(ug),
Projy, (1) ~ projy, (vi), and kj # kjyq for all i € [n] and j € [4].

Let u} € Tt and v; € T with oy = ulu? - - -uly; for all i € [n] and j € [¢]. Then, for all
i € [n], a; € Ja® if, and only if, v/ € Ja* for all j € [£] and ~; € Ja®.

Let, again, u} € Tt and v; € T with a; = ulu? - - - uly, for all i € [n] and j >€ [¢]. Then
a; € LY(AY7) for all i € [n] if, and only if, there is g = (¢i)iem) € Hie[n] Q; such that,
for all ¢ € [n],

uj g g w( AT~
p; =—=—==4, ¢; and y; € LY(AF™).
In summary, we have (in case projy, (1) is mono-alphabetic at infinity)

acR{(pa) <= ac |J Rypga) R QD).
5€Hie[n] Qi
bemax({a)

Thus, we proved that the second equation holds. |

» Lemma 5.1. From a connected diagonal independence alphabet (T',I) and Biichi-automata
A; for alli € [n], one can construct a Biichi-automaton B that accepts a regular language
version of the relation

R = {(i)iepn) | s € L¥(A;) and a1 ~ a; for alli € [n]}.

Proof. Let (I", <) be some order tree with I = < U > and let r be the root of this tree.
Then R is the union of the relations R ((¢i)ic[n),7) where ¢; is initial in A; (for all i € [n]).
Hence, by Lemma D.3, the relation R is constructed from the relations Ry (p,q, a, [n]) with
P,q € Hie[n] Q;, a € T and Y C [n] using union U of relations on I'“, concatenation - of
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relations on I'™* and on I'¥, w-iteration “ of relations on I'*, and intersection with Eq} for
acl.

We construct the language version of R along this construction building on Lemma D.2
that allows to construct regular language versions of the relations Ry (p,q, a).

To handle the operations U, -, and “, note the following. Let L; be a language version of
R; (for j € [2]). Then L; U Ly is a language version of Ry U Ra, L1 - Lo is a language version
of Ry - R, and LY is a language version of RY. Hence, provided R; and Rp have regular
language versions, so do R1 U Ry, Ry - Rg, and Rj.

Finally, we have to handle intersection with EqZ for a € T'. So suppose K C (I" x [n])w
is a regular language version of R C (I'“)"™ and a € T'. On the alphabet T" x [n], consider the
complete independence relation J, i.e., ((b,i)7 (c,j)) eJ < (bi)# (c,)).

Now consider the regular language

L =  ((a,1)(a,2)...(a,n))" - (D'\ {a} x [n])*
U ((a,1)(a,2)... (a,n))bJ w (T {a} x [n])oo

It is a language version of EqZ. Its closure [L]; wrt. the independence relation J is the set
of words V € (T x [n])” with |V](a,1) = |V](a,) for all i € [n].

Since J is the complete independence relation on I' x [n], Lemma C.2 allows to construct
a regular language H C (I' x [n])* with [H] = [K]N[L]. Now let V € (I x [n])” be any word.
Then V € [H] iff V € [K] and V € [L]. But this is the case if, and only if, the following hold:

(i) there is some W € K such that V' and W have the same Parikh image (since J is
complete)
(ii) |V|(a71) = |V|(a,i) for all i € [n]

Since K is a language version of R, (i) holds iff there is some tuple @ € R with |V ) = |ugls
for all (b,4) € I x [n]. But this is equivalent to saying that the Parikh image of the word V'
belongs to ¥,,(R). Thus, we showed V € [H] iff the Parikh image of V belongs to ¥,,(R)
and (ii) holds. Hence, [H] is a language version of RN Eq,. Since H and [H]| have the same
Parikh image, we showed that H is a regular language version of R N Eq,. |

» Theorem 5.2. The emptiness problem EmptP  (DiagA, monBF) is decidable.

Proof. First, let (I',I) be a connected diagonal independence alphabet, ¢ a monotone
Boolean function, and B, ..., B,, Biichi-automata over I'. Since ¢ is monotone, there is a
set Y C P([m]) such that

(LB, [ Bu)))” = | (L8]

A€y icA

Even more, the set ) can be computed from the function ¢.

Now let A € ) and suppose A = (Ay,...,A,) is the tuple of automata (B;);ca. By
Lemma 5.1, one can construct a regular language version L of the relation R = {(c;)ie[n) |
a; € L¥(A;) and ay ~ o for all i € [n]}. Then (), 4[L9(B;)] = (N;epy [L7(Ai)] is empty iff
L is empty; and the emptiness of L is decidable.

Verifying all sets A € Y in this way, we can decide whether ((I',1),p,B1,...,Bm)
belongs to EmptP,,(ConDiagA, monBF), i.e., this problem for connected diagonal inde-
pendence alphabets is decidable. Hence, by Lemma D.1, also the more general problem
EmptP ,(DiagA, monBF) for arbitrary diagonal independence alphabets is decidable. <
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wo B Example D.4. Let T' = {a,b,c,d} and I the symmetric closure of {a,b} x {¢,d}. Then
wor  (I', I) is not diagonal since it contains Cy. Consider the following regular languages:

1602 L, = (a(bc)*d)w and Ly = a(a(bc)*bd)w
ws  Then an w-word a belongs to the intersection [Li] N [Lo] iff

1604 Projiq py (@) = ab™oab™! - and projy. 4y (o) = c¢"™0dc™d- -+ for some m; > 1 and
1605 proji. gy (a) = ¢"dc™d--- and projy, ;(a) = aab™*tab™+t. .. for some n; > 0

1o But this holds iff mg = 0, m; = n;, and m;41 = n; + 1 for all ¢ > 0. This is equivalent to
wor  saying m; = n; = i. Hence none of the words from [L1] N [Lo] is ultimately periodic.

1608 Since, as explained above, we are interested in the ultimately periodic words in [L], we
w00 start with the following simple decidability result that holds for all independence alphabets.

1o » Observation D.5. Given an independence alphabet (I',I), a Biichi-automaton A over T,
wu  and two non-empty words u,v € T, it is decidable whether uv® € [L¥(A)]. Furthermore, if
w2 this is the case, then there are nonempty words x,y € I'" with uv®” ~ zy* € L¥(A).

s Proof. We have uv® € [L¥(A)] if, and only if, [uv“] N L¥(A) # 0.

1614 We show that [uv®”] C T is effectively regular. An w-word a € T belongs to [uv*] if,
s and only if, o ~ uv®. But this is the case iff projy, ;) (a) = projy, 4y (u) projy, 53 (v)* holds
e for all letters a,b € T with (a,b) ¢ I. Hence [uv®] is the finite intersection of all languages

1617 (proj{mb} (u) projyqpy (v) W (I'\ {a, b})>) NI

s for (a,b) ¢ I. Thus, indeed, [uv®] is effectively regular.

1619 Hence the non-emptiness of the intersection [uv*] N L¥(A) of the two regular w-languages
o [uv] and L¥(A) is decidable. Since this intersection is regular and any non-empty regular
w21 w-language contains some ultimately periodic word, we also find = and y as required. <

1622 It therefore suffices to show that, indeed, any non-empty set of the form ([L“ (A4 )], . .., [L¥(A4,)])”7
123 contains some ultimately periodic word.

1 B Definition D.6. Let (I', I) be some independence alphabet. It guarantees witnesses for non-
s emptiness if, for any n-ary Boolean function ¢ and any Bichi-automata A; for i € [n] with

s ([L9(AL)], ..., [L9(AR)]))Y # 0, there exist u,v € T with wv® € ([L(A1)], ..., [L¥(An)])7.

1627 Wolk showed that an independence alphabet is diagonal if, and only if, it can be
128 constructed from singleton alphabets by disjoint union and addition of single letters that are
120 independent from all existing ones [46, 47]. Singleton alphabets clearly guarantee witnesses
10 for non-emptiness since {a}* = {a¥}. We therefore have to show that the disjoint union as
161 well as the addition of new letters preserves this property. These two proofs can be found in
1622 Proposition D.8 and D.7, respectively.

163 B Proposition D.7. Let (T, I) be an independence alphabet and a € T with {a} x (T'\{a}) C I.
e Set A =T\ {a}. If (A, I N A?) guarantees witnesses for non-emptiness, then also (T',T)
135 guarantees witnesses for non-emptiness.

s Proof. Let ¢ be any n-ary Boolean function, let .4; be a Biichi-automaton over T" for i € [n],
w7 and let v € T with o € ([L¥(A)],..., [L¥(A,)])”. We distinguish two cases depending on
s the number of occurrences of letters from A.
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Suppose |a|a < w. Then o = ua® for some word u € I't". Setting v = a, we therefore get
w® = a € ([L¥(A1)], ..., [L(A4)])7.

Next suppose |a|a = w and let » = ||, € NU{oo} denote the number of occurrences of the
letter a in a.. In a first step, we build Biichi-automata A} with L« (A}) = L (A;)N(A¥ Wa™),
i.e., they accept those w-words accepted by A; that have » many occurrences of a. In
particular, a € [L¥(A;)] <= « € [L*(A})] holds for all i € [n].

From the Biichi-automaton A} = (Q,T,S,T,F) over I, we construct a new Biichi-
automaton A? over the smaller alphabet A with L (A?) = proj (L¥(A})).

> Claim. For all i € [n] and 8 € I'¥ with |8|, = », we have § € [L¥(A4;)] < proj,(8) €
(L (AD)].

Proof of claim. We have § € [L¥(A;)] iff there exists v € L¥(A;) with 8 ~ «. Since
is the number of occurrences of a in 8 and «a is independent from all letters in A, this is
equivalent to

there exists v € L*(A;) with |v|, = 5 and projy, .3 (8) = projy, 1 (v) for all b,c € A with (b,

Since projg, .3(8) = projyy.cp(proja(B)) for any b,c € A (and similarly for v), this is
equivalent to

there exists v € L“(A;) with ||, = 5 and proja (8) ~ proja(7)-

Note that a word is accepted by A7 if, and only if, it can be enriched with s occurrences of
a to yield a word accepted by A;. Hence the last statement is equivalent to

there exists 0 € L“(A?) with proja(8) ~ &
and therefore to
proja () € [L¥(A?)] .

q.e.d.

This claim together with a € ([L¥(A;)],.. ., [L¥(A,)])7, implies proj, (a) € ([L@(A2)],. ..

in particular, this last set is not empty. Since (A,I N A?) guarantees witnesses for non-
emptiness, there are w,v € AT with

av? € ([L¥(AD)], ..., [L(A2)])7.

Depending on whether s is finite or not, we define an ultimately periodic word uv*: if
» € N, then set ©u = wa” and v = v; if » = w, then set u = w and v = Ta. In any case,
proja (uwv*) = @v* and |uv®|, = ». Using the claim, again, we get (for all ¢ € [n])

w® € [L¥(A;)] <= uv* € [L¥(A?)].

Hence wv® € ([L¥(A3)],..., [L¥(A2)])" implies uv® € ([L¥(A1)],...,[L¥(An)])7. Thus,
indeed, (I, I) guarantees witnesses for non-emptiness. |

Our next aim is to show that also the disjoint union of two independence alphabets
guarantees witnesses for non-emptiness (provided the two independence alphabets do).

» Proposition D.8. Let (T'y, 1) and (T, I2) be disjoint independence alphabets that both
guarantee witnesses for non-emptiness. Set I' = I'y Uy and I = I; U Is. Then the
independence alphabet (T',I) guarantees witnesses for non-emptiness.
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wrr Proof. Let ¢ be any n-ary Boolean function, A; for ¢ € [n] a Biichi-automaton over I, and
ws let a € ([L¥(A1)], ..., [L¥(A,)])7. Furthermore, let A™WH and A™°"° be the automata
9 from Theorem C.8 (here, we only need the existence of these automata). Then tpsqu(a) €
w80 LY (Amum) U L*(A™ono),

1681 In the former case, the Biichi-automaton A™"* accepts some word. Since any non-empty
182 regular w-language contains some ultimately periodic word, there are types ¢1,...,t, € TP
183 With

1684 t1tg - - tj (tj+1 s t[)w e L¥ (Amulti)

wes  for some j € [f]. The definition of the set of types ensures the existence of finite words
1686 U; € F;i with ¢; = tp (u;) for all i € [¢]. Since the indices k; originate from the types t; and
ws7  since the sequence of types is accepted by A™W we get k; # k;yq for all i € [{ — 1] and
1688 k‘g 75 k:j+1. Hence

1689 tpsqu(u1u2 e ’LLj(Uj+1 e ’LL[)w) = tl t2 e tj (tj+1 e tg)w

o which is accepted by the Biichi-automaton A™, Tt follows from Theorem C.8 that the
o ultimately periodic word wyug - - - uj(ujtq - - - ug)® belongs to ([L¥(Ay)], ..., [L¥ (An)]y.

1602 Now suppose tpsqu(«) is accepted by the nfa A™°"°. Then tpsqu(a) = tits - - - tot with
w3 t; € TP for all i € [f] and t € TP,,. As before, there are words u; € I'} and o’ € IV
wos  With tp, (u;) =t; for all i € [£] and tp,(a’) = t. Consider the language

1695 L= {’Y S PL];J@+1 | tpw(ly) = t} :

ws Then § € L witnesses that L is not empty. In the proof of Lemma C.9, we saw that L is
2 Since the indendence
wee alphabet (I'x,, ,, Ik,,,) guarantees witnesses for non-emptiness, there are finite words v, w €
100 't with vw® € L. Note that

w7 a Boolean combination of languages [K] with K C T regular.

1700 tpsqu(ug - - - upvw®) =ty - - - tot

v and is therefore accepted by the nfa A4™°"°. Theorem C.8 implies
w w w ¥

1702 Ul - - UpVW € <[L (.A1)],...,[L (.An)]> .

1703 In any of the two cases, we found an ultimately periodic word that belongs to ([L#(A;)],. .., [L¥(A4,)]).
wos  Thus, indeed, the independence alphabet (T, I) guarantees witnesses for non-emptiness. <

1705 We can therefore now show that every diagonal independence alphabet guarantees
s witnesses for non-emptiness.

wor B Theorem D.9. FEvery diagonal independence alphabet guarantees witnesses for non-
108 emptiness.

wo  Proof. Recall [46, 47] that the set of diagonal independence alphabets is the least set
o containing the singleton alphabets that is closed under finite disjoint unions and addition of
w1 single letters that are independent from all other letters. Hence the claim follows immediately
w2 from Propositions D.8 and D.7. |

2 Strictly speaking, Lemma C.9 only talks about transitive independence alphabets, but the presentation
of L as described there remains valid also in this case.
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» Corollary 5.3. The emptiness problem EmptP (DiagA, BF) is in I17.

Even more, there is an algorithm that, on input of a diagonal independence alphabet
(T, I), an n-ary Boolean function y, and Bichi-automata A; for all i € [n] over ' halts iff
([L2(A), .- -, [LW(ATL)]V # 0 and, if this is the case, outputs nonempty words u,v € I'"
with uwv® € ([L¥(A1)], ..., [L¥(A4,)])7.

Proof. The algorithm guesses a pair of words u, v € I'"| checks (for all i € [n]) whether uv® €
[L¥(A;)] (which is possible by Observation D.5) and then evaluates the Boolean function ¢.
By Theorem D.9, such a pair (u,v) exists if, and only if, ([L¥(A1)],..., [L¥(A,)])7 #0. <

» Theorem 5.4. The rationality problem RatP_(DiagA,BF) and the regularity problem
RegP , (DiagA, BF) are in X9.

Proof. Let (T, I) be a diagonal independence alphabet, ¢ an n-ary Boolean function, and
A; for i € [n] a Biichi-automaton over I'. In the following, let X A'Y denote the symmetric
difference X \ Y UY \ X of the two sets X and Y. We have ((I',1),¢, A1,...,A,) €
RatP (IndA, @) iff

3 Biichi-automaton B: [L*(B)] A ([L¥(A1)], ..., [L(A4,)])7 = 0.
But this is the case iff
3 Biichi-automaton B: ((I',I), ¢, A1, ..., An, B) € EmptP,, (T, I), BF)

where ¢’ is the (n + 1)-ary Boolean function with ¢'(b1,...,b,11) = 0 if, and only if,
(b1, ..,by) = byy1. From Cor. 5.3, we obtain that this is a statement in £ (note that ¢’
is not monotone even if ¢ is).

To handle the regularity problem, note that the language ([L“(A;)], . ]>¢
closed. Hence it is regular iff it equals [L¥(B)] for some Biichi-automaton B Wlth L“’ (B)
[L¥(B)], i.e. such that the language L“(B) is closed. Hence we have ((I',I), ¢, A1,...,A,) €

RatP  ((DiagA, BF) iff

3 Biichi-automaton with closed language B: [L*(B)] A ([L*(A1)], ..., [L¥(A4,)])7 = 0.
which is the case iff
3 Biichi-automaton with closed language B: ((T',I),¢’, A1, ..., A, B) € EmptP((T',I), BF)

where ¢’ is the (n + 1)-ary Boolean function with ¢'(b1,...,b,41) = 0 if, and only if,
o(b1,...,bn) = bpt1. As shown in [39, 34], it is decidable whether a Biichi-automaton
accepts a closed language. We therefore obtain from Cor. 5.3, that the above is a statement
in 9. |

E Proofs from Sect. 6

In this section, we consider the w-versions of the emptiness, the rationality, and the regularity
problem for general independence alphabets.

The upper bounds I1} and II} are relatively easy consequences of the definition of these
problems. The claimed lower bounds IT3 are more demanding. To demonstrate them, we first
consider two-counter machines with Biichi-acceptance whose emptiness problem is ITi-hard.
The emptiness problem for these machines is then reduced to the emptiness, regularity, and
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rationality problem of socalled “standard independence alphabets” and the Boolean functions
A and = (Id in case of regularity). These “standard independence alphabets” (cf. Def. E.4)
consist of the commands of two-counter machines (i.e., incrementation, decrementation, and
zero-test of each counter) extended by three letters to encode and relate counter values
before and after the execution of a single command. This step from counter machines to
finite automata requires an involved coding that is presented in Sections E.2.2 and E.2.3.
From these standard independence alphabets, we then reduce to arbitrary non-diagonal
independence alphabets without changing the Boolean function. To obtain the lower bound
for any not too simple Boolean function, we finally refer to Lemma 2.3.

E.1 Upper bounds

The upper bounds for the emptiness, the regularity, and the rationality problem for arbitrary
independence alphabets are analytical and therefore much higher than those for diagonal
independence alphabets. Later, they will turn out to be almost optimal since we also prove
analytical lower bounds.

» Theorem E.1. (1) The emptiness problem EmptP ,(IndA, monBF) is in I13.
(2) For all GenP € {EmptP, RatP, RegP}, the problem GenP ,(IndA, BF) is in II3.

Proof. Let (I',I) be some independence alphabet, ¢ an n-ary Boolean function, and A; =
(Q:, T, S;,T;, F;) for i € [n] Biichi-automata over I'. We will show that the non-emptiness of
([L¥(A1)], ..., [L(Ap)])7 can be expressed by a $i-formula. Formally, we assume I and
Q; to be finite sets of natural numbers such that, e.g., an w-word is a function a: N — N
with a(n) € T for all n € N. To start with, we express by a X1 formula f;(«) that A; accepts
some w-word that is equivalent to a:

38,p;: N— N:

Vn: B(n) € L' Api(n) € Q; (0)
Api(0) € S; (1)
N (pi(n), B(n), piln+1) € T 2)
AVkdn > k: pi(n) € F; (3)
AVa,b,m: a,b € T'A(a,b) ¢ I — In: projy, ,y(afl...m]) = projg, 41 (B[L...n]) (4)
AVa,b,n: a,b € I'A(a,b) & I — Im: projy, yy(afl...m]) = projg, 1 (B[L...n]) (5)

The mapping [ is meant to code an w-word over I" while p; shall map positions in this word
to states of A;. Note that line (0) ensures precisely this. Line (2) expresses that p; is a run
of A; on . Line (1) ensures that this run starts in an initial state and (3) that it infinitely
often visits some accepting state. Hence, (1-3) together with the existentially quantified
mapping p; state that the w-word 8 is accepted by the Biichi-automaton A;.

Now let a,b € T’ be dependent letters and consider line (4). It states that the projection
of « to {a,b} is a prefix of the corresponding projection of 8. Since, in (5), the roles of «
and 3 are exchanged, (4) and (5) together ensure that the projections of a and 8 to {a, b}
coincide. As this is required to hold for any pair (a,b) ¢ I (including the case a = b), (4)
and (5) express that o and § are equivalent wrt. the independence relation I.

In summary, the formula f; above expresses the existence of an w-word § that is accepted
by the Biichi-automaton A; and equivalent to «, i.e., a € [L¥(A4;)].
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From the function ¢, one can compute a finite set ) of pairs (A, B) with A, B C [n] such
that

(AL (A = U (ﬂ[L“(Ai)] N [L‘”(Ai)]> :

(A,B)ey \icA i€B

Hence the non-emptiness of this set is expressed as

0=3a:N—=N: [Vn:an) eT A \/ </\f,;/\/\—|fi>

(A,B)ey \icA i€B

Since the formulas f; belong to 31, this formula § belongs to ¥3. Furthermore, it can be
computed from the independence alphabet (T, I), the monotone Boolean function ¢, and the
Biichi-automata A;. Thus, we showed that the emptiness problem EmptP(IndA, BF) is in
.

If the Boolean function ¢ is even monotone, then ) can be chosen as a set of pairs (4, 0).
Hence, in the formula 6, the ¥i-formules f; appear only positively implying that, in this case,
§ € 1. Thus, we showed that the emptiness problem EmptP_ (IndA, monBF) for monotone
Boolean functions is in II3.

The remaining proofs regarding the rationality and the regularity problem are similar to
the proof of Theorems 5.4. They use that any statement of the form 3 nfa BY5: N —- N- ..
can be reformulated into an equivalent statement of the from V3': N — N..- (cf. [43,
Thm. 16-I11]). |

E.2 Intermezzo

To show lower bounds, we will reduce from the emptiness problem for deterministic two-
counter Biichi-automata. The first section of this intermezzo introduces them and proves the
I1i-hardness of their emptiness problem (cf. Cor. E.3). The other two sections prepare the
reduction to our problems GenP ,((X,I), ¢) for socalled standard independence alphabets
(X,I) and certain simple Boolean functions . To this aim, we prove that the set Val of
valid counter operations is the projection of both, the intersection (Section E.2.2) and the
complement (Section E.2.3) of closures of certain regular languages.

The lower bounds are even shown under the restriction to deterministic and co-deterministic
Biichi-automata. Here, a Biichi-automaton A = (Q, T, S, T, F') is deterministic if (p, a, q), (p, a,r) €
T implies ¢ = r. Note that, for simplicity, we allow several initial states as well as “missing
transitions” (i.e., there can be p € @ and a € T such that (p,a,q) ¢ T for all ¢ € Q). An
w-language is deterministic reqular if it is accepted by some deterministic Biichi-automaton.
It is co-deterministic regular if its complement is deterministic regular. Similarly, a Biichi-
automaton is co-deterministic if its language is co-derterministic regular.

E.2.1 Two-counter automata with Biichi-acceptance

To define two-counter Biichi-automata, fix the alphabet Op = {incy, incy, decy, deca, zeroy, zeros }.
The idea is that, whenever the Biichi-automaton “reads” the “letter” inc; or decy, it in-
crements or decrements its first counter, the “letter” zero; can only be read if the first
counter’s value equals 0. Since we assume the counters to be initially 0, no w-word of the
form incy zero; a can be executed since, after one step, the first counter holds the value 1
while, in the second step, the counter is required to be 0. Since we assume that counters
hold non-negative values, only, also no w-word starting with incy decy dece can be executed.
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Figure 1 Proof of Corollary E.3.
Left: transitions in M, right: transitions in A

To define the executable or valid words, let o = agay --- € Op® with a; € Op for all ¢ > 0.
For n > 0 and k € [2], let

valueg (o, n) = |ap@1 - - - @n—1linc, — @001 - - - @n—1|decy

denote the value of the counter k after executing the first n operations of . The w-word «
is walid if, for all n > 0 and k € [2], the following hold:

If a,, = zerog, then valueg(c,n) = 0.
If a,, = decy, then valueg(a,n) > 0.

Let Val C Op® denote the set of all valid w-words.

The emptiness problem for nondeterministic Turing machines with Biichi-acceptance is
complete for I} [23]. In the same way that deterministic two-counter machines simulate
deterministic Turing machines [33] (cf., e.g., [24]), we can simulate nondeterministic Turing
machines with Biichi-acceptance by Biichi-automata over Op which yields the following
result.

» Theorem E.2. The set of Biichi-automata M over Op with L¥ (M) N Val = () is complete
for T13.

Note that the emptiness problem for deterministic Turing machines with Biichi-acceptance
is arithmetical since it amounts to the non-existence of some input w such that, for any
natural number n, there is a finite (incomplete) computation with input w that visits some
accepting state at least n times. Differently, for the above problem on Biichi automata, the
hardness already holds for deterministic automata.

» Corollary E.3. The set of deterministic Biichi-automata A over Op with L*(A) N Val = {)
is complete for 1.

Proof. We reduce from the problem in Theorem E.2. So let M be a (possibly nondetermin-
istic) Biichi-automaton over Op. This automaton gets transformed into a deterministic
Biichi-automaton A by doing the following for any state p. Let (p, 0;,¢;) for 1 < i < n denote
the set of transitions starting in p (see left of Fig. 1 for n = 3). We replace these transitions
by the gadget on the right of Fig. 1. The result is a deterministic automaton A. Note that
there is an obvious bijection between the infinite runs in M and in A4 that carry words from
Val. Hence L¥(M)NVal # 0 < L“(A) N Val # (. Thus, the described construction is a
reduction from the problem in Theorem E.2 to that of this corollary. <
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Figure 2 The two standard independence alphabets

s E.2.2 Val as intersection of closures of regular languages

1863 In this section, we prove that the set Val C Op” of valid words corresponds to the intersection
s+ of the closures [K] and [L] of certain deterministic regular w-languages K and L (cf. Prop. E.8);
s this coding of the set Val builds on the analogous coding by Aalbersberg and Hoogeboom [1].
1866 The said languages K and L use the letters from Op and, in addition, the letters b, ¢, and
w7 d. We define two independence relations on this alphabet that both are non-diagonal (the
s first one contains Cy, the second Py). The set Val will then be the projection of [K] N [L]
o to the alphabet Op (where the closures are constructed wrt. any of the two non-diagonal
o independence alphabets).

e B Definition E.4. The following two independence alphabets (X, 11) and (2, I2) (that differ
w2 in the independence relation, only) are standard independence alphabets: ¥ = Op U {b, ¢, d}
ws and, for all s € [2],

1874 OpX{b}gIs, (b,c),(c,d)e]s,
1875 Op x (OpU{c}) C Dy, (b,d) € Dy,
1876 Op X {d} g Il, and Op X {d} g DQ.

17 Note that all letters from Op behave the same: they are all independent from b, dependent
178 on ¢ and on each other, and independent from or dependent on d, see Fig. 2. The standard
w9 independence alphabet (3, I;) therefore contains Cy for s = 1 and Py for s = 2.

10 B Stipulation E.5. In the following, ¥ will always denote the alphabet Op U {b, ¢, d}, i.e.,
1s1  the set of letters of some standard independence alphabet.

1882 We next define the two w-languages K and L and describe their closures wrt. the two
1883 standard independence alphabets. First, consider the regular languages

1884 KO = Opd(cb)Jr - EJF and

1885 Lo = inc; (be®c®)TdUincy (be® ¢® )t d
Udec; (bbe®) T dUdecy (bbbe®)Td
1887 Uzeroy (bc®bc®)* be® d U zerog (b be®be®)* {bc®be b’} d

1ss  and the regular w-languages
1889 K=b0Ky C¥*and L=1Lg . (6)

100 Before characterizing the closures of these two w-languages, some words are in order about
181 the idea behind these definitions.
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Note that words from K have the form
a =b"apd(ch)™ ayd(ch)™? - - -

with a; € Op and mg = 1. Let 8 = projo,(a) = apay - - - denote the sequence of operations
in this word from K. The idea is that the number m,, (for n > 0) encodes the counter values
and the step counter before the execution of a,. More precisely, we will ensure that

m, — 2valuel(ﬂ,n) . 3va1ue2(57n) . 5n—1
n=

holds in case « belongs to the closure of L as well.
To understand why the language L contains the necessary information, note that o € K
implies

o' = agh™ ™ da b ™ d - € [K]

since these two words are equivalent. In order for o’ to also be in the closure of L = L, one
expects that w, = a,b™"c™ +1d belongs to the closure of Ly for all n > 0. Suppose that
n > 0 and m, encodes the counter values and step counter as described above before the
execution of a,. If, e.g., a, = incy, then w, € [Lg] is equivalent to 2-5-m,, = m,1. Hence
my41 encodes the counter values and the step counter after the execution of a,,. Similarly, if
ap, = zerog, then wy, € [Lo] iff 5-m, = m,11 € 15-N+{10,5}. Hence, when going from m,,
to my,41, the two counter values are left unchanged and the step counter has increased by one.
Furthermore, there is k& > 0 such that m,,1 is 15k + 10 or 15k + 5, i.e., m,, € {3k+2,3k+1}
which is equivalent to saying that m,, is not divisible by 3. But this means that the second
counter’s value encoded in m,, is 0.

Since we want to show that an w-word S is valid iff it belongs to the projection of the
intersection of [K] and [L], the following two lemmas characterise these two closures.

» Lemma E.6. Let (X, 1) be a standard independence alphabet, i.e., s € [2]. An w-word
o € 3¢ belongs to the closure [K| of K if, and only if, there are letters ag,aq,--+ € Op and
positive integers mg, my, Mo, - -+ > 1 with mg = 1 such that

(i) pI“Oj{b,d}(a) = b™o dp™ db™2 db™s - - -,
(ZZ) projopu{c}(a) = apc™ a1¢™? apc™s - -

(i) and, in case s = 2, projo,uqay € (Opd)“.

Proof. Let o € [K]. Then there is § € K with 8 ~ «. Since 8 € K, there are mqg, mq,--- > 1
with mg = 1 and ag, a1, -+ € Op such that 8 =" agd (cb)™ a1 d(cb)™2---. From a ~ (3,
the two words « and (8 have the same projections to {b,d}, to Op U {¢} and, in case s = 2,
to Op U {d}. Since these projections of 8 satisfy (i-iii), we showed that any element of [K]
has the desired properties.

Conversely, suppose a € %, mg,my,--- > 1 with mg = 1 and ag, a1, -+ € Op such
that (i-iii) hold. Consider the w-word 5 = b™° agd (cb)™ a3 d (cb)™? ---. Then g € K and
the relevant projections of a and f coincide, i.e., @ ~ 3. Hence o € [K] which proves the
converse implication. <

Next, we present a similar characterisation of the closure of the language L. Since the
definition of that language is more involved than that of K, also the characterisation is a bit
cumbersome.

» Lemma E.7. Let (3,1;) be a standard independence alphabet, i.e., s € [2]. An w-word
a over X belongs to [L] if, and only if, there are ag,ay1,--- € Op and positive integers
ko, ki,ka, -+ ,01,0a,--- > 1 such that
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w0 (1) proj{b’d}(a) = bFo dpkr dbkz ...

1936 (Z’L) pI‘OjOpU{C} (OL) = ao(c5)el al (05)22 a2(c5)e3 e
wy (109) and, in case s =2, projo,uiqy € (Opd)®

w3  where, for all i > 0, the letter a; € Op and the number k; > 1 determine the number £;11
w3 according to the following rules for all k € [2]:

(Ll) Ifal = iIlCl} then €i+1 =2 ]{31 (L4) If a; = inCQ, then Ei-&-l =3- kl
1940(L2) If a; = decl, then 2 - Ei-&-l = kl (L5) If a; = decz, then 3 - €i+l = kz

(L3) If a; = zeroy, then £;y1 = k; is odd.  (L6) If a; = zerog, then £; 11 = k; ¢ 3N.

wa  Proof. Let a € [L]. Then there is 8 € L with § ~ «. Since 5 € L, there are ag,a1,--- € Op
w2 and wog,wr, - -+ € {b,c®}T such that

1943 ﬂ:aowodalwldagwgd---

1w and a; w; d € Lo for all ¢ > 0. For ¢ > 0, set

—. |wi|c

1945 ki = |wi|b and £i+1 = 5

s (since w; € {b,®}, |w;|. is a multiple of 5 such that £;,; is a natural number). From a ~ £,
w7 we get that the w-words o and 5 agree on their projections to {b,d}, to Op U {c}, and, in
ws  case s = 2, to Op U {d}. Hence « satisfies (i-iii). Now let ¢ > 0 be arbitrary.

a0 (L1) If a; = incy, then w; € (bc® ¢)T since a; w; d € Lo. Hence £;11 = %|wz|C =2 %|wi|C =
1950 2. |wi|b :2]61

1951 (L2) If a; = decy, then w; € (bbCE’)+ since a; w; d € Lo. Hence 2 - €i+1 = %|wl|c = |wz|b = k;.
1052 (L3) If a; = incg, then w; € (bc® ¢ ¢®) 7T since a; w; d € Ly. Hence ;41 = %\wi|c =3 |wp =
1053 3-k;.

wse (L4) If a; = decy, then w; € (bbbc®)T since a; w;d € Lo. Hence 3 - £;41 = %|wi|C = |w;|p = k;.

1055 (L5) If a; = zeroy, then w; € (bbc® ¢®) T bc® since a; w;d € L. Hence €1 = Hw;le = |w;]y =
1956 kz is odd.

w057 (L6) If a; = zerog, then w; € (bbbc®c®c®)t - {bbc® c® b} since a; w;d € Ly. Hence £;41 =
1058 %\wi\c = |w;|p = k; is not divisible by three.

o Thus, we showed that any element of [L] has the desired properties.

1960 Conversely, suppose a € ¥, kg, k1, ,€1,¢3 --- > 1 and ag,aq,--- € Op such that (i-iii)
wa as well as (L(L1))-(L(L6)) hold.
1962 For i > 0, we define words w; € {b,c°}T as follows:

)i if a; = incq

5 5 5) if a; :iIlCQ

bbc®)li+rif a; = decy

5)ki if a; = zeroq or a; = zerog

(be
(be
1963 w; = (bbcd)bit if a; = decy
(b
(be

10« Consider the w-word
1965 ﬂ:aowoda1w1d~-~

we and let ¢ > 0. If a; = incy, then one easily sees that a;w;d belongs to Ly. The same
ez holds for a; € {incy, decy,deca}. Now let a; = zero;. Then, by (L(L3)), k; is odd implying
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a;w; d € Ly (in case a; = zerog, one can argue similarly). It follows that 8 belongs to L. By
(L(L1))-(L(L6)) and the above definition of w;, we get |w;|p = k; and |w;|. =5 - ¢;41 for all
i > 0. Hence projy, 41 () = projy, 43 (8), Projopuqe} (@) = projopuger (8), and (in case s = 2),
Projopufay (@) = Projopugay (8). Hence a ~ B € L which ensures o € [L] and therefore the
converse implication. <

We now come to the main result of this section that relates the set Val of valid words
and the regular w-languages K and L.

» Proposition E.8. Let (X, 1) be a standard independence alphabet, i.e., s € [2], and K and
L the regular w-languages defined by (6).
The set Val of valid words equals the projection of the intersection [K]N[L], i.e., Val =

projop, ([K] N [L]).

Proof. By the above Lemmas E.6 and E.7, an w-word « € ¥ belongs to [K] N [L] if, and
only if, it satisfies the characterisation of elements of [L] from Lemma E.7 with ky = 1 and
k; =5-¢; for all i > 1. By induction, it then follows that

ki _ 2va1ue1(pr0jop(a),i) X 3value2(projop(a),i) . 5z

for all 7 > 0.

Recall further that the pair of counter values (c1, c2), i.e., of natural numbers, is encoded
as a number 2 - 3% . m with m ¢ 2-NU3-N. Thus, an w-word 8 € Op” is valid if,
and only if, it equals the projection of some w-word « € [K] N [L] to Op. In other words,
Val = projg,, ([K] N [L]). <

E.2.3 Val as complement of the closure of a regular language

In this section, we prove that the set Val C Op® of valid words corresponds to the com-
plement of the closure [K’ U L'] of certain co-deterministic regular w-languages K’ and L’
(cf. Prop. E.14).

To this aim, we will construct K’ and L’ such that their closures are the complements of
the closures of K and L, respectively. To appreciate these technical results, note that, in
general, the complement of the closure of a regular w-language is closed, but not necessarily
the closure of any regular w-language.

After these introductory words, we start with a result on the shuffle and deterministic
Biichi-automata. In particular, we are interested in w-languages of the form X = L¥(A) W
A for some deterministic Biichi-automaton A. To ensure that X is accepted by some
deterministic Biichi-automaton, we only consider the case that the alphabet of A is disjoint
from A. Then L¥(A) w A% is accepted by some deterministic Biichi-automaton, but no
deterministic Biichi-automaton accepts L¥(A) W A* (consider the example L¥(A) = {a*}
and A = {b} [45, Example 4.2] or [40, Example 1.6.2]). Nevertheless, we have the following
result.

» Lemma E.9. Let T and A be disjoint alphabets and L C T'“ accepted by some deterministic
Biichi-automaton. Then there is a deterministic Biichi-automaton accepting L L1 A,

Proof. Let A= (QA,T,54,T4, F4) be a deterministic Biichi-automaton accepting L. We
construct the deterministic Biichi-automaton B as follows. The idea is to simulate A
on letters from I' and to recall the alphabet of the last letter read. More precisely, let
B = (QB, ru A, SB; TB7 FB) where
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Qp=Qax{T,A},
Sp = S.A X {F}7

((IL -75)’ a, (q,y)) € Tp iff

a €l (pa,q) €Ty, and y=T or
a €A, p=gq,and y = A, and

Fg = Fy x {T'}.

Note that this Biichi-automaton is deterministic. Then an w-word « € (I' U A)¥ is accepted
by this deterministic Biichi-automaton iff infinitely many prefixes u of «

end with a letter from I' and
projr(u) leads A to some accepting state from F4.

But this is the case iff « € L L1 A®°. <

When, in Lemmas E.11 and E.12 below, we will prove that the (not yet defined) languages
K’ and L’ are co-deterministic regular, we will have to prove their complements to be

deterministic regular. It turns out that the following, rather special, language is useful there.

» Lemma E.10. Let ¥ be some alphabet, d € ¥, X3 =X\ {d} and A,B C E;l" reqular and
disjoint. Then

(X*d)¥ \ (Ad)* (Bd) (Ad U Bd)*
is deterministic reqular.

Proof. A word o € ¥ belongs to this difference iff & = uyduad - - - with u; € £} for all ¢ > 1
such that u; ¢ AU B for some i > 1 or u; € A for all i > 1. Since X7 \ (AU B) and A are
accepted by deterministic finite automata, one obtains a deterministic Biichi-automaton for
this language. <

We now come to the definition of the first w-language K’. As starting point, let K| =
Opd (ch)t (ct UbT) C TF. Note that this language is somewhat like the “opposite” of
Ko = Opd(cb)*, more precisely, [Kj] = [Opdc™d*t] \ [Ko]. Now consider the following
w-languages:

K| =b(db™)* w1 (Op U {c})>

K} = {b,d}>* w (Opct)¥

K| - D2ied ifs=1

(Opd)¥ w{b,c}>* ifs=2

K} =bK} K| (KoUK}~

Finally, the w-language K’ is defined by
K =%\ K/ Us“\ K,Uus®\ K;UK}. (7)

We next prove that the complement 3* \ K’ can indeed be accepted by a deterministic

Biichi-automaton and that the closure [K’] of K’ is the complement of the closure [K] of K.

» Lemma E.11. Let (X, 1;) be a standard independence alphabet, i.e., s € [2], and K and

K’ the w-language defined by (6) and (7), respectively. Then K’ is co-deterministic reqular
and [K'] = X¢\ [K].
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Proof. We first show that the complement of K’ is deterministic regular. To this aim, note
that we have

YY\NK' =K NK,NK,NX¥\ K}
=K NKyNK;N ((S*d)Y N2\ Ky)

where the second equation holds since Kj C (¥*d)¥.
First, we verify that the four w-languages in this intersection all are deterministic regular.

1. There is a deterministic Biichi-automata accepting b(db™)“. Hence, by Lemma E.9,
K is deterministic regular. Since also (Opct)® and (Opd)¥ are deterministic regular,
Lemma E.9 also proves that K} and K} are deterministic regular.

2. Next consider the intersection of (X* d)¥ and the complement of K}, i.e., the w-language
(X*d)¥ \ Kj. Note that

Ky =bKg Ko (Ko U Kp)*
=b(Opd(cb)")" (Opd(ch) ™ (¢" UBT)) ((Opd(ch)™) U (Opd(ch) " (c" UbT)))”
=bOpd ((cb)*Op d)* ((eb) T (et UbT)Opd) ((cb)* (c* Ub*)Opd)”
= bOp d(Ad)*(Bd)(Ad U Bd)*

where A = (¢b)TOp and B = (¢b) ™ (¢ Ub*)Op. Since the two languages A and B are
regular and disjoint, Lemma E.10 provides a deterministic Biichi-automaton B with

L¥(B) = (X*d)“ \ (Ad)*(Bd)(Ad U Bd)“ .
Hence the w-language
¥\ bOpdXE® UbOpd- L¥(B)
is deterministic regular. Finally note that this language equals (3*d)* \ K}.

Since the class of deterministic regular w-languages is closed under finite intersections by
Choueka’s flag construction [8] (cf. also proof of [45, Lemma 1.2] or [40, Prop. 1.6.4]), it
follows that X \ K’ is deterministic regular. Hence K’ is co-deterministic regular, i.e., we
proved the first claim.

It remains to be shown that the closure [K’] of K’ is the complement X% \ [K] of the
closure of K.

To prove the inclusion [K'] C X% \ [K], it suffices to verify K’ C X%\ [K] since the
complement of [K] is closed. But this is equivalent to [K] C £¥ \ K’. So let o € [K]. Then
Lemma E.6 yields projg, 4y (@) € b(db™)* and projo,uqey(@) € (Opet)“. The definition of
the w-languages K and K} yields o € K| N K} or, equivalently, o ¢ ¥« \ K] UX¥ \ K}. If
s =1, we definitely get o € X% = Kj. If s = 2, Lemma E.6 yields projo,yq; () € (Opd)*
and therefore a € K} also in this case. Thus, in any case, a ¢ X \ K4. Finally, from
a € [K] we obtain an w-word 3 € K with a ~ 3. Note that K N K} = () and that elements
of K UK} = b(KoU K{))“ are mutually non-equivalent. Hence a ~ § € K implies a ¢ K}.
In summary, we got that « is neither in the complements of Kj, K}, or K}, nor in the
w-language K7, i.e., a ¢ K'. Thus, indeed, [K] C 3¥ \ K" and therefore [K'] C ¥\ [K].

We now have to verify the converse inclusion [K’] D ¢ \ [K] and therefore [K] U [K'] D
¥¥. So let @ € ¥¥ be an arbitrary w-word. Suppose o ¢ K| for some ¢ € [3]. Then
a € XY\ K; C K' C[K']. So, from now on, assume o € K{ N K5 N Kj. Then there are
positive natural numbers kg, k1,...,01,05--- > 1 with kg = 1 and letters ag,aq,--- € Op
such that
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pl”Oj{b’d} (O{) — bk?o dbk}l dbkz .
prOjOpU{c} (a) =qg ch O _and,
if s =2, also projopu{d}(a) e (Opd)~.

aj C

For i > 1 define

phi—ti if k; > ¢,

m; = min(k;, £;) and w; = { 0~k

c otherwise

which ensures a;_1 d (¢b)™ w; € Ky iff k; = ¢;. Furthermore, let
B =b* agd (ch)™wp ay d (cb)™ wy as d (cb) 2wy - -

Looking at the projections of & and f3 to the alphabets {b, d}, OpU{c}, and (if s = 2) OpU{d},
we obtain a ~ 3. Furthermore, if w; = € for all ¢ > 1, the w-word § belongs to K, otherwise,
it belongs to K'. Thus, in any case a ~ 5 € K U K’ and therefore [K'] D ¥¢ \ [K]. <

Recall the definition of the language Ly. The following language Lj, is similar, but has
disjoint closure:

Ly = incy (be® ) (be<Pubtuch)d
Uines (bc® ® ®)* (be<® ubT uct)d
Udecy (bbc®)* (bbe=® Ubc* UcT)d
Udecy (bbbc®)* (bbbe=> Ubbc* Ubc* Uct)d
Uzeroy ((be®)* (be=®UbT Ucet)Uce* (berbe)*) d
Uzerog ((bc®)* (be=® UbT Uct)Uc* (be*be b)) d

Let w € {b,c}T. Then inc; wd € [Lo] iff 10-|wl|, = |wl., and incy wd € [L{)] iff 10-|w]p # |w]e.

Similarly, zeroy wd € [Lo] iff 5-|w|y = |w|. and |w]p is odd. On the other hand, zero; wd € [L{)
iff 5+ |w|p # |wl or |w|p is even. Since similar observations hold for all letters from Op, the
closures [Lo| and [L{] are disjoint and [Op {b,c}* d] = [Lo] U [L].

Now consider the following w-languages:

Li = b(db™)* w (Op U {c})>

Ly = {b,d}> w (Op (c*)")“

b if s =1
Tl (Opd)¥ w{b,c}>  ifs=2

Ly = L§ Ly (Lo U Lp)®

Finally, the w-language L’ is defined, analogously to K’, by
L'=*\LiUuS¥\ Lyus“ \ Ly UL} . (8)

Similarly to the case of K and K’, the complement ¥¢\ L’ is accepted by some deterministic
Biichi-automaton and the closure [L'] of L’ is the complement of the closure of L. The proof
of these facts is very similar to the proof of Lemma E.11 and is therefore placed in the
appendix.

» Lemma E.12. Let (X, I;) be a standard independence alphabet, i.e., s € 2], and L and L’
the w-language defined by (6) and (8), respectively. Then L' is co-deterministic reqular and
[L] =%\ [L].
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Proof of Lemma E.12. We first show that the complement of L’ is deterministic regular.
To this aim, note that we have

SUNL =LiNLiNLyNEY\ L)
=LiNLyNLyN ((Z*d)Y NS\ L))

where the second equation holds since L] C (X*d)~.
First, we verify that the four w-languages in this intersection all are deterministic regular.

1. There is a deterministic Biichi-automata accepting b(db™)¥. Hence, by Lemma E.9, L}
is deterministic regular. Since also (Op (c®)7)* and (Opd)“ are deterministic regular,
Lemma E.9 also proves that L} and L} are deterministic regular.

2. Next consider the intersection of (X* d)* and the complement of L/, i.e., the w-language
(X*d)¥ \ L),. Define the residual languages

A={u|ud € Lo} and B ={u | ud € L} .

Since any word from Lg or L}, ends with an occurrence of d, we get Ly = Ad and L{; = Bd.
Consequently, we obtain

Ly = Lj Lo (Lo U L)
= (Ad)* Bd (Ad U Bd)* .

Since the two languages A and B are regular, disjoint, and have no occurrences of the
letter d, Lemma E.10 provides a deterministic Biichi-automaton B with

L¥(B) = (£*d)* \ (Ad)*(Bd)(Ad U Bd)* = (S*d)“ \ L, .

Since the class of deterministic regular w-languages is closed under finite intersections by
Choueka’s flag construction [8] (cf. also proof of [45, Lemma 1.2] or [40, Prop. 1.6.4]), it
follows that ¥¢ \ L’ is deterministic regular. Hence L’ is co-deterministic regular, i.e., we
proved the first claim.

It remains to be shown that the closure [L'] of L’ is the complement X% \ [L] of the
closure of L.

To prove the inclusion [L'] C X% \ [L], it suffices to verify L’ C ¢ \ [L] since the
complement of [L] is closed. Thus, we have to prove that [L] C 3% \ L’. So let « € [L]. Then
Lemma E.7 yields proj, 4y (@) € b(db*)“ and projo,yqey (@) € (Op (¢°)T)¢. The definition
of the w-languages L} and L yields « € L} N L} or, equivalently, « ¢ ¥ \ L] UX* \ L}. If
s = 1, we definitely get o € ¥ = Lj. If s = 2, Lemma E.7 yields projo,yqy (@) € (Opd)*
and therefore o € L% also in this case. Thus, in any case, @ ¢ X \ L;. Finally, from
a € |[L] we obtain an w-word 8 € L with o ~ 8. Note that L N L) = §) and that elements
of LUL) = (LoU Ly)* are mutually non-equivalent. Hence oo ~ 8 € L implies o ¢ L}. In
summary, we got that « is neither in the complements of L}, L}, or Lf, nor in the w-language
L}, ie., a¢ L. Thus, indeed, [L'] C X« \ [L].

We now have to verify the converse inclusion [L'] D ¥« \ [L] and therefore [L] U [L'] D 3¥.
So let w € ¢ be an arbitrary w-word. Suppose o ¢ L/ for some ¢ € [3]. Then o € 3%\ L; C
L’ C [L']. So, from now on, assume a € L}y N L5 N L. Then there are positive natural
numbers kg, k1,...,01,02--- > 1 with kg = 1 and letters ag, ay,--- € Op such that

pI'Oj{bd} (a) — bko dbkl dbkz o
Projopu(e} (@) = ao (®)ray (®)% -+, and,
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if s =2, also projo,uqy (@) € (Opd)~.
Let
B =agb () day b ()2 dayb* (°) = d - -

Looking at the projections of o and 8 to the alphabets {b,d}, Op U {c}, and (if s = 2), to
Op U {d}, we obtain a ~ 3. Note that any of the factors w; := a; b* (c®)%+1 d belongs to
Op {b,c}* d and therefore to [Lo] U [L}]. Suppose a; b (¢®)ti+1 d € [Ly] for all i > 0. Then
B € [Lo]* C [L']. If, alternatively, there is i € N such that a; b* (c®)%+1d ¢ [L¢], then
a; bkt (®)%+1d € [Ly)]. Thus, in any case a ~ 3 € [L]U[L'] and therefore [L'] D X%\ [L]. =

» Lemma E.13. Given a Biichi-automaton A over T, it is decidable whether there is an
equivalent deterministic Biichi-automaton B.

Since, from A, one can also construct a Biichi-automaton A’ accepting the complement
of L¥(A), it is decidable whether A is co-deterministic.

Proof. For o € T, let pref(«) C I'* denote the set of finite prefixes of a. For a language
Y CT7, let ? denote the set of all words o € I' with infinitely many prefixes in Y. We use
that a L« (A) is deterministic regular if, and only if, there exists a regular language Y with
= L“(A) [40, Cor. 1.6.3].
Now let A be a Biichi-automaton. By Biichi’s theorem [7], one can construct an MSO
formula ¢(X) with a single free set variable X such that, for all o € T,

I' = p(pref(a)) . <= a € L¥(A)
Consider the closed formula
1 =3Y: VB branch: ¢(B) +>Vbe BIyeY:b<y.

Here, B C I'* is a branch if it satisfies Va,b3dc: a < be B »>a€ BAb<c€ B, i.e., Bisa
language of the form pref(a) for some o € I'Y. Hence the formula 1) expresses that there is a
set Y CI'™ with ¥ = L“(A).

We claim that L“(A) is deterministic regular iff this formula ¢ holds in I'*. First,
suppose L¥(A) is deterministic regular. Then there exists a regular language Y C T'* with
L¥(A) =Y, hence the formula 1 holds. Conversely, suppose the formula ¢ holds, i.e., there
is a (not necessarily regular) language Y with Y = L“(A). Since Y is a set satisfying the
part of ¢ following the outermost existential quantifier, by [42, Thm. 23], there is also a
regular language Y with Y =¥ (A). The regularity of Y implies that L*(.A) is deterministic
regular. |

We now come to the main result of this section: the set of valid words corresponds to the
complement of the closure of some regular language.

» Proposition E.14. Let (X, I,) be a standard independence alphabet, i.e., s € [2], and K’
and L' the regular w-languages defined by (7) and (8), respectively.

The set Val of valid words equals the projection of the complement of [K' U L], i.e.,
Val = projo,, (¢ \ [K" U L']).

Proof. We have
[K'UL = [K'TU[L]]
[K]uX«\ [L] by Lemmas E.11 and E.12
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and therefore

projo, (X \ [K" U L']) = projo, (K] N [L])
= Val by Prop. E.8.

E.3 Lower bounds

In this section, we will prove analytical lower bounds for the problems GenP (IndA, ®). As it
turns out, the lower bounds can even be shown when restricting to deterministic regular and
co-deterministic regular languages. We therefore introduce the following restricted versions
of our problems:

» Definition E.15. Let GenP € {EmptP, RatP,RegP}, A C IndA a set of independence
alphabets and ® C BF a set of Boolean functions.

GenP% (A, ®) is the set of all tuples (T, 1), ¢, A1, ..., An) from GenP (A, ®) where the
Biichi-automata A; are deterministic.
GenP (A, ®) is the set of all tuples (T, 1), ¢, A1, ..., Ay) from GenP (A, ®) where

the languages L*(A;) are co-deterministic.

E.3.1 Standard independence alphabets

All lower bounds will be shown by a reduction from the problem in Corollary E.3, i.e., from
the emptiness problem for L(M) N Val where M is a deterministic Biichi-automaton over Op.
The following lemma prepares these reductions by relating the said emptiness to closures of
certain regular w-languages.

» Lemma E.16. Let M be some deterministic Biichi-automaton over Op and H = L* (M)W
{b,c,d}>* C X% denote the set of w-words whose projection to Op is accepted by M. Fur-
thermore, let (3, I5) be a standard independence alphabet, i.e., s € [2]. Finally, let K, L, K’,
and L' be the w-languages defined by (6), (7), and (8), respectively.

Then

(1) [HNK|N[L]=2*\ [\ HUK'UL'] and
(2) the following are equivalent:
(i) L*(M) N Val = 0.
(i) [HN K| N[L] = 0.
(iii) [H N K| N|[L] is regular.
(iv) There is a regular language M C 3% with [M] = [H N K| N[L].

Proof. Before we start the actual proof, we show
[HNX]=HnN[X]. (9)

for all X C X% as this equation will be used several times. To this aim, first note that H is
closed, i.e., H = [H]. Hence, for any w-word o € %, we have o € [H N X] iff a € [[H] N X].

3 The author is convinced that the set of co-deterministic Biichi-automata is decidable, but he could
not find a proof of this fact in the literature. To be on the safe side, such a proof can be found in the
appendix as Lemma E.13.
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But this is the case iff there is 8 ~ « with 8 € [H] and 8 € X. This, in turn, is equivalent to
a € [H]N[X]. Since [H] = H, we therefore get Equation (9).
Next, we verify (1). To this aim, first note that

S\ (H 0 K] = 5\ (0 [K]) by Ba. (9)
=YY\ HUXY\ [K]
=¥\ HUI[K] by Lemma E.11
=[X“\HUK/] since ¥ \ H is closed.

As a consequence,

SN ([HNK]IN[L]) =%\ [HNK]UX¥\ [L]
=[X¥\HUK'|U[L by above calculations and Lemma E.12
=E“\HUK'uULY.

Thus, indeed, claim (1) holds.

To show the equivalence of (i) and (ii), we demonstrate that the projection of [HNK|N[L] =
HN[K]N[L] equals L¥(M)NVal. For the first inclusion, let f € projo,(H N[K]N[L]). Then
there is a € H N [K] N [L] with f = projo,(a). From a € H, we get projo,(a) € LY(M).
From a € [K] N [L], Proposition E.8 implies proj,,(a) € Val. Now f = projg,(a) implies
f € L¥(M) N Val. For the inverse inclusion, suppose f € L¥(M) N Val. Since f € Val, there
exists a € [K] N [L] with f = projo,(a). Since f is accepted by M, this implies a € H.
Hence o € H N[K] N [L] implying f € projo,(H N [K] N [L]).

Thus, indeed, projo,([H N K] N[L]) = L“(M) N Val implying the equivalence of (i) and
(ii).

The implication (ii)=>(iii) is trivial since @ is regular.

For the implication (iii)=-(iv), suppose M := [H N K] N[L] is regular. As the intersection
of two closed sets, M closed. Hence [H N K| N[L] = M = [M] which ensures (iv).

The final implication (iv)=-(ii) is shown by contradiction. So suppose (iv) holds, but
[HNK]NI[L] # 0. In other words, there is a non-empty regular language M C I'* with
[HNK]|N[L] = [M]. Since M is regular, there are nonempty words u,v € I'" with uwv* € M.
But then wv* € M C [M] = [HNK]|N[L] C [K]N[L]. From Lemma E.6, we obtain

Projyy qp (uv®) = bro dbkr dbFs ... and Projopufe} (uv®) = apc®*rac®*2 ... with kg = 1 and
k; =5-¢; for all i > 0. From uv® € [L] and Lemma E.7, we obtain £;1 > %ki = % b >4
for all ¢ > 0. But this contradicts that projopu{c}(uv”) is ultimately periodic. |

We can now use the above lemma to show lower bounds for all the problems in consideration
over the standard independence alphabets.

» Corollary E.17. Let (X, ;) be a standard independence alphabet, i.e., s € [2]. The following
problems are I1} -hard:

(1) The regularity problems RegP%((2,1,), A) and RegP™~ % ((%, I,), Id).
(2) The emptiness problems EmptPe ((, I,), A) and EmptP®~ % ((2, 1), -).
(8) The rationality problems RatP%*((2, I,), A) and RatP~ % (%, I), ).

In particular, all three problems for deterministic Biichi-automata are hard for the con-
junction function A. For co-deterministic Biichi-automata, the regularity problem is already
I13-hard for the identity function, the other two problems are hard for the complementation
function — (and easily decidable for the identity function).
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28 Proof. All these hardness results are derived from Corollary E.3. So let M be a deterministic
285 Biichi-automaton over Op. Let H, K, L, K’, and L’ as in Lemma E.16.

2286 From M, one can construct a deterministic Biichi-automaton Apg with L (Ag) =
wsr LY (M)W {b,c,d}*® (cf. Lemma E.9). One easily sees that there are deterministic Biichi-
2 automata Ag and Afp such that K = L¥(Ag) and L = L“(Ap).

2289 From Lemmas E.11 and E.12, we obtain deterministic Biichi-automata By and By, such
200 that K/ = X%\ L¥(Bk/) and L' = X%\ L¥(Br/).
201 From the deterministic automata Ay and Ag, one can construct a deterministic Biichi-

20 automaton Apx with LY (Agk) = HN K. Lemma E.16(2) translates into the equivalence
293 of the following statements:

) LY(M)nVal=0

zos (i) [L9(Apg)] N [LY(AL)] = 0, ie., (3, 1), A, Ark, AL) € EmptP2 (2, 1,), A)

2o (iil) [L9(Apg)] N [L¥(AL)] is regular, ie., (2, 1), A, Axk, AL) € RegP%! (2, I,), A).

207 (iv) There exists M C X regular such that [M] = [LY(Ag)|N[LY(AL)], ie., (B, 1), N\, Apk, AL) €
2298 RatPZet((E,Is), )

2294 (1

20 Thus, the mapping M — ((3, I5), A\, Ak, Ar) is a reduction from the ITi-complete problem
200 in Cor. E.3 to all the problems GenP((%,I,), A) for GenP € {RegP, EmptP, RatP}.
2301 To also verify the remaining claims, note the following:

2302 Ew\(EW\HUK/UL/):HﬂEW\KIﬂZW\L/
2303 = LW(AH) N LW(BK/) N Lw(BL/) .

20 Since all these Biichi-automata are deterministic, one can construct a Biichi-automaton A
2305 with

2306 LW(A):Ew\HUK/UL/.

207 This automaton is co-deterministic since the complement of L“(.A) is deterministic regular.
20e From Lemma E.16, we obtain 3 \ [L¥(A)] = [H N K] N [L] implying that also the following
200 statements are equivalent to statement (i) above:

w0 (v) 29\ [L¥(A)] =0, ie., (2, ), A) € EmptP~ (3, 1,), -)

au (vi) ¢\ [L¥(A)] is regular.

a2 (vil) There exists M C X regular such that [M] = X% \ [L¥(A)], i.e., ((3,I5),—,A) €
2213 RatP®~%((2, I,), -).

s Thus, the mapping M — ((3, ), ,A) is a reduction from the IT}-complete problem in
s Cor. E.3 to the problems EmptP~%*((%, I,), ) and RatP®~ % ((%, I,), -).

2316 Finally note that statement (vi) is equivalent to the regularity of [L“(A). Hence the
»7  mapping M — ((%, I,),1d, A) reduces the ITi-complete problem in Cor. E.3 to the regularity
s problem RegP®~%!((, I,), Id). <

=0 E.3.2 Non-diagonal independence alphabets

20  From the hardness for the standard independence alphabets, we now infer the same hardness
a1 results for each and every non-diagonal independence alphabet (T',I). For this, we first
22 prove two preparatory lemmas that are then used to reduce the problems on the standard
223 independence alphabets to arbitrary non-diagonal independence alphabets.

2324 In order to simplify the wording of the following lemmas, we collect repeating assumptions
25 as follows.
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» Stipulation E.18. (I, I) is a non-diagonal independence alphabet and a,b,c,d € T’
with (a,b), (b,¢), (¢,d) € I and (a,c), (b,d) ¢ I; it is possible that (d,a) € I, but also that
(d,a) ¢ 1.

s € [2] with s =1 iff (a,d) € I, i.e., (¥, 1,) is the standard independence alphabet with
(a,d) € I iff Op x {d} C I,.
f: ¥ — {cac, caac, ..., cale,b,c,d} is a bijection with f(b) = b, f(c) = ¢, and f(d) = d.

Note that this stipulation also ensures f(o0) € {cac, caac, ..., ca%c} for all o € Op since f is
required to be a bijection. We denote the letterwise application of f to words from 3*° by f
as well.

E.3.2.1 Preparation

Since we want to apply Lemma B.4, we first ensure its applicability.

» Lemma E.19. Let (T',I), a,b,c,d, s, and [ satisfy Stipulation E.18. The mapping
f:X¥ = T¥ is injective and, for a,B € ¥¥, we have a ~ < f(a) ~ f(B), i.e., f
satisfies Equivalence (2) from Lemma B.4.

Proof. Let x;,y; € ¥ with f(x129--+) = f(y1y2---). Then f(z1x2) is a prefix of f(y1ys2) or
vice versa. An inspection of all possible cases yields 1 = y;. Hence f(xoxs---) = f(yays--+)
and we can proceed by induction getting x1xo - = y1y2 - - - . Hence, indeed, f is injective.

Now let a, 8 € £¥. We have to show that a ~ 8 holds if, and only if, f(«a) ~ f(3). For
this, we will show the following equivalences:

1. projg, g3 (@) = projy, g3 (8) iff projyy, 43 (f (@) = projyy, 4y (f(8))

2. projopugey (@) = projopugey (B) if projy, oy (f(a)) = projiq . (f(8))

3. Suppose (a,d) € D (and therefore Op x {d} C Dy, i.e., s = 2) as well as projo,,qcp (@) =
Projopue} (8). Then projy, 4 (a) = projy, 43 (8) iff projopuay (f(@)) = projopugay (f(8))

Before we do so, we verify that these three properties imply the equivalence of o ~ 3 and

fla) ~ F(B).

Suppose a ~ 3. Then « and 8 have the same projections to the alphabets {b, d}, OpU{c},
and (if s = 2) to OpU{d}. Hence, by the above, f(a) and () agree on their projections

to the alphabets {b,d}, {a,c}, and {a,d} (provided s = 2). But this ensures f(a) ~ f(3).

Conversely, suppose f(a) ~ f(5). Then these two words have the same projections to the
alphabets {b,d}, {a,c}, and (if s = 2) {a,d}. The above ensures that o and 5 agree in
their projections to {b,d}, Op U{c} and therefore to Op U {d} (if s = 2). Hence a ~ f3.

All that remains to be shown are the claims 1-3.

asad 1. Forall z € ¥, we have projy, 4y (%) = projy, 43 (f(2)). Hence projyg, 4 (o) = projy, 41 (f(a))

2359

and projy, 43 (8) = projg, 4y (f(8)) ensures the first equivalence.

sead 2. For all x € ¥, we have projg, (f(z)) = f(projopue (7). Hence projg, 4 (f(a)) =

2361

2362

F(Projopugey (@) and projg, o (f(B)) = f(Projopuge;(8)). Now the second statement
follows from the injectivity of f.

a68d 3. Suppose (a,d) € D and therefore s = 2 and Op x {d} C D,. Furthermore, suppose

2364

Projopuqe} (@) = Projopugey (B). We show the two implications seperately.

23:61

CVIT 2016



23:62

2365

2366

2367
2368

2369

2370
2371
2372
2373
2374
2375
2376
2377
2378
2379

2380
2381
2382
2383
2384
2385
2386
2387
2388
2389
2390
2391
2392

2393

2394

2395
2396
2397

2398

2399
2400

2401

2402

2403

Boolean combinations of w-rational trace languages: emptiness, rationality, regularity

First, suppose projop,ugay (f (@) = projopugay (f(8)). Forallz € ¥, we have projy, 4y (f(z)) =
Projq a3 (f (Projopusay (¢))). Therefore, we obtain

Projq,qay (f(@)) = projiq ay (f( Projopu{d} (@)))
= proj(q a1 (f(Projopugay (8)))
= prOJ{a,d} (f(ﬂ))-

Conversely, suppose projy, 41 (f(@)) = proj, a4y (f(8)). We have to show projo,urqy (@) =
Projopuqay (B). Towards a contradiction, suppose this is not the case. Let aq and (1 denote
the maximal prefixes of a and S, respectively, with projo,uay(@1) = projopusay (81). If
both prefixes are infinite, then oy = o and 1 = 8 which contradicts the assumption
Projopu{dy (o) # Projopu{dy (8). Hence, at least one of oy and S is finite; suppose the
former. Since «; is finite, there are as € ¥ and az € ¥¥ with a = a3 asasz. The
maximality assumption on «; ensures as € Op U {d}. Suppose §; is infinite, i.e., §; =
B. Then projo,uay(B8) = Projopuiay (B1) = Projopuray (1) # Projopuqay (o az as) =
Projopuiay (@), contradicting v ~ 3. Thus, #; cannot be infinite either, i.e., there are
B2 € ¥ and B3 € X¥ with § = 1 82 f3. By the maximality assumption on (31, we obtain
B2 € Op U {d} as well as ag # 2. Now note that

PrOj{q,q} (f(Oél Q2 ) = Projq, d}(f(al )pTOJ{a d} (f a2)) and
Proj(q.ay (f(B1 B2)) = proje,.ay (f(B1)) Proja,ay (f(B2))
= PTOJ{a d} (f(prOJOpU{d} b1 PTOJ{a d} (f(5 ))
(f(
(f(

—_ —
= —

= PTOJ{a d} f proJOpU{d} Qg PYOJ{a d} (f(ﬁ ))
= prOJ{a d} flaa )PTOJ{a d} (f ))
and that both these words are prefixes of projy, 4(f(a)) = projs, 4 (f(8)). Hence

Projg,.q1(f(az2)) is a prefix of projy, 43(f(B2)) or vice versa. Since az # B2 are elements
of Op U {d}, we obtain ag, 82 € Op. Consequently,

(
(
)
)
(B

Projoy, (prOjOpU{d} (a1)) az projo,(as) = projo, ()
= projo, (B) since projo,ugey (@) = Projopuger (8)
= projo, (Projopuiay (1)) B2 Projop, (8s)
= PrOjop (prOJOpU{d} 041)) B2 Pfojop(ﬁzs) .
)

But this contradicts ap # 2. Thus, projo,uay(@) # projopuay(8) is impossible, i.e.,
we have the desired equality. |

We need another preparation for the reduction from the problems on the standard
independence alphabets (X, I) to arbitrary independence alphabets. Namely, that images
(under f) of deterministic regular languages are deterministic regular and similarly for
co-deterministic regular languages.

» Lemma E.20. From (I',1), a,b,c,d € T, and f satisfying Stipulation E.18, and a Biichi-
automaton A over ¥, one can compute a Biichi-automaton Al over T' with L“(.Af) =

F(LY(A)) such that

(i) Af is deterministic if A is deterministic and
(i) A7 is co-deterministic if A is co-deterministic.
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Figure 3 Proof of Lemma E.20

Proof. Let A= (Q,%,I, T, F) be a Biichi-automaton. For all p € Q and o € Op, we assume,
w.l.o.g., the existence of a state ¢ € Q with (p,0,q) € T. Let Op = {o01,...,06} with
f(0;) = ca'c for all i € [6]. To construct the Biichi-automaton A/, let p € Q and let ¢; € Q
with (p,c¢,q) € T and (p,0;,¢;) € T for all i € [6]. Then replace the transitions (p, 0;,q;) by
the gatget in Fig. 3. The result is a Biichi-automaton A/ with L*(Af) = f(L“(A)). Note
that, assumeing A to be deterministic, also A/ is deterministic.

Now suppose A is co-deterministic. We have to show that Af is co-deterministic, i.e.,
that the language I'* \ L*(Af) is deterministic regular. Since A is co-deterministic, there
is a deterministic Biichi-automaton B with L¥(B) = ¥¢ \ L¥(A). Since the mapping f is
injective by Lemma E.19, we get

LY(BT) = f(L¥(B)) = (£ \ L*(A)) = f(E9) \ F(L¥(A)) = f(Z¥) \ L (AT).

Note that f(X“) equals {cac, caac, ..., cac,b,c,d}* C T“. Hence there is a deterministic
Biichi-automaton C with L¥(C) = T'¥ \ f(X%). Since the class of deterministic regular
languages is closed under union, the set

LYC)ULY(BT) =T¥\ f(E*) U f(£°) \ L(AT) =T\ L*(AT)

is deterministic regular. Hence, indeed, A/ is co-deterministic. <

E.3.2.2 Regularity problem

Our next aim is to reduce the regularity problem for a standard independence alphabet to
the regularity problem of the non-diagonal independence alphabet (I", I). As a preparation,
Lemma E.22 relates the regularity of [L1] N [Lg] and [f(L1)] N [f(L2)] for L1, Ly C X¢. Its
proof uses the following notion and result. For a finite word w € A*, let Alph(w) C A
denote the set of letters appearing in w; a language V' C A* is mono-alphabetic if any two
words from V agree on the letters appearing. Gastin, Petit, and Zielonka found the following
characterisation of closed and regular w-languages.

» Theorem E.21 ([14]). Let (A,I) be some independence alphabet and L C A“ be an
w-language. Then the following are equivalent.

(1) [L] is regular.
(2) [K] = [L] for some finite union K =
and mono-alphabetic.

icn] U; V¥ where U;, V; C AT are regular, closed,

» Lemma E.22. Let (I',1), a,b,c,d, s, and f satisfy Stipulation E.18.
Let Ly, Ly C 3. Then [L1] N [L2] is regular if, and only if, [f(L1)] N [f(L2)] is regular.

Proof. First, suppose that [f(L1)]N[f(Lz2)] is regular and let & € . Then o € [L1]N[Lo] iff,
for all ¢ € [2], there exist 8; € L; with a ~ ;. By Lemma E.19, this is the case iff there exist
Bi € L; with f(a) ~ f(B;) for all i € [2]. But this is equivalent to f(a) € [f(L1)] N [f(L2)].

23:63

CVIT 2016



23:64 Boolean combinations of w-rational trace languages: emptiness, rationality, regularity

s Thus, [L1] N [Lo] is the preimage of the regular language [f(L1)] N [f(L2)] under the mapping
a3 f and therefore regular as well.

2440 Conversely, suppose [L1] N [Ls] is regular. By Theorem E.21, there exists a union
uwn K = U Ui Vi with [K] = [Li] N [Lo] where U;,V; C ¥t are regular, closed, and
s mono-alphabetic. Consider the w-language H = ;¢ [f(Ui)] [f(V;)]“. For u,v € ¥t with
203 Alph(u) = Alph(v), we get Alph(f(u)) = Alph(f(v)), hence the languages [f(U;)] and
2 [f(V;)] are mono-alphabetic and closed. Now let z,y € ¥ with (x,y) € D. Then the set
aes Alph(f(zy)) C T of letters appearing in the image of f(z) or f(y) induces a connected
2w subgraph of (I', D). Since U; = [U;] is regular, also the language [f(U;)] is regular by [36]
247 (and similarly for V;). Thus, the w-language H is regular. Applying Theorem E.21, we obtain
aus that the closure [H] is also regular.

2449 We show [H| = [f(L1)] N [f(L2)] which will complete the proof. In other words, we have
a0 to show a € [H] <= a € [f(L1)]N[f(L2)] for all « € T¥.

251 First, suppose a € [H|. By the definition of H, there exist i € [n], u € U; and
us2 V1, V2, € Vi with a ~ f(u) f(v1) f(v2) -+ = f(uvive - -+). From uvivg--- € U; V¥, we get
uss uv1vg -+ € K. Since [K] = [L1] N [Lg], there exist 8; € L; with 8; ~ uvjvy--- for all i € [2].
uss - Now Lemma E.19 ensures

2455 o~ f(u'Ul'U2 e ) ~ f(ﬁl) € f(Ll)

uss  and therefore oo € [f(L1)] N [f(L2)]-

2457 Conversely, suppose o € [f(L1)] N [f(L2)]. Then there are 5; € L; with a ~ f(5;) for
uss all 4 € [2]. Lemma E.19 ensures 81 ~ 2 € Ly and therefore 81 € [L1] N [Le] = [K]. Hence
us0  there is v € K with 1 ~ 7 and therefore, by Lemma E.19, « ~ f(). But v € K implies the
ue0 existence of i € [n], u € Uy, and vy,vs -+ € V; with v = uwwvy ve---. Hence we have

ana~ f(y) = fu) f(v) flu2) - € [fU)] IF (V)Y € H
22 and therefore o € [H]. <

2463 Now we can use the above preparations to demonstrate the hardness of the regularity
xuss  problem.

ues > Proposition E.23. Let (T, I) be a non-diagonal independence alphabet. Then RegP%! (T, I), A)
ues  and RegP®~ (T, I),1d) are II}-hard.

xus7 Proof. To obtain these lower bounds, we reduce from the corresponding problems for
e the standard independence alphabets in Corollary E.17. So let a,b,c,d, s, and f satisfy
2469 Stipulation E.18.

2470 Let A; and Ay be deterministic and B a co-deterministic Biichi-automaton over 3.
2 Construct, using Lemma E.20 (co-)deterministic Biichi-automata A{ , Ag, and B/ over T
arn with L“’(A{) = f(L¥*(A;)) and L¥(Bf) = f(L*(B)). From Lemma E.22, we obtain the

2473 fOHOWiIlg:

[L¥(A1)] N [L¥(A2)] is regular iff [L*(A)] N [L¥(A])] is regular.
L¥(B)] is regular iff [L¥(B)] N [L*(B)] is regular iff [L*(Bf)] N [L¥(BY)] is regular iff
L*(B')] is regular.

2475

2476

urr - Hence the mappings (3, I ), A, A1, Az) — (3, L), A, AL, AT) and (3, 1), 1d, B) — ((, L), 1d, BY)
azs prove RegP% (%, I,), A) < RegP%*((T', I), A) and RegP2~ % ((%, I,),1d) < RegP~ (I, I),1d).
a9 Now the claims follow from Cor. E.17. <
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x0 E.3.2.3 Emptiness problem

us1 We next show that also the emptiness problem for non-diagonal independence alphabets is
xus2  hard. Note that, differently from the regularity problem, we consider the Boolean function —
23 as opposed to Id when studying co-deterministic regular languages.

23 Proposition E.24. Let (', I) be a non-diagonal independence alphabet. Then EmptPZEt((F, I),N)
ues  and EmptP~ (D, T), =) both are II}-hard.

xuss  Proof. To obtain these lower bounds, we reduce from the corresponding problems in Corol-
2 lary E.17(1). So let a, b, ¢, d, s, and f satisfy Stipulation E.18.

2488 We start with EmptP%((T", I), A). So let A; and A, be deterministic Biichi-automata
us over the alphabet . For i € [2], construct the deterministic Biichi-automaton Alf from
u0  Lemma E.20(1) with L*(A/) = f(L“(A;)). By Lemma E.19, we can apply Lemma B.4
s which yields [L*(A)] N [L%(As)] = 0 iff [£(5%)] N [L(AD N [L¥(AS)] = 0. Since L@ (A]) =
ue  f(L¥(A1)) C f(E¥), this is the case iff [L¥(AS)] N [L¥(AL)] = 0. Consequently, the
203 mapping (X, 1), A, A1, Az) — ((F,I),/\,.A{,Ag) is a reduction of EmptPict((Z,Is),/\) to
uss  EmptPY (D, 1), A).

2495 To also prove the hardness of ErnptPff’*d‘Et((F7 I),-), let A be a co-deterministic Biichi-
a0 automaton over . Construct, using Lemma E.20(ii) a co-deterministic Biichi-automaton Af
uor  over I with L (Af) = f(L¥(A)). From Lemmas E.19 and B.4, we obtain [X¢]\ [L¥(A)] = 0)
a0s  iff [f(E“’)] nr« \ [Lw(Af)] = 0.

2499 Since T \ f(X*) is regular, one can construct a Biichi-automaton B with L¥(B) =
w0 LY(AT)UT® )\ f(X¢). Even more, the languages I \ L*(A/) and f(X¥) are deterministic
s regular implying that B is co-deterministic (since the class of deterministic regular languages
02 is closed under intersection). Now we have

ms TN [LE(A]IN[F(E9)] =T\ [L9(A )] NI (T2 [£(2°)))

2504 =1 \ ([Lw U e \ [ ( )])
2505 :Fw\ [Lw(Af)UFw\f(zw)]
2506 =1* \ [Lw( )}

x0r  and therefore
2508 YON[LY(A)]) =0 <= [f(E)NTY\ [LY(Af)] =0 — T\ [L*(B)]=0.

]
0  Hence, the mapping ((%, I5), =, A) — ((T', I), -, B) is a reduction of the II}-hard emptiness
10 problem EmptP{’~ det((E I,),—) to the emptiness problem EmptP{’~ det((F I),-). <

»1 E.3.2.4 Rationality problem

12 The above propositions provide lower bounds for the regularity and the emptiness problem.
13 We next prepare the similar result for the rationality problem. The proof relies on Lemma B.5
1. whose applicability is assured by the following preparatory result.

w5 Lemma E.25. Let (T',1), a,b,c,d, s, and f satisfy Stipulation E.18.
2516 There is a rational relation R that satisfies conditions (a) and (b) of Lemma B.5.

»s7 - Proof. First, suppose (a,d) € I. For i € [6], we set

2518 Siz{( U )|U~caicvandv€{b,d}*}

catcv

s and, for all U,V €T, (V) € R iff
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2520 U=UUs,---,
2521 V:V1V2~--,and

2522 ([‘ij) S Uie[ﬁ] SZ U {(2), (E), (g)} for allj Z 1

2523 First, we verify that the relations S; are rational (for all ¢ € [6]). By definition (g) € §; ift
s there exists v € {b,d}* with V = ca’cv,

225 (1) projyg, 1 (U) = projy, o3 (V), and
2526 (ll) pI‘Oj{b’d}(U) = proj{b7d}(V).

227 Assuming V = ca’cv, the first condition is equivalent to proj{a’c}(U) = ca'c. Hence the

s statement (g) € S; is the conjunction of

2520 a regular condition on V (namely V € ca’c{b,d}*),
2530 a regular condition on U (namely U € ca‘c U {b,d}*), and
2531 a rational condition on the pair U and V' (namely projy, 4y (U) = projg, 41 (V).

»3 Hence the relation .S; is rational.
2533 Before we look at the relation R, the following aspect of the relation S; is important.
3 There is some o € Op with f(0) = ca’c. Since the mapping f fixes the letters b and d, we get

s si={ () 1V~ S0 and w e oy}

»3  and therefore

o S = ig] S — {(fqu | U ~ f(w) and w € Op {b, d}*} .

2538 Now let (g) € R. Then U and V factorize into U = U Uy --- and V = Vi V5 --- with

- @) 000)

s for all j > 1. Since f fixes b, ¢, and d, this implies U; ~ V; € f(X7) for all j > 1 and
sa therefore U ~ V € f(X¢). This ensures condition (a) from Lemma B.5.

2502 To also verify the condition (b) from Lemma B.5, let U € [f(3“)]. Then projy, .;(U) €
s {c,cale,ca’e, ... ca%}>°. Hence U factorizes into U = U1 Uy - - - with

2544 Uj S {b, c, d} U U (caic LLI {b, d}*)

1€[6]

asas  for all j > 1. Set

{m if U, € {b,c,d}
2546 V] - . . . . .
ca'cprojy, 3 (U;) i Uj € ca’c {b,d}*.

a7 such that ([‘2) € {(g), (c)7 (Z)} U .S holds for all j > 1. With V = VjV5 .-, we therefore

»si  have (g) € Rand V € f(X¥).
2549 Thus, indeed, the rational relation R satisfies conditions (a) and (b) of Lemma B.5.
2550 It remains to consider the case (a,d) ¢ I.
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For i € [6], we set

Si:{( cryze )me{b,d}*,yewmb*}

x proj,(y) catc z

and S = Uie[ﬁ] S;. Then a pair of words U and V belongs to S; iff they can be factorized
into cryzc and x proj,(y) ca’c z with the properties given in the definition of S;, i.e., iff

ORI O 0N

Thus, this rational relation equals S; implying that S is rational. It can easily be checked
that (g) € S implies that the projections of U and V to {a,c}, {a,d}, and {b,d} are equal,
i.e., that U ~ V holds. Furthermore, then V € {b,d}* f(Op) {b,d}* C f(X7T) since f fixes b
and d.

Furthermore let the relation R over I'“ consist of all pairs (g) with

U=UUs---,
V=WV, and

() e SU{(): (9. ()} foranj=1

Since (l‘ij) € S implies U; ~ V; € f(X1) and since f fixes b, ¢, and d, we get U ~ V € f(2¥)
which ensures condition (a) from Lemma B.5.

To also verify condition (b) from Lemma B.5, let U € [f(X%)]. Then there exists
w € X¥ with U ~ f(w). It follows that their projections to {a,c,d} are equivalent as well:
Proj g c,ap(U) ~ Proji, .41 (f(w)) (note that these two projections need not be equal since
(c,d) € I). Since f(3¥) is the set of sequences of words ca’c for i € [6], b, ¢, and d, and

since w € X, the word projy, . 4 (f(w)) factorizes into words ca’c with i € [6], ¢, and d.

Depending on whether the number of factors of the form ca'c is zero, finite (and non-zero),
or infinite, one of the following hold:

proj{a,c7d}(f(w)) € {Ca d}oo ) )
PrOjfq.c.ay (f(w)) = woa" x1a*xs - - - a™ x), with k > 1, i; € [6] for all j € [k], and

{c,d}*cd* for j=0
xj € ¢ d*c{c,d} ed*  for j € [k —1]
d*c{e,d}> for j=k.

Projig c.ay (f(w)) = woa x1a™ - with zg € {c,d}*cd*, z; € d*c{c,d}*cd* and i; € [6]
for all j > 1.

Since a is dependent from both, ¢ and d and since projy, . 43 (U) ~ projy, . 41 (f(w)), also

the word projy, . 41(U) has one of these three forms. In other words, is factorizes into words

of the form cd*a*d*c for i € [6], ¢, and d. Since U belongs to the shuffle of its projection and

b>, it factorizes into U = U1 Us - - - with U; € {b,¢,d} U Uie[ﬁ} (cd*aid*c LL b*) for all 7 > 1.
We next define V; such that

() (s 0 C-))

23:67
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2ss This is trivial if U; € {b,¢,d}: just set V; = U;. Otherwise, there is ¢ € [6] with U; €
s cd*a’d*c W b*. Hence U; = zocryzexy, with zo, 21 € b, z € {b,d}*, y € a® Wwb*, and z €
s {b,d}*. Then set V; = zoz proj,(y) ca’czz;. Since (xproj?:(yyz)iaicz) € S and zg, 21 € {b,c,d}",

ez we found the word V; as required. Setting V' = Vi V5 - -+, we obtain that ( ) factorizes into
xgs  factors from

=« sl (G

20 implying that it belongs to R.

2501 Thus, also in case (a,d) ¢ I there is a rational relation R satisfying conditions (a) and
02 (b) in Lemma B.5. <
2503 Finally, we can also prove the hardness of the rationality problems for any non-diagonal

x4  independence alphabet.

205 B Proposition E.26. Let (T, I) be a non-diagonal independence alphabet. Then the rationality
so6  problems RatPe (T, 1), A) and RatP®°~%* (T, I), =) both are II} -hard.

07 Proof. To obtain these lower bounds, we reduce from the rationality problems in Corol-
208 lary E.17(3). Both these reductions are based on Lemma B.5.

2509 So let a,b,c,d, and f satisfy Stipulation E.18. Furthermore, set s = 1 if (a,d) € I and
w0 s =2if (a,d) ¢ I, 1ie., (X, 1) is the standard independence alphabet with (incy,d) € Iy <~
w0 (a,d) € I. Then, by Lemma E.19, Equivalence (2) from Lemma B.4 holds. Lemma E.25
02 ensures the existence of a rational relation R such that conditions (a) and (b) of Lemma B.5
2603 hOld

s Conjunction. After these preparations, we can now reduce RatP?((%, I,), A) to the rational-
x0s ity problem RatP%((T',I), A). So let A; and Ay be two deterministic Biichi-automata over
w6 X. Let Af and A7 denote the deterministic Biichi-automata with L*(A;) = f(L“(A;)) that
x0r we can compute by Lemma E.20(i). By Lemma B.5, (2, I,), A, A, As) € RatP%((2, I,), A)
08 if, and only if, there exists a regular language K’ C T'* with [K'] = [f(Z*)] N [f(L¥(A1))] N
w0 [f(L¥(Az))]. Note that this latter language equals [L“(A])] N [L* (A2)] since [f(L¥(A;))] C
w0 [f(2¥)]. Hence we showed the equivalence of ((2,I),A, A1, As) € RatP((2,I,), A)
an and (D, 1), A, Al AD) € RatP! (I, 1), A), ie., that the mapping ((X,1),A,Ar, As) —

s (T, 1), A, A, Al) is a reduction of the rationality problem RatP%!((%, I,), A) to the ration-
a3 ality problem RatP%((I", I), A) which is therefore IT}-hard by Corollary E.17(3).

wa  Negation. Tt remains to also reduce RatP~%((%,1,),-) to the rationality problem
w5 RatP~ 9 ((T', 1), ). So let A be a co-deterministic Biichi-automaton over ¥ and A/ the co-
s deterministic Biichi-automaton with L*(Af) = f(L¥(A)). By Lemma B.5, ((%, ), -, A) €
w7 RatP~ % ((% 1,),-) if, and only if, there exists a regular language K’ C I'* with [K'] =
o [F(S)] TN [F(L2(A)], e, with [K] = [f(5)] \ [L*(AT)]

2610 We show that this is equivalent to the existence of a regular language K’ with [K"] =
w0 T\ [L¥(AN)] (ie., (T, 1), -, AT) € RatP<~ % (T, I),-)). But first, note that the closure of

2 f(X%) isregular since U € [f(3*)] iff the projection projy, .3 (U) belongs to {c, cate,ca’e, ... cac}>.

2622 Now, suppose [f(£%)] \ [L¥(A7)] is the closure of the regular language K’. Then
wn K" =K' UT%\ [f(2%¥)] is regular and satisfies

2620 [K"] = [K'TU [T\ [£(2)]]

2625 = [f(EZ)]\ [L*(ADJUTY \ [f(%)]  since I\ [f(X*)] is closed

T [L2(AT) since [L#(AT)] = [£(Z*(A)] € [f(5)].
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Conversely, suppose I'“ \ [L¥(Af)] is the closure of the regular language K”'. Then K’ :=
K" N [f(%%)] is regular and satisfies

[K'] = [K"] N [f(Z¥)] since [f(X“)] is closed
=TI\ [LY(AT)] N [f()]
= [f(E)\ [L(AT)].

Thus, indeed, [f(X¢)]\ [L(Af)] is the closure of some regular language K if, and only if,
@\ [L¥(A7)] is the closure of some regular language K. Thus, the mapping ((%, I5), -, A) —
(I, I), -, A7) is a reduction of the rationality problem RatP =9 ((2, I,), =) to the rationality
problem RatP~%((I", I), =) which is therefore II}-hard by Corollary E.17(3). <

So far, we proved the hardness of GenP ((T', I), ) for any non-diagonal independence
alphabets and specific functions ¢ € {Id, A, =}.

Using the reductions from Lemma 2.3, these hardness results can be extended to (almost)
all sets of functions and independence alphabets.

» Corollary E.27. Let A C IndA and ® C BF be decidable sets of independence alphabets
and Boolean functions, respectively.

(1) If A € DiagA and ®  CONST, then RegP, (A, ®) is I1}-hard.
(2) If A € DiagA and ® € MAX, then RatP (A, ®) and EmptP (A, ®) are I1}-hard.

Proof. Let (I',I) € A be non-diagonal.

(1) Suppose ¢ € &\ CONST. Then RegP ,((T', I),1d) is II}-hard by Prop. E.23 and can be
reduced to RegP (A, ®) by Lemma 2.3(1). Hence, also the latter problem is IT3-hard.
(2) Now let p € @ \ MAX and GenP € {RatP, EmptP}.
Then GenP,((T',I), A) and GenP,((T',I), ) both are IT}-hard by Props. E.24 and E.26,
respectively.
Lemma 2.3 allows to reduce at least one of these two problems to GenP ,((T', I), ¢) and
therefore to GenP, (A, ®). Hence, also this latter problem is IT}-hard.
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