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Abstract5

This paper studies decision problems for Boolean combinations of ω-rational trace languages. The6

complexities of these decision problems (emptiness, regularity, rationality) are classified depending7

on properties of the independence alphabets and of the Boolean combinations allowed. For any of8

the problems, we obtain a trichotomy ranging from decidable over a low level of the arithmetical9

hierarchy to a low level of the analytical hierarchy.10
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1 Introduction15

Finite and infinite Mazurkiewicz traces [32, 10] (cf. [9]) are a formal model for the description16

of the (nonterminating) behavior of concurrent systems that synchronize via shared actions.17

They are closely related to communicating finite state machines [5, 16, 17, 30], have been18

studied in the contexts of model checking (e.g., [12, 3]) and the distributed control synthesis19

problem [15, 18, 19] and allow to model multi-buffer systems [25] and multi-pushdown systems20

[26, 27, 29].21

The idea behind traces is that sequences of basic actions, i.e., words, form interleavings22

of the executions of several, concurrently running, processes. Words that are interleavings of23

one and the same concurrent execution are considered equivalent. Formally, the concurrency24

in a system is given by an independence alphabet that describes which pairs of actions are25

executed by disjoint sets of sequential processes and can therefore commute in interleaving26

executions. As a consequence, questions like “Do two concurrent systems allow the same27

concurrent executions?” translate into “Does every interleaving execution of one system have28

an equivalent interleaving execution of the other system?” or “Are the closures of the sets29

of interleaving executions under the equivalence of words equal?” In other words, one is30

interested in the closure of a language under this equivalence.31

For regular sets of finite words, questions of this type have been studied in detail. Here,32

e.g., non-inclusion asks for the existence of some finite object (a word) with some decidable33

property (to belong to the closure of the first regular set, but not to the closure of the34

second). Hence inclusion belongs to the first universal level of the arithmetical hierarchy Π0
1.35

Differently, regularity asks for the existence of a finite object (a finite automaton) such that36

all finite objects (words) satisfy some decidable property (to belong to the closure if, and37

only if, they are accepted by the automaton). Hence, this problem belongs to the second38

existential level of the arithmetical hierarchy Σ0
2. These easy observations do by no means39

exclude that inclusion or regularity can be expressed by simpler means, e.g., are decidable or40

belong to Π0
1.41

The computer science literature provides a clear distinction between the decidable and42

undecidable instances of these problems. This border is described using two properties of43

independence alphabets, namely “transitivity” and “diagonality” (which is strictly more44
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general). The known answers are as follows: inclusion and regularity are decidable for45

transitive independence alphabets, and otherwise complete for Π0
1 and Σ0

2, respectively46

[2, 44, 28]; disjointness is decidable even for diagonal independence alphabets and Π0
1-47

complete otherwise [1].48

An attempt to extend these results to infinite traces was started in [28]. That paper49

shows in particular that, for closures of regular languages of infinite traces, regularity for50

transitive independence alphabets and disjointness for diagonal independence alphabets are51

in Π0
1; it was left open as to whether these problems are decidable as they are in the finite52

case [44, 1]. The results of this paper imply affirmative answers to both these questions.53

In detail, we study decision problems for Boolean combinations of closures of regular54

ω-languages, namely the emptiness, the regularity, and the rationality problem that asks55

whether a given Boolean combination is the closure of some regular language (this latter56

problem has been considered for finite words in [2], but does not appear in [28]). For infinite57

words, all these problems belong to the second universal level of the analytical hierarchy Π1
2.58

Depending on graph theoretic properties of the independence alphabet (i.e., the “architecture”59

of the distributed system) and properties of the Boolean combination, we classify all these60

problems into decidable, Π0
1-complete, Σ0

2-complete, and Π1
1-hard (cf. Table 1). The only61

graph properties appearing in this classification are “transitive”, “diagonal”, and “non-62

diagonal”; and the only properties of the Boolean combinations are “trivial” (i.e., ∅ or “all63

words”), “finite union”, “positive”, and “non-positive”. Looking at the results, one observes64

two striking similarities between the cases of finite and infinite words:65

1. A problem for infinite words is decidable if, and only if, its version for finite words is66

decidable.67

2. If one considers only diagonal independence alphabets, then there is no difference in68

complexity between a problem for infinite words and for finite words.69

One also notes that the regularity problem and the rationality problem behave much the70

same: the levels of undecidability are almost always the same. Nevertheless, these two71

problems are quite different: the regularity problem is of maximal difficulty even for the72

trace closure of a rational language (where the rationality problem has a trivial answer).73

On the other hand, there are also two striking differences:74

1. Any of the problems on finite words yields a dichotomy while, for infinite words, we75

always have a trichotomy.76

2. If one allows some non-diagonal independence alphabet, then the problem for finite words77

remains arithmetical while it is Π1
1-hard for infinite words.78

2 Preliminaries79

The the set N of non-negative integers starts with 0 and, for n ∈ N, we set [n] = {1, . . . , n}.80

The powerset of a set X is denoted P(X).81

Words and automata82

Let Γ be an alphabet. The set of finite words over Γ is denoted Γ∗, Γω denotes the set83

of ω-words over Γ, and Γ∞ = Γ∗ ∪ Γω. For x ∈ Γ∞ and 0 ≤ m ≤ |x|, x[1 . . .m] is the84

prefix of w of length m. For two words or ω-words x, y ∈ Γ∞, the shuffle x� y ⊆ Γ∞ is85

the set of all words or ω-words x0y0 x1y1 x2y2 · · · where xi, yi ∈ Γ∗ are finite words with86

x = x0x1x2 · · · and y = y0y1y2 · · · . For α ∈ Γ∞ and A ⊆ Γ, the projection projA(α) ∈ A∞
87
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is obtained by deleting all letters from α that do not belong to A. We write |α|A for the88

length of the projection projA(α); proja(α), |α|a, and |α| abbreviate proj{a}(α), |α|{a}, and89

|α|Γ, respectively.90

Subsets of Γ∗ are called finitary languages or ∗-languages while subsets of Γω are ω-91

languages.92

Let K ⊆ Γ∗ and L ⊆ Γ∞. Then the concatenation of K and L is K · L = {ux | u ∈93

K and x ∈ L} ⊆ Γ∞. The Kleene iteration K∗ is the set of words u1 u2 · · · um for some94

m ≥ 0 with u1, u2, . . . , um ∈ K. The ω-iteration Kω of K is the set of ω-words u1 u2 · · ·95

with ui ∈ K \ {ε} for all i ≥ 1.96

Let K,L ⊆ Γ∞. The shuffle of K and L is the union of all shuffles x� y with x ∈ K and97

y ∈ L, we will also apply this operation to more than two languages in the obvious manner.98

A nondeterministic finite automaton or nfa is a tuple A = (Q,Γ, S, T, F ) where Q is a99

finite set of “states”, Γ an alphabet, S, F ⊆ Q sets of “initial” and “final states”, respectively,100

and T ⊆ Q × Γ × Q the transition relation. For a state p ∈ Q, we write Ap→ for the nfa101

(Q,Γ, {p}, T, F ) that only differs from A in its initial state. For p, q ∈ Q and u ∈ Γ∗, we102

write p u−→ q if there is some u-labeled path from p to q. If there is such a path that visits103

some accepting state, we write p u=⇒ q. A word u ∈ Γ∗ is accepted by A if there are p ∈ S104

and q ∈ F with p u−→ q; L∗(A) denotes the ∗-language of words accepted by A. A ∗-language105

L ⊆ Γ∗ is regular if there exist an nfa A with L = L∗(A).106

An ω-word α is accepted by A if it splits into finite words α = u0 u1 · · · such that p u0−→ q107

and q
ui−→ q for all i ≥ 1 for some p ∈ S and q ∈ F . The set of ω-words accepted by A is108

Lω(A); an ω-language L is regular if there is some nfa A with L = Lω(A).109

Finally, we recall some clasical notions on binary relations on Γ∞ from [22], cf. [4] for the110

case of relations on finite words.111

Let R ⊆ Γ∗ × Γ∗ and S ⊆ Γ∞ × Γ∞ be two binary relations. Then R · S = {(uv, u′v′) |112

(u, u′) ∈ R and (v, v′) ∈ S} is the concatenation of R and S. The power of R is defined113

inductively by R0 = {(ε, ε)} and Rn+1 = R ·Rn. The finite iteration of R is R∗ =
⋃

n≥0 R
n;114

its ω-iteration is the set115

Rω = {(u1u2u3 · · · , v1v2v3 · · · ) ∈ Γ∞ × Γ∞ | (ui, vi) ∈ R for all i ≥ 1} .116

The relation S ⊆ Γ∞ × Γ∞ is rational if it can be constructed from finite relations on Γ∗
117

using union, concatenation (with the first factor a relation on Γ∗), and finite and ω-iteration118

(applied to relations on Γ∗).119

Rational relations describe the behavior of transducers: a transducer is a tuple A =120

(Q,Γ, S, T, F ) where Q, Γ, S and F are as in nfas and T ⊆ Q× (Γ ∪ {ε})2 ×Q the transition121

relation. For p, q ∈ Q and u, v ∈ Γ∗, we write p (u,v)−−−→ q if there is some (u, v)-labeled path122

from p to q. A pair of possibly infinite words (α, β) ∈ Γ∞ × Γ∞ is accepted by A if α and β123

split into α = u0 u1 · · · and β = v0 v1 · · · such that there are states p ∈ S and q ∈ F with124

p
(u0,v0)−−−−→ q and q

(ui,vi)−−−−→ q for all i ≥ 1 (if ui = vi = ε for all i > j, then α and β both are125

finite and there is a sequence of transitions from q back to q that all are labeled (ε, ε)). The126

set of pairs accepted by A is R∞(A). Then a relation on Γ∞ is rational iff it is accepted by127

some transducer.128

From an nfa A and a transducer B, one can construct an nfa A′ with v ∈ L∗(A′) iff129

there exists u ∈ L∗(A) with (u, v) ∈ R∞(B). Similarly, from a Büchi-automaton A and130

a transducer B, one can construct a Büchi-automaton A′ with β ∈ Lω(A′) iff there exists131

α ∈ Lω(A) with (α, β) ∈ R∞(B).132
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▶ Convention. Many objects considered in this paper appear in two forms: word vs. ω-word,133

∗-language vs. ω-language. At places, we blur this distinction and just talk about words and134

languages assuming that the context explains what version is meant.135

Traces136

An independence alphabet is a pair (Γ, I) of an alphabet Γ and an irreflexive and symmetric137

independence relation I ⊆ Γ × Γ; its complement is the dependence relation D = Γ2 \ I. The138

set of all independence alphabets is denoted IndA.139

Two words x, y ∈ Γ∞ are equivalent [10] (denoted x ∼ y) if, for all (not necessarily140

distinct) letters a, b ∈ Γ with (a, b) ∈ D, we have proj{a,b}(x) = proj{a,b}(y).1141

For L ⊆ Γ∞, the closure is the set [L] = {y ∈ Γ∞ | ∃x ∈ L : x ∼ y} of all (ω-)words y142

that are equivalent to some element of L. The set L ⊆ Γ∞ is closed if L = [L]. If L = {x} is143

a singleton, the closure [L] of L equals the equivalence class [x] of x wrt. ∼.144

In this paper, we will regularly be concerned with closures of regular sets and with145

closed regular sets. If L is closed and regular, then it is the closure [L] of the regular set146

L. Conversely, suppose (a, b) ∈ I. The closure of the regular set L = {ab}∗ is the set [L] of147

words u ∈ {a, b}∗ with |u|a = |u|b and therefore not regular. Thus, regular closed sets are148

closures of regular sets, but there are closures of regular sets that are not regular.149

▶ Remark. Recognizable and rational sets of (infinite) traces [32, 11] correspond to closed150

regular and closures of regular languages, respectively. We could therefore phrase our results151

in terms of these sets of traces; the author prefers the current point of view as it only concerns152

sets of words and avoids the consideration of traces as equivalence classes of words.153

Decision problems154

This paper deals with decision problems related to Boolean combinations of closures of155

regular languages, e.g., we will investigate the decidability status of the question whether156

the language [L∗(A1)] ∩ [L∗(A2)] is empty (is regular, resp.) for two nfas A1 and A2. To157

present all these problems uniformly, we next introduce some notions.158

Let φ : {0, 1}n → {0, 1} be a Boolean function and L1, . . . , Ln ⊆ Γ⊙ ⊙-languages over Γ.159

The ⊙-language
〈
L1, . . . , Ln

〉φ is the set of words x ∈ Γ⊙ such that φ
(
χL1(x), χL2(x), . . . , χLn

(x)
)

=160

1 where χLi
is the characteristic function of Li.161

▶ Example. Let Id be the unary identity function, ∧ the binary minimum-function, and ¬162

the negation. Then, for any languages L1 and L2, we have
〈
L1
〉Id = L1,

〈
L1, L2

〉∧ = L1 ∩L2,163

and
〈
L1
〉¬ = Γ⊙ \ L1.164

We now come to the decision problems studied in this paper.165

▶ Definition 2.1. Let ⊙ ∈ {∗, ω}, A ⊆ IndA be some set of independence alphabets, Φ some166

set of Boolean functions, and GenP ∈ {EmptP,RatP,RegP}. Then GenP⊙(A,Φ) is the set167

of tuples ((Γ, I), φ,A1, . . . ,An) with (Γ, I) ∈ A an independence alphabet from A, φ ∈ Φ an168

n-ary Boolean function from Φ, and A1, . . . ,An nfas over Γ with169

H =
〈

[L⊙(A1)], [L⊙(A2)], . . . , [L⊙(An)]
〉φ

170

such that171

1 Two other, equivalent, definitions of ∼ have been formulated by Gastin [10].

CVIT 2016
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GenP = EmptP and H = ∅ (the emptiness problem),172

GenP = RatP and H = [L] for some regular language L ⊆ Γ⊙ (the rationality problem),173

or GenP = RegP and H is regular (the regularity problem)174

▶ Example. The problems EmptP∗((Γ, I),∧) (the “disjointness problem”), RatP∗((Γ, I),¬),175

and RegP∗((Γ, I), Id) are undecidable in general [1, 44].176

The above problems are parametrized by a set A of independence alphabets and a set of177

Boolean functions Φ. We next describe particular sets that are central in our classification.178

A Boolean function φ : {0, 1}n → {0, 1} is179

constant if φ(b) = φ(c) holds for all b, c ∈ {0, 1}n.180

a max-function if it is constant or there exists a non-empty set A ⊆ [n] with φ(b1, . . . , bn) =181

max{bi | i ∈ A} for all b1, . . . , bn ∈ {0, 1}.182

monotone if φ(b1, . . . , bn) ≤ φ(c1, . . . , cn) for any arguments from {0, 1} with bi ≤ ci for183

all i ∈ [n].184

The set of all constant (max-, monotone, resp.) functions is denoted CONST (MAX, monBF,185

resp.); BF denotes the set of all Boolean functions.186

It turns out that the regularity problem for constant functions and the emptiness problem187

and the rationality problem for max-functions are simple (if not trivial).188

proof: p. 16
▶ Proposition 2.2. Let ⊙ ∈ {∗, ω}. Then EmptP⊙(IndA,MAX), RatP⊙(IndA,MAX), and189

RegP⊙(IndA,CONST) are decidable.190

After considering constant and max-functions, we next turn attention to Boolean functions191

outside these classes. Claim (1) in the following lemma ensures that the function Id192

induces the full difficulty of the regularity problem RegP⊙(A,Φ) if Φ ̸⊆ CONST. Similarly,193

∧ ∈ monBF \ MAX (¬ /∈ monBF, resp.) gives rise to the full difficulty of GenPω(A,Φ) if194

Φ ⊆ monBF and Φ ̸⊆ MAX (Φ ̸⊆ monBF).195

proof: p. 16
▶ Lemma 2.3. Let ⊙ ∈ {∗, ω}, GenP ∈ {EmptP,RatP,RegP}, A ⊆ IndA, and φ ∈ BF.196

(1) If φ /∈ CONST, then RegP⊙(A, Id) ≤ RegP⊙(A, φ).197

(2) If φ ∈ monBF \ MAX, then GenP⊙(A,∧) ≤ GenP⊙(A, φ).198

(3) If φ /∈ monBF, then GenP⊙(A,¬) ≤ GenP⊙(A, φ).199

Besides the above classes of Boolean functions, there are also classes of independence200

alphabets central in this paper. Let (Γ, I) be an independence alphabet. It is201

complete if (a, b) ∈ I for all a, b ∈ Γ distinct.202

transitive if P3 (the path on three vertices) is not an induced subgraph.203

diagonal if neither C4 (the cycle on four vertices) nor P4 is an induced subgraph.204

The term “diagonal” was coined in [46], [1] uses the term “transitive forest” instead.205

The set of all complete (transitive, diagonal, resp.) independence alphabets is denoted206

ComplA (TransA, DiagA, respectively).207

Arithmetical and analytical hierarchy208

This paper describes the complexity of the above decision problems. But as most of them209

are undecidable, this requires a yardstick for undecidability. The said hierarchies are such a210

yardstick. We refer the reader to [37] for definitions and useful properties.211
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3 Finitary languages212

In this section, we study the problems GenP∗(A,Φ), i.e., consider finite words. Many of213

the results follow easily from the literature, an exception is the rationality problem for214

non-transitive independence alphabets.215

We first state upper bounds on some versions of the emptiness problem EmptP∗(A,Φ),216

thanks to the work by Aalbersberg, Welzl, and Hoogeboom, the proofs of claim (2) and (3)217

are rather straightforward. Claim (1) follows since containment in the closure of a regular218

language is decidable.219

proof: p. 17
▶ Lemma 3.1. (1) The emptiness problem EmptP∗(IndA,BF) is in Π0

1.220

(2) The emptiness problem EmptP∗(TransA,BF) is decidable [2].221

(3) The emptiness problem EmptP∗(DiagA,monBF) is decidable [1].222

Now the following dichotomy result follows easily from [1, 31, 44, 35].223

proof: p. 18
▶ Theorem 3.2. Let A ⊆ IndA and Φ ⊆ BF be decidable sets.224

(1) The emptiness problem EmptP∗(A,Φ) is decidable if A ⊆ TransA, or A ⊆ DiagA and225

Φ ⊆ monBF, or Φ ⊆ MAX.226

(2) Otherwise, the emptiness problem EmptP∗(A,Φ) is Π0
1-hard.227

We next turn to the rationality problem, i.e., the question whether a given Boolean228

combinations of closures of regular languages is the closure of some regular language.229

We start by presenting two upper bounds. Again, citing work by Aalbersberg and Welzl,230

the first claim follows easily, and also the second follows easily from the definition of the231

rationality problem.232

proof: p. 18
▶ Lemma 3.3. (1) The rationality problem RatP∗(TransA,BF) is decidable [2].233

(2) The rationality problem RatP∗(IndA,BF) is in Σ0
2.234

For a lower bound, one first proves the Σ0
2-hardness of RatP∗((Γ, I), φ) for any non-235

transitive independence alphabet (Γ, I) and any of the two Boolean functions ∧ and ¬. This236

is achieved in two steps (where φ ∈ {∧,¬}):237

The first step step proves that RatP∗(StarA, φ) is Σ0
2-hard where StarA is the set of all238

independence alphabets (Σ, I) that form a star. Prop. B.3239

To show this, let α, β : A+ → B+ be homomorphisms, L ⊆ A+ regular, c /∈ A ∪B, and240

(Σ, I) the star with center c and leaves A ∪ B. Furthermore, let K = {u ∈ L | α(u) =241

β(u)}. For γ ∈ {α, β}, let Wγ denote the union of all languages u γ(u)� c|γ(u)| for u ∈ L.242

One first shows that K is finite iff Wα ∩ Wβ is the closure of some regular language iff Lemma B.2243

[L · (Bc)∗] \ (Wα ∩Wβ) is the closure of some regular language. Following [31, 35], one can244

construct nfas A and B with Σ∗ \ [L∗(A)] = Wα ∩Wβ and L∗(B) = L · (Bc)∗. It follows that245

K is finite iff ((Σ, I),¬,A) ∈ RatP∗(StarA,¬) iff ((Σ, I),∧,A,B) ∈ RatP∗(StarA,∧). Since,246

by [28], the finiteness of K is Σ0
2-hard, the claim follows. Prop. B.1247

In the second step, one proves RatP∗(StarA, φ) ≤ RatP∗((Γ, I), φ) for any non-transitive248

independence alphabet (Γ, I). Prop. B.6249

So let a, b, c ∈ Γ be three letters with (a, c), (b, c) ∈ I and (a, b) ∈ D. And let (Σ, I) be250

a star with center c and leaves a1, . . . , an. Then define the homomorphism f : Σ∗ → Γ∗ by251

f(c) = c and f(ai) = bai for all i ∈ [n]. Then, for any u, v ∈ Σ∗, one obtains u ∼ v ⇐⇒252

f(u) ∼ f(v). From this, it follows that [K] = [L1] ∩ [L2] ⇐⇒ [f(K)] = [f(L1)] ∩ [f(L2)] as253

well as [K] = Σ∗ \ [L1] ⇐⇒ [f(K)] = [f(Σ∗)] \ [f(L1)] for any languages K,L1, L2 ⊆ Σ∗. Lemma B.4254

For the reduction, one also needs that [L1] ∩ [L2] is the closure of some regular language K255
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iff this holds for [f(L1)] ∩ [f(L2)] (and similarly for Σ∗ \ [L1] and Γ∗ \ [f(L1)]). While the256

implication “⇒” is straightforward considering f(K), the converse is more involved since, e.g.,257

there can be a regular language K ′ ⊆ Γ∗ with [K ′] = [f(L1)] ∩ [f(L2)] and K ′ ∩ f(Σ∗) = ∅.258

Considering the pre-image of K ′ under f yields the empty set whose closure need not be259

the intersection [L1] ∩ [L2]. To prove the implication “⇐”, one first constructs a partialProof of
Prop. B.6

260

rational function r : Γ∗ → Γ∗ on Γ that “computes” for every word U ∈ [f(Σ∗)] a “witness”261

V ∈ f(Σ∗) with U ∼ V , i.e., satisfies U ∼ r(U) ∈ f(Σ∗) whenever r(U) is defined and r(U)262

is defined for any U ∈ [f(Σ∗)]. Then the closure of the regular language f−1(r(K ′)) equals263

[L1] ∩ [L2] and Σ∗ \ [L1], respectively. As a result, one obtains that also the rationalityLemma B.5 264

problems RatP∗((Γ, I),∧) and RatP∗((Γ, I),¬) are Σ0
2-hard.265

In summary, we get the following dichotomy that covers arbitrary sets of independence266

alphabets and Boolean functions. The lower bound holds due to Lemma 2.3(2,3) and the267

above arguments.268

For the regularity problem, the lower bounds can be shown using the arguments for [28,269

Thm. 3.1] (that build on [44] and the above version of Post’s correspondence problem); the270

upper bounds follow similarly to those of the rationality problem as well as from [2, 44].271

proof: p. 24
▶ Theorem 3.4. Let A ⊆ IndA and Φ ⊆ BF be decidable sets.272

(1) If A ⊆ TransA or Φ ⊆ MAX, then the rationality problem RatP∗(A,Φ) is decidable.273

(2) Otherwise, the rationality problem RatP∗(A,Φ) is Σ0
2-complete.274

(1’) If A ⊆ TransA or Φ ⊆ CONST, then the regularity problem RegP∗(A,Φ) is decidable.275

(2’) Otherwise, the regularity problem RegP∗(A,Φ) is Σ0
2-complete.276

4 Transitive independence alphabets277

From now on, we only consider the ω-versions of the decision problems.278

The “universality problem” EmptPω(TransA,¬) and the “disjointness problem” EmptPω(TransA,∧)279

both are decidable [28, Thm. 4.5] and the regularity problem RegPω(TransA, Id) is in Σ0
1 [28,280

Thm. 4.6]. In this section, we improve on this latter result by demonstrating its decidability.281

This proof is based on our first result, namely that any Boolean combination of closures of282

regular languages is the closure of a regular language (assuming the independence alphabet to283

be transitive). From these two result, we finally infer that all problems GenPω(TransA,BF)284

are decidable.285

But before we can do so, we first recall and extend the main tool of the two decidability286

proofs, namely types (called “characteristicts” in [28]) and type automata. To this aim, let287

(Γ, I) ∈ TransA be the disjoint union of the complete independence alphabets (Γk, Ik) for288

k ∈ [m], let φ be an n-ary Boolean function, and let Ai = (Qi,Γ, Si, Ti, Fi) for i ∈ [n] be289

Büchi-automata over Γ. Words from
⋃

k∈[m] Γ∞
k \ {ε} are called mono-alphabetic since they290

use letters from only one of the subalphabets Γk.291

For a finite mono-alphabetic word u ∈ Γ+
k with k ∈ [m], define the type tp+(u) =292 (

(Ri, R
F
i )i∈[n], k

)
setting, for i ∈ [n], Ri = {(p, q) ∈ Q2

i | ∃u′ ∼ u : p u′

−→Ai q} and RF
i =293

{(p, q) ∈ Q2
i | ∃u′ ∼ u : p u′

=⇒Ai q} [28]. Note that, differently from classical transition profiles294

(cf. [6]), we collect all pairs of states that are connected by a path whose label is some word295

from [u]. Here, we also define the type of an infinite mono-alphabetic word α ∈ Γω
k : it is296

tpω(α) =
(
(Ai)i∈[n], k

)
with Ai = {p ∈ Qi | ∃α′ ∼ α : α′ ∈ Lω(Ap→

i )} for all i ∈ [n]. Then297

Ai is the set of states of the Büchi-automaton Ai that allow to accept some word from [α].298
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Note that there are only finitely many types; hence the set of all types of mono-alphabetic299

words is an alphabet that can be computed. From the set of all types and the tuple ofLemma C.10 300

Büchi-automata, one can construct type automata Amono
i and Amulti

i over the set of all types301

with the following central properties:302

Suppose u1, u2, · · · ∈ Γ+ are mono-alphabetic words. Then the infinite type sequence303

tp+(u1) tp+(u2) · · · is accepted by the Büchi-automaton Amulti
i iff u1u2 · · · ∈ [Lω(Ai)]304

and none of the factors uiui+1 is mono-alphabetic (cf. [28, Lemma 4.3]). Lemma C.6305

Suppose u1, . . . , uℓ ∈ Γ+ and β ∈ Γ∞ are mono-alphabetic words. Then the finite type se-306

quence tp+(u1) tp+(u2) · · · tp+(uℓ) tpω(β) is accepted by the nfa Amono
i iff u1u2 · · ·uℓβ ∈307

[Lω(Ai)] and none of the factors uiui+1 nor uℓ β is mono-alphabetic. Lemma C.7308

Using classical constructions from automata theory, one can construct an nfa Bmono and309

a Büchi automaton Bmulti over the set of all types accepting
〈
L∗(Amono

1 ), . . . , L∗(Amono
1 )

〉φ
310

and
〈
Lω(Amulti

1 ), . . . , Lω(Amulti
1 )

〉φ, respectively.311

Consider some transition in the Büchi-automaton Bmulti. Its label is the type t+ of some312

finite mono-alphabetic word over Γk. Since the subalphabet (Γk, Ik) is complete, one can313

construct an nfa Ct+ such that the closure [L+(Ct+)] of its language is the set of all finite314

words of type t+ [2]. In the nfa Bmono, some of the transitions are labeled by the type tω of315

some infinite mono-alphabetic word over Γk. Again using the completeness of (Γk, Ik), one316

can also construct a Büchi-automaton Ctω
such that the closure [Lω(Ctω

)] of its language is317

the set of all ω-words of type tω. Lemma C.9318

Now, in the type automata Bmono and Bmulti, replace every t+-labeled transition with319

the nfa Ct+ . Furthermore, in the nfa Bmono, replace every tω-labeled transition from p to320

some accepting state with the Büchi-automaton Btω
. Let B denote the disjoint union of the321

resulting two Büchi-automata. One then shows that the closure of the language of B is the322

given Boolean combination of the closures of the languages of Ai. In summary, this proves323

proof: p. 35
▶ Theorem 4.1. From a transitive independence alphabet (Γ, I), an n-ary Boolean function324

φ, and Büchi-automata Ai over Γ for i ∈ [n], one can construct a Büchi-automaton B with325

[Lω(B)] =
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ
.326

Hence, the problems RatPω(TransA,BF) and EmptPω(TransA,BF) are decidable.327

Next, we consider the regularity problem RegPω(TransA, Id). So let, as before, (Γ, I) be328

the disjoint union of the complete independence alphabets (Γk, Ik) for k ∈ [m] and let A be329

some Büchi-automaton over Γ. We will use types and type automata as defined above, this330

time for a single automaton, i.e., n = 1 and A1 = A.331

Two mono-alphabetic words u and v are type-equivalent (denoted u ≡A v) if they have332

the same type. Then the relation ≡A is an equivalence relation on
⋃

k∈[m] Γ∞
k that only333

relates words from Γ+
k or from Γω

k for some k ∈ [m]; such equivalence relations shall be called334

multi-equivalences. A language L ⊆ Γω is saturated by the multi-equivalence ≡ iff replacing335

maximal mono-alphabetic factors in words from L by equivalent ones results in a word from336

L. More precisely, iff the following hold.337

Let u1u2 · · · ∈ L such that all factors ui, but none of the factors uiui+1 is mono-alphabetic.338

Furthermore, let ui ≡ vi for all i ≥ 1. Then v1v2 · · · ∈ L.339

Let u1u2 · · ·uℓβ ∈ L such that all factors ui and β, but none of the factors uiui+1 and340

uℓβ is mono-alphabetic. Furthermore, let ui ≡ vi and β ≡ γ. Then v1v2 · · · vℓγ ∈ L.341
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Recall that, in the definitions of the type of x ∈ Γ∞
k , we considered all words equivalent342

with x. Therefore, the type-equivalence ≡A saturates the closure [Lω(A)] of the language of343

A. Furthermore, the equivalence classes of ≡A are closures of regular languages. But, in Lemma C.9344

general, these closures need not be regular. The central insight on the regularity of [Lω(A)]345

is the following.346
proof: p. 37

▶ Proposition 4.2. Let A be a Büchi-automaton. Then [Lω(A)] is regular if, and only if,347

[Lω(A)] is saturated by some multi-equivalence ≡ ⊇ ≡A such that all equivalence classes of348

≡ are regular.349

Let ≡ ⊆ ≡A be a multi-equivalence and C some equivalence class of ≡. Since ≡ is a350

multi-equivalence, C is a language over some complete independence alphabet (Γk, Ik). Since351

≡ extends ≡A, C is a union of equivalence classes of ≡A. Note that ≡A has only finitely352

many equivalence classes and recall that any such equivalence class is the closure of some353

regular language. Hence C is the closure of the union of finitely many regular languages.354

If C is a set of finite words, then its regularity can be decided by [2], and also in case C355

is a set of infinite words, this is possible. It remains to decide whether ≡ saturates theLemma C.2 356

closure of Lω(A). To this aim, we define the block closure blkcl(L) of a language L ⊆ Γω
357

as the minimal language containing L which is saturated by ≡. Since the equivalence358

classes of ≡A are closed languages, the same holds for the equivalence classes of ≡. Hence359

blkcl([L]) = blkcl(L) = [blkcl(L)]. Since the equivalence classes of ≡ are regular, one can360

construct a Büchi-automaton B that accepts blkcl(Lω(A)). Hence [Lω(A)] is saturated by ≡,Lemma C.13 361

i.e., blkcl([Lω(A)]) ⊆ [Lω(A)] if, and only if, [Lω(B)] ⊆ [Lω(A)] – which is decidable using362

Theorem 4.1.363

Hence, for any multi-equivalence ≡ extending the type equivalence ≡A, one can decide364

whether it witnesses the regularity of [Lω(A)] in the sense of Prop. 4.2. Since there are only365

finitely many such equivalence relations and since this finite set can be computed, we obtain366

that the regularity of [Lω(A)] is decidable. Now Theorem 4.1 implies the decidability of367

RegPω(TransA,BF): to handle an arbitrary function φ, first compute a single automaton B368

as in Theorem 4.1 and then check the regularity of the closure [Lω(B)] of its language.369

Hence we obtain the following extension of Theorem 3.4(2’) and therefore of Sakarovich’s370

result [44] from finite words to ω-words.371
proof: p. 37

▶ Theorem 4.3. The regularity problem RegPω(TransA,BF) is decidable.372

5 Diagonal independence alphabets373

In this section, we consider the ω-versions of the emptiness, the rationality, and the regularity374

problem for diagonal independence alphabets. For the emptiness problem, we will distinguish375

the case of monotone and non-monotone Boolean functions since the problem becomes376

decidable in the former case and undecidable in the latter. For the other two problems, the377

monotonicity of the Boolean function does not play any role.378

Emptiness for monotone Boolean functions379

The aim of this section is to show that the emptiness problem EmptPω(DiagA,monBF)380

for diagonal independence alphabets and monotone Boolean functions is decidable. Since381

EmptP∗(DiagA,BF) is undecidable (cf. Theorem 3.2(2)), the crucial point in the decidability382

proof of EmptPω(DiagA,monBF) is the monotonicity of the Boolean functions considered.383

A first simple observation is that it suffices to consider connected diagonal independence384

alphabets; we denote the set of all such independence alphabets with ConDiagA. TheseLemma D.1 385
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independence alphabets can be considered as order trees, i.e., a structure (Γ,⪯) where ⪯ is a386

partial order on the finite set Γ with largest element such that, for all a, b, c ∈ Γ, c ⪯ a, b387

implies a ⪯ b or b ⪯ a. An independence alphabet (Γ, I) is connected and diagonal if, and388

only if, there exists an order tree (Γ,⪯) with (a, b) ∈ I ⇐⇒ a ≺ b or b ≺ a, i.e., I = ≻ ∪ ≺389

[46, 47].390

In the following, we will always assume that (Γ,⪯) is an order tree with I = ≻ ∪ ≺.391

For a ∈ Γ, let ↓a = {b ∈ Γ | b ⪯ a} and ⇓a = {b ∈ Γ | b ≺ a} be the sets of elements of Γ392

(properly) below a; ↕a ⊆ Γ is the set of letters comparable with a, i.e., a together with all393

letters b ∈ Γ with (a, b) ∈ I.394

We next define relations that are central to our arguments, these definitions are adaptations395

of similar notions from [1] to Büchi-automata. Let A = (Ai)i∈[n] be a tuple of nfas396

Ai = (Qi,Γ, Ii, Ti, Fi), p = (pi)i∈[n] and q = (qi)i∈[n] tuples of states from
∏

i∈[n] Qi, and397

a ∈ Γ. Then R(p, q, a) denotes the set of tuples of words that lead from pi to qi visiting some398

accepting state and use only letters independent from or equal to a:399

R(p, q, a) =
{

(u1, . . . , un)
∣∣ ui ∈ ↕a∗ , pi

ui==⇒Ai qi for all i ∈ [n]
}

400

Collecting all tuples of ω-words over ↕a accepted by Ai from pi, we get the analogous relation401

Rω(p, a) =
{

(α1, . . . , αn)
∣∣ αi ∈ ↕aω ∩ Lω(Api→

i ) for all i ∈ [n]
}

402

We will be interested in the restrictions of these relations to tuples of words whose403

projections to ⇓a and ↓a are mutually equivalent:404

R⇓(p, q, a) =
{

(ui)i∈[n] ∈ R(p, q, a)
∣∣ proj⇓a(u1) ∼ proj⇓a(ui) for all i ∈ [n]

}
405

Rω
↓ (p, a) =

{
(αi)i∈[n] ∈ R(p, a)

∣∣ proj↓a(α1) ∼ proj↓a(αi) for all i ∈ [n]
}

406

Rω
⇓(p, a) =

{
(αi)i∈[n] ∈ R(p, a)

∣∣ proj⇓a(α1) ∼ proj⇓a(αi) for all i ∈ [n]
}

407

Suppose a is the root of (Γ,⪯) such that proj↓a(α) = α for all α ∈ Γω. Furthermore,408

suppose φ(x1, . . . , xn) = min{x1, . . . , xn}, and let pi be the (only) initial state of Ai for all409

i ∈ [n]. Then
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ equals Rω
↓ (p, a), so we have to decide the emptiness410

of this relation. If it was rational, this would easily be possible. Unfortunately, this is not411

the case in general. For finite words, Aalbersberg and Hoogeboom approximate the relation412

Rω
↓ (p, a) by its Parikh image. In order to also handle ω-words, we generalize this by the413

notion of a “language version” that is introduced next.414

For an alphabet Σ (e.g., Σ = Γ× [n]), the Parikh mapping Ψ: Σ∞ → (N∪{∞}Σ is defined415

by Ψ(α) = (|α|a)a∈Σ for all α ∈ Σ∞. We extend the Parikh mapping to tuples of words:416

the mapping Ψn : (Γ∞)n → (N ∪ {∞})Γ×[n] is defined by Ψn(x1, . . . , xn)(a,i) = |xi|a, i.e.,417

Ψn(x1, . . . , xn)(a, i) is the number of occurrences of the letter a in the word number i. The418

language L ⊆ (Γ × [n])∞ is a language version of the relation R ⊆ (Γ∞)n if Ψn(R) = Ψ(L).419

The following crucial result will allow to decide the problem EmptPω(DiagA,monBF).420

proof: p. 40
▶ Lemma 5.1. One can construct a Büchi-automaton B that accepts a language version of421

the relation R =
{

(αi)i∈[n] | αi ∈ Lω(Ai) and α1 ∼ αi for all i ∈ [n]
}

.422

Proof idea. By induction on the size of ↓a, one shows Rω
↓ (p, a) = Rω

⇓(p, a) ∩ Eqω
a and that Lemma D.3423

the relation Rω
⇓(p, a) can be constructed from the relations R⇓(q, r, a) and Rω

↓ (q, b) for b ≺ a424

using union, concatenation, and ω-iteration.425

From [1], one gets regular language versions of the relations R⇓(p, q, a). Note that the Lemma D.2426

union of language versions of two relations is a language version of the union (similarly427
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for concatenation and iteration). While this does not hold for all intersections of relations,428

we can nevertheless construct a language version for the intersection with the very special429

relation Eqω
a and its language version of all ω-words over Γ× [n] whose projection to {a}× [n]430

belongs to
(
(a, 1)(a, 2) . . . (a, n)

)∞. To handle this intersection, the idea is to consider the431

complete independence relation on Γ × [n] and then to refer to Theorem 4.1. ◀432

Since the emptiness of the regular language version of R is decidable, one can infer433

the main decidability result for diagonal independence alphabets; it is an extension of434

Lemma 3.1(3) (which follows easily from [1]) to Büchi-automata.435

proof: p. 41
▶ Theorem 5.2. The emptiness problem EmptPω(DiagA,monBF) is decidable.436

Emptiness for general Boolean functions437

Next, we study non-monotone Boolean functions φ. The Π0
1-hardness of EmptP∗(DiagA, φ)438

(Theorem 3.2(2)) transfers to EmptPω(DiagA, φ). To show containment in Π0
1, one generalizes439

the proof of [28, Cor. 5.5] that yields the result for the Boolean function φ(x1, x2) = x1 ∧¬x2.440

The crucial insight is that, with H =
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ and the independenceThm. D.9 441

alphabet diagonal, H = ∅ or H contains some ultimately periodic ω-word uvω (this is not442

necessarily the case if the independence alphabet is not diagonal).Ex. D.4 443

Since it is decidable whether an ultimately periodic word is in [Lω(Ai)] [28, Obs. 5.1], we444

can just search for a witness for non-emptiness. It follows that the non-emptiness problem is445

semi-decidable.446
proof: p. 45

▶ Corollary 5.3. The emptiness problem EmptPω(DiagA,BF) is in Π0
1.447

Rationality and regularity problem448

By Theorem 3.4, the problems RatP∗((Γ, I),¬) and RegP∗((Γ, I),¬) are Σ0
2-hard for any non-449

transitive independence alphabet (Γ, I), these lower bounds transfer to the ω-versions of these450

problems. We can also prove matching upper bounds for the set of all diagonal independence451

alphabets and all Boolean functions. These proofs rely on the emptiness problem and are452

almost identical to the corresponding proof for finite words, cf. Lemma 3.3(2).453

proof: p. 45
▶ Theorem 5.4. The rationality problem RatPω(DiagA,BF) and the regularity problem454

RegPω(DiagA,BF) are in Σ0
2.455

6 General independence alphabets456

The problems EmptPω((Γ, I), φ) for φ ∈ {∧,¬} and RegPω((Γ, I), Id) are Π1
1-hard for457

any non-diagonal independence alphabet (Γ, I) [28, Thm. 6.4]. In view of Lemma 2.3, it458

follows that EmptPω(A,Φ) (and RegPω(A,Φ)) is Π1
1-hard if A ̸⊆ DiagA and Φ ̸⊆ MAX459

(Φ ̸⊆ CONST, resp.)460

The central point in the hardness proof from [28] is the construction of regular languages461

H, K, and L such that the regularity of [H ∩K] ∩ [L] is Π1
1-hard (cf. paragraph following462

[28, Prop. 6.2]). For the very same languages H, K, and L, one can similarly prove that theLemma E.16 463

existence of a regular language M with [M ] = [H ∩K] ∩ [L] is equivalent to the regularity of464

[H ∩K] ∩ [L] and therefore Π1
1-hard.465

This leads to the lower bounds in the following result, the upper bounds are rather466

straightforward consequence of the definition of these problems.467

▶ Theorem 6.1.Thm. E.1
Props. E.23,
E.24, E.26, and
Lemma 2.3

468
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(1) For all GenP ∈ {EmptP,RatP,RegP}, the problem GenPω(IndA,BF) is in Π1
2.469

The problem EmptPω(IndA,monBF) is in Π1
1.470

(2) Let A ⊆ IndA with A ̸⊆ DiagA and Φ ⊆ BF be decidable sets.471

If Φ ̸⊆ MAX, then RatPω(A,Φ) and EmptPω(A,Φ) are Π1
1-hard.472

If Φ ̸⊆ CONST, then RegPω(A,Φ) is Π1
1-hard.473

7 Summary and open problems474

A discussion of the results of this paper (cf. Table 1) can be found at the end of the introduction.475

In particular, we solved two of the open problems from [28]: the regularity problem for476

transitive independence alphabets and the emptiness problem for diagonal independence477

alphabets and monotone Boolean functions are decidable and not just semi-decidable.478

Let (Γ1, I1) and (Γ2, I2) be two non-diagonal independence alphabets and φ1, φ2 be two479

monotone, but non-max functions. Then the emptiness problems EmptPω((Γ1, I1), φ1) and480

EmptPω((Γ2, I2), φ2) both are Π1
1-complete and therefore inter-reducible. If φ1 and φ2 are481

non-monotone, containment in Π1
1 is not known. We do not even know whether the two482

problems are inter-reducible or whether these problems define different (possibly many)483

degrees of unsolvability.484
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A Appendix580

A.1 Proofs from Sect. 2581

▶ Proposition 2.2. Let ⊙ ∈ {∗, ω}. Then EmptP⊙(IndA,MAX), RatP⊙(IndA,MAX), and582

RegP⊙(IndA,CONST) are decidable.583

Proof. Let (Γ, I) ∈ IndA be an independence alphabet, φ an n-ary Boolean function, and584

A1, . . . ,An nfas over Γ. Let H denote the language
〈
[L⊙(A1)], . . . , [L⊙(An)]

〉φ.585

If φ is constant, then H is one of Γ⊙ (if φ(0, . . . , 0) = 1) or ∅ (otherwise). In any case, H586

is regular implying that RegP⊙(A,Φ) is (trivially) decidable for Φ ⊆ CONST.587

Next, let φ ∈ MAX. If φ is even constant, then, as we saw above, H is regular and588

closed and therefore the closure of some regular language; hence ((Γ, I), φ,A1, . . . ,An) ∈589

RatP⊙(IndA,MAX). Now suppose φ ∈ MAX \ CONST is not constant. Then there is590

some non-empty set A ⊆ [n] with φ(b1, . . . , bn) = max{bi | i ∈ A} for all bi ∈ {0, 1}.591

Hence H is the union of the languages [L⊙(Ai)] for i ∈ A and therefore the closure of592

L =
⋃

i∈A L
⊙(Ai). Thus, also in this case, ((Γ, I), φ,A1, . . . ,An) ∈ RatP⊙(IndA,MAX).593

Hence, RatP⊙(IndA,MAX) is trivially decidable.594

Finally, we consider the emptiness problem. Above we saw that, for any φ ∈ MAX,595

the language H is the closure of some (effectively computable) language L (namely ∅, Γ⊙,596

or
⋃

i∈A L
⊙(Ai)). Since H = ∅ ⇐⇒ L = ∅, the decidability of the emptiness problem597

EmptP⊙(IndA,MAX) follows. ◀598

▶ Lemma 2.3. Let ⊙ ∈ {∗, ω}, GenP ∈ {EmptP,RatP,RegP}, A ⊆ IndA, and φ ∈ BF.599

(1) If φ /∈ CONST, then RegP⊙(A, Id) ≤ RegP⊙(A, φ).600

(2) If φ ∈ monBF \ MAX, then GenP⊙(A,∧) ≤ GenP⊙(A, φ).601

(3) If φ /∈ monBF, then GenP⊙(A,¬) ≤ GenP⊙(A, φ).602

Proof. First, suppose φ /∈ CONST. For notational simplicity, suppose there is b =603

(bi)i∈[n−1] ∈ {0, 1}n−1 with φ(b, 0) ̸= φ(b, 1). Let (Γ, I) ∈ A be some independence al-604

phabet from A and A some nfa over Γ. Then we choose, for i ∈ [n − 1], an nfa Ai with605

606

L⊙(Ai) =
{

Γ⊙ if bi = 1
∅ if bi = 0 .

(1)607

As a consequence,608

〈
[L⊙(A1)], . . . , [L⊙(An−1)], [L⊙(A)]

〉φ =
{

[L⊙(A)] if φ(b, 1) = 1
Γ⊙ \ [L⊙(A)] if φ(b, 1) = 0 .

609

Hence ((Γ, I), Id,A) ∈ RegP⊙(A, Id) if, and only if, ((Γ, I), φ,A1, . . . ,An−1,A) ∈ RegP⊙(A, φ).610

In other words, the mapping ((Γ, I), Id,A) 7→ ((Γ, I), φ,A1, . . . ,An−1,A) reduces RegP⊙(A, Id)611

to RegP⊙(A, φ).612

To show the second claim, let φ ∈ monBF \ MAX be monotone, but not a max-function.613

Let b1, . . . , bm ∈ {0, 1}n be the minimal tuples (wrt. the componentwise order) satisfying614

φ(b) = 1. Since φ is monotone, we get615

φ(c) = 1 ⇐⇒ ∃j ∈ [m] : bj ≤ c .616
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Now suppose all the tuples bj contain at most one entry 1, say entry number ij . Then617

φ(c) = max(cij
| j ∈ [m]).618

But this contradicts our assumption that φ is not a max-function. Consequently, one of the619

tuples bj contains k ≥ 2 entries equal to 1. For notational simplicity, we omit the index j620

(i.e., set b = bj) and suppose b = ( 1, . . . , 1︸ ︷︷ ︸
k≥2 entries

, 0, . . . , 0), i.e., bi = 1 ⇐⇒ i ≤ k for all i ∈ [n].621

Now let (Γ, I) ∈ A be some independence alphabet from A and A1 and A2 be nfas622

over Γ and set K = L⊙(A1) and L = L⊙(A2). For all i with 2 < i ≤ n let Ai be an nfa623

satisfying (1). Then, for any word w ∈ Γ⊙, one gets w ∈
〈
[L⊙(A1)], . . . , [L⊙(An)]

〉φ iff624

φ
(
χ1(w), χ2(w), b3, . . . , bn

)
= 1 where χi is the characteristic function of the language [L⊙(Ai)].625

Our choice of the tuple b and the nfas A3, . . . ,An implies that this is equivalent to χ1(w) =626

χ2(w) = 1, i.e., to w ∈ [L⊙(A1)] ∩ [L⊙(A2)]. Hence we showed
〈
[L⊙(A1)], . . . , [L⊙(An)]

〉φ =627 〈
[L⊙(A1)], [L⊙(A2)]

〉∧.628

It follows that the mapping ((Γ, I),∧,A1,A2) 7→ ((Γ, I), φ,A1, . . . ,An) is a reduction629

from GenP⊙(A,∧) to GenP⊙(A, φ).630

Finally suppose φ ∈ BF \ monBF not to be monotone, i.e., there are bi ≤ ci in {0, 1}631

for all i ∈ [n] such that φ(b1, . . . , bn) > φ(c1, . . . , cn). There are even bi ≤ ci in {0, 1} for632

all i ∈ [n] with φ(b1, . . . , bn) = 1, f(c1, . . . , cn) = 0, and bi = ci for all but one i ∈ [n]. For633

notational simplicity, we assume b1 ̸= c1, i.e., b1 = 0 and c1 = 1 such that φ(0, b2, . . . , bn) = 1634

and φ(1, b2, . . . , bn) = 0. For all i with 2 ≤ i ≤ n, define an nfa Ai satisfying (1). Now635

let (Γ, I) ∈ A be some independence alphabet from A and A1 an nfa over Γ. Then, for636

any word w ∈ Γ⊙, one gets w ∈
〈
[L⊙(A1)], . . . , [L⊙(An)]

〉φ iff φ
(
χ(w), b2, . . . , bn

)
= 1637

where χ is the characteristic function of the language [L⊙(A1)]. Our choice of the tuple638

A2, . . . ,An ensures that this is the case iff χ(w) = 0, i.e., w /∈ [L⊙(A1)]. Hence we get639 〈
[L⊙(A1)], . . . , [L⊙(An)]

〉φ = Γ⊙ \ [L⊙(A1)] =
〈
[L⊙(A1)]

〉¬. It follows that the mapping640

((Γ, I),¬,A1) 7→ ((Γ, I), φ,A1, . . . ,An) is a reduction of GenP⊙(A,¬) to GenP⊙(A, φ). ◀641

B Proofs from Section 3642

▶ Lemma 3.1. (1) The emptiness problem EmptP∗(IndA,BF) is in Π0
1.643

(2) The emptiness problem EmptP∗(TransA,BF) is decidable [2].644

(3) The emptiness problem EmptP∗(DiagA,monBF) is decidable [1].645

Proof. Let (Γ, I) be some independence alphabet, φ an n-ary Boolean function, and Ai for646

i ∈ [n] nfas over Γ. For a word u ∈ Γ∗, we have u ∈ [L∗(Ai)] iff [u] ∩ L∗(Ai) ̸= ∅. Since one647

can compute the finite set [u] from the word u, it is decidable whether u ∈ [L∗(Ai)]. Hence648

[L∗(Ai)] is a decidable language. Then649

H :=
〈
[L∗(A1)], . . . , [L∗(An)]

〉φ
650

is a Boolean combination of decidable languages and therefore decidable.651

Now claim (1) follows since H = ∅ if, and only if, ∀u ∈ Γ∗ : u /∈ H, which proves that the652

emptiness problem EmptP∗(IndA,BF) belongs to Π0
1.653

Now let (Γ, I) be transitive. Aalbersberg and Welzl found an algorithm [2] that, from654

(Γ, I), φ, and the nfas Ai, constructs an nfa B such that [L∗(B)] = H. Hence H = ∅ iff655

L∗(B) = ∅ which is decidable. Thus, EmptP∗(TransA,BF) is decidable.656
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Finally, let (Γ, I) ∈ DiagA be diagonal and φ ∈ monBF monotone. Since φ is monotone,657

one can construct a finite set Y ⊆ P([n]) of sets A ⊆ [n] such that658

H =
⋃

A∈Y

⋂
i∈A

[L∗(Ai)] .659

It therefore suffices to decide the emptiness of
⋂

i∈A[L∗(Ai)] for all A ∈ Y. By [1], this can660

be done for sets A of size 2, but their proof generalizes to arbitrary finite sets A. Thus, also661

EmptP∗(DiagA,monBF) is decidable. ◀662

▶ Theorem 3.2. Let A ⊆ IndA and Φ ⊆ BF be decidable sets.663

(1) The emptiness problem EmptP∗(A,Φ) is decidable if664

(i) A ⊆ TransA,665

(ii) or A ⊆ DiagA and Φ ⊆ monBF,666

(iii) or Φ ⊆ MAX.667

(2) Otherwise, the emptiness problem EmptP∗(A,Φ) is Π0
1-hard.668

Proof. The first claim follows from Lemma 3.1(2,3) and Proposition 2.2.669

Now suppose none of the properties (i-iii) holds. Since TransA ⊆ DiagA and MAX ⊆670

monBF, there are (Γ, I) ∈ A and φ ∈ Φ with671

(a) (Γ, I) /∈ DiagA and φ /∈ MAX672

(b) or (Γ, I) /∈ TransA and φ /∈ monBF.673

If (a) holds, the non-halting problem for two-counter automata [33] reduces to EmptP∗((Γ, I),∧)674

[1] which, by Lemma 2.3(2), reduces to EmptP∗((Γ, I), φ).675

Now suppose (b) holds. Let f, g : A∗ → B∗ be homomorphisms for two alphabets A and676

B. To prove Theorem 2 in [35], Muscholl and Petersen produce regular languages Lg and Lh677

such that [Lf ∪ Lg] = Γ∗ iff there is no non-empty word u ∈ A+ with f(u) = f(g) (the work678

by Muscholl and Petersen is based on [31, 44]). Then L = Lf ∪Lg is regular with Γ∗ \ [L] = ∅679

iff [L] = Γ∗ iff ε is the only word u ∈ Γ∗ with f(u) = g(u). This gives a reduction of the680

complement of Post’s correspondence problem [41] to EmptP∗((Γ, I),¬).681

Since the non-halting problem for two-counter automata as well as the complement of682

Post’s correspondence problem is Π0
1-hard, the second claim follows from Lemma 3.1(1). ◀683

▶ Lemma 3.3. (1) The rationality problem RatP∗(TransA,BF) is decidable [2].684

(2) The rationality problem RatP∗(IndA,BF) is in Σ0
2.685

Proof. Let φ be an n-ary Boolean function and A1, . . . ,An nfas over Γ.686

First, let (Γ, I) ∈ TransA be some transitive independence alphabet. Then the language687

H :=
〈
[L∗(A1)], . . . , [L∗(An)]

〉φ is a Boolean combination of the languages [L∗(Ai)]. Aalber-688

sberg and Welzl [2] showed that there exists a regular language L whose closure equals H.689

Hence RatP∗(TransA,BF) is (trivially) decidable.690

Now let (Γ, I) be an arbitrary independence alphabet. In the following, let X △ Y691

denote the symmetric difference X \ Y ∪ Y \X of the two sets X and Y ; we will use that692

X△Y = ∅ ⇐⇒ X = Y . We have ((Γ, I), φ,A1, . . . ,An) ∈ RatP∗(IndA,BF) iff693

∃ nfa B :
[
L∗(B)

]
△
〈
[L∗(A1)], . . . , [L∗(An)]

〉φ = ∅ .694



D. Kuske 23:19

But this is the case iff695

∃ nfa B : ((Γ, I), φ′,A1, . . . ,An,B) ∈ EmptP∗(IndA,BF)696

where φ′ is the (n+1)-ary Boolean function with φ′(b1, . . . , bn+1) = 1 iff φ(b1, . . . , bn) ̸= bn+1.697

Since EmptP∗(IndA,BF) ∈ Π0
1 by Lemma 3.1(1), this statement proves containment in698

Σ0
2. ◀699

▶ Proposition B.1 ([28]). The set ePCPfin is hard for Σ0
2.700

▶ Lemma B.2. Let (A,B, α, β, L) be an instance,701

Wα =
⋃

u∈L

uα(u)� c|α(u)| and Wβ =
⋃

u∈L

uβ(u)� c|β(u)| ,702

Σ = A ∪ B ∪ {c} and I the symmetric closure of (A ∪ B) × {c}. Then the following are703

equivalent.704

(i) {u ∈ L | α(u) = β(u)} is finite, i.e., (A,B, α, β, L) ∈ ePCPfin705

(ii) There exists a regular language K with [K] = Wα ∩Wβ.706

(iii) There exists a regular language K ′ with [K ′] = [L · (Bc)∗] \ (Wα ∩Wβ).707

(iv) {uα(u) | u ∈ L,α(u) = β(u)} is regular.708

Proof. We first show that (i) implies (ii) and (iii). So suppose the language from (i) to709

be finite. Then Wα ∩ Wβ is the union of all languages uα(u) � c|α(u)| with u ∈ L and710

α(u) = β(u). Since any of these languages is finite and since the language from (i) is finite,711

the intersection is finite.712

Hence K := Wα ∩Wβ is regular. Since Wα and Wβ are closed, we get [K] = [Wα ∩Wβ ] =713

Wα ∩Wβ , i.e., (ii) holds.714

Now set K ′ = L · (Bc)∗ \ (Wα ∩ Wβ). Since Wα ∩ Wβ is regular, the language K ′ is715

regular. Since Wα ∩Wβ is closed, we get [K ′] = [L · (Bc)∗] \ (Wα ∩Wβ), i.e., (iii) holds.716

Next, we show that (ii) implies (iv). So suppose K is regular with [K] = Wα ∩Wβ . Since717

the letters from A ∪B = X are mutually dependent, we obtain718

projX(Wα ∩Wβ) = projX([K]) = projX(K) .719

Since K is regular, this implies the regularity of projX(Wα ∩Wβ) = {uα(u) | u ∈ L,α(u) =720

β(u)}, i.e., (iv).721

The next paragraph demonstrates that also (iii) implies (iv). So let K ′ be regular with722

[K ′] = [L · (Bc)∗] \ (Wα ∩Wβ). With X = A ∪B, we obtain723

projX(K ′) = projX([K ′])724

= projX([L · (Bc)∗] \ (Wα ∩Wβ))725

= {uv | u ∈ L, v ∈ B∗, v ̸= α(u) or v ̸= β(u)} .726

Since K ′ is regular, so is this language and therefore its complement wrt. LB∗, i.e., the727

language LB∗ \ projX(K ′) = {uv | u ∈ L, v ∈ B∗, α(u) = β(u) = v}. Since this is the728

language from (iv), we proved that (iv) follows from (iii).729

To get the equivalence of all the statements, it remains to be shown that (iv) implies (i).730

So suppose H = {uα(u) | u ∈ L,α(u) = β(u)} is regular. Towards a contradiction, suppose731

the language from (i) is infinite. Since the mapping u 7→ uα(u) maps the language from (i)732

injectively to H, it follows that also H is infinite. The regularity of H ⊆ LB∗ then implies733

the existence of infinitely many words u1, u2, · · · ∈ L and a word v ∈ B∗ with uiv ∈ H for734

all i ≥ 1. But this contradicts |u| ≤ |α(u)| for all u ∈ A∗. Hence, indeed, (i) follows from735

(iv). ◀736
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▶ Proposition B.3. The rationality problems RatP∗(StarA,¬) and RatP∗(StarA,∧) are737

Σ0
2-hard.738

Proof. Both results are shown by a reduction from ePCPfin.739

Preparation. Let Ins = (A,B, α, β, L) be an instance. Set X = A ∪ B, Σ = X ⊎ {c}, let I740

be the symmetric closure of X × {c}, and let Wα and Wβ be the two languages defined in741

Lemma B.2. Note that these two languages are closed, i.e., [Wα] = Wα and [Wβ ] = Wβ .742

Let W ′ =
⋃

u∈A∗ uα(u)� c|α(u)| ⊆ Σ∗. By [31] (see also [35]), one can construct an nfa743

accepting a language V with [V ] = Σ∗ \ W ′. Note that Wα = W ′ ∩ (LB∗
� c∗) implying744

Σ∗ \Wα = Σ∗ \W ′ ∪ Σ∗ \ (LB∗
� c∗). Since the language Σ∗ \ (LB∗

� c∗) is regular and745

closed, one can construct an nfa accepting the language Vα = V ∪ Σ∗ \ (LB∗
� c∗). Then746

one has747

[Vα] = [V ] ∪ [Σ∗ \ (LB∗
� c∗)]748

= Σ∗ \W ′ ∪ Σ∗ \ (LB∗
� c∗) since Σ∗ and LB∗

� c∗ are closed749

= Σ∗ \ (W ′ ∩ (LB∗
� c∗))750

= Σ∗ \ [Wα]751

= Σ∗ \Wα752

where the last equality holds since Wα is closed. Similarly, we get a regular language Vβ753

with [Vβ ] = Σ∗ \Wβ .754

Negation. Hence one can construct an nfa A with L∗(A) = Vα ∪ Vβ . Then755

Σ∗ \ [L∗(A)] = Σ∗ \ [Vα ∪ Vβ ] = Σ∗ \
(
[Vα] ∪ [Vβ ]

)
= Σ∗ \ [Vα] ∩ Σ∗ \ [Vβ ] = Wα ∩Wβ .756

By the equivalence of (i) and (ii) in Lemma B.2, there exists a regular language K with757

[K] = Wα ∩Wβ (i.e., [K] = Γ∗ \ [L∗(A)]) if, and only if, Ins ∈ ePCPfin. Hence the mapping758

Ins 7→ ((Σ, I),¬,A) is a reduction of ePCPfin to the rationality problem RatP∗(StarA,¬)759

implying that this problem is hard for Σ0
2 by Prop. B.1.760

Conjunction. Furthermore, one can construct an nfa B with L∗(B) = L · (Bc)∗. Then we have761

[L∗(A)] ∩ [L∗(B)] = [Vα ∪ Vβ ] ∩ [L · (Bc)∗]762

= Σ∗ \ (Wα ∩Wβ) ∩ [L · (Bc)∗]763

= [L · (Bc)∗] \ (Wα ∩Wβ) .764

Now the equivalence of (i) and (iii) in Lemma B.2 implies that there exists a regular765

language K ′ with [K ′] = [L∗(A)] ∩ [L∗(B)] if, and only if, Ins ∈ ePCPfin. Hence the766

mapping Ins 7→ ((Σ, I),∧,A,B) is a reduction from ePCPfin to the rationality problem767

RatP∗(StarA,∧) which is therefore Σ0
2-hard by Prop. B.1. ◀768

▶ Lemma B.4. Let (Σ, I) and (Γ, I) be independence alphabets, ⊙ ∈ {∗, ω}, and f : Σ⊙ → Γ⊙
769

a mapping satisfying770

u ∼ u′ ⇐⇒ f(u) ∼ f(u′) (2)771

for all u, u′ ∈ Σ⊙. Let furthermore φ be an n-ary Boolean function, and K,L1, . . . , Ln ⊆ Σ⊙.772

Then773

[K] =
〈
[L1], . . . , [Ln]

〉φ ⇐⇒ [f(K)] = [f(Σ⊙)] ∩
〈
[f(L1)], . . . , [f(Ln)]

〉φ
.774
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Proof. For any u ∈ Σ⊙ and i ∈ [n], we have u ∈ [Li] iff there is some v ∈ Li with u ∼ v.775

By (2), this is equivalent to the existence of some v ∈ Li with f(u) ∼ f(v) and therefore to776

f(u) ∈ [f(Li)]. Since
〈
[L1], . . . , [Ln]

〉φ and
〈
[f(L1)], . . . , [f(Ln)]

〉φ are “analogue” Boolean777

combinations, we get778

u ∈
〈
[L1], . . . , [Ln]

〉φ ⇐⇒ f(u) ∈
〈
[f(L1)], . . . , [f(Ln)]

〉φ (3)779

for all u ∈ Σ⊙. Consequently,780

[K] =
〈
[L1], . . . , [Ln]

〉φ
781

iff782

∀u ∈ Σ⊙ :
(
u ∈ [K] ⇐⇒ u ∈

〈
[L1], . . . , [Ln]

〉φ)
783

which is, by Equivalence (3), the case iff784

∀u ∈ Σ⊙ :
(
f(u) ∈ [f(K)] ⇐⇒ f(u) ∈

〈
[f(L1)], . . . , [f(Ln)]

〉φ)
785

iff786

∀U ∈ f(Σ⊙) :
(
U ∈ [f(K)] ⇐⇒ U ∈

〈
[f(L1)], . . . , [f(Ln)]

〉φ)
.787

Since both these languages are closed, this is equivalent to788

∀U ∈ [f(Σ⊙)] :
(
U ∈ [f(K)] ⇐⇒ U ∈

〈
[f(L1)], . . . , [f(Ln)]

〉φ)
.789

Since [f(K)] ⊆ [f(Σ⊙)], this is equivalent to790

[f(K)] = [f(Σ⊙)] ∩
〈
[f(L1)], . . . , [f(Ln)]

〉φ
. ◀791

▶ Lemma B.5. Let (Σ, I) and (Γ, I) be independence alphabets, ⊙ ∈ {∗, ω}, and f : Σ → Γ+
792

a mapping whose letterwise extension to a mapping Σ⊙ → Γ⊙ (that we also denote f) satisfies793

Equivalence (2) from Lemma B.4. Furthermore, let R ⊆ Γ⊙ × Γ⊙ be a rational relation such794

that795

(a)
(

U
V

)
∈ R implies U ∼ V ∈ f(Σ⊙) and796

(b) U ∈ [f(Σ⊙)] ensures the existence of V ∈ Γ⊙ with
(

U
V

)
∈ R.797

Finally, let φ be an n-ary Boolean function and L1, . . . , Ln ⊆ Σ⊙. Then the following are798

equivalent.799

(i) There exists a regular language K ⊆ Σ⊙ with [K] =
〈
[L1], . . . , [Ln]

〉φ.800

(ii) There exists a regular language K ′ ⊆ Γ⊙ with [K ′] = [f(Σ⊙)] ∩
〈
[f(L1)], . . . , [f(Ln)]

〉φ.801

Proof. We start with the implication (i)⇒(ii). So suppose K ⊆ Σ⊙ is regular with [K] =802 〈
[L1], . . . , [Ln]

〉φ.803

The language K ′ := f(K) is regular since it is obtained from the regular language K by ap-804

plying f letterwise. Then Lemma B.4 implies [K ′] = [f(K)] = [f(Σ⊙)]∩
〈
[f(L1)], . . . , [f(Ln)]

〉φ.805

Thus, indeed, the implication (i)⇒(ii) holds.806

We next verify the converse implication. So let K ′ ⊆ Γ⊙ be regular with [K ′] = [f(K)] =807

[f(Σ⊙)] ∩
〈
[f(L1)], . . . , [f(Ln)]

〉φ. Note that K ′ need not be a subset of f(Σ⊙) such that808

setting K = f−1(K ′) does not make much sense. Instead, we replace K ′ by some regular809

language K ′′ ⊆ f(Σ⊙) that we obtain using the rational relation R ⊆ Γ⊙ × Γ⊙. So let810
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K ′′ = {V ∈ Γ∗ | ∃U ∈ K ′ :
(

U
V

)
∈ R}. Then K ′′ is regular (as the image of the regular811

language K ′ under the rational relation R) and a subset of f(Σ⊙). We verify [K ′′] = [K ′].812

For the inclusion “⊆”, suppose W ∈ [K ′′]. Then there exists V ∈ K ′′ with W ∼ V . Hence813

there is U ∈ K ′ with
(

U
V

)
∈ R and therefore V ∼ U . We therefore get W ∼ V ∼ U ∈ K ′, i.e.,814

W ∈ [K ′]. Thus, we verified the inclusion “⊆”. To show the converse inclusion, let W ∈ [K ′]815

and therefore W ∈ [f(Σ⊙)]. Hence there is a word V with
(

W
V

)
∈ R implying V ∈ K ′′. Hence816

we have W ∼ V ∈ K ′′ and therefore W ∈ [K ′′]. Thus, indeed, [K ′′] = [K ′].817

Now let K = {u ∈ Σ⊙ | f(u) ∈ K ′′}. As the pre-image of the regular language K ′′ under818

the letterwise application of f : Σ → Γ+, the language K is regular. By its very definition819

and K ′′ ⊆ f(Σ⊙), we get f(K) = K ′′. Hence it follows that820

[f(K)] = [K ′′] = [K ′] = [f(Σ⊙)] ∩
〈
[f(L1)], . . . , [f(Ln)]

〉φ
.821

Now Lemma B.4 implies [K] =
〈
[L1], . . . , [Ln]

〉φ. Hence, also the implication (ii)⇒(i) holds,822

i.e., (i) and (ii) are equivalent. ◀823

▶ Proposition B.6. Let (Γ, I) be some non-transitive independence alphabet. Then the824

rationality problems RatP∗((Γ, I),∧) and RatP∗((Γ, I),¬) for (Γ, I) both are Σ0
2-hard.825

Proof. Since (Γ, I) is non-transitive, there are mutually distinct letters a, b, c ∈ Γ with826

(a, c), (b, c) ∈ I and (a, b) ∈ D.827

We reduce from the rationality problems RatP∗(StarA,∧) and RatP∗(StarA,¬) in Prop. B.3.828

So let (Σ, I) ∈ StarA be some independence alphabet with Σ = X ∪ {c} and I the symmetric829

closure of X × {c} and let A, A1, and A2 be nfas over Σ. These reductions use Lemma B.5.830

Therefore, we first provide a mapping f and a rational relation R satisfying Equivalence (2)831

from Lemma B.4 and conditions (a) and (b) from Lemma B.5.832

Preparation. Enumerate the elements of X as X = {a1, . . . , an} and consider the injective833

homomorphism f : Σ∗ → Γ∗ given by ai 7→ abi and c 7→ c. Since f(xy) ∼ f(yx) for all834

x, y ∈ Σ with (x, y) ∈ I, we have u ∼ v =⇒ f(u) ∼ f(v) for all u, v ∈ Σ∗. For the converse835

implication, note that f(u) ∼ f(v) implies f(u), f(v) ∈ {a, b, c}∗,836

f(projX(u)) = proj{a,b}(f(u)) = proj{a,b}(f(v)) = f(projX(u)) ,837

and838

|u|c = |f(u)|c = |f(v)|c = |v|c .839

Hence we have u ∼ v, i.e., the equivalence (2) from Lemma B.4 holds.840

Next, we construct a rational relation R satisfying conditions (a) and (b) of Lemma B.5.841

For i ∈ [n], let842

Si =
(
a

abi

) ((
c

c

)∗(
b

ε

))i (
c

c

)∗

843

and set844

R =
(
c

c

)∗ ( ⋃
i∈[n]

Si

)∗
.845

Suppose
(

U
V

)
∈ Si. Then U = acm0bcm1b · · · cmi−1bcmi and V = abicm0+m1+···+mi for some846

m0, . . . ,mi ∈ N. Hence U ∼ V = f(aic
m0+m1+···+mi) ∈ f(Σ∗). It follows that

(
U
V

)
∈ R847
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implies U ∼ V ∈ f(Σ∗). Next let U ∈ [f(Σ∗)] ⊆ {a, b, c}∗. Let m0 ∈ N be maximal such848

that U = cm0U ′. Then also U ′ ∈ [f(Σ∗)]. We have to present some word W ∈ f(Σ∗)849

with (U,W ) ∈ R. There is v ∈ Σ∗ with U ′ ∼ f(v). Since U ′ does not start with c and c850

is independent from all other letters occuring in U ′, we can assume that v does not start851

with c either. Then there are k ∈ N, m1, . . . ,mk ∈ N and i1, i2, . . . , ik ∈ [n] such that852

U ′ ∼ f(ai1c
m1ai2c

m2 · · · aik
cmk ) = abi1cm1abi2cm2 · · · abikcmk .853

Since U ′ ∼ f(v) ∈ {a, b, c}∗ determines the projections of U ′ to the alphabets {a, b}854

and {c}, respectively, we can split the word U ′ as follows: there are n1, . . . , nk ∈ N and855

words u1, u2, . . . , uk ∈ {b, c}∗ with
∑

j∈[k] mj =
∑

j∈[k] nj and uj ∈ bij � cnj such that856

U ′ = au1au2 · · · auk.857

Then set W ′ = abi1cn1 . . . abikcnk . From
( auj

abij cnj

)
∈ Sij for all j ∈ [k], we obtain U ′ ∼858

W ′ ∈ f(Σ∗) and (U ′,W ′) ∈ R. Finally, observe that also (U, cm0W ′) = (cm0U ′, cm0W ′) ∈ R.859

Finally note that, given the independence alphabet (Σ, I), the mapping f and a transducer860

for the rational relation R can be computed.861

Conjunction. After these preparations, we now compute from ((Σ, I),∧,A1,A2) a tuple862

((Γ, I),∧,B1,B2) such that the former belongs to RatP∗(StarA,∧) iff the latter is an element863

of RatP∗((Γ, I),∧). We can compute nfas B1 and B2 over Γ with L∗(Bi) = f(L∗(Ai)) for864

all i ∈ [2]. By Lemma B.5, ((Σ, I),∧,A1,A2) ∈ RatP∗(StarA,∧) if, and only if, there865

exists a regular language K ′ ⊆ Γ∗ with [K ′] = [f(Σ∗)] ∩ [f(L∗(A1))] ∩ [f(L∗(A2))]. Note866

that this latter language equals [L∗(B1)] ∩ [L∗(B2)] since [f(L∗(A1))] ⊆ [f(Σ∗)]. Hence867

we showed the equivalence of ((Σ, I),∧,A1,A2) ∈ RatP∗(StarA,∧) and ((Γ, I),∧,B1,B2) ∈868

RatP∗((Γ, I),∧), i.e., that the mapping ((Σ, I),∧,A1,A2) 7→ ((Γ, I),∧,B1,B2) is a reduction869

of the rationality problem RatP∗(StarA,∧) to the rationality problem RatP∗((Γ, I),∧) which870

is therefore Σ0
2-hard.871

Negation. It remains to also we compute, from ((Σ, I),¬,A), a tuple ((Γ, I),¬,B) such that872

the former belongs to RatP∗(StarA,¬) iff the latter is an element of RatP∗((Γ, I),¬).873

We can compute an nfa B over Γ with L∗(B) = f(L∗(A)). By Lemma B.5, ((Σ, I),¬,A) ∈874

RatP∗(StarA,¬) if, and only if, there exists a regular language K ′ ⊆ Γ∗ with [K ′] =875

[f(Σ∗)] ∩ Γ∗ \ [f(L∗(A))], i.e., with [K ′] = [f(Σ∗)] \ [L∗(B)].876

We show that this is equivalent to the existence of a regular language K ′′ with [K ′′] =877

Γ∗ \ [L∗(B)] (i.e., ((Γ, I),¬,B) ∈ RatP∗((Γ, I),¬)). But first, note that the closure of f(Σ∗)878

is regular since u ∈ [f(Σ∗)] iff u ∈ {a, b, c}∗ and the projection proj{a,b}(u) belongs to the879

regular langage {abi | i ∈ [n]}∗, i.e., [f(Σ∗)] = {abi | i ∈ [n]}∗
� c∗.880

Now, suppose [f(Σ∗)] \ [L∗(B)] is the closure of the regular language K ′. Then K ′′ =881

K ′ ∪ Γ∗ \ [f(Σ∗)] is regular and satisfies882

[K ′′] = [K ′] ∪
[
Γ∗ \ [f(Σ∗)]

]
883

= [f(Σ∗)] \ [L∗(B)] ∪ Γ∗ \ [f(Σ∗)] since Γ∗ \ [f(Σ∗)] is closed884

= Γ∗ \ [L∗(B)] since [L∗(B)] = [f(L∗(A))] ⊆ [f(Σ∗)] .885

Conversely, suppose Γ∗ \ [L∗(B)] is the closure of the regular language K ′′. Then K ′ :=886

K ′′ ∩ [f(Σ∗)] is regular and satisfies887

[K ′] = [K ′′] ∩ [f(Σ∗)] since [f(Σ∗)] is closed888

= Γ∗ \ [L∗(B)] ∩ [f(Σ∗)]889

= [f(Σ∗)] \ [L∗(B)] .890
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Thus, indeed, [f(Σ∗)] \ [L∗(B)] is the closure of some regular language K ′ if, and only if,891

Γ∗ \ [L∗(B)] is the closure of some regular language K ′′. Thus, the mapping ((Σ, I),¬,A) 7→892

((Γ, I),¬,B) is a reduction of the rationality problem RatP∗(StarA,¬) to the rationality893

problem RatP∗((Γ, I),¬) which is therefore Σ0
2-hard. ◀894

▶ Theorem 3.4. Let A ⊆ IndA and Φ ⊆ BF be decidable sets.895

(1) If A ⊆ TransA or Φ ⊆ MAX, then the rationality problem RatP∗(A,Φ) is decidable.896

(2) Otherwise, the rationality problem RatP∗(A,Φ) is Σ0
2-complete.897

(1’) If A ⊆ TransA or Φ ⊆ CONST, then the regularity problem RegP∗(A,Φ) is decidable.898

(2’) Otherwise, the regularity problem RegP∗(A,Φ) is Σ0
2-complete.899

Proof. The first statement follows from Lemma 3.3(1) and Prop. 2.2.900

If A ̸⊆ TransA and Φ ̸⊆ MAX, then there are (Γ, I) ∈ A and φ ∈ Φ such that (Γ, I) /∈901

TransA and φ /∈ MAX. Since (Γ, I) is not transitive, the rationality problems RatP∗((Γ, I),∧)902

and RatP∗((Γ, I),¬) both are Σ0
2-hard by Proposition B.6. Since φ is not a max-function,903

Lemma 2.3(2,3) allows to reduce one of them to the rationality problem RatP∗((Γ, I), φ)904

which is therefore Σ0
2-hard as well. Now (Γ, I) ∈ A and φ ∈ Φ implies that also RatP∗(A,Φ)905

is Σ0
2-hard. Finally, the Σ0

2-completeness follows from Lemma 3.3(2).906

The rest of this proof deals with the regularity problem RegP∗(A,Φ).907

First, suppose A ⊆ TransA. Let (Γ, I) ∈ A, φ ∈ Φ, and A1, . . . ,An nfas over Γ. Since908

(Γ, I) is transitive, [2] allows to construct an nfa B over Γ with909

[L∗(B)] =
〈
[L∗(A1)], . . . , [L∗(An)]

〉φ
.910

Again using the transitivity of (Γ, I), it is decidable whether this language is regular by [44],911

hence RegP∗(A,Φ) is decidable. If A ⊆ CONST, the decidability forllows from Prop. 2.2.912

To also prove the second claim, let (Γ, I) ∈ A be non-transitive and φ ∈ Φ non-constant.913

Then, by [28], the regularity problem RegP∗((Γ, I), Id) is Σ0
2-hard. By Lemma 2.3(1), it can914

be reduced to RegP∗((Γ, I), φ) and therefore to RegP∗(A,Φ). Hence, also this problem is915

Σ0
2-hard.916

It remains to verify containment in Σ0
2. So let (Γ, I) ∈ A and φ ∈ Φ. In the following, let917

X △ Y denote the symmetric difference X \ Y ∪ Y \X of the two sets X and Y ; we will use918

that X△Y = ∅ ⇐⇒ X = Y . We have ((Γ, I), φ,A1, . . . ,An) ∈ RegP∗(A,Φ) iff919

∃ nfa B : L∗(B) △
〈
[L∗(A1)], . . . , [L∗(An)]

〉φ = ∅ .920

But this is the case iff921

∃ nfa B : ((Γ, I), φ′,A1, . . . ,An,B) ∈ EmptP∗(IndA,BF) ∧ L∗(B) = [L∗(B)]922

where φ′ is the (n+1)-ary Boolean function with φ′(b1, . . . , bn+1) = 1 iff φ(b1, . . . , bn) ̸= bn+1.923

Since EmptP∗(IndA,BF) ∈ Π0
1 by Lemma 3.1(1) and since the equality L∗(B) = [L∗(B)] is924

decidable, this statement proves containment in Σ0
2. ◀925

▶ Lemma B.7. Given a Büchi-automaton A over Γ, it is decidable whether there is an926

equivalent deterministic Büchi-automaton B.927

Since, from A, one can also construct a Büchi-automaton A′ accepting the complement928

of Lω(A), it is decidable whether A is co-deterministic.929
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Proof. For α ∈ Γω, let pref(α) ⊆ Γ∗ denote the set of finite prefixes of α. For a language930

Y ⊆ Γ∗, let −→
Y denote the set of all words α ∈ Γω with infinitely many prefixes in Y . We use931

that a Lω(A) is deterministic regular if, and only if, there exists a regular language Y with932
−→
Y = Lω(A) [40, Cor. I.6.3].933

Now let A be a Büchi-automaton. By Büchi’s theorem [7], one can construct an MSO934

formula φ(X) with a single free set variable X such that, for all α ∈ Γω,935

Γ∗ |= φ(pref(α)) . ⇐⇒ α ∈ Lω(A)936

Consider the closed formula937

ψ = ∃Y : ∀B branch: φ(B) ↔ ∀b ∈ B∃y ∈ Y : b ≤ y .938

Here, B ⊆ Γ∗ is a branch if it satisfies ∀a, b∃c : a ≤ b ∈ B → a ∈ B ∧ b < c ∈ B, i.e., B is a939

language of the form pref(α) for some α ∈ Γω. Hence the formula ψ expresses that there is a940

set Y ⊆ Γ∗ with −→
Y = Lω(A).941

We claim that Lω(A) is deterministic regular iff this formula ψ holds in Γ∗. First,942

suppose Lω(A) is deterministic regular. Then there exists a regular language Y ⊆ Γ∗ with943

Lω(A) = −→
Y , hence the formula ψ holds. Conversely, suppose the formula ψ holds, i.e., there944

is a (not necessarily regular) language Y with −→
Y = Lω(A). Since Y is a set satisfying the945

part of ψ following the outermost existential quantifier, by [42, Thm. 23], there is also a946

regular language Y with −→
Y = Lω(A). The regularity of Y implies that Lω(A) is deterministic947

regular. ◀948

C Proofs from Section 4949

C.1 Complete independence alphabets950

The following lemma was shown by Aalbersberg and Welzl as an existential statement (see951

first part of the proof of [2, Lemma 2.3]). We include the proof here to stress that it is952

effective.953

▶ Lemma C.1. From a complete independence alphabet (Γ, I), an n-ary Boolean function φ,954

and nfas Ai for i ∈ [n], one can construct an nfa B with [L∗(B)] =
〈
[L∗(A1)], . . . , [L∗(An)]

〉φ.955

Proof. Note that the language
〈
[L∗(A1)], . . . , [L∗(An)]

〉φ can be build from the languages956

[L∗(Ai)] using union and complementation. Since [L1] ∪ [L2] = [L1 ∪ L2] and since, from957

two nfas, one can construct an nfa for the union of the accepted languages, it remains to958

handle complementation.959

Thus, let (Γ, I) be a complete independence alphabet and A an nfa over Γ. We have to960

construct an nfa B with [L∗(B)] = Γ∗ \ [L∗(A)].961

We use the Parikh mapping Ψ: Γ∗ → NΓ with Ψ(w) = (|w|a)a∈Γ for all w ∈ Γ∗. Since962

(Γ, I) is complete, we have u ∼ v ⇐⇒ Ψ(u) = Ψ(v) and therefore963

Γ∗ \ [L∗(A)] = {v ∈ Γ∗ | Ψ(v) /∈ Ψ(L∗(A))} .964

By Parikh’s theorem [38], the set Ψ(L∗(A)) is effectively semi-linear and the same holds965

of its complement [20]. In other words, one can compute m,ni ≥ 1 and ui, vij ∈ Γ∗ for all966

i ∈ [m] and j ∈ [ni] such that967

NΓ \ Ψ(L∗(A)) =
⋃

i∈[m]

(
Ψ(ui) +

∑
j∈[ni]

N · Ψ(vij)
)

968
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which implies969

Γ∗ \ [L∗(A)] =
⋃

i∈[m]

[
ui v

∗
i1 v

∗
i2 · · · v∗

ini

]
.970

Since one can construct an nfa B with L∗(B) =
⋃

i∈[m] ui v
∗
i1 v

∗
i2 · · · v∗

ini
, the lemma is971

demonstrated. ◀972

We next want to demonstrate the analogous statement for Büchi-automata.973

▶ Lemma C.2. From a complete independence alphabet (Γ, I), an n-ary Boolean function φ,974

and Büchi-automata Ai for i ∈ [n], one can construct a Büchi-automaton B with975

[Lω(B)] =
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ
.976

Proof. Note that the language
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ can be build from the languages977

[Lω(Ai)] using union and complementation. Since [L1] ∪ [L2] = [L1 ∪ L2] and since, from978

two Büchi-automata, one can construct a Büchi-automaton for the union of the accepted979

languages, it remains to handle complementation.980

Thus, let (Γ, I) be a complete independence alphabet and A a Büchi-automaton over Γ.981

We have to construct a Büchi-automaton B with [Lω(B)] = Γω \ [Lω(A)].982

For any non-empty set A ⊆ Γ, let InfA = Γ∗
��

a∈A

aω denote the set of words that983

contain infinitely many occurrences of each letter from A (and only those). Then InfA is984

closed and Γω is the disjoint union of the languages InfA. Consequently,985

Γω \ [Lω(A)] =

 ⋃
∅̸=A⊆Γ

InfA

 \ [Lω(A)]986

=
⋃

∅̸=A⊆Γ

(InfA \ [Lω(A)]) .987

Let A ⊆ Γ be non-empty. We first construct a Büchi-automaton AA such that988

[Lω(AA)] = InfA \ [Lω(A)] .989

Fix some word wA with |wA|a > 0 ⇐⇒ a ∈ A for all a ∈ Γ. Since any two letters are990

independent, any word from�
a∈A

aω is equivalent to (wA)ω. Thus, for any α ∈ InfA, we991

have α ∼ projΓ\A(α) (wA)ω.992

Since Lω(A) ∩ InfA is effectively regular, one can construct an nfa BA with L∗(BA) =993

projΓ\A(Lω(A) ∩ InfA).994

We claim the following equivalence for any α ∈ InfA:995

α ∈ [Lω(A)] ⇐⇒ projΓ\A(α) ∈ [L∗(BA)] (4)996

So let α ∈ InfA be arbitrary. Then, as we saw above, α ∼ projΓ\A(α) (wA)ω.997

First, assume α ∈ [Lω(A)]. Then there exists β ∈ Lω(A) with α ∼ β. Then β ∈ InfA998

since the set InfA is closed and contains α. Hence β ∼ projΓ\A(β) (wA)ω implying999

projΓ\A(α) (wA)ω ∼ α ∼ β ∼ projΓ\A(α) (wA)ω .1000

Since the letters occurring in projΓ\A(α) and projΓ\A(β) are distinct from those appearing in1001

(wA)ω, we obtain projΓ\A(α) ∼ projΓ\A(β). Finally, β ∈ Lω(A) ∩ InfA implies projΓ\A(β) ∈1002
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projΓ\A(Lω(A) ∩ InfA) = L∗(BA) and therefore projΓ\A(α) ∈ [L∗(BA)]. This proves the1003

implication ”⇒” in the equivalence (4).1004

For the converse implication, suppose projΓ\A(α) ∈ [L∗(BA)]. Then there exists u ∈1005

L∗(BA) with α ∼ u (wA)ω. Since u ∈ L∗(BA) = projΓ\A(Lω(A) ∩ InfA), there exists1006

β ∈ Lω(A) ∩ InfA with u = projΓ\A(β). It follows that1007

α ∼ uwω
A = projΓ\A(β)wω

A ∼ β ∈ Lω(A)1008

where the last equivalence holds since β ∈ InfA. Hence α ∈ [Lω(A)], i.e., we also showed the1009

converse implication. Thus, the equivalence (4) holds.1010

Using Lemma C.1, one can construct (from BA) an nfa CA with1011

[L∗(CA)] = Γ∗ \ [L∗(BA)] .1012

Then we have the following for any ω-word α ∈ InfA:1013

α /∈ [Lω(A)] ⇐⇒ projΓ\A(α) /∈ [L∗(BA)] by (4)1014

⇐⇒ projΓ\A(α) ∈ [L∗(CA)]1015

⇐⇒ α ∈ [L∗(CA) (wA)ω]1016

Finally, one can construct a Büchi-automaton AA accepting L∗(CA) (wA)ω such that (for1017

α ∈ InfA) α /∈ [Lω(A)] ⇐⇒ α ∈ [Lω(AA)].1018

Since the sets InfA (for A ⊆ Γ nonemtpy) are closed and form a partition of Γω, we1019

therefore get the following (where all unions extend over all nonempty subsets A of Γ):1020

Γω \ [Lω(A)] =
⋃

(InfA \ [Lω(A)]) (see above)1021

=
⋃

[Lω(AA)]1022

=
[⋃

Lω(AA)
]
.1023

With B the disjoint union of the Büchi-automata AA, we obtain [Lω(B)] = Γω \ [Lω(A)] as1024

required. ◀1025

The above two lemmas yield the decidability of all problems (considered in this paper)1026

for complete independence alphabets and ω-languages.1027

▶ Corollary C.3. For all GenP ∈ {EmptP,RatP,RegP}, the problem GenPω(ComplA,BF)1028

is decidable.1029

Proof. Let (Γ, I) ∈ A be a complete independence alphabet, φ ∈ Φ an n-ary Boolean function,1030

and Ai for i ∈ [n] a Büchi-automaton over Γ. Then, by Lemma C.2, we can construct a Büchi-1031

automaton B with [Lω(B)] =
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ. Hence ((Γ, I), φ,A1, . . . ,An) ∈1032

RatPω(A,Φ), i.e., this rationality problem is (trivially) decidable. Since the emptiness of the1033

regular language Lω(B) is decidable, also the emptiness problem EmptPω(A,Φ) is decidable.1034

To handle the regularity problem, let L = Lω(B) and, for A ⊆ Γ, let InfA = Γ∗
��

a∈A

aω
1035

denote the set of all words over A with infinitely many occurrences of all letters from A.1036

Then the language [L] is regular iff all the languages [L] ∩ InfA for A ⊆ Γ are regular. So let1037

A ⊆ Γ. Since InfA is closed, we get1038

[L] ∩ InfA = [L ∩ InfA]1039

= [projΓ\A(L ∩ InfA)]� InfA .1040

This language is regular iff [projΓ\A(L∩InfA)] is regular. Note that all words from projΓ\A(L∩1041

InfA) are finite. Since, from the Büchi-automaton B and the set A ⊆ Γ, we can construct an1042

nfa for this language, the decidability follows from [21]. ◀1043
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C.2 Types and type automata1044

We next introduce notions and prove some results that will be useful later on as well (cf. proof1045

of Theorem D.8), therefore, they are more general than needed at this point. So let (Γk, Ik)1046

for k ∈ [m] be mutually disjoint independence alphabets and let (Γ, I) be their union, i.e.,1047

Γ =
⋃

k∈[m] Γk and I =
⋃

k∈[m] Ik (note that we do not require (Γk, Ik) to be complete such1048

that (Γ, I) is not necessarily transitive). We call a non-empty finite or infinite word over Γ1049

mono-alphabetic if there is k ∈ [m] such that all letters appearing in the word belong to Γk,1050

i.e., the set of mono-alphabetic words equals
⋃

k∈[m](Γ
+
k ∪ Γω

k ).1051

Now let, for i ∈ [n], Ai = (Qi,Γ, Si, Ti, Fi) be a Büchi-automaton over Γ. Our aim is to1052

abstract the behavior of α ∈ Γω in the automata Ai for all i ∈ [n]. The word α splits uniquely1053

into maximal mono-alphabetic factors. For any such factor, we will define its “type” and1054

then consider the sequence of these “types” as abstraction of α. There are two possibilities1055

for the splitting of α: it can result in infinitely many finite factors or in finitely many finite1056

ones followed by a single infinite. Since these two cases have to be considered separately, we1057

define the corresponding sets of words α as follows.1058

Let MonoInf :=
⋃

k∈[m] Γ∗ Γω
k denote the set of words mono-alphabetic at infinity and1059

MultiInf := Γ∗ \ MonoInf =
⋃

1≤k<ℓ≤m
�(Γω,Γω

k ,Γω
ℓ ) .1060

the set of words multi-alphabetic at infinity. Note that α ∈ MonoInf iff it splits into finitely1061

many maximal mono-alphabetic factors and α ∈ MultiInf otherwise.1062

For a finite mono-alphabetic word u ∈ Γ+
k with k ∈ [m], define the type tp+(u) =1063 (

(Ri, R
F
i )i∈[n], k

)
as follows (with i ∈ [n]):1064

Ri = {(p, q) ∈ Q2
i | ∃u′ ∼ u : p u′

−→Ai q}1065

RF
i = {(p, q) ∈ Q2

i | ∃u′ ∼ u : p u′

=⇒Ai
q}1066

(Recall that p u′

=⇒Ai
q denotes that there is a u′-labeled path from p to q that visits some1067

accepting state.)1068

The type of a finite mono-alphabetic word generalizes what is often called the transition1069

profile (cf. [6]) of a word. If I = ∅ and i ∈ [n], then Ri is the set of pairs connected by the1070

word u and RF
i the set of pairs connected by some u-labeled path that visits some accepting1071

state. Thus, in this case, the type is the tuple of transition profiles of u in the automata1072

Ai. If I ̸= ∅, we do not only collect those pairs that are connected by some u-labeled path,1073

but also add those that are connected by some path whose label is equivalent to u. In other1074

words, the type of u is the tuple of “unions” of transition profiles of all words u′ ∈ [u] in the1075

automata Ai.1076

For an infinite mono-alphabetic word α ∈ Γω
k , define the type tpω(α) =

(
(Ai)i∈[n], k

)
by1077

Ai = {p ∈ Qi | ∃α′ ∼ α : α′ ∈ Lω(Ap→
i )}1078

where i ∈ [n]. Then Ai is the set of states of the Büchi-automaton Ai that allow to accept1079

some word from [α].1080

Let TP+ =
⋃

k∈[n]{tp+(u) | u ∈ Γ+
k } denote the set of all types of mono-alphabetic finite1081

words and TPω =
⋃

k∈[n]{tpω(α) | α ∈ Γω
k } the set of all types of mono-alphabetic infinite1082

words. Let TP be the union of the sets TP+ and TPω. As (possibly proper) subset of1083 ∏
i∈[n]

(
P(Qi ×Qi) × P(Qi ×Qi)

)
× [n] ∪

∏
i∈[n]

P(Qi) × [n] ,1084
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all these sets are finite. It is not difficult to see that tp+(u) can be computed from a finite1085

mono-alphabetic word u, the Büchi-automata Ai, and the tuple of independence alphabets1086

(Γk, Ik) since all words equivalent with u are of length |u|. Since the finite words can be1087

enumerated, it follows that the set TP+ of all types of finite mono-alphabetic words can1088

be enumerated from the tuples (Ai)i∈[n] and (Γk, Ik)k∈[m]. But, in general, it cannot be1089

computed from these tuples as this would require to determine the existence of a finite word1090

u for a given tuple
(
(Ri, R

F
i )i∈[n], k) of the above direct product; this, in particular, requires1091

to decide the existence of a word u ∈ Γ+
k with p u−→Ai

q, but not p′ v−→Ai
q′ for any v ∼ u for1092

(p, q) ∈ Ri and (p′, q′) /∈ Ri, a question that is undecidable in general [1] (it is decidable for1093

transitive independence alphabets, see Lemma C.10 below).1094

Note that the above consideration does not even yield the semi-decidability of the set1095

TPω since we cannot enumerate all infinite mono-alphabetic words α ∈ Γω
k .1096

Let α ∈ Γω be some infinite word. Depending on whether α ∈ MultiInf or not, we now1097

define the type sequence of α as follows:1098

Suppose α = u1u2u3 · · · with uj ∈ Γ+
kj

and kj ̸= kj+1 for all j ≥ 1. Then the type1099

sequence of α is the infinite word1100

tpsqu(α) = tp+(u1) tp+(u2) tp+(u3) · · · ∈ TPω
+ .1101

Suppose α = u1u2 · · ·uℓ β with uj ∈ Γ+
kj

, β ∈ Γω
kℓ+1

and kj ̸= kj+1 for all i ∈ [ℓ]. Then1102

the type sequence of α is the finite word1103

tpsqu(α) = tp+(u1) tp+(u2) · · · tp+(uℓ) tpω(β) ∈ TP∗
+ TPω .1104

▶ Lemma C.4. Let α, β ∈ Γω with α ∼ β. Then tpsqu(α) = tpsqu(β).1105

Proof. Suppose α = u1u2 · · · with uj ∈ Γ+
kj

and kj ≠ kj+1 for all j ≥ 1. Since letters from1106

distinct alphabets Γk are dependent, α ∼ β implies β = v1v2 · · · for some words vj ∈ Γ+
kj

1107

with uj ∼ vj for all j ≥ 1. But then tp+(uj) = tp+(vj) and therefore tpsqu(α) = tpsqu(β).1108

If α ∈ MonoInf is mono-alphabetic at infinitely, one can argue similarly. ◀1109

Let TPSQUmono denote the set of words from TP∗
+ TPω that do not contain a factor of the1110

form
(
(Ri, R

F
i )i∈[n], k

) (
(Si, S

F
i )i∈[n], k

)
or
(
(Ri, R

F
i )i∈[n], k

) (
(Ai)i∈[n], k

)
for any k ∈ [m].1111

Similarly, let TPSQUmulti denote the set of ω-words from TPω
+ that do not contain such a1112

factor. Clearly, given the sets of types TP+ and TPω, one can construct an nfa accepting1113

TPSQUmono and a Büchi-automaton accepting TPSQUmulti.1114

▶ Lemma C.5. We have TPSQUmulti = {tpsqu(α) | α ∈ MultiInf} and TPSQUmono =1115

{tpsqu(α) | α ∈ MonoInf}.1116

Proof. First, let α ∈ MultiInf. Then α splits uniquely into mono-alphabetic finite words1117

uj ∈ Γ+
kj

with kj ≠ kj+1 for all j ≥ 1. Since tpsqumulti(α) is the sequence of types tp+(uj)1118

and since kj ̸= kj+1 for all j ≥ 1, we obtain tpsqu(α) ∈ TPSQUmulti.1119

Conversely, let W = t1 t2 · · · ∈ TPSQUmulti with tj ∈ TP+ for all j ≥ 1. The definition of1120

the set TP+ implies that there are finite mono-alphabetic words uj ∈ Γ+
kj

with tj = tp+(uj)1121

for all j ≥ 1. Note that the index kj is determined by the type tj . Since W ∈ TPSQUmulti,1122

we obtain kj ̸= kj+1 for all j ≥ 1. With α = u1 u2 u3 · · · , we therefore get α ∈ MultiInf and1123

tpsqumulti(α) = W .1124

Thus, we proved the claim regarding TPSQUmulti, the other claim is shown similarly. ◀1125
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We will next prove that the language [Lω(Ai)] is the inverse image (wrt. the mapping1126

tpsqu) of some regular set. More precisely, this will be shown for the languages [Lω(Ai)] ∩1127

MultiInf and [Lω(Ai)] ∩ MonoInf separately since the type sequences of the former set are1128

infinite while those of the latter are finite.1129

We first handle the case of words multi-alphabetic at infinity, i.e., the former language1130

that is a subset of TPSQUmulti ⊆ TPω
+. From the Büchi-automaton Ai, we define a new1131

Büchi-automaton Amulti
i = (Qmulti

i ,TP+, S
multi
i , Tmulti

i , Fmulti
i ) over the alphabet TP+ as1132

follows:1133

The set of states is defined by Qmulti
i = Qi × [n] × {+,−}.1134

The set of initial states equals Smulti
i = Si × [n] × {+,−}.1135

The set of accepting states equals Fmulti
i = Qi × [n] × {+}.1136

There is a transition (p, j, a)
((Ri,RF

i )i∈[n],k)
−−−−−−−−−−→ (q, ℓ, b) in Tmulti

i with ((Ri, R
F
i )i∈[n], k) ∈1137

TP+ iff1138

(p, q) ∈ Ri,1139

j ̸= k = ℓ,1140

b = − or (p, q) ∈ RF
i .1141

The alphabet of this automaton Amulti
i is the set TP+ of types of finite words. Then there1142

is a tp+(u)-labeled transition from (p, j, a) to (q, ℓ, b) if, for some word v equivalent with1143

u, the automaton Ai has a v-labeled path from p to q; the component ℓ of (q, ℓ, b) recalls1144

the sub-alphabet Γℓ that the words u and v use; the final component b recalls whether the1145

v-labeled path visits some accepting state or not. Using the second component of states, the1146

automaton Amulti
i ensures that, in any accepted word, consecutive types t and t′ refer to1147

distinct sub-alphabets Γk and Γℓ, i.e., Lω(Amulti
i ) ⊆ TPSQUmulti.1148

▶ Lemma C.6. For all i ∈ [n], we have1149

[Lω(Ai)] ∩ MultiInf = {α ∈ MultiInf : tpsqu(α) ∈ Lω(Amulti
i )} .1150

Proof. Let i ∈ [n]. Since both sites of the equation are subsets of MultiInf, we consider some1151

α ∈ MultiInf. Then there are uj ∈ Γ+
kj

with kj ̸= kj+1 for all j ≥ 1 such that α = u1u2 · · · .1152

For j ≥ 1, let tp+(uj) = ((Rij , R
F
ij)i∈[n], kj).1153

We have α ∈ [Lω(Ai)] iff1154

there is β ∈ Lω(Ai) with α ∼ β. (5)1155

Note that any such β is multi-alphabetic at infinity since α ∈ MultiInf. Therefore, (5) is1156

equivalent to1157

there are words v1, v2, . . . with v1v2 · · · ∈ Lω(Ai) and uj ∼ vj for all j ≥ 1.1158

By the definition of the language of the Büchi-automaton Ai, this is equivalent to the1159

existence of words v1, v2, . . . and states q0, q1, · · · ∈ Qi of Ai such that1160

q0 ∈ Si is initial in Ai,1161

there is a vj-labeled path from qj−1 to qj in Ai for all j ≥ 1,1162

such a path visits some accepting state for infinitely many j ≥ 1, and1163

uj ∼ vj for all j ≥ 1.1164

Since tp+(uj) = ((Rij , R
F
ij)i∈[n], kj) for all j ≥ 1, this is equivalent to the existence of states1165

q0, q1, · · · ∈ Qi such that1166
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q0 ∈ Si is initial in Ai,1167

(qj−1, qj) ∈ Rij for all j ≥ 1, and1168

(qj−1, qj) ∈ RF
ij for infinitely many j ≥ 1.1169

But this is equivalent to saying that the Büchi-automaton Amulti
i accepts tp+(u1) tp+(u2) · · ·1170

which equals tpsqu(α). ◀1171

We next want to prove that also the language [Lω(Ai)]∩MonoInf is the inverse image (wrt.1172

the mapping tpsqu) of some regular set. Since type sequences of words from MonoInf are finite1173

words over TP, we construct the following nfa Amono
i = (Qmono

i ,TP, Smono
i , Tmono

i , Fmono
i )1174

for i ∈ [n]:1175

The set of states is defined by Qmono
i = (Qi × [n]) ∪ {⊤}.1176

The set of initial states equals Smono
i = (Si × [n]).1177

⊤ is the only accepting state.1178

There is a transition (p, j)
((Ri,RF

i )i∈[n],k)
−−−−−−−−−−→ (q, ℓ) in Tmono

i with ((Ri, R
F
i )i∈[n], k) ∈ TP+1179

iff (p, q) ∈ Ri and j ̸= k = ℓ.1180

There is a transition (p, j)
((Ai)i∈[n],k)
−−−−−−−−→ ⊤ in Tmono

i with ((Ai)i∈[n], k) ∈ TPω iff p ∈ Ai1181

and j ̸= k.1182

There are no further transitions in Tmono
i .1183

▶ Lemma C.7. For all i ∈ [n], we have1184

[Lω(Ai)] ∩ MonoInf = {α ∈ MonoInf : tpsqu(α) ∈ Lω(Amono
i )} .1185

Proof. Let i ∈ [n]. Since both sites of the equation are subsets of MonoInf, we consider1186

some α ∈ MonoInf. Then there are ℓ ≥ 0, uj ∈ Γ+
kj

and α′ ∈ Γω
kℓ+1

with kj ̸= kj+1 for all1187

j ∈ [ℓ] such that α = u1u2 · · ·uℓα
′. For j ∈ [ℓ], let tp+(uj) = ((Rij , R

F
ij)i∈[n], kj) and let1188

tpω(α′) = ((Ai)i∈[n], kℓ+1).1189

We have α ∈ [Lω(Ai)] iff1190

there is β ∈ Lω(Ai) with α ∼ β. (6)1191

Note that any such β is mono-alphabetic at infinity since α ∈ MonoInf. Therefore, (6) is1192

equivalent to1193

there are words v1, v2, . . . vℓ, β
′ with v1v2 · · · vℓβ

′ ∈ Lω(Ai), uj ∼ vj for all j ∈ [ℓ], and α′ ∼ β′ .1194

By the definition of the language of the Büchi-automaton Ai, this is equivalent to the1195

existence of words v1, v2, . . . , vℓ, β and states q0, q1, . . . , qℓ ∈ Qi of Ai such that1196

q0 ∈ Si is initial in Ai,1197

there is a vj-labeled path from qj−1 to qj in Ai for all j ∈ [ℓ],1198

β′ ∈ Lω(Aqℓ+1→
i ), and1199

uj ∼ vj for all j ∈ [ℓ] and α′ ∼ β′.1200

Since tp+(uj) = ((Rij , R
F
ij)i∈[n], kj) for all j ∈ [ℓ] and tpω(α′) = ((Ai)i∈[n], qℓ), this is1201

equivalent to the existence of states q0, q1, . . . , qℓ ∈ Qi such that1202

q0 ∈ Si is initial in Ai,1203

(qj−1, qj) ∈ Rij for all j ∈ [ℓ], and1204

qℓ ∈ Ai.1205
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But this is equivalent to saying that the nfa Amono
i accepts tp+(u1)tp+(u2) · · · tp+(uℓ)tpω(α′)1206

which equals tpsqu(α). ◀1207

Now we can summarize our results on types and type sequences.1208

▶ Theorem C.8. From1209

mutually disjoint independence alphabets (Γk, Ik) for k ∈ [m],1210

Büchi-automata Ai over Γ =
⋃

k∈[m] Γk for i ∈ [n],1211

an n-ary Boolean function φ, and1212

the sets of types TP+ and TPω,1213

one can compute a Büchi-automaton Amulti and an nfa Amono such that (for all α ∈ Γω)1214

α ∈
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ
1215

if, and only if,1216

tpsqu(α) ∈ Lω(Amulti) ∪ L∗(Amono) .1217

Proof. From the given data, one can compute the Büchi-automata Amulti
i and the nfas1218

Amono
i . Since

〈
Lω(Amulti

1 ), . . . , Lω(Amulti
n )

〉φ is a Boolean combination of the languages of1219

the Büchi-automata Amulti
i , one can construct a Büchi-automaton Amulti with1220

Lω(Amulti) =
〈
Lω(Amulti

1 ), . . . , Lω(Amulti
n )

〉φ
.1221

Now let α ∈ MultiInf. By Lemma C.6, we have α ∈
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ iff tpsqu(α) ∈1222 〈
[Lω(Amulti

1 )], . . . , [Lω(Amulti
n )]

〉φ iff tpsqu(α) ∈ Lω(Amulti).1223

Similarly, one can construct an nfa Amono with1224

L∗(Amono) =
〈
L∗(Amono

1 ), . . . , L∗(Amono
n )

〉φ
1225

and obtain, for any α ∈ MonoInf, α ∈
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ iff tpsqu(α) ∈ Lω(Amono)1226

using Lemma C.7. ◀1227

C.3 Rationality problem1228

▶ Lemma C.9. Given complete independence alphabets (Γk, Ik) for k ∈ [m], Büchi-automata1229

Ai = (Qi,Γ, Si, Ti, Fi) for i ∈ [n] over Γ =
⋃

k∈[m] Γk, I =
⋃

k∈[m] Ik, sets Ri, R
F
i ⊆ Q2

i ,1230

Ai ⊆ Qi, and k ∈ [m], one can compute1231

an nfa T1 over Γk with [L(T1)] =
{
u ∈ Γ+

k | tp+(u) =
(
(Ri, R

F
i )i∈[n], k

)}
and1232

a Büchi-automaton T2 over Γk with [Lω(T2)] =
{
α ∈ Γω

k | tpω(α) =
(
(Ai)i∈[n], k

)}
.1233

Proof. We first construct the nfa T1. For i ∈ [n] and p, q ∈ Qi, let Kpq
i ⊆ Γ+

k denote the1234

set of words u ∈ Γ+
k with p

u−→Ai
q and KF pq

i the set of words u′ ∈ Γ+
k with p

u′

=⇒Ai
.1235

Furthermore, consider the language1236

Ki =
⋂

(p,q)∈Ri

[Kpq
i ] ∩

⋂
(p,q)∈Q2

i
\Ri

Γ+
k \ [Kpq

i ]1237

∩
⋂

(p,q)∈RF
i

[KF pq
i ] ∩

⋂
(p,q)∈Q2

i
\RF

i

Γ+
k \ [KF pq

i ] .1238
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Then K =
⋂

i∈[n] Ki is the set of words α ∈ Γ+
k whose type equals ((Ri, R

F
i )i∈[n], k).1239

This is a Boolean combination of closures of regular sets in Γ+
k . Since (Γk, Ik) is complete,1240

one can construct the nfa T1 as required using Lemma C.1.1241

The construction of the Büchi-automaton T2 follows similar lines. For i ∈ [n] and p ∈ Qi,1242

let Lp
i = Lω(Ap→

i ) ∩ Γω
k denote the set of words β ∈ Γω

k accepted by the Büchi-automaton1243

Ai when started in state p. Furthermore, consider the language1244

Li =
⋂

p∈Ai

[Lp
i ] ∩

⋂
p∈Qi\Ai

Γω
k \ [Lp

i ] .1245

Then L =
⋂

i∈[n] Li is the set of words α ∈ Γω
k whose type equals

(
(Ai)i∈[n], k). The language1246

L is a Boolean combination of closures of regular sets. Note that all the languages Lp
i are1247

subsets of Γω
k and that (Γk, Ik) is a complete independence alphabet. Hence, by Lemma C.2,1248

we can construct a Büchi-automaton T2 over Γk with L = [Lω(T2)]. ◀1249

▶ Lemma C.10. Given complete independence alphabets (Γk, Ik) for k ∈ [m], Büchi-automata1250

Ai = (Qi,Γ, Si, Ti, Fi) for i ∈ [n] over Γ =
⋃

k∈[m] Γk, and I =
⋃

k∈[m] Ik, one can compute1251

the sets of types TP+ and TPω.1252

Proof. Let t1 = ((Ri, R
F
i )i∈[n], k) and t2 = ((Ai)i∈[n], k) with Ri, R

F
i ⊆ Q2

i and Ai ⊆ Qi1253

for all i ∈ [n] and k ∈ [m]. Then, by Lemma C.9, one can construct an nfa Tt1 and a1254

Büchi-automaton Tt2 such that [L∗(Tt1)] is the set of finite words of type t1 and [Lω(Tt2)] is1255

the set of infinite words of type t2. Since the emptiness of these two languages is decidable,1256

we can decide whether t1 ∈ TP+ and t2 ∈ TPω, respectively. Since there are only finitely1257

many tuples t1 and t2, the result follows. ◀1258

In view of this lemma and Theorem C.8, we see that one can compute the automata1259

Amulti and Amono that accept the type sequences of words from
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ.1260

In order to build an automaton for this set itself, we will apply a rational relation to the1261

languages of these two automata.1262

▶ Lemma C.11. From1263

mutually disjoint complete independence alphabets (Γk, Ik) for k ∈ [m] and1264

Büchi-automata Ai over Γ =
⋃

k∈[m] Γk for all i ∈ [n],1265

one can compute an ω-transducer for a relation R such that the following hold:1266

For any α ∈ Γω, there exists β ∼ α with (tpsqu(α), β) ∈ R.1267

For any (W,α) ∈ R with W ∈ TPSQU, we have W = tpsqu(α).1268

Proof. The relation R will be the union of relations Rω
1 and R∗

1 H where R1 ⊆ TP+ ×Γ+
1269

and H ⊆ TPω ×Γω.1270

By Lemma C.10, one can compute the sets of types TP+ and TPω. From t ∈ TP+, one1271

can compute an nfa T t
1 such that the closure of its languages equals the set of finite words of1272

type t (Lemma C.9). Hence1273

R1 =
⋃

t∈TP+

(
{t} × L∗(T t

1 )
)

1274

is rational such that the following hold:1275

For any finite mono-alphabetic word u ∈ Γ+
k , there exists v ∼ u with (tp+(u), v) ∈ R1.1276

For any (t, u) ∈ R1, we have t = tp+(u).1277
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Now consider the rational relation Rω
1 and let α ∈ MultiInf be arbitrary. Then we have the1278

following.1279

There is β ∼ α with (tpsqu(α), β) ∈ Rω
1 .1280

To see this, consider the splitting of α into maximal mono-alphabetic factors, i.e., let1281

uj ∈ Γ+
kj

with kj ̸= kj+1 for all j ≥ 1 such that α = u1u2 · · · . For j ≥ 1, let tj = tp+(uj).1282

Then Lemma C.9 ensures the existence of words vj ∼ uj with vj ∈ L∗(T tj

1 ) and therefore1283

(tj , vj) ∈ R1 as well as v1v2 · · · ∼ α. Hence1284

(tpsqu(α), v1v2 · · · ) =
(
tp+(u1), v1

) (
tp+(u2), v2

)(
tp+(u3), v3

)
· · ·1285

=
(
tp+(v1), v1

) (
tp+(v2), v2

)(
tp+(v3), v3

)
· · · since uj ∼ vj1286

∈ Rω
1 .1287

The only word W ∈ TPSQU with (W,α) ∈ Rω
1 is W = tpsqu(α).1288

To see this, suppose (W,α) ∈ Rω
1 with W ∈ TPSQU. Then α = u1u2 · · · and W = t1t2 · · ·1289

with (tj , uj) ∈ R1 for all j ≥ 1. From the definition of R1, we get uj ∈ L∗(T tj

1 ) and1290

therefore tj = tp+(uj) for all j ≥ 1. In particular, the factors uj satisfy uj ∈ Γ+
kj

where1291

the index kj ∈ [m] is determined by the type tj . Since W ∈ TPSQU, we obtain kj ̸= kj+11292

for all j ≥ 1. Hence the type sequence of α is the sequence of types tp+(uj) = tj , i.e.,1293

equals W .1294

Having considered the relation Rω
1 , i.e., the first part of the relation R, we next define the1295

relation H and study R∗
1 H. From t ∈ TPω, one can compute a Büchi-automaton T t

2 such1296

that the closure of its language equals the set of infinite words of type t (Lemma C.9). Hence1297

H =
⋃

t∈TPω

(
{t} × Lω(T t

1 )
)

1298

is rational such that the following hold:1299

For any infinite mono-alphabetic word α′ ∈ Γω
k , there exists β′ ∼ α′ with (tpω(α′), β′) ∈1300

H.1301

For any (t, α′) ∈ H, we have t = tpω(α′).1302

Now consider the rational relation R∗
1 ·H and let α ∈ MonoInf be arbitrary. Then we have1303

the following.1304

There is β ∼ α with (tpsqu(α), β) ∈ R2.1305

To see this, consider the splitting of α into maximal mono-alphabetic factors, i.e., let1306

uj ∈ Γ+
kj

and α′ ∈ Γω
kℓ+1

with kj ̸= kj+1 for all j ∈ [ℓ] such that α = u1u2 · · ·uℓ α
′. For1307

j ∈ [ℓ], let tj = tp+(uj) and set tℓ+1 = tpω(α′). Then Lemma C.9 ensures the existence1308

of words vj ∼ uj and β′ ∼ α′ with vj ∈ L∗(T tj

1 ) and β′ ∈ L∗(T tℓ+1
2 ) (and therefore1309

(tj , vj) ∈ R1 and (tℓ+1, β
′) ∈ H as well as v1v2 · · · vℓβ

′ ∼ α). Hence1310

(tpsqu(α), v1v2 · · · vℓβ
′) =

(
tp+(u1), v1

)
· · ·
(
tp+(uℓ), vℓ

)(
tpω(α′), β′)

1311

=
(
tp+(v1), v1

)
· · ·
(
tp+(vℓ), vℓ

)(
tpω(β′), β′)

1312

∈ R∗
1 H = R2 .1313

The only word W ∈ TPSQU with (W,α) ∈ R∗
1 H is W = tpsqu(α).1314

To see this, suppose (W,α) ∈ R∗
1 H with W ∈ TPSQU. Then α = u1u2 · · ·uℓα

′ and1315

W = t1t2 · · · tℓ tℓ+1 with (tj , uj) ∈ R1 for all j ∈ [ℓ] and (tℓ+1, α
′) ∈ H. From the1316
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definitions of R1 and H, we get uj ∈ L∗(T tj

1 ) and therefore tj = tp+(uj) for all j ∈ [ℓ] as1317

well as α′ ∈ Lω(T tℓ+1
2 ). In particular, the factors uj and α′ satisfy uj ∈ Γ+

kj
and α′ ∈ Γω

kℓ+1
1318

where the index kj ∈ [m] is determined by the type tj and tℓ+1. Since W ∈ TPSQU, we1319

obtain kj ̸= kj+1 for all j ∈ [ℓ]. Hence the type sequence of α is the sequence of types1320

tp+(uj) = tj followed by tpω(α′) = tℓ+1, i.e., equals W .1321

To finish, let R = Rω
1 ∪ R∗ H. This relation is effectively rational and has the desired1322

properties. ◀1323

▶ Theorem 4.1. From a transitive independence alphabet (Γ, I), an n-ary Boolean function1324

φ, and Büchi-automata Ai over Γ for i ∈ [n], one can construct a Büchi-automaton B with1325

[Lω(B)] =
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ
.1326

Hence, the problems RatPω(TransA,BF) and EmptPω(TransA,BF) are decidable.1327

Proof. Let, for k ∈ [m], (Γk, Ik) be the connected components of (Γ, I). Since (Γ, I) is1328

transitive, these independence alphabets are complete.1329

First, compute the sets of types TP+ and TPω using Lemma C.10. Then, using The-1330

orem C.8, construct the automata Amulti and Amono. From Lemma C.11, construct a1331

transducer for the relation R. Finally, let L denote the set of words α ∈ Γω such that1332

(tpsqu(α), α) ∈ R and tpsqu(α) ∈ Lω(Amulti) ∪ L∗(Amono). One can construct a Büchi-1333

automaton B for this language L since R is rational.1334

It remains to be shown that the closure [L] of L equals
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ.1335

So let α ∈ Γω. Suppose α ∈ [L]. Then there exists β ∼ α with β ∈ L. From the1336

definition of L, we get in particular tpsqu(β) ∈ Lω(Amulti) ∪ L∗(Amono) and therefore,1337

by Theorem C.8, β ∈
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ. Since α ∼ β and since the language1338 〈
[Lω(A1)], . . . , [Lω(An)]

〉φ is closed, we obtain α ∈
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ.1339

Conversely, suppose α ∈
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ. Then, by Theorem C.8, tpsqu(α) ∈1340

Lω(Amulti)∪L∗(Amono). Furthermore, by Lemma C.11, there exists β ∼ α with (tpsqu(α), β) ∈1341

R. Note that the type sequences of α and β coincide since β ∼ α; hence (tpsqu(β), β) ∈ R1342

and tpsqu(β) ∈ Lω(Amulti) ∪ L∗(Amono). But this ensures β ∈ L and therefore α ∈ [L].1343

It follows, as in the case of complete independence alphabets, that the rationality problem1344

RatPω(TransA,BF) is trivially decidable since the answer is always “yes”. ◀1345

C.4 The regularity problem1346

The multi-equivalence ≡ induces the block equivalence ≡blk on Γω as follows. The idea is that1347

α ≡blk β means that α can be transformed into β by replacing maximal mono-alphabetic1348

factors by equivalent ones (wrt. ≡). The exact definition is as follows. Let α, β ∈ Γω. If1349

α ∈ MultiInf and β ∈ MonoInf (or vice versa), then α ̸≡blk β.1350

Suppose α, β ∈ MultiInf. Then they factorize uniquely into α = u1u2 · · · and β = v1v2 · · ·1351

with uj ∈ Γ+
kj

, kj ̸= kj+1, vj ∈ Γ+
ℓj

and ℓj ̸= ℓj+1 for all j ≥ 1.1352

We set α ≡blk β if uj ≡ vj holds for all j ≥ 1.1353

Suppose α, β ∈ MonoInf. Then they factorize uniquely into α = u1u2 · · ·uℓα
′ and1354

β = v1v2 · · · vmβ
′ where the words uj , α′, vk and β′ for all j ∈ [ℓ] and k ∈ [m] are1355

mono-alphabetic and none of ujuj+1, uℓα
′, vkvk+1 and vmβ

′ is mono-alphabetic for any1356

j ∈ [ℓ− 1] and k ∈ [m− 1].1357

We set α ≡blk β if ℓ = m, uj ≡ vj for all j ∈ [ℓ], and α′ ≡ β′.1358
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A language L ⊆ MultiInf is saturated by ≡ if α ≡blk β ∈ L implies α ∈ L, i.e., if L is a1359

union of equivalence classes of ≡blk.1360

For two mono-alphabetic words x and y with x ∼ y, we have x ≡A y. Hence the1361

multi-equivalence ≡A saturates every closed language, in particular the language [Lω(A)].1362

Finally, the block closure of L wrt. ≡ is the minimal language blkcl≡(L) that is saturated1363

by ≡ and contains L. This block closure of L exists since the class of languages saturated by1364

≡ is closed under arbitrary intersections. It is obtained from the words in L by replacing1365

maximal mono-alphabetic factors by any equivalent ones.1366

The following example demonstrates that there is not necessarily a largest multi-equivalence1367

that saturates a given language L ⊆ MultiInf.1368

▶ Example. Let Γ1 = {a} and Γ2 = {b} (with I1 = I2 = ∅) and consider the language L of1369

all words1370

α = am1 bn1 am2 bn2 · · ·1371

with mi, ni ≥ 1 for all i ≥ 1 and {i | ni = n or mi = n} finite for all n ≥ 1 (i.e., any “block1372

size” appears only finitely often). Now let ≡1 and ≡2 be the multi-equivalences given by1373

for any c ∈ {a, b}, cm ≡1 c
n iff |m− n| ≥ 1 and min(m,n) is even and1374

for any c ∈ {a, b}, cm ≡2 c
n iff |m− n| ≥ 1 and min(m,n) is odd.1375

Suppose α ≡blk
1 β ∈ L. Then the number of blocks of size m in α is at most the number1376

of blocks of size m − 1, m, or m + 1 in β. From β ∈ L, we obtain that this number is1377

finite and therefore α ∈ L. Consequently, ≡1 and similarly ≡2 both saturate L. Note1378

that the only multi-equivalence containing them both is the total multi-equivalence ≡ with1379

equivalence classes a+, b+, {aω}, and {bω}. But this multi-equivalence does not saturate L1380

since L ̸∋ (ab)ω ≡blk a1b2a3b4a5b6 · · · ∈ L.1381

This cannot happen if L is saturated by some multi-equivalence of finite index.1382

▶ Lemma C.12. Let L ⊆ Γω be saturated by the multi-equivalences ≡1 and ≡2 and suppose1383

there are only finitely many equivalence classes wrt. ≡1. Then L is saturated by some1384

multi-equivalence ≡ ⊇ ≡1 ∪ ≡2.1385

Proof. Let ≡ be the least equivalence relation with ≡1 ∪ ≡2 ⊆ ≡; then ≡ is a multi-1386

equivalence.1387

Consider two mono-alphabetic words x and z with x ≡ z. Since the relations ≡1 and ≡21388

are reflexive and transitive, there are n ≥ 0 and mono-alphabetic words y0, y1, . . . , y2n such1389

that1390

x = y01391

for all j ∈ [n], we have y2j−2 ≡1 y2j−1 ≡2 y2j , and1392

y2n = z.1393

Let n be minimal with these properties. Then there cannot exist 0 ≤ i < j ≤ n with1394

y2i−2 ≡1 y2j−2 for otherwise1395

x = y0, y1, . . . , y2i−2, y2j−1, y2j , . . . , y2n = z1396

would be a shorter sequence witnessing x ≡ z. Hence n is at most twice the number N of1397

equivalence classes of ≡1.1398

Now let α ≡blk β ∈ L. By the above arguments, there are words α0, α1, . . . , α2n with1399

0 ≤ n ≤ N such that1400
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α = α0,1401

for all j ∈ [n], we have α2j−2 ≡blk
1 α2j−1 ≡blk

2 α2j and1402

α2n = β.1403

Since L is saturated by both multi-equivalences ≡1 and ≡2, we obtain by induction αi ∈ L1404

for all i ∈ [2n] and therefore in particular α ∈ L. Hence, indeed, L is saturated by ≡. ◀1405

The following lemma shows that the block closure wrt. ≡ of a regular language is regular.1406

The condition for this is that all equivalence classes of ≡ are regular. If these equivalence1407

classes are giben by finite automata, then a Büchi-automaton for the block closure is1408

computable – this is the actual content of the following lemma.1409

▶ Lemma C.13. From a Büchi-automaton A, a tuple of nfas (Bi)i∈[M ], and a tuple of Büchi-1410

automata (Ci)i∈[N ], one can construct a Büchi-automaton B with the following property. If1411

there is a multi-equivalence ≡ with set of equivalence classes
{
L∗(Bi) | i ∈ [M ]} ∪ {Lω(Ci |1412

i ∈ [N ]}, then Lω(B) = blkcl≡(Lω(A)).1413

Proof. Since the equivalence classes of ≡ are regular, the relations R1 = {(u, v) | u, v ∈1414

Γ+, u ≡ v} =
⋃

i∈[M ] L
∗(Bi)×L∗(Bi) and R2 = {(α, β) | α, β ∈ Γω, α ≡ β} =

⋃
i∈[N ] L

ω(Ci)×1415

Lω(Ci) are rational (more precisely: transducers for these relations can be computed). It1416

follows that also a transducer for the block equivalence ≡blk can be constructed. Hence one1417

can compute a Büchi-automaton accepting the block closure blkcl≡(Lω(A)) of Lω(A). ◀1418

▶ Proposition 4.2. Let A be a Büchi-automaton. Then [Lω(A)] is regular if, and only if,1419

[Lω(A)] is saturated by some multi-equivalence ≡ ⊇ ≡A such that all equivalence classes of1420

≡ are regular.1421

Proof. First, suppose [Lω(A)] is regular. By [13, Thm. 4.6] and the proof of [13, Prop. 3.4],1422

there exists a Büchi-automaton B such that Lω(B) = [Lω(A)] and all equivalence classes1423

of ≡B are regular. By Lemma C.12, there exists a multi-equivalence ≡ ⊇ ≡A ∪ ≡B that1424

saturates [Lω(A)]. Since the equivalence classes of ≡ are (finite) unions of equivalence classes1425

of ≡B, they are regular.1426

Conversely, suppose ≡ ⊇ ≡A saturates [Lω(A)] and all equivalence classes of ≡ are1427

regular. Then, by Lemma C.13, the block closure blkcl≡(Lω(A)) of Lω(A) is regular. Since1428

≡ saturates [Lω(A)], we get [Lω(A)] ⊆ blkcl≡([Lω(A)]) ⊆ [Lω(A)]. Furthermore, ∼ ⊆ ≡blk
1429

implies blkcl≡([Lω(A)]) = blkcl≡(Lω(A)). Hence [Lω(A)] equals the regular language1430

blkcl≡(Lω(A)). ◀1431

▶ Theorem 4.3. The regularity problem RegPω(TransA,BF) is decidable.1432

Proof. Let (Γ, I) ∈ TransA, φ ∈ BF n-ary, and A1, . . . ,An Büchi-automata over Γ. By The-1433

orem 4.1, one can construct a Büchi-automaton A with [Lω(A)] =
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ.1434

To prove the theorem, it remains to decide whether [Lω(A)] is regular.1435

Let (Γ, I) be the disjoint union of the complete independence alphabets (Γk, Ik) for1436

k ∈ [m]. By Lemma C.10, one can compute the sets of types TP+ and TPω. By Lemma C.9,1437

one can then compute nfas Bt for t ∈ TP+ and Büchi-automata Ct for t ∈ TPω such that1438

the languages [L∗(Bt)] and [Lω(Ct)] are the equivalence classes of the multi-equivalence ≡A.1439

For an equivalence relation ≈ on the set TP of all types, define the equivalence ≡ on the1440

set of mono-alphabetic words by x ≡ y iff the types of x and y are equivalent wrt. ≈. Note1441

that then ≡ ⊇ ≡A and that any equivalence relation extending ≡A arises this way. Thus,1442
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the language [Lω(A)] is regular if, and only if, there is an equivalence relation ≈ on the set1443

of all types such that the induced equivalence relation ≡ is a multi-equivalence, saturates1444

[Lω(A)], and has only regular equivalence classes (cf. Prop. 4.2). Since there are only finitely1445

many types, there are only finitely many equivalence relations ≈ that we will test one after1446

the other.1447

So let ≈ be an equivalence relation on the set of all types and let ≡ denote the induced1448

equivalence relation on the set of mono-alphabetic words. Then the equivalence classes of ≈1449

are unions of languages of the form [L∗(Bt)] and [Lω(Ct)]. Note that ≡ is a multi-equivalence1450

iff, for each equivalence class C of ≡, there exists k ∈ [m] with C ⊆ Γ+
k or C ⊆ Γω

k . Since1451

C is a union of languages [L∗(Bt)] and [Lω(Ct)], this is decidable. Assuming this, one has1452

to decide whether the equivalence classes are regular. Since the independence alphabets1453

(Γk, Ik) all are complete, this is decidable by Corollary C.3. If, indeed, all equivalence classes1454

are regular, Lemmas C.1 and C.2 allow to compute automata accepting these equivalence1455

classes. Finally, Lemma C.13 allows to compute a Büchi-automaton B accepting the language1456

blkcl≡(Lω(A)). It remains to decide whether ≡ saturates [Lω(A)] which is the case iff1457

blkcl≡([Lω(A)]) ⊆ [Lω(A)]. Since x ∼ y for mono-alphabetic words x and y implies x ≡A y1458

and therefore x ≡ y, we get ∼ ⊆ ≡blk. Hence1459

blkcl≡([Lω(A)]) = blkcl≡(Lω(A)) = [blkcl≡(Lω(A))] = [Lω(B)] ,1460

i.e., ≡ saturates [Lω(A)] iff [Lω(B)] ⊆ [Lω(A)], which is equivalent to the emptiness of1461

[Lω(A)] \ [Lω(B)]. But this is decidable by Theorem 4.1. ◀1462

D Proofs from Sect. 51463

▶ Lemma D.1. Let Φ ⊆ monBF be a set of monotone Boolean functions. The emptiness1464

problem EmptPω(DiagA,Φ) for arbitrary diagonal independence alphabets can be reduced to1465

EmptPω(ConDiagA,Φ) for connected diagonal independence alphabets.1466

Proof. Let (Γ, I) ∈ DiagA, φ ∈ Φ n-ary, and A1, . . . , An Büchi-automata over Γ.1467

To (Γ, I), add a letter a that is independent from all letters from Γ, i.e., set Σ = Γ ∪ {a}1468

and IΣ = I ∪ ({a} × Γ) ∪ (Γ × {a}). The independence alphabet (Σ, IΣ) is connected and1469

diagonal.1470

Then, for any language L ⊆ Γω, the closure [L] remains the same no matter whether we1471

construct it wrt. (Γ, I) or (Σ, IΣ).1472

Since φ ∈ Φ ⊆ monBF is a monotone Boolean function, the language
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ
1473

can be constructed from the languages [Lω(Ai)] by union and intersection. Hence also the1474

language
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ remains the same no matter whether we construct it1475

wrt. (Γ, I) or (Σ, IΣ). Consequently,
(
(Γ, I), φ,A1, . . . ,An

)
∈ EmptPω(DiagA,Φ) if, and1476

only if,
(
(Σ, IΣ), φ,A1, . . . ,An

)
∈ EmptPω(ConDiagA,Φ). ◀1477

▶ Lemma D.2. From a connected diagonal independence alphabet (Γ, I), a letter a ∈ Γ, nfas1478

Ai = (Qi,Γ, Ii, Ti, Fi) for i ∈ [n], and tuples of states p = (pi)i∈[n] and q = (qi)i∈[n] from1479 ∏
i∈[n] Qi, one can compute an nfa over Γ× [n] that accepts a language version of the relation1480

R⇓(p, q, a).1481

Proof. We first show that the set Ψn

(
R⇓(p, q, a)

)
⊆ NΓ×[n] is semi-linear. To this aim, we1482

define auxiliary nfas Bi = (Qi × [2],Γ, ∅, T ′
i , ∅) setting1483

(
(p, b), a, (q, c)

)
∈ T ′

i ⇐⇒
(

(p, a, q) ∈ Ti and (c = 2 ⇐⇒ b = 2 ∨ p ∈ Fi ∨ q ∈ Fi)
)

1484
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What is important here is that, for any word ui ∈ Γ+, we have1485

pi
ui==⇒Ai

qi iff (pi, 1) ui−→Bi
(qi, 2) .1486

Hence, for any tuple u = (ui)i∈[n] of non-empty words over Γ, we have u ∈ R⇓(p, q, a) if, and1487

only if,1488

(pi, 1) ui−→Bi
(qi, 2),1489

proj⇓a(u1) ∼ proj⇓a(ui), and1490

ui ∈ ↕a∗
1491

for all i ∈ [n]. Now [1, Claim 2.7] implies that, indeed, Ψn(R⇓(p, q, a)) is effectively semi-1492

linear. In other words, one can compute finitely many tuples (x0, x1, . . . , xt) with xs ∈ NΓ×[n]
1493

for all s ∈ {0, . . . , t} such that Ψn(R⇓(p, q, a)) is the union of the sets x0 +
∑

s∈[t] N · xt. For1494

any of the tuples (x0, . . . , xt), let w0, w1, . . . , wt ∈ (Γ × [n])∗ be words with Parikh image1495

x0, x1, . . . , xt, respectively. Then1496

L = w0 w
∗
1 w

∗
2 · · · w∗

t1497

is regular with Parikh image x0 +
∑

s∈[t] N · xt. Hence a finite union of languages of the form1498

L form a language version of the relation R⇓(p, q, a). Note that the finite set of the tuples1499

(x0, . . . , xt) can be computed from the automata Bi, the tuple of states p and q, and the1500

letter a. Hence one can compute an nfa for this regular language version of R⇓(p, q, a). ◀1501

▶ Lemma D.3. Let (Γ,⪯) be an order tree and I = ≻ ∪ ≺. Let furthermore A = (Ai)i∈[n]1502

be a tuple of Büchi-automata Ai = (Qi,Γ, Ii, Ti, Fi).1503

For all p ∈
∏

i∈[n] Qi and a ∈ Γ, the following hold:1504

Rω
↓ (p, a) = Rω

⇓(p, a) ∩ Eqω
a1505

Rω
⇓(p, a) =

⋃
q∈
∏

i∈[n]

Qi

R⇓(p, q, a) ·

R⇓(q, q, a)ω ∪
⋃

b∈max(⇓a)

Rω
↓ (q, b)

1506

Proof. Let α = (αi)i∈[n] be a tuple of ω-words αi ∈ Γω for all i ∈ [n].1507

Since the letter a is independent from all letters in ⇓a, we get proj↓a(α1) ∼ proj↓a(αi)1508

if, and only if, proj⇓a(α1) ∼ proj⇓a(αi) and proja(α1) ∼ proja(αi) (which is equivalent to1509

|α1|a = |αi|a and therefore to α ∈ Eqω
a ). This proves the first equation.1510

We now turn to the second equation. Note that the independence alphabet (⇓a, I) is1511

the disjoint union of the independence alphabets (↓b, I) for b ∈ max(⇓a,⪯). Hence the1512

projection of α1 to ⇓a is a word over the disjoint union of these independence alphabets.1513

As in Section C.2, we will distinguish the cases of this projection to be multi-alphabetic at1514

infinity or mono-alphabetic at infinity.1515

multi-alphabetic projection. So, first, suppose proj⇓a(α1) is multi-alphabetic at infinity,1516

i.e., contains infinitely many occurrences of letters from ↓b and ↓c for two distinct letters1517

b, c ∈ max(⇓a). Note the following.1518

Since proj⇓a(α1) is multi-alphabetic at infinity, we have that proj⇓a(α1) ∼ proj⇓a(αi)1519

for all i ∈ [n] is equivalent to the existence of words vj
i ∈ ↓b+

j with bj ∈ max(⇓a),1520

proj⇓a(αi) = v1
i v

2
i · · · , vj

1 ∼ vj
i , and bj ≠ bj+1 for all i ∈ [n] and j ≥ 1. Since the1521

factorisation of the projection proj⇓a(αi) corresponds to some factorisation of αi, the1522

above is equivalent to the existence of words uj
i ∈ ↕b+

j with bj ∈ max(⇓a), αi = u1
iu

2
i · · · ,1523

proj⇓a(uj
1) ∼ proj⇓a(uj

i ), and bj ̸= bj+1 for all i ∈ [n] and j ≥ 1.1524
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Let uj
i ∈ Γ+ with αi = u1

iu
2
i · · · for all i ∈ [n] and j ≥ 1. Then, for all i ∈ [n], αi ∈ ↕aω

1525

if, and only if, uj
i ∈ ↕a+ for all j ≥ 1.1526

Let, again, uj
i ∈ Γ+ with αi = u1

iu
2
i · · · for all i ∈ [n] and j ≥ 1. Then αi ∈ Lω(Api→

i )1527

for all i ∈ [n] if, and only if, there are q = (qi)i∈[n] ∈
∏

i∈[n] Qi and natural numbers1528

1 ≤ n1 < n2 < n3 · · · such that, for all i ∈ [n] and ℓ ≥ 1,1529

pi

u1
i u2

i ··· u
n1
i========⇒Ai

qi and qi

u
nℓ+1
i

u
nℓ+2
i

··· u
nℓ+1
i==============⇒Ai

qi .1530

In summary, we have (in case proj⇓a(α1) is multi-alphabetic at infinity)1531

α ∈ Rω
↓ (p, a) ⇐⇒ α ∈

⋃
q∈
∏

i∈[n]
Qi

R⇓(p, q, a) ·R⇓(q, q, a)ω .1532

mono-alphabetic projection. It remains to consider the case that proj⇓a(α1) is mono-alphabetic1533

at infinity, i.e., belongs to (⇓a)∗(↓b)ω for some b ∈ max(⇓a). Note the following.1534

Since proj⇓a(α1) is mono-alphabetic at infinity, we have that proj⇓a(α1) ∼ proj⇓a(αi)1535

for all i ∈ [n] is equivalent to the existence of words vj
i ∈ ↓b+

j and βi ∈ ↓bω
ℓ+1 with1536

bj , bℓ+1 ∈ max(⇓a), proj⇓a(αi) = v1
i v

2
i · · · vℓ

iβi, vj
1 ∼ vj

i , β1 ∼ βi, bj ≠ bj+1 for all1537

i ∈ [n] and j ∈ [n]. Since the factorisation of the projection proj⇓a(αi) corresponds1538

to some factorisation of αi, the above is equivalent to the existence of words uj
i ∈ ↕b+

j1539

and γi ∈ ↕bω
ℓ+1 with bj , bℓ+1 ∈ max(⇓a), αi = u1

iu
2
i · · ·uℓ

iγi, proj⇓a(uj
1) ∼ proj⇓a(uj

i ),1540

proj⇓a(γ1) ∼ proj⇓a(γi), and kj ̸= kj+1 for all i ∈ [n] and j ∈ [ℓ].1541

Let uj
i ∈ Γ+ and γi ∈ Γω with αi = u1

iu
2
i · · ·uℓ

iγi for all i ∈ [n] and j ∈ [ℓ]. Then, for all1542

i ∈ [n], αi ∈ ↕aω if, and only if, uj
i ∈ ↕a+ for all j ∈ [ℓ] and γi ∈ ↕aω.1543

Let, again, uj
i ∈ Γ+ and γi ∈ Γω with αi = u1

iu
2
i · · ·uℓ

iγi for all i ∈ [n] and j ≥∈ [ℓ]. Then1544

αi ∈ Lω(Api→
i ) for all i ∈ [n] if, and only if, there is q = (qi)i∈[n] ∈

∏
i∈[n] Qi such that,1545

for all i ∈ [n],1546

pi
u1

i u2
i ··· uℓ

i=======⇒Ai
qi and γi ∈ Lω(Aqi→

i ) .1547

In summary, we have (in case proj⇓a(α1) is mono-alphabetic at infinity)1548

α ∈ Rω
↓ (p, a) ⇐⇒ α ∈

⋃
q∈
∏

i∈[n]
Qi

b∈max(⇓a)

R⇓(p, q, a) ·Rω
↓ (q, b) .1549

Thus, we proved that the second equation holds. ◀1550

▶ Lemma 5.1. From a connected diagonal independence alphabet (Γ, I) and Büchi-automata1551

Ai for all i ∈ [n], one can construct a Büchi-automaton B that accepts a regular language1552

version of the relation1553

R =
{

(αi)i∈[n] | αi ∈ Lω(Ai) and α1 ∼ αi for all i ∈ [n]
}
.1554

Proof. Let (Γ,⪯) be some order tree with I = ≺ ∪ ≻ and let r be the root of this tree.1555

Then R is the union of the relations Rω
↓ ((ιi)i∈[n], r) where ιi is initial in Ai (for all i ∈ [n]).1556

Hence, by Lemma D.3, the relation R is constructed from the relations R⇓(p, q, a, [n]) with1557

p, q ∈
∏

i∈[n] Qi, a ∈ Γ and Y ⊆ [n] using union ∪ of relations on Γω, concatenation · of1558
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relations on Γ∗ and on Γω, ω-iteration ω of relations on Γ∗, and intersection with Eqω
a for1559

a ∈ Γ.1560

We construct the language version of R along this construction building on Lemma D.21561

that allows to construct regular language versions of the relations R⇓(p, q, a).1562

To handle the operations ∪, ·, and ω, note the following. Let Lj be a language version of1563

Rj (for j ∈ [2]). Then L1 ∪L2 is a language version of R1 ∪R2, L1 ·L2 is a language version1564

of R1 · R2, and Lω
1 is a language version of Rω

1 . Hence, provided R1 and R2 have regular1565

language versions, so do R1 ∪R2, R1 ·R2, and R∗
1.1566

Finally, we have to handle intersection with Eqω
a for a ∈ Γ. So suppose K ⊆

(
Γ × [n]

)ω
1567

is a regular language version of R ⊆ (Γω)n and a ∈ Γ. On the alphabet Γ × [n], consider the1568

complete independence relation J , i.e.,
(
(b, i), (c, j)

)
∈ J ⇐⇒ (b, i) ̸= (c, j).1569

Now consider the regular language1570

L =
(
(a, 1)(a, 2) . . . (a, n)

)∗ ·
(
Γ \ {a} × [n]

)ω
1571

∪
(
(a, 1)(a, 2) . . . (a, n)

)ω
�

(
Γ \ {a} × [n]

)∞
.1572

It is a language version of Eqω
a . Its closure [L]J wrt. the independence relation J is the set1573

of words V ∈
(
Γ × [n]

)ω with |V |(a,1) = |V |(a,i) for all i ∈ [n].1574

Since J is the complete independence relation on Γ × [n], Lemma C.2 allows to construct1575

a regular language H ⊆
(
Γ × [n]

)ω with [H] = [K] ∩ [L]. Now let V ∈
(
Γ × [n]

)ω be any word.1576

Then V ∈ [H] iff V ∈ [K] and V ∈ [L]. But this is the case if, and only if, the following hold:1577

(i) there is some W ∈ K such that V and W have the same Parikh image (since J is1578

complete)1579

(ii) |V |(a,1) = |V |(a,i) for all i ∈ [n]1580

Since K is a language version of R, (i) holds iff there is some tuple u ∈ R with |V |(b,i) = |ui|b1581

for all (b, i) ∈ Γ × [n]. But this is equivalent to saying that the Parikh image of the word V1582

belongs to Ψn(R). Thus, we showed V ∈ [H] iff the Parikh image of V belongs to Ψn(R)1583

and (ii) holds. Hence, [H] is a language version of R ∩ Eqa. Since H and [H] have the same1584

Parikh image, we showed that H is a regular language version of R ∩ Eqa. ◀1585

▶ Theorem 5.2. The emptiness problem EmptPω(DiagA,monBF) is decidable.1586

Proof. First, let (Γ, I) be a connected diagonal independence alphabet, φ a monotone1587

Boolean function, and B1, . . . ,Bm Büchi-automata over Γ. Since φ is monotone, there is a1588

set Y ⊆ P([m]) such that1589 〈
[Lω(B1)], . . . , [Lω(Bm)]

〉φ =
⋃

A∈Y

⋂
i∈A

[Lω(Bi)] .1590

Even more, the set Y can be computed from the function φ.1591

Now let A ∈ Y and suppose A = (A1, . . . ,An) is the tuple of automata (Bi)i∈A. By1592

Lemma 5.1, one can construct a regular language version L of the relation R = {(αi)i∈[n] |1593

αi ∈ Lω(Ai) and α1 ∼ αi for all i ∈ [n]}. Then
⋂

i∈A[Lω(Bi)] =
⋂

i∈[n][Lω(Ai)] is empty iff1594

L is empty; and the emptiness of L is decidable.1595

Verifying all sets A ∈ Y in this way, we can decide whether ((Γ, I), φ,B1, . . . ,Bm)1596

belongs to EmptPω(ConDiagA,monBF), i.e., this problem for connected diagonal inde-1597

pendence alphabets is decidable. Hence, by Lemma D.1, also the more general problem1598

EmptPω(DiagA,monBF) for arbitrary diagonal independence alphabets is decidable. ◀1599
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▶ Example D.4. Let Γ = {a, b, c, d} and I the symmetric closure of {a, b} × {c, d}. Then1600

(Γ, I) is not diagonal since it contains C4. Consider the following regular languages:1601

L1 =
(
a(bc)∗d

)ω and L2 = a
(
a(bc)∗bd

)ω
1602

Then an ω-word α belongs to the intersection [L1] ∩ [L2] iff1603

proj{a,b}(α) = abm0abm1 · · · and proj{c,d}(α) = cm0dcm1d · · · for some mi ≥ 1 and1604

proj{c,d}(α) = cn0dcn1d · · · and proj{a,b}(α) = aabn0+1abn1+1 · · · for some ni ≥ 01605

But this holds iff m0 = 0, mi = ni, and mi+1 = ni + 1 for all i ≥ 0. This is equivalent to1606

saying mi = ni = i. Hence none of the words from [L1] ∩ [L2] is ultimately periodic.1607

Since, as explained above, we are interested in the ultimately periodic words in [L], we1608

start with the following simple decidability result that holds for all independence alphabets.1609

▶ Observation D.5. Given an independence alphabet (Γ, I), a Büchi-automaton A over Γ,1610

and two non-empty words u, v ∈ Γ+, it is decidable whether uvω ∈ [Lω(A)]. Furthermore, if1611

this is the case, then there are nonempty words x, y ∈ Γ+ with uvω ∼ xyω ∈ Lω(A).1612

Proof. We have uvω ∈ [Lω(A)] if, and only if, [uvω] ∩ Lω(A) ̸= ∅.1613

We show that [uvω] ⊆ Γω is effectively regular. An ω-word α ∈ Γω belongs to [uvω] if,1614

and only if, α ∼ uvω. But this is the case iff proj{a,b}(α) = proj{a,b}(u) proj{a,b}(v)ω holds1615

for all letters a, b ∈ Γ with (a, b) /∈ I. Hence [uvω] is the finite intersection of all languages1616 (
proj{a,b}(u) proj{a,b}(v)ω

� (Γ \ {a, b})∞) ∩ Γω
1617

for (a, b) /∈ I. Thus, indeed, [uvω] is effectively regular.1618

Hence the non-emptiness of the intersection [uvω] ∩Lω(A) of the two regular ω-languages1619

[uvω] and Lω(A) is decidable. Since this intersection is regular and any non-empty regular1620

ω-language contains some ultimately periodic word, we also find x and y as required. ◀1621

It therefore suffices to show that, indeed, any non-empty set of the form
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ
1622

contains some ultimately periodic word.1623

▶ Definition D.6. Let (Γ, I) be some independence alphabet. It guarantees witnesses for non-1624

emptiness if, for any n-ary Boolean function φ and any Büchi-automata Ai for i ∈ [n] with1625 〈
[Lω(A1)], . . . , [Lω(An)]

〉φ ̸= ∅, there exist u, v ∈ Γ+ with uvω ∈
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ.1626

Wolk showed that an independence alphabet is diagonal if, and only if, it can be1627

constructed from singleton alphabets by disjoint union and addition of single letters that are1628

independent from all existing ones [46, 47]. Singleton alphabets clearly guarantee witnesses1629

for non-emptiness since {a}ω = {aω}. We therefore have to show that the disjoint union as1630

well as the addition of new letters preserves this property. These two proofs can be found in1631

Proposition D.8 and D.7, respectively.1632

▶ Proposition D.7. Let (Γ, I) be an independence alphabet and a ∈ Γ with {a}×(Γ\{a}) ⊆ I.1633

Set ∆ = Γ \ {a}. If (∆, I ∩ ∆2) guarantees witnesses for non-emptiness, then also (Γ, I)1634

guarantees witnesses for non-emptiness.1635

Proof. Let φ be any n-ary Boolean function, let Ai be a Büchi-automaton over Γ for i ∈ [n],1636

and let α ∈ Γω with α ∈
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ. We distinguish two cases depending on1637

the number of occurrences of letters from ∆.1638
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Suppose |α|∆ < ω. Then α = uaω for some word u ∈ Γ+. Setting v = a, we therefore get1639

uvω = α ∈
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ.1640

Next suppose |α|∆ = ω and let κ = |α|a ∈ N∪{∞} denote the number of occurrences of the1641

letter a in α. In a first step, we build Büchi-automata A1
i with Lω(A1

i ) = Lω(Ai)∩(∆ω
�aκ),1642

i.e., they accept those ω-words accepted by Ai that have κ many occurrences of a. In1643

particular, α ∈ [Lω(Ai)] ⇐⇒ α ∈ [Lω(A1
i )] holds for all i ∈ [n].1644

From the Büchi-automaton A1
i = (Q,Γ, S, T, F ) over Γ, we construct a new Büchi-1645

automaton A2
i over the smaller alphabet ∆ with Lω(A2

i ) = proj∆(Lω(A1
i )).1646

▷ Claim. For all i ∈ [n] and β ∈ Γω with |β|a = κ, we have β ∈ [Lω(Ai)] ⇐⇒ proj∆(β) ∈1647

[Lω(A2
i )].1648

Proof of claim. We have β ∈ [Lω(Ai)] iff there exists γ ∈ Lω(Ai) with β ∼ γ. Since κ1649

is the number of occurrences of a in β and a is independent from all letters in ∆, this is1650

equivalent to1651

there exists γ ∈ Lω(Ai) with |γ|a = κ and proj{b,c}(β) = proj{b,c}(γ) for all b, c ∈ ∆ with (b, c) /∈ I .1652

Since proj{b,c}(β) = proj{b,c}(proj∆(β)) for any b, c ∈ ∆ (and similarly for γ), this is1653

equivalent to1654

there exists γ ∈ Lω(Ai) with |γ|a = κ and proj∆(β) ∼ proj∆(γ) .1655

Note that a word is accepted by A2
i if, and only if, it can be enriched with κ occurrences of1656

a to yield a word accepted by Ai. Hence the last statement is equivalent to1657

there exists δ ∈ Lω(A2
i ) with proj∆(β) ∼ δ1658

and therefore to1659

proj∆(β) ∈ [Lω(A2
i )] .1660

q.e.d.1661

This claim together with α ∈
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ, implies proj∆(α) ∈
〈
[Lω(A2

1)], . . . , [Lω(A2
n)]
〉φ;1662

in particular, this last set is not empty. Since (∆, I ∩ ∆2) guarantees witnesses for non-1663

emptiness, there are u, v ∈ ∆+ with1664

u vω ∈
〈
[Lω(A2

1)], . . . , [Lω(A2
n)]
〉φ
.1665

Depending on whether κ is finite or not, we define an ultimately periodic word uvω: if1666

κ ∈ N, then set u = uaκ and v = v; if κ = ω, then set u = u and v = v a. In any case,1667

proj∆(uvω) = u vω and |uvω|a = κ. Using the claim, again, we get (for all i ∈ [n])1668

uvω ∈ [Lω(Ai)] ⇐⇒ u vω ∈ [Lω(A2
i )] .1669

Hence u vω ∈
〈
[Lω(A2

1)], . . . , [Lω(A2
n)]
〉φ implies u vω ∈

〈
[Lω(A1)], . . . , [Lω(An)]

〉φ. Thus,1670

indeed, (Γ, I) guarantees witnesses for non-emptiness. ◀1671

Our next aim is to show that also the disjoint union of two independence alphabets1672

guarantees witnesses for non-emptiness (provided the two independence alphabets do).1673

▶ Proposition D.8. Let (Γ1, I1) and (Γ2, I2) be disjoint independence alphabets that both1674

guarantee witnesses for non-emptiness. Set Γ = Γ1 ∪ Γ2 and I = I1 ∪ I2. Then the1675

independence alphabet (Γ, I) guarantees witnesses for non-emptiness.1676
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Proof. Let φ be any n-ary Boolean function, Ai for i ∈ [n] a Büchi-automaton over Γ, and1677

let α ∈
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ. Furthermore, let Amulti and Amono be the automata1678

from Theorem C.8 (here, we only need the existence of these automata). Then tpsqu(α) ∈1679

Lω(Amulti) ∪ L∗(Amono).1680

In the former case, the Büchi-automaton Amulti accepts some word. Since any non-empty1681

regular ω-language contains some ultimately periodic word, there are types t1, . . . , tℓ ∈ TP+1682

with1683

t1 t2 · · · tj (tj+1 · · · tℓ)ω ∈ Lω(Amulti)1684

for some j ∈ [ℓ]. The definition of the set of types ensures the existence of finite words1685

ui ∈ Γ+
ki

with ti = tp+(ui) for all i ∈ [ℓ]. Since the indices ki originate from the types ti and1686

since the sequence of types is accepted by Amulti, we get ki ≠ ki+1 for all i ∈ [ℓ − 1] and1687

kℓ ̸= kj+1. Hence1688

tpsqu(u1u2 · · ·uj(uj+1 · · ·uℓ)ω) = t1 t2 · · · tj (tj+1 · · · tℓ)ω
1689

which is accepted by the Büchi-automaton Amulti. It follows from Theorem C.8 that the1690

ultimately periodic word u1u2 · · ·uj(uj+1 · · ·uℓ)ω belongs to
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ.1691

Now suppose tpsqu(α) is accepted by the nfa Amono. Then tpsqu(α) = t1t2 · · · tℓt with1692

ti ∈ TP+ for all i ∈ [ℓ] and t ∈ TPω. As before, there are words ui ∈ Γ+
ki

and α′ ∈ Γω
kℓ+1

1693

with tp+(ui) = ti for all i ∈ [ℓ] and tpω(α′) = t. Consider the language1694

L = {γ ∈ Γω
kℓ+1

| tpω(γ) = t} .1695

Then β ∈ L witnesses that L is not empty. In the proof of Lemma C.9, we saw that L is1696

a Boolean combination of languages [K] with K ⊆ Γω
kℓ+1

regular.2 Since the indendence1697

alphabet (Γkℓ+1 , Ikℓ+1) guarantees witnesses for non-emptiness, there are finite words v, w ∈1698

Γ+ with vwω ∈ L. Note that1699

tpsqu(u1 · · ·uℓvw
ω) = t1 · · · tℓt1700

and is therefore accepted by the nfa Amono. Theorem C.8 implies1701

u1 · · ·uℓvw
ω ∈

〈
[Lω(A1)], . . . , [Lω(An)]

〉φ
.1702

In any of the two cases, we found an ultimately periodic word that belongs to
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ.1703

Thus, indeed, the independence alphabet (Γ, I) guarantees witnesses for non-emptiness. ◀1704

We can therefore now show that every diagonal independence alphabet guarantees1705

witnesses for non-emptiness.1706

▶ Theorem D.9. Every diagonal independence alphabet guarantees witnesses for non-1707

emptiness.1708

Proof. Recall [46, 47] that the set of diagonal independence alphabets is the least set1709

containing the singleton alphabets that is closed under finite disjoint unions and addition of1710

single letters that are independent from all other letters. Hence the claim follows immediately1711

from Propositions D.8 and D.7. ◀1712

2 Strictly speaking, Lemma C.9 only talks about transitive independence alphabets, but the presentation
of L as described there remains valid also in this case.
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▶ Corollary 5.3. The emptiness problem EmptPω(DiagA,BF) is in Π0
1.1713

Even more, there is an algorithm that, on input of a diagonal independence alphabet1714

(Γ, I), an n-ary Boolean function φ, and Büchi-automata Ai for all i ∈ [n] over Γ halts iff1715 〈
[Lω(A1)], . . . , [Lω(An)]

〉φ ̸= ∅ and, if this is the case, outputs nonempty words u, v ∈ Γ+
1716

with uvω ∈
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ.1717

Proof. The algorithm guesses a pair of words u, v ∈ Γ+, checks (for all i ∈ [n]) whether uvω ∈1718

[Lω(Ai)] (which is possible by Observation D.5) and then evaluates the Boolean function φ.1719

By Theorem D.9, such a pair (u, v) exists if, and only if,
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ ≠ ∅. ◀1720

▶ Theorem 5.4. The rationality problem RatPω(DiagA,BF) and the regularity problem1721

RegPω(DiagA,BF) are in Σ0
2.1722

Proof. Let (Γ, I) be a diagonal independence alphabet, φ an n-ary Boolean function, and1723

Ai for i ∈ [n] a Büchi-automaton over Γ. In the following, let X △ Y denote the symmetric1724

difference X \ Y ∪ Y \ X of the two sets X and Y . We have ((Γ, I), φ,A1, . . . ,An) ∈1725

RatPω(IndA, φ) iff1726

∃ Büchi-automaton B : [Lω(B)] △
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ = ∅ .1727

But this is the case iff1728

∃ Büchi-automaton B : ((Γ, I), φ′,A1, . . . ,An,B) ∈ EmptPω((Γ, I),BF)1729

where φ′ is the (n + 1)-ary Boolean function with φ′(b1, . . . , bn+1) = 0 if, and only if,1730

φ(b1, . . . , bn) = bn+1. From Cor. 5.3, we obtain that this is a statement in Σ0
2 (note that φ′

1731

is not monotone even if φ is).1732

To handle the regularity problem, note that the language
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ is1733

closed. Hence it is regular iff it equals [Lω(B)] for some Büchi-automaton B with Lω(B) =1734

[Lω(B)], i.e. such that the language Lω(B) is closed. Hence we have ((Γ, I), φ,A1, . . . ,An) ∈1735

RatPω((DiagA,BF) iff1736

∃ Büchi-automaton with closed language B : [Lω(B)] △
〈
[Lω(A1)], . . . , [Lω(An)]

〉φ = ∅ .1737

which is the case iff1738

∃ Büchi-automaton with closed language B : ((Γ, I), φ′,A1, . . . ,An,B) ∈ EmptPω((Γ, I),BF)1739

where φ′ is the (n + 1)-ary Boolean function with φ′(b1, . . . , bn+1) = 0 if, and only if,1740

φ(b1, . . . , bn) = bn+1. As shown in [39, 34], it is decidable whether a Büchi-automaton1741

accepts a closed language. We therefore obtain from Cor. 5.3, that the above is a statement1742

in Σ0
2. ◀1743

E Proofs from Sect. 61744

In this section, we consider the ω-versions of the emptiness, the rationality, and the regularity1745

problem for general independence alphabets.1746

The upper bounds Π1
1 and Π1

2 are relatively easy consequences of the definition of these1747

problems. The claimed lower bounds Π1
1 are more demanding. To demonstrate them, we first1748

consider two-counter machines with Büchi-acceptance whose emptiness problem is Π1
1-hard.1749

The emptiness problem for these machines is then reduced to the emptiness, regularity, and1750
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rationality problem of socalled “standard independence alphabets” and the Boolean functions1751

∧ and ¬ (Id in case of regularity). These “standard independence alphabets” (cf. Def. E.4)1752

consist of the commands of two-counter machines (i.e., incrementation, decrementation, and1753

zero-test of each counter) extended by three letters to encode and relate counter values1754

before and after the execution of a single command. This step from counter machines to1755

finite automata requires an involved coding that is presented in Sections E.2.2 and E.2.3.1756

From these standard independence alphabets, we then reduce to arbitrary non-diagonal1757

independence alphabets without changing the Boolean function. To obtain the lower bound1758

for any not too simple Boolean function, we finally refer to Lemma 2.3.1759

E.1 Upper bounds1760

The upper bounds for the emptiness, the regularity, and the rationality problem for arbitrary1761

independence alphabets are analytical and therefore much higher than those for diagonal1762

independence alphabets. Later, they will turn out to be almost optimal since we also prove1763

analytical lower bounds.1764

▶ Theorem E.1. (1) The emptiness problem EmptPω(IndA,monBF) is in Π1
1.1765

(2) For all GenP ∈ {EmptP,RatP,RegP}, the problem GenPω(IndA,BF) is in Π1
2.1766

Proof. Let (Γ, I) be some independence alphabet, φ an n-ary Boolean function, and Ai =1767

(Qi,Γ, Si, Ti, Fi) for i ∈ [n] Büchi-automata over Γ. We will show that the non-emptiness of1768 〈
[Lω(A1)], . . . , [Lω(An)]

〉φ can be expressed by a Σ1
1-formula. Formally, we assume Γ and1769

Qi to be finite sets of natural numbers such that, e.g., an ω-word is a function α : N → N1770

with α(n) ∈ Γ for all n ∈ N. To start with, we express by a Σ1
1 formula fi(α) that Ai accepts1771

some ω-word that is equivalent to α:1772

∃β, ρi : N → N :1773

∀n : β(n) ∈ Γ ∧ ρi(n) ∈ Qi (0)1774

∧ρi(0) ∈ Si (1)1775

∧∀n :
(
ρi(n), β(n), ρi(n+ 1)

)
∈ Ti (2)1776

∧∀k ∃n > k : ρi(n) ∈ Fi (3)1777

∧∀a, b,m : a, b ∈ Γ ∧ (a, b) /∈ I → ∃n : proj{a,b}(α[1 . . .m]) = proj{a,b}(β[1 . . . n]) (4)1778

∧∀a, b, n : a, b ∈ Γ ∧ (a, b) /∈ I → ∃m : proj{a,b}(α[1 . . .m]) = proj{a,b}(β[1 . . . n]) (5)1779

The mapping β is meant to code an ω-word over Γ while ρi shall map positions in this word1780

to states of Ai. Note that line (0) ensures precisely this. Line (2) expresses that ρi is a run1781

of Ai on β. Line (1) ensures that this run starts in an initial state and (3) that it infinitely1782

often visits some accepting state. Hence, (1-3) together with the existentially quantified1783

mapping ρi state that the ω-word β is accepted by the Büchi-automaton Ai.1784

Now let a, b ∈ Γ be dependent letters and consider line (4). It states that the projection1785

of α to {a, b} is a prefix of the corresponding projection of β. Since, in (5), the roles of α1786

and β are exchanged, (4) and (5) together ensure that the projections of α and β to {a, b}1787

coincide. As this is required to hold for any pair (a, b) /∈ I (including the case a = b), (4)1788

and (5) express that α and β are equivalent wrt. the independence relation I.1789

In summary, the formula fi above expresses the existence of an ω-word β that is accepted1790

by the Büchi-automaton Ai and equivalent to α, i.e., α ∈ [Lω(Ai)].1791
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From the function φ, one can compute a finite set Y of pairs (A,B) with A,B ⊆ [n] such1792

that1793

〈
[Lω(A1)], . . . , [Lω(An)]

〉φ =
⋃

(A,B)∈Y

(⋂
i∈A

[Lω(Ai)] ∩
⋂
i∈B

Γω \ [Lω(Ai)]
)
.1794

Hence the non-emptiness of this set is expressed as1795

δ = ∃α : N → N :

∀n : α(n) ∈ Γ ∧
∨

(A,B)∈Y

(∧
i∈A

fi ∧
∧
i∈B

¬fi

) .1796

Since the formulas fi belong to Σ1
1, this formula δ belongs to Σ1

2. Furthermore, it can be1797

computed from the independence alphabet (Γ, I), the monotone Boolean function φ, and the1798

Büchi-automata Ai. Thus, we showed that the emptiness problem EmptPω(IndA,BF) is in1799

Π1
2.1800

If the Boolean function φ is even monotone, then Y can be chosen as a set of pairs (A, ∅).1801

Hence, in the formula δ, the Σ1
1-formules fi appear only positively implying that, in this case,1802

δ ∈ Σ1
1. Thus, we showed that the emptiness problem EmptPω(IndA,monBF) for monotone1803

Boolean functions is in Π1
1.1804

The remaining proofs regarding the rationality and the regularity problem are similar to1805

the proof of Theorems 5.4. They use that any statement of the form ∃ nfa B ∀β : N → N · · ·1806

can be reformulated into an equivalent statement of the from ∀β′ : N → N · · · (cf. [43,1807

Thm. 16-III]). ◀1808

E.2 Intermezzo1809

To show lower bounds, we will reduce from the emptiness problem for deterministic two-1810

counter Büchi-automata. The first section of this intermezzo introduces them and proves the1811

Π1
1-hardness of their emptiness problem (cf. Cor. E.3). The other two sections prepare the1812

reduction to our problems GenPω((Σ, I), φ) for socalled standard independence alphabets1813

(Σ, I) and certain simple Boolean functions φ. To this aim, we prove that the set Val of1814

valid counter operations is the projection of both, the intersection (Section E.2.2) and the1815

complement (Section E.2.3) of closures of certain regular languages.1816

The lower bounds are even shown under the restriction to deterministic and co-deterministic1817

Büchi-automata. Here, a Büchi-automaton A = (Q,Γ, S, T, F ) is deterministic if (p, a, q), (p, a, r) ∈1818

T implies q = r. Note that, for simplicity, we allow several initial states as well as “missing1819

transitions” (i.e., there can be p ∈ Q and a ∈ Γ such that (p, a, q) /∈ T for all q ∈ Q). An1820

ω-language is deterministic regular if it is accepted by some deterministic Büchi-automaton.1821

It is co-deterministic regular if its complement is deterministic regular. Similarly, a Büchi-1822

automaton is co-deterministic if its language is co-derterministic regular.1823

E.2.1 Two-counter automata with Büchi-acceptance1824

To define two-counter Büchi-automata, fix the alphabet Op = {inc1, inc2, dec1, dec2, zero1, zero2}.1825

The idea is that, whenever the Büchi-automaton “reads” the “letter” inc1 or dec1, it in-1826

crements or decrements its first counter, the “letter” zero1 can only be read if the first1827

counter’s value equals 0. Since we assume the counters to be initially 0, no ω-word of the1828

form inc1 zero1 α can be executed since, after one step, the first counter holds the value 11829

while, in the second step, the counter is required to be 0. Since we assume that counters1830

hold non-negative values, only, also no ω-word starting with inc2 dec2 dec2 can be executed.1831
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Figure 1 Proof of Corollary E.3.
Left: transitions in M, right: transitions in A

To define the executable or valid words, let α = a0a1 · · · ∈ Opω with ai ∈ Op for all i ≥ 0.1832

For n ≥ 0 and k ∈ [2], let1833

valuek(α, n) = |a0a1 · · · an−1|inck
− |a0a1 · · · an−1|deck

1834

denote the value of the counter k after executing the first n operations of α. The ω-word α1835

is valid if, for all n ≥ 0 and k ∈ [2], the following hold:1836

If an = zerok, then valuek(α, n) = 0.1837

If an = deck, then valuek(α, n) > 0.1838

Let Val ⊆ Opω denote the set of all valid ω-words.1839

The emptiness problem for nondeterministic Turing machines with Büchi-acceptance is1840

complete for Π1
1 [23]. In the same way that deterministic two-counter machines simulate1841

deterministic Turing machines [33] (cf., e.g., [24]), we can simulate nondeterministic Turing1842

machines with Büchi-acceptance by Büchi-automata over Op which yields the following1843

result.1844

▶ Theorem E.2. The set of Büchi-automata M over Op with Lω(M) ∩ Val = ∅ is complete1845

for Π1
1.1846

Note that the emptiness problem for deterministic Turing machines with Büchi-acceptance1847

is arithmetical since it amounts to the non-existence of some input w such that, for any1848

natural number n, there is a finite (incomplete) computation with input w that visits some1849

accepting state at least n times. Differently, for the above problem on Büchi automata, the1850

hardness already holds for deterministic automata.1851

▶ Corollary E.3. The set of deterministic Büchi-automata A over Op with Lω(A) ∩ Val = ∅1852

is complete for Π1
1.1853

Proof. We reduce from the problem in Theorem E.2. So let M be a (possibly nondetermin-1854

istic) Büchi-automaton over Op. This automaton gets transformed into a deterministic1855

Büchi-automaton A by doing the following for any state p. Let (p, oi, qi) for 1 ≤ i ≤ n denote1856

the set of transitions starting in p (see left of Fig. 1 for n = 3). We replace these transitions1857

by the gadget on the right of Fig. 1. The result is a deterministic automaton A. Note that1858

there is an obvious bijection between the infinite runs in M and in A that carry words from1859

Val. Hence Lω(M) ∩ Val ̸= ∅ ⇐⇒ Lω(A) ∩ Val ̸= ∅. Thus, the described construction is a1860

reduction from the problem in Theorem E.2 to that of this corollary. ◀1861
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Figure 2 The two standard independence alphabets

E.2.2 Val as intersection of closures of regular languages1862

In this section, we prove that the set Val ⊆ Opω of valid words corresponds to the intersection1863

of the closures [K] and [L] of certain deterministic regular ω-languages K and L (cf. Prop. E.8);1864

this coding of the set Val builds on the analogous coding by Aalbersberg and Hoogeboom [1].1865

The said languages K and L use the letters from Op and, in addition, the letters b, c, and1866

d. We define two independence relations on this alphabet that both are non-diagonal (the1867

first one contains C4, the second P4). The set Val will then be the projection of [K] ∩ [L]1868

to the alphabet Op (where the closures are constructed wrt. any of the two non-diagonal1869

independence alphabets).1870

▶ Definition E.4. The following two independence alphabets (Σ, I1) and (Σ, I2) (that differ1871

in the independence relation, only) are standard independence alphabets: Σ = Op ∪ {b, c, d}1872

and, for all s ∈ [2],1873

Op × {b} ⊆ Is, (b, c), (c, d) ∈ Is,1874

Op × (Op ∪ {c}) ⊆ Ds, (b, d) ∈ Ds,1875

Op × {d} ⊆ I1, and Op × {d} ⊆ D2.1876

Note that all letters from Op behave the same: they are all independent from b, dependent1877

on c and on each other, and independent from or dependent on d, see Fig. 2. The standard1878

independence alphabet (Σ, Is) therefore contains C4 for s = 1 and P4 for s = 2.1879

▶ Stipulation E.5. In the following, Σ will always denote the alphabet Op ∪ {b, c, d}, i.e.,1880

the set of letters of some standard independence alphabet.1881

We next define the two ω-languages K and L and describe their closures wrt. the two1882

standard independence alphabets. First, consider the regular languages1883

K0 = Op d (cb)+ ⊆ Σ+ and1884

L0 = inc1 (b c5 c5)+ d ∪ inc2 (b c5 c5 c5)+ d1885

∪ dec1 (b b c5)+ d ∪ dec2 (b b b c5)+ d1886

∪ zero1 (b c5 b c5)∗ b c5 d ∪ zero2 (b c5 b c5 b c5)∗ {b c5 b c5, b c5} d1887

and the regular ω-languages1888

K = bKω
0 ⊆ Σω and L = Lω

0 . (6)1889

Before characterizing the closures of these two ω-languages, some words are in order about1890

the idea behind these definitions.1891
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Note that words from K have the form1892

α = bm0 a0d(cb)m1 a1d(cb)m2 · · ·1893

with ai ∈ Op and m0 = 1. Let β = projOp(α) = a0a1 · · · denote the sequence of operations1894

in this word from K. The idea is that the number mn (for n ≥ 0) encodes the counter values1895

and the step counter before the execution of an. More precisely, we will ensure that1896

mn = 2value1(β,n) · 3value2(β,n) · 5n−1
1897

holds in case α belongs to the closure of L as well.1898

To understand why the language L contains the necessary information, note that α ∈ K1899

implies1900

α′ = a0b
m0cm1d a1b

m1cm2d · · · ∈ [K]1901

since these two words are equivalent. In order for α′ to also be in the closure of L = Lω
0 , one1902

expects that wn = anb
mncmn+1d belongs to the closure of L0 for all n ≥ 0. Suppose that1903

n ≥ 0 and mn encodes the counter values and step counter as described above before the1904

execution of an. If, e.g., an = inc1, then wn ∈ [L0] is equivalent to 2 · 5 ·mn = mn+1. Hence1905

mn+1 encodes the counter values and the step counter after the execution of an. Similarly, if1906

an = zero2, then wn ∈ [L0] iff 5 ·mn = mn+1 ∈ 15 ·N+ {10, 5}. Hence, when going from mn1907

to mn+1, the two counter values are left unchanged and the step counter has increased by one.1908

Furthermore, there is k ≥ 0 such that mn+1 is 15k+ 10 or 15k+ 5, i.e., mn ∈ {3k+ 2, 3k+ 1}1909

which is equivalent to saying that mn is not divisible by 3. But this means that the second1910

counter’s value encoded in mn is 0.1911

Since we want to show that an ω-word β is valid iff it belongs to the projection of the1912

intersection of [K] and [L], the following two lemmas characterise these two closures.1913

▶ Lemma E.6. Let (Σ, Is) be a standard independence alphabet, i.e., s ∈ [2]. An ω-word1914

α ∈ Σω belongs to the closure [K] of K if, and only if, there are letters a0, a1, · · · ∈ Op and1915

positive integers m0,m1,m2, · · · ≥ 1 with m0 = 1 such that1916

(i) proj{b,d}(α) = bm0 dbm1 dbm2 dbm3 · · · ,1917

(ii) projOp∪{c}(α) = a0c
m1 a1c

m2 a2c
m3 · · · ,1918

(iii) and, in case s = 2, projOp∪{d} ∈ (Op d)ω.1919

Proof. Let α ∈ [K]. Then there is β ∈ K with β ∼ α. Since β ∈ K, there are m0,m1, · · · ≥ 11920

with m0 = 1 and a0, a1, · · · ∈ Op such that β = bm0 a0 d (cb)m1 a1 d (cb)m2 · · · . From α ∼ β,1921

the two words α and β have the same projections to {b, d}, to Op ∪ {c} and, in case s = 2,1922

to Op ∪ {d}. Since these projections of β satisfy (i-iii), we showed that any element of [K]1923

has the desired properties.1924

Conversely, suppose α ∈ Σω, m0,m1, · · · ≥ 1 with m0 = 1 and a0, a1, · · · ∈ Op such1925

that (i-iii) hold. Consider the ω-word β = bm0 a0 d (cb)m1 a1 d (cb)m2 · · · . Then β ∈ K and1926

the relevant projections of α and β coincide, i.e., α ∼ β. Hence α ∈ [K] which proves the1927

converse implication. ◀1928

Next, we present a similar characterisation of the closure of the language L. Since the1929

definition of that language is more involved than that of K, also the characterisation is a bit1930

cumbersome.1931

▶ Lemma E.7. Let (Σ, Is) be a standard independence alphabet, i.e., s ∈ [2]. An ω-word1932

α over Σ belongs to [L] if, and only if, there are a0, a1, · · · ∈ Op and positive integers1933

k0, k1, k2, · · · , ℓ1, ℓ2, · · · ≥ 1 such that1934



D. Kuske 23:51

(i) proj{b,d}(α) = bk0 d bk1 d bk2 · · · ,1935

(ii) projOp∪{c}(α) = a0(c5)ℓ1 a1(c5)ℓ2 a2(c5)ℓ3 · · · ,1936

(iii) and, in case s = 2, projOp∪{d} ∈ (Op d)ω
1937

where, for all i ≥ 0, the letter ai ∈ Op and the number ki ≥ 1 determine the number ℓi+11938

according to the following rules for all k ∈ [2]:1939

(L1) If ai = inc1, then ℓi+1 = 2 · ki.
(L2) If ai = dec1, then 2 · ℓi+1 = ki.
(L3) If ai = zero1, then ℓi+1 = ki is odd.

(L4) If ai = inc2, then ℓi+1 = 3 · ki.
(L5) If ai = dec2, then 3 · ℓi+1 = ki.
(L6) If ai = zero2, then ℓi+1 = ki /∈ 3N.

1940

Proof. Let α ∈ [L]. Then there is β ∈ L with β ∼ α. Since β ∈ L, there are a0, a1, · · · ∈ Op1941

and w0, w1, · · · ∈ {b, c5}+ such that1942

β = a0 w0 d a1 w1 d a2 w2 d · · ·1943

and ai wi d ∈ L0 for all i ≥ 0. For i ≥ 0, set1944

ki = |wi|b and ℓi+1 = 1
5 · |wi|c1945

(since wi ∈ {b, c5}+, |wi|c is a multiple of 5 such that ℓi+1 is a natural number). From α ∼ β,1946

we get that the ω-words α and β agree on their projections to {b, d}, to Op ∪ {c}, and, in1947

case s = 2, to Op ∪ {d}. Hence α satisfies (i-iii). Now let i ≥ 0 be arbitrary.1948

(L1) If ai = inc1, then wi ∈ (b c5 c5)+ since ai wi d ∈ L0. Hence ℓi+1 = 1
5 |wi|c = 2 · 1

10 |wi|c =1949

2 · |wi|b = 2 · ki.1950

(L2) If ai = dec1, then wi ∈ (b b c5)+ since ai wi d ∈ L0. Hence 2 · ℓi+1 = 2
5 |wi|c = |wi|b = ki.1951

(L3) If ai = inc2, then wi ∈ (b c5 c5 c5)+ since ai wi d ∈ L0. Hence ℓi+1 = 1
5 |wi|c = 3 · |wi|b =1952

3 · ki.1953

(L4) If ai = dec2, then wi ∈ (b b b c5)+ since ai wi d ∈ L0. Hence 3 · ℓi+1 = 3
5 |wi|c = |wi|b = ki.1954

(L5) If ai = zero1, then wi ∈ (b b c5 c5)+ b c5 since ai wi d ∈ L0. Hence ℓi+1 = 1
5 |wi|c = |wi|b =1955

ki is odd.1956

(L6) If ai = zero2, then wi ∈ (b b b c5 c5 c5)+ · {b b c5 c5, b c5} since ai wi d ∈ L0. Hence ℓi+1 =1957

1
5 |wi|c = |wi|b = ki is not divisible by three.1958

Thus, we showed that any element of [L] has the desired properties.1959

Conversely, suppose α ∈ Σω, k0, k1, · · · , ℓ1, ℓ2 · · · ≥ 1 and a0, a1, · · · ∈ Op such that (i-iii)1960

as well as (L(L1))-(L(L6)) hold.1961

For i ≥ 0, we define words wi ∈ {b, c5}+ as follows:1962

wi =



(b c5 c5)ki if ai = inc1

(b c5 c5 c5)ki if ai = inc2

(b b c5)ℓi+1 if ai = dec1

(b b b c5)ℓi+1 if ai = dec2

(b c5)ki if ai = zero1 or ai = zero2

1963

Consider the ω-word1964

β = a0 w0 d a1 w1 d · · ·1965

and let i ≥ 0. If ai = inc1, then one easily sees that aiwid belongs to L0. The same1966

holds for ai ∈ {inc2, dec1, dec2}. Now let ai = zero1. Then, by (L(L3)), ki is odd implying1967
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ai wi d ∈ L0 (in case ai = zero2, one can argue similarly). It follows that β belongs to L. By1968

(L(L1))-(L(L6)) and the above definition of wi, we get |wi|b = ki and |wi|c = 5 · ℓi+1 for all1969

i ≥ 0. Hence proj{b,d}(α) = proj{b,d}(β), projOp∪{c}(α) = projOp∪{c}(β), and (in case s = 2),1970

projOp∪{d}(α) = projOp∪{d}(β). Hence α ∼ β ∈ L which ensures α ∈ [L] and therefore the1971

converse implication. ◀1972

We now come to the main result of this section that relates the set Val of valid words1973

and the regular ω-languages K and L.1974

▶ Proposition E.8. Let (Σ, Is) be a standard independence alphabet, i.e., s ∈ [2], and K and1975

L the regular ω-languages defined by (6).1976

The set Val of valid words equals the projection of the intersection [K] ∩ [L], i.e., Val =1977

projOp([K] ∩ [L]).1978

Proof. By the above Lemmas E.6 and E.7, an ω-word α ∈ Σω belongs to [K] ∩ [L] if, and1979

only if, it satisfies the characterisation of elements of [L] from Lemma E.7 with k0 = 1 and1980

ki = 5 · ℓi for all i ≥ 1. By induction, it then follows that1981

ki = 2value1(projOp(α),i) · 3value2(projOp(α),i) · 5i
1982

for all i ≥ 0.1983

Recall further that the pair of counter values (c1, c2), i.e., of natural numbers, is encoded1984

as a number 2c1 · 3c2 · m with m /∈ 2 · N ∪ 3 · N. Thus, an ω-word β ∈ Opω is valid if,1985

and only if, it equals the projection of some ω-word α ∈ [K] ∩ [L] to Op. In other words,1986

Val = projOp([K] ∩ [L]). ◀1987

E.2.3 Val as complement of the closure of a regular language1988

In this section, we prove that the set Val ⊆ Opω of valid words corresponds to the com-1989

plement of the closure [K ′ ∪ L′] of certain co-deterministic regular ω-languages K ′ and L′
1990

(cf. Prop. E.14).1991

To this aim, we will construct K ′ and L′ such that their closures are the complements of1992

the closures of K and L, respectively. To appreciate these technical results, note that, in1993

general, the complement of the closure of a regular ω-language is closed, but not necessarily1994

the closure of any regular ω-language.1995

After these introductory words, we start with a result on the shuffle and deterministic1996

Büchi-automata. In particular, we are interested in ω-languages of the form X = Lω(A)�1997

∆∞ for some deterministic Büchi-automaton A. To ensure that X is accepted by some1998

deterministic Büchi-automaton, we only consider the case that the alphabet of A is disjoint1999

from ∆. Then Lω(A)�∆ω is accepted by some deterministic Büchi-automaton, but no2000

deterministic Büchi-automaton accepts Lω(A)�∆∗ (consider the example Lω(A) = {aω}2001

and ∆ = {b} [45, Example 4.2] or [40, Example I.6.2]). Nevertheless, we have the following2002

result.2003

▶ Lemma E.9. Let Γ and ∆ be disjoint alphabets and L ⊆ Γω accepted by some deterministic2004

Büchi-automaton. Then there is a deterministic Büchi-automaton accepting L�∆∞.2005

Proof. Let A = (QA,Γ, SA, TA, FA) be a deterministic Büchi-automaton accepting L. We2006

construct the deterministic Büchi-automaton B as follows. The idea is to simulate A2007

on letters from Γ and to recall the alphabet of the last letter read. More precisely, let2008

B = (QB,Γ ∪ ∆, SB, TB, FB) where2009
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QB = QA × {Γ,∆},2010

SB = SA × {Γ},2011 (
(p, x), a, (q, y)

)
∈ TB iff2012

a ∈ Γ, (p, a, q) ∈ TA, and y = Γ or2013

a ∈ ∆, p = q, and y = ∆, and2014

FB = FA × {Γ}.2015

Note that this Büchi-automaton is deterministic. Then an ω-word α ∈ (Γ ∪ ∆)ω is accepted2016

by this deterministic Büchi-automaton iff infinitely many prefixes u of α2017

end with a letter from Γ and2018

projΓ(u) leads A to some accepting state from FA.2019

But this is the case iff α ∈ L�∆∞. ◀2020

When, in Lemmas E.11 and E.12 below, we will prove that the (not yet defined) languages2021

K ′ and L′ are co-deterministic regular, we will have to prove their complements to be2022

deterministic regular. It turns out that the following, rather special, language is useful there.2023

▶ Lemma E.10. Let Σ be some alphabet, d ∈ Σ, Σd = Σ \ {d} and A,B ⊆ Σ+
d regular and2024

disjoint. Then2025

(Σ∗d)ω \ (Ad)∗ (Bd) (Ad ∪Bd)ω
2026

is deterministic regular.2027

Proof. A word α ∈ Σω belongs to this difference iff α = u1du2d · · · with ui ∈ Σ∗
d for all i ≥ 12028

such that ui /∈ A ∪B for some i ≥ 1 or ui ∈ A for all i ≥ 1. Since Σ+
d \ (A ∪B) and A are2029

accepted by deterministic finite automata, one obtains a deterministic Büchi-automaton for2030

this language. ◀2031

We now come to the definition of the first ω-language K ′. As starting point, let K ′
0 =2032

Op d (cb)+ (c+ ∪ b+) ⊆ Σ+. Note that this language is somewhat like the “opposite” of2033

K0 = Op d(cb)+, more precisely, [K ′
0] = [Op dc+b+] \ [K0]. Now consider the following2034

ω-languages:2035

K ′
1 = b(db+)ω

� (Op ∪ {c})∞
2036

K ′
2 = {b, d}∞

� (Op c+)ω
2037

K ′
3 =

{
Σω if s = 1
(Op d)ω

� {b, c}∞ if s = 2
2038

K ′
4 = bK∗

0 K
′
0 (K0 ∪K ′

0)ω
2039

Finally, the ω-language K ′ is defined by2040

K ′ = Σω \K ′
1 ∪ Σω \K ′

2 ∪ Σω \K ′
3 ∪K ′

4 . (7)2041

We next prove that the complement Σω \K ′ can indeed be accepted by a deterministic2042

Büchi-automaton and that the closure [K ′] of K ′ is the complement of the closure [K] of K.2043

▶ Lemma E.11. Let (Σ, Is) be a standard independence alphabet, i.e., s ∈ [2], and K and2044

K ′ the ω-language defined by (6) and (7), respectively. Then K ′ is co-deterministic regular2045

and [K ′] = Σω \ [K].2046
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Proof. We first show that the complement of K ′ is deterministic regular. To this aim, note2047

that we have2048

Σω \K ′ = K ′
1 ∩K ′

2 ∩K ′
3 ∩ Σω \K ′

42049

= K ′
1 ∩K ′

2 ∩K ′
3 ∩
(
(Σ∗d)ω ∩ Σω \K ′

4
)

2050

where the second equation holds since K ′
1 ⊆ (Σ∗d)ω.2051

First, we verify that the four ω-languages in this intersection all are deterministic regular.2052

1. There is a deterministic Büchi-automata accepting b(db+)ω. Hence, by Lemma E.9,2053

K ′
1 is deterministic regular. Since also (Op c+)ω and (Op d)ω are deterministic regular,2054

Lemma E.9 also proves that K ′
2 and K ′

3 are deterministic regular.2055

2. Next consider the intersection of (Σ∗ d)ω and the complement of K ′
4, i.e., the ω-language2056

(Σ∗d)ω \K ′
4. Note that2057

K ′
4 = bK∗

0 K
′
0 (K0 ∪K ′

0)ω
2058

= b (Op d(cb)+)∗ (Op d(cb)+(c+ ∪ b+)) ((Op d(cb)+) ∪ (Op d(cb)+(c+ ∪ b+)))ω
2059

= bOp d
(
(cb)+Op d

)∗ ((cb)+(c+ ∪ b+)Op d
)(

(cb)+(c∗ ∪ b∗)Op d
)ω

2060

= bOp d(Ad)∗(Bd)(Ad ∪Bd)ω
2061

where A = (cb)+Op and B = (cb)+(c+ ∪ b+)Op. Since the two languages A and B are2062

regular and disjoint, Lemma E.10 provides a deterministic Büchi-automaton B with2063

Lω(B) = (Σ∗d)ω \ (Ad)∗(Bd)(Ad ∪Bd)ω .2064

Hence the ω-language2065

Σω \ bOp dΣω ∪ bOp d · Lω(B)2066

is deterministic regular. Finally note that this language equals (Σ∗d)ω \K ′
4.2067

Since the class of deterministic regular ω-languages is closed under finite intersections by2068

Choueka’s flag construction [8] (cf. also proof of [45, Lemma 1.2] or [40, Prop. I.6.4]), it2069

follows that Σω \K ′ is deterministic regular. Hence K ′ is co-deterministic regular, i.e., we2070

proved the first claim.2071

It remains to be shown that the closure [K ′] of K ′ is the complement Σω \ [K] of the2072

closure of K.2073

To prove the inclusion [K ′] ⊆ Σω \ [K], it suffices to verify K ′ ⊆ Σω \ [K] since the2074

complement of [K] is closed. But this is equivalent to [K] ⊆ Σω \K ′. So let α ∈ [K]. Then2075

Lemma E.6 yields proj{b,d}(α) ∈ b (db+)ω and projOp∪{c}(α) ∈ (Op c+)ω. The definition of2076

the ω-languages K ′
1 and K ′

2 yields α ∈ K ′
1 ∩K ′

2 or, equivalently, α /∈ Σω \K ′
1 ∪ Σω \K ′

2. If2077

s = 1, we definitely get α ∈ Σω = K ′
3. If s = 2, Lemma E.6 yields projOp∪{d}(α) ∈ (Op d)ω

2078

and therefore α ∈ K ′
3 also in this case. Thus, in any case, α /∈ Σω \ K ′

3. Finally, from2079

α ∈ [K] we obtain an ω-word β ∈ K with α ∼ β. Note that K ∩K ′
4 = ∅ and that elements2080

of K ∪K ′
4 = b(K0 ∪K ′

0)ω are mutually non-equivalent. Hence α ∼ β ∈ K implies α /∈ K ′
4.2081

In summary, we got that α is neither in the complements of K ′
1, K ′

2, or K ′
3, nor in the2082

ω-language K ′
4, i.e., α /∈ K ′. Thus, indeed, [K] ⊆ Σω \K ′ and therefore [K ′] ⊆ Σω \ [K].2083

We now have to verify the converse inclusion [K ′] ⊇ Σω \ [K] and therefore [K] ∪ [K ′] ⊇2084

Σω. So let α ∈ Σω be an arbitrary ω-word. Suppose α /∈ K ′
i for some i ∈ [3]. Then2085

α ∈ Σω \ Ki ⊆ K ′ ⊆ [K ′]. So, from now on, assume α ∈ K ′
1 ∩ K ′

2 ∩ K ′
3. Then there are2086

positive natural numbers k0, k1, . . . , ℓ1, ℓ2 · · · ≥ 1 with k0 = 1 and letters a0, a1, · · · ∈ Op2087

such that2088
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proj{b,d}(α) = bk0 d bk1 d bk2 · · · ,2089

projOp∪{c}(α) = a0 c
ℓ1 a1 c

ℓ2 · · · , and,2090

if s = 2, also projOp∪{d}(α) ∈ (Op d)ω.2091

For i ≥ 1 define2092

mi = min(ki, ℓi) and wi =
{
bki−ℓi if ki ≥ ℓi

cℓi−ki otherwise
2093

which ensures ai−1 d (cb)mi wi ∈ K0 iff ki = ℓi. Furthermore, let2094

β = bk0 a0 d (cb)m0w0 a1 d (cb)m1w1 a2 d (cb)m2w2 · · ·2095

Looking at the projections of α and β to the alphabets {b, d}, Op∪{c}, and (if s = 2) Op∪{d},2096

we obtain α ∼ β. Furthermore, if wi = ε for all i ≥ 1, the ω-word β belongs to K, otherwise,2097

it belongs to K ′. Thus, in any case α ∼ β ∈ K ∪K ′ and therefore [K ′] ⊇ Σω \ [K]. ◀2098

Recall the definition of the language L0. The following language L′
0 is similar, but has2099

disjoint closure:2100

L′
0 = inc1 (b c5 c5)∗ (b c<10 ∪ b+ ∪ c+) d2101

∪ inc2 (b c5 c5 c5)∗ (b c<15 ∪ b+ ∪ c+) d2102

∪ dec1 (b b c5)∗ (bbc<5 ∪ b c∗ ∪ c+) d2103

∪ dec2 (b b b c5)∗ (b b b c<5 ∪ b b c∗ ∪ b c∗ ∪ c+) d2104

∪ zero1
〈
(b c5)∗ (b c<5 ∪ b+ ∪ c+) ∪ c∗ (b c∗ b c∗)∗〉 d2105

∪ zero2
〈
(b c5)∗ (b c<5 ∪ b+ ∪ c+) ∪ c∗ (b c∗ b c∗ b c∗)∗〉 d2106

Let w ∈ {b, c}+. Then inc1 w d ∈ [L0] iff 10 · |w|b = |w|c, and inc1 w d ∈ [L′
0] iff 10 · |w|b ≠ |w|c.2107

Similarly, zero1 w d ∈ [L0] iff 5·|w|b = |w|c and |w|b is odd. On the other hand, zero1 w d ∈ [L′
0]2108

iff 5 · |w|b ≠ |w|c or |w|b is even. Since similar observations hold for all letters from Op, the2109

closures [L0] and [L′
0] are disjoint and [Op {b, c}+ d] = [L0] ∪ [L′

0].2110

Now consider the following ω-languages:2111

L′
1 = b(db+)ω

� (Op ∪ {c})∞
2112

L′
2 = {b, d}∞

� (Op (c5)+)ω
2113

L′
3 =

{
Σω if s = 1
(Op d)ω

� {b, c}∞ if s = 2
2114

L′
4 = L∗

0 L
′
0 (L0 ∪ L′

0)ω
2115

Finally, the ω-language L′ is defined, analogously to K ′, by2116

L′ = Σω \ L′
1 ∪ Σω \ L′

2 ∪ Σω \ L′
3 ∪ L′

4 . (8)2117

Similarly to the case ofK andK ′, the complement Σω\L′ is accepted by some deterministic2118

Büchi-automaton and the closure [L′] of L′ is the complement of the closure of L. The proof2119

of these facts is very similar to the proof of Lemma E.11 and is therefore placed in the2120

appendix.2121

▶ Lemma E.12. Let (Σ, Is) be a standard independence alphabet, i.e., s ∈ [2], and L and L′
2122

the ω-language defined by (6) and (8), respectively. Then L′ is co-deterministic regular and2123

[L′] = Σω \ [L].2124
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Proof of Lemma E.12. We first show that the complement of L′ is deterministic regular.2125

To this aim, note that we have2126

Σω \ L′ = L′
1 ∩ L′

2 ∩ L′
3 ∩ Σω \ L′

42127

= L′
1 ∩ L′

2 ∩ L′
3 ∩
(
(Σ∗d)ω ∩ Σω \ L′

4
)

2128

where the second equation holds since L′
1 ⊆ (Σ∗d)ω.2129

First, we verify that the four ω-languages in this intersection all are deterministic regular.2130

1. There is a deterministic Büchi-automata accepting b(db+)ω. Hence, by Lemma E.9, L′
12131

is deterministic regular. Since also (Op (c5)+)ω and (Op d)ω are deterministic regular,2132

Lemma E.9 also proves that L′
2 and L′

3 are deterministic regular.2133

2. Next consider the intersection of (Σ∗ d)ω and the complement of L′
4, i.e., the ω-language2134

(Σ∗d)ω \ L′
4. Define the residual languages2135

A = {u | ud ∈ L0} and B = {u | ud ∈ L′
0} .2136

Since any word from L0 or L′
0 ends with an occurrence of d, we get L0 = Ad and L′

0 = Bd.2137

Consequently, we obtain2138

L′
4 = L∗

0 L
′
0 (L0 ∪ L′

0)ω
2139

= (Ad)∗ Bd (Ad ∪Bd)ω .2140

Since the two languages A and B are regular, disjoint, and have no occurrences of the2141

letter d, Lemma E.10 provides a deterministic Büchi-automaton B with2142

Lω(B) = (Σ∗d)ω \ (Ad)∗(Bd)(Ad ∪Bd)ω = (Σ∗d)ω \ L′
4 .2143

Since the class of deterministic regular ω-languages is closed under finite intersections by2144

Choueka’s flag construction [8] (cf. also proof of [45, Lemma 1.2] or [40, Prop. I.6.4]), it2145

follows that Σω \ L′ is deterministic regular. Hence L′ is co-deterministic regular, i.e., we2146

proved the first claim.2147

It remains to be shown that the closure [L′] of L′ is the complement Σω \ [L] of the2148

closure of L.2149

To prove the inclusion [L′] ⊆ Σω \ [L], it suffices to verify L′ ⊆ Σω \ [L] since the2150

complement of [L] is closed. Thus, we have to prove that [L] ⊆ Σω \L′. So let α ∈ [L]. Then2151

Lemma E.7 yields proj{b,d}(α) ∈ b (db+)ω and projOp∪{c}(α) ∈ (Op (c5)+)ω. The definition2152

of the ω-languages L′
1 and L′

2 yields α ∈ L′
1 ∩ L′

2 or, equivalently, α /∈ Σω \ L′
1 ∪ Σω \ L′

2. If2153

s = 1, we definitely get α ∈ Σω = L′
3. If s = 2, Lemma E.7 yields projOp∪{d}(α) ∈ (Op d)ω

2154

and therefore α ∈ L′
3 also in this case. Thus, in any case, α /∈ Σω \ L′

3. Finally, from2155

α ∈ [L] we obtain an ω-word β ∈ L with α ∼ β. Note that L ∩ L′
4 = ∅ and that elements2156

of L ∪ L′
4 = (L0 ∪ L′

0)ω are mutually non-equivalent. Hence α ∼ β ∈ L implies α /∈ L′
4. In2157

summary, we got that α is neither in the complements of L′
1, L′

2, or L′
3, nor in the ω-language2158

L′
4, i.e., α /∈ L′. Thus, indeed, [L′] ⊆ Σω \ [L].2159

We now have to verify the converse inclusion [L′] ⊇ Σω \ [L] and therefore [L] ∪ [L′] ⊇ Σω.2160

So let α ∈ Σω be an arbitrary ω-word. Suppose α /∈ L′
i for some i ∈ [3]. Then α ∈ Σω \Li ⊆2161

L′ ⊆ [L′]. So, from now on, assume α ∈ L′
1 ∩ L′

2 ∩ L′
3. Then there are positive natural2162

numbers k0, k1, . . . , ℓ1, ℓ2 · · · ≥ 1 with k0 = 1 and letters a0, a1, · · · ∈ Op such that2163

proj{b,d}(α) = bk0 d bk1 d bk2 · · · ,2164

projOp∪{c}(α) = a0 (c5)ℓ1 a1 (c5)ℓ2 · · · , and,2165
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if s = 2, also projOp∪{d}(α) ∈ (Op d)ω.2166

Let2167

β = a0 b
k0 (c5)ℓ1 d a1 b

k1 (c5)ℓ2 d a2 b
k2 (c5)ℓ3 d · · ·2168

Looking at the projections of α and β to the alphabets {b, d}, Op ∪ {c}, and (if s = 2), to2169

Op ∪ {d}, we obtain α ∼ β. Note that any of the factors wi := ai b
ki (c5)ℓi+1 d belongs to2170

Op {b, c}+ d and therefore to [L0] ∪ [L′
0]. Suppose ai b

ki (c5)ℓi+1 d ∈ [L0] for all i ≥ 0. Then2171

β ∈ [L0]ω ⊆ [L′]. If, alternatively, there is i ∈ N such that ai b
ki (c5)ℓi+1 d /∈ [L0], then2172

ai b
ki (c5)ℓi+1 d ∈ [L′

0]. Thus, in any case α ∼ β ∈ [L] ∪ [L′] and therefore [L′] ⊇ Σω \ [L]. ◀2173

▶ Lemma E.13. Given a Büchi-automaton A over Γ, it is decidable whether there is an2174

equivalent deterministic Büchi-automaton B.2175

Since, from A, one can also construct a Büchi-automaton A′ accepting the complement2176

of Lω(A), it is decidable whether A is co-deterministic.2177

Proof. For α ∈ Γω, let pref(α) ⊆ Γ∗ denote the set of finite prefixes of α. For a language2178

Y ⊆ Γ∗, let −→
Y denote the set of all words α ∈ Γω with infinitely many prefixes in Y . We use2179

that a Lω(A) is deterministic regular if, and only if, there exists a regular language Y with2180
−→
Y = Lω(A) [40, Cor. I.6.3].2181

Now let A be a Büchi-automaton. By Büchi’s theorem [7], one can construct an MSO2182

formula φ(X) with a single free set variable X such that, for all α ∈ Γω,2183

Γ∗ |= φ(pref(α)) . ⇐⇒ α ∈ Lω(A)2184

Consider the closed formula2185

ψ = ∃Y : ∀B branch: φ(B) ↔ ∀b ∈ B∃y ∈ Y : b ≤ y .2186

Here, B ⊆ Γ∗ is a branch if it satisfies ∀a, b∃c : a ≤ b ∈ B → a ∈ B ∧ b < c ∈ B, i.e., B is a2187

language of the form pref(α) for some α ∈ Γω. Hence the formula ψ expresses that there is a2188

set Y ⊆ Γ∗ with −→
Y = Lω(A).2189

We claim that Lω(A) is deterministic regular iff this formula ψ holds in Γ∗. First,2190

suppose Lω(A) is deterministic regular. Then there exists a regular language Y ⊆ Γ∗ with2191

Lω(A) = −→
Y , hence the formula ψ holds. Conversely, suppose the formula ψ holds, i.e., there2192

is a (not necessarily regular) language Y with −→
Y = Lω(A). Since Y is a set satisfying the2193

part of ψ following the outermost existential quantifier, by [42, Thm. 23], there is also a2194

regular language Y with −→
Y = Lω(A). The regularity of Y implies that Lω(A) is deterministic2195

regular. ◀2196

We now come to the main result of this section: the set of valid words corresponds to the2197

complement of the closure of some regular language.2198

▶ Proposition E.14. Let (Σ, Is) be a standard independence alphabet, i.e., s ∈ [2], and K ′
2199

and L′ the regular ω-languages defined by (7) and (8), respectively.2200

The set Val of valid words equals the projection of the complement of [K ′ ∪ L′], i.e.,2201

Val = projOp(Σω \ [K ′ ∪ L′]).2202

Proof. We have2203

[K ′ ∪ L′] = [K ′] ∪ [L′]2204

= Σω \ [K] ∪ Σω \ [L] by Lemmas E.11 and E.122205

= Σω \
(
[K] ∩ [L]

)
2206
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and therefore2207

projOp(Σω \ [K ′ ∪ L′]) = projOp([K] ∩ [L])2208

= Val by Prop. E.8 .2209

◀2210

E.3 Lower bounds2211

In this section, we will prove analytical lower bounds for the problems GenPω(IndA,Φ). As it2212

turns out, the lower bounds can even be shown when restricting to deterministic regular and2213

co-deterministic regular languages. We therefore introduce the following restricted versions2214

of our problems:2215

▶ Definition E.15. Let GenP ∈ {EmptP,RatP,RegP}, A ⊆ IndA a set of independence2216

alphabets and Φ ⊆ BF a set of Boolean functions.2217

GenPdet
ω (A,Φ) is the set of all tuples ((Γ, I), φ,A1, . . . ,An) from GenPω(A,Φ) where the2218

Büchi-automata Ai are deterministic.2219

GenPco−det
ω (A,Φ) is the set of all tuples ((Γ, I), φ,A1, . . . ,An) from GenPω(A,Φ) where2220

the languages Lω(Ai) are co-deterministic.32221

E.3.1 Standard independence alphabets2222

All lower bounds will be shown by a reduction from the problem in Corollary E.3, i.e., from2223

the emptiness problem for L(M) ∩ Val where M is a deterministic Büchi-automaton over Op.2224

The following lemma prepares these reductions by relating the said emptiness to closures of2225

certain regular ω-languages.2226

▶ Lemma E.16. Let M be some deterministic Büchi-automaton over Op and H = Lω(M)�2227

{b, c, d}∞ ⊆ Σω denote the set of ω-words whose projection to Op is accepted by M. Fur-2228

thermore, let (Σ, Is) be a standard independence alphabet, i.e., s ∈ [2]. Finally, let K, L, K ′,2229

and L′ be the ω-languages defined by (6), (7), and (8), respectively.2230

Then2231

(1) [H ∩K] ∩ [L] = Σω \ [Σω \H ∪K ′ ∪ L′] and2232

(2) the following are equivalent:2233

(i) Lω(M) ∩ Val = ∅.2234

(ii) [H ∩K] ∩ [L] = ∅.2235

(iii) [H ∩K] ∩ [L] is regular.2236

(iv) There is a regular language M ⊆ Σω with [M ] = [H ∩K] ∩ [L].2237

Proof. Before we start the actual proof, we show2238

[H ∩X] = H ∩ [X] . (9)2239

for all X ⊆ Σω as this equation will be used several times. To this aim, first note that H is2240

closed, i.e., H = [H]. Hence, for any ω-word α ∈ Σω, we have α ∈ [H ∩X] iff α ∈
[
[H] ∩X

]
.2241

3 The author is convinced that the set of co-deterministic Büchi-automata is decidable, but he could
not find a proof of this fact in the literature. To be on the safe side, such a proof can be found in the
appendix as Lemma E.13.
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But this is the case iff there is β ∼ α with β ∈ [H] and β ∈ X. This, in turn, is equivalent to2242

α ∈ [H] ∩ [X]. Since [H] = H, we therefore get Equation (9).2243

Next, we verify (1). To this aim, first note that2244

Σω \ [H ∩K] = Σω \
(
H ∩ [K]

)
by Eq. (9)2245

= Σω \H ∪ Σω \ [K]2246

= Σω \H ∪ [K ′] by Lemma E.112247

= [Σω \H ∪K ′] since Σω \H is closed .2248

As a consequence,2249

Σω \
(
[H ∩K] ∩ [L]

)
= Σω \ [H ∩K] ∪ Σω \ [L]2250

= [Σω \H ∪K ′] ∪ [L′] by above calculations and Lemma E.122251

= [Σω \H ∪K ′ ∪ L′] .2252

Thus, indeed, claim (1) holds.2253

To show the equivalence of (i) and (ii), we demonstrate that the projection of [H∩K]∩[L] =2254

H ∩ [K]∩ [L] equals Lω(M)∩Val. For the first inclusion, let f ∈ projOp(H ∩ [K]∩ [L]). Then2255

there is α ∈ H ∩ [K] ∩ [L] with f = projOp(α). From α ∈ H, we get projOp(α) ∈ Lω(M).2256

From α ∈ [K] ∩ [L], Proposition E.8 implies projOp(α) ∈ Val. Now f = projOp(α) implies2257

f ∈ Lω(M) ∩ Val. For the inverse inclusion, suppose f ∈ Lω(M) ∩ Val. Since f ∈ Val, there2258

exists α ∈ [K] ∩ [L] with f = projOp(α). Since f is accepted by M, this implies α ∈ H.2259

Hence α ∈ H ∩ [K] ∩ [L] implying f ∈ projOp(H ∩ [K] ∩ [L]).2260

Thus, indeed, projOp([H ∩K] ∩ [L]) = Lω(M) ∩ Val implying the equivalence of (i) and2261

(ii).2262

The implication (ii)⇒(iii) is trivial since ∅ is regular.2263

For the implication (iii)⇒(iv), suppose M := [H ∩K] ∩ [L] is regular. As the intersection2264

of two closed sets, M closed. Hence [H ∩K] ∩ [L] = M = [M ] which ensures (iv).2265

The final implication (iv)⇒(ii) is shown by contradiction. So suppose (iv) holds, but2266

[H ∩ K] ∩ [L] ̸= ∅. In other words, there is a non-empty regular language M ⊆ Γω with2267

[H ∩K] ∩ [L] = [M ]. Since M is regular, there are nonempty words u, v ∈ Γ+ with uvω ∈ M .2268

But then uvω ∈ M ⊆ [M ] = [H ∩ K] ∩ [L] ⊆ [K] ∩ [L]. From Lemma E.6, we obtain2269

proj{b,d}(uvω) = bk0 d bk1 d bk3 · · · and projOp∪{c}(uvω) = a0c
5·ℓ1a1c

5·ℓ2 · · · with k0 = 1 and2270

ki = 5 · ℓi for all i > 0. From uvω ∈ [L] and Lemma E.7, we obtain ℓi+1 ≥ 1
3ki = 5

3 · ℓi > ℓi2271

for all i ≥ 0. But this contradicts that projOp∪{c}(uvω) is ultimately periodic. ◀2272

We can now use the above lemma to show lower bounds for all the problems in consideration2273

over the standard independence alphabets.2274

▶ Corollary E.17. Let (Σ, Is) be a standard independence alphabet, i.e., s ∈ [2]. The following2275

problems are Π1
1-hard:2276

(1) The regularity problems RegPdet
ω ((Σ, Is),∧) and RegPco−det

ω ((Σ, Is), Id).2277

(2) The emptiness problems EmptPdet
ω ((Σ, Is),∧) and EmptPco−det

ω ((Σ, Is),¬).2278

(3) The rationality problems RatPdet
ω ((Σ, Is),∧) and RatPco−det

ω ((Σ, Is),¬).2279

In particular, all three problems for deterministic Büchi-automata are hard for the con-2280

junction function ∧. For co-deterministic Büchi-automata, the regularity problem is already2281

Π1
1-hard for the identity function, the other two problems are hard for the complementation2282

function ¬ (and easily decidable for the identity function).2283
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Proof. All these hardness results are derived from Corollary E.3. So let M be a deterministic2284

Büchi-automaton over Op. Let H, K, L, K ′, and L′ as in Lemma E.16.2285

From M, one can construct a deterministic Büchi-automaton AH with Lω(AH) =2286

Lω(M)� {b, c, d}∞ (cf. Lemma E.9). One easily sees that there are deterministic Büchi-2287

automata AK and AL such that K = Lω(AK) and L = Lω(AL).2288

From Lemmas E.11 and E.12, we obtain deterministic Büchi-automata BK′ and BL′ such2289

that K ′ = Σω \ Lω(BK′) and L′ = Σω \ Lω(BL′).2290

From the deterministic automata AH and AK , one can construct a deterministic Büchi-2291

automaton AHK with Lω(AHK) = H ∩K. Lemma E.16(2) translates into the equivalence2292

of the following statements:2293

(i) Lω(M) ∩ Val = ∅2294

(ii) [Lω(AHK)] ∩ [Lω(AL)] = ∅, i.e., ((Σ, Is),∧,AHK ,AL) ∈ EmptPdet
ω ((Σ, Is),∧)2295

(iii) [Lω(AHK)] ∩ [Lω(AL)] is regular, i.e., ((Σ, Is),∧,AHK ,AL) ∈ RegPdet
ω ((Σ, Is),∧).2296

(iv) There existsM ⊆ Σω regular such that [M ] = [Lω(AHK)]∩[Lω(AL)], i.e., ((Σ, Is),∧,AHK ,AL) ∈2297

RatPdet
ω ((Σ, Is),∧).2298

Thus, the mapping M 7→ ((Σ, Is),∧,AHK ,AL) is a reduction from the Π1
1-complete problem2299

in Cor. E.3 to all the problems GenPdet
ω ((Σ, Is),∧) for GenP ∈ {RegP,EmptP,RatP}.2300

To also verify the remaining claims, note the following:2301

Σω \ (Σω \H ∪K ′ ∪ L′) = H ∩ Σω \K ′ ∩ Σω \ L′
2302

= Lω(AH) ∩ Lω(BK′) ∩ Lω(BL′) .2303

Since all these Büchi-automata are deterministic, one can construct a Büchi-automaton A2304

with2305

Lω(A) = Σω \H ∪K ′ ∪ L′ .2306

This automaton is co-deterministic since the complement of Lω(A) is deterministic regular.2307

From Lemma E.16, we obtain Σω \ [Lω(A)] = [H ∩K] ∩ [L] implying that also the following2308

statements are equivalent to statement (i) above:2309

(v) Σω \ [Lω(A)] = ∅, i.e., ((Σ, Is),¬,A) ∈ EmptPco−det
ω ((Σ, Is),¬)2310

(vi) Σω \ [Lω(A)] is regular.2311

(vii) There exists M ⊆ Σω regular such that [M ] = Σω \ [Lω(A)], i.e., ((Σ, Is),¬,A) ∈2312

RatPco−det
ω ((Σ, Is),¬).2313

Thus, the mapping M 7→ ((Σ, Is),¬,A) is a reduction from the Π1
1-complete problem in2314

Cor. E.3 to the problems EmptPco−det
ω ((Σ, Is),¬) and RatPco−det

ω ((Σ, Is),¬).2315

Finally note that statement (vi) is equivalent to the regularity of [Lω(A). Hence the2316

mapping M 7→ ((Σ, Is), Id,A) reduces the Π1
1-complete problem in Cor. E.3 to the regularity2317

problem RegPco−det
ω ((Σ, Is), Id). ◀2318

E.3.2 Non-diagonal independence alphabets2319

From the hardness for the standard independence alphabets, we now infer the same hardness2320

results for each and every non-diagonal independence alphabet (Γ, I). For this, we first2321

prove two preparatory lemmas that are then used to reduce the problems on the standard2322

independence alphabets to arbitrary non-diagonal independence alphabets.2323

In order to simplify the wording of the following lemmas, we collect repeating assumptions2324

as follows.2325
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▶ Stipulation E.18. (Γ, I) is a non-diagonal independence alphabet and a, b, c, d ∈ Γ2326

with (a, b), (b, c), (c, d) ∈ I and (a, c), (b, d) /∈ I; it is possible that (d, a) ∈ I, but also that2327

(d, a) /∈ I.2328

s ∈ [2] with s = 1 iff (a, d) ∈ I, i.e., (Σ, Is) is the standard independence alphabet with2329

(a, d) ∈ I iff Op × {d} ⊆ Is.2330

f : Σ → {cac, caac, . . . , ca6c, b, c, d} is a bijection with f(b) = b, f(c) = c, and f(d) = d.2331

Note that this stipulation also ensures f(o) ∈ {cac, caac, . . . , ca6c} for all o ∈ Op since f is2332

required to be a bijection. We denote the letterwise application of f to words from Σ∞ by f2333

as well.2334

E.3.2.1 Preparation2335

Since we want to apply Lemma B.4, we first ensure its applicability.2336

▶ Lemma E.19. Let (Γ, I), a, b, c, d, s, and f satisfy Stipulation E.18. The mapping2337

f : Σω → Γω is injective and, for α, β ∈ Σω, we have α ∼ β ⇐⇒ f(α) ∼ f(β), i.e., f2338

satisfies Equivalence (2) from Lemma B.4.2339

Proof. Let xi, yi ∈ Σ with f(x1x2 · · · ) = f(y1y2 · · · ). Then f(x1x2) is a prefix of f(y1y2) or2340

vice versa. An inspection of all possible cases yields x1 = y1. Hence f(x2x3 · · · ) = f(y2y3 · · · )2341

and we can proceed by induction getting x1x2 · · · = y1y2 · · · . Hence, indeed, f is injective.2342

Now let α, β ∈ Σω. We have to show that α ∼ β holds if, and only if, f(α) ∼ f(β). For2343

this, we will show the following equivalences:2344

1. proj{b,d}(α) = proj{b,d}(β) iff proj{b,d}(f(α)) = proj{b,d}(f(β))2345

2. projOp∪{c}(α) = projOp∪{c}(β) iff proj{a,c}(f(α)) = proj{a,c}(f(β))2346

3. Suppose (a, d) ∈ D (and therefore Op × {d} ⊆ Ds, i.e., s = 2) as well as projOp∪{c}(α) =2347

projOp∪{c}(β). Then proj{a,d}(α) = proj{a,d}(β) iff projOp∪{d}(f(α)) = projOp∪{d}(f(β))2348

Before we do so, we verify that these three properties imply the equivalence of α ∼ β and2349

f(α) ∼ f(β).2350

Suppose α ∼ β. Then α and β have the same projections to the alphabets {b, d}, Op∪{c},2351

and (if s = 2) to Op ∪ {d}. Hence, by the above, f(α) and f(β) agree on their projections2352

to the alphabets {b, d}, {a, c}, and {a, d} (provided s = 2). But this ensures f(α) ∼ f(β).2353

Conversely, suppose f(α) ∼ f(β). Then these two words have the same projections to the2354

alphabets {b, d}, {a, c}, and (if s = 2) {a, d}. The above ensures that α and β agree in2355

their projections to {b, d}, Op ∪ {c} and therefore to Op ∪ {d} (if s = 2). Hence α ∼ β.2356

All that remains to be shown are the claims 1-3.2357

ad 1. For all x ∈ Σ, we have proj{b,d}(x) = proj{b,d}(f(x)). Hence proj{b,d}(α) = proj{b,d}(f(α))2358

and proj{b,d}(β) = proj{b,d}(f(β)) ensures the first equivalence.2359

ad 2. For all x ∈ Σ, we have proj{a,c}(f(x)) = f(projOp∪{c}(x)). Hence proj{a,c}(f(α)) =2360

f(projOp∪{c}(α)) and proj{a,c}(f(β)) = f(projOp∪{c}(β)). Now the second statement2361

follows from the injectivity of f .2362

ad 3. Suppose (a, d) ∈ D and therefore s = 2 and Op × {d} ⊆ Ds. Furthermore, suppose2363

projOp∪{c}(α) = projOp∪{c}(β). We show the two implications seperately.2364
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First, suppose projOp∪{d}(f(α)) = projOp∪{d}(f(β)). For all x ∈ Σ, we have proj{a,d}(f(x)) =2365

proj{a,d}(f(projOp∪{d}(x))). Therefore, we obtain2366

proj{a,d}(f(α)) = proj{a,d}
(
f(projOp∪{d}(α))

)
2367

= proj{a,d}
(
f(projOp∪{d}(β))

)
2368

= proj{a,d}
(
f(β)

)
.2369

Conversely, suppose proj{a,d}(f(α)) = proj{a,d}(f(β)). We have to show projOp∪{d}(α) =2370

projOp∪{d}(β). Towards a contradiction, suppose this is not the case. Let α1 and β1 denote2371

the maximal prefixes of α and β, respectively, with projOp∪{d}(α1) = projOp∪{d}(β1). If2372

both prefixes are infinite, then α1 = α and β1 = β which contradicts the assumption2373

projOp∪{d}(α) ̸= projOp∪{d}(β). Hence, at least one of α1 and β1 is finite; suppose the2374

former. Since α1 is finite, there are α2 ∈ Σ and α3 ∈ Σω with α = α1 α2 α3. The2375

maximality assumption on α1 ensures α2 ∈ Op ∪ {d}. Suppose β1 is infinite, i.e., β1 =2376

β. Then projOp∪{d}(β) = projOp∪{d}(β1) = projOp∪{d}(α1) ̸= projOp∪{d}(α1 α2 α3) =2377

projOp∪{d}(α), contradicting α ∼ β. Thus, β1 cannot be infinite either, i.e., there are2378

β2 ∈ Σ and β3 ∈ Σω with β = β1 β2 β3. By the maximality assumption on β1, we obtain2379

β2 ∈ Op ∪ {d} as well as α2 ̸= β2. Now note that2380

proj{a,d}
(
f(α1 α2)

)
= proj{a,d}

(
f(α1)

)
proj{a,d}

(
f(α2)

)
and2381

proj{a,d}
(
f(β1 β2)

)
= proj{a,d}

(
f(β1)

)
proj{a,d}

(
f(β2)

)
2382

= proj{a,d}
(
f(projOp∪{d}(β1))

)
proj{a,d}

(
f(β2)

)
2383

= proj{a,d}
(
f(projOp∪{d}(α1))

)
proj{a,d}

(
f(β2)

)
2384

= proj{a,d}
(
f(α1)

)
proj{a,d}

(
f(β2)

)
2385

and that both these words are prefixes of proj{a,d}(f(α)) = proj{a,d}(f(β)). Hence2386

proj{a,d}(f(α2)) is a prefix of proj{a,d}(f(β2)) or vice versa. Since α2 ̸= β2 are elements2387

of Op ∪ {d}, we obtain α2, β2 ∈ Op. Consequently,2388

projOp
(
projOp∪{d}(α1)

)
α2 projOp(α3) = projOp(α)2389

= projOp(β) since projOp∪{c}(α) = projOp∪{c}(β)2390

= projOp
(
projOp∪{d}(β1)

)
β2 projOp(β3)2391

= projOp
(
projOp∪{d}(α1)

)
β2 projOp(β3) .2392

But this contradicts α2 ̸= β2. Thus, projOp∪{d}(α) ̸= projOp∪{d}(β) is impossible, i.e.,2393

we have the desired equality. ◀2394

We need another preparation for the reduction from the problems on the standard2395

independence alphabets (Σ, Is) to arbitrary independence alphabets. Namely, that images2396

(under f) of deterministic regular languages are deterministic regular and similarly for2397

co-deterministic regular languages.2398

▶ Lemma E.20. From (Γ, I), a, b, c, d ∈ Γ, and f satisfying Stipulation E.18, and a Büchi-2399

automaton A over Σ, one can compute a Büchi-automaton Af over Γ with Lω(Af ) =2400

f(Lω(A)) such that2401

(i) Af is deterministic if A is deterministic and2402

(ii) Af is co-deterministic if A is co-deterministic.2403
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p qc a a a a a a

q1 q2 q3 q4 q5 q6

c c c c c c

Figure 3 Proof of Lemma E.20

Proof. Let A = (Q,Σ, I, T, F ) be a Büchi-automaton. For all p ∈ Q and o ∈ Op, we assume,2404

w.l.o.g., the existence of a state q ∈ Q with (p, o, q) ∈ T . Let Op = {o1, . . . , o6} with2405

f(oi) = caic for all i ∈ [6]. To construct the Büchi-automaton Af , let p ∈ Q and let qi ∈ Q2406

with (p, c, q) ∈ T and (p, oi, qi) ∈ T for all i ∈ [6]. Then replace the transitions (p, oi, qi) by2407

the gatget in Fig. 3. The result is a Büchi-automaton Af with Lω(Af ) = f(Lω(A)). Note2408

that, assumeing A to be deterministic, also Af is deterministic.2409

Now suppose A is co-deterministic. We have to show that Af is co-deterministic, i.e.,2410

that the language Γω \ Lω(Af ) is deterministic regular. Since A is co-deterministic, there2411

is a deterministic Büchi-automaton B with Lω(B) = Σω \ Lω(A). Since the mapping f is2412

injective by Lemma E.19, we get2413

Lω(Bf ) = f(Lω(B)) = f(Σω \ Lω(A)) = f(Σω) \ f(Lω(A)) = f(Σω) \ Lω(Af ) .2414

Note that f(Σω) equals {cac, caac, . . . , ca6c, b, c, d}ω ⊆ Γω. Hence there is a deterministic2415

Büchi-automaton C with Lω(C) = Γω \ f(Σω). Since the class of deterministic regular2416

languages is closed under union, the set2417

Lω(C) ∪ Lω(Bf ) = Γω \ f(Σω) ∪ f(Σω) \ Lω(Af ) = Γω \ Lω(Af )2418

is deterministic regular. Hence, indeed, Af is co-deterministic. ◀2419

E.3.2.2 Regularity problem2420

Our next aim is to reduce the regularity problem for a standard independence alphabet to2421

the regularity problem of the non-diagonal independence alphabet (Γ, I). As a preparation,2422

Lemma E.22 relates the regularity of [L1] ∩ [L2] and [f(L1)] ∩ [f(L2)] for L1, L2 ⊆ Σω. Its2423

proof uses the following notion and result. For a finite word w ∈ ∆∗, let Alph(w) ⊆ ∆2424

denote the set of letters appearing in w; a language V ⊆ ∆∗ is mono-alphabetic if any two2425

words from V agree on the letters appearing. Gastin, Petit, and Zielonka found the following2426

characterisation of closed and regular ω-languages.2427

▶ Theorem E.21 ([14]). Let (∆, I) be some independence alphabet and L ⊆ ∆ω be an2428

ω-language. Then the following are equivalent.2429

(1) [L] is regular.2430

(2) [K] = [L] for some finite union K =
⋃

i∈[n] Ui V
ω

i where Ui, Vi ⊆ ∆+ are regular, closed,2431

and mono-alphabetic.2432

▶ Lemma E.22. Let (Γ, I), a, b, c, d, s, and f satisfy Stipulation E.18.2433

Let L1, L2 ⊆ Σω. Then [L1] ∩ [L2] is regular if, and only if, [f(L1)] ∩ [f(L2)] is regular.2434

Proof. First, suppose that [f(L1)]∩ [f(L2)] is regular and let α ∈ Σω. Then α ∈ [L1]∩ [L2] iff,2435

for all i ∈ [2], there exist βi ∈ Li with α ∼ βi. By Lemma E.19, this is the case iff there exist2436

βi ∈ Li with f(α) ∼ f(βi) for all i ∈ [2]. But this is equivalent to f(α) ∈ [f(L1)] ∩ [f(L2)].2437
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Thus, [L1] ∩ [L2] is the preimage of the regular language [f(L1)] ∩ [f(L2)] under the mapping2438

f and therefore regular as well.2439

Conversely, suppose [L1] ∩ [L2] is regular. By Theorem E.21, there exists a union2440

K =
⋃

i∈[n] Ui V
ω

i with [K] = [L1] ∩ [L2] where Ui, Vi ⊆ Σ+ are regular, closed, and2441

mono-alphabetic. Consider the ω-language H =
⋃

i∈[n][f(Ui)] [f(Vi)]ω. For u, v ∈ Σ+ with2442

Alph(u) = Alph(v), we get Alph(f(u)) = Alph(f(v)), hence the languages [f(Ui)] and2443

[f(Vi)] are mono-alphabetic and closed. Now let x, y ∈ Σ with (x, y) ∈ D. Then the set2444

Alph(f(xy)) ⊆ Γ of letters appearing in the image of f(x) or f(y) induces a connected2445

subgraph of (Γ, D). Since Ui = [Ui] is regular, also the language [f(Ui)] is regular by [36]2446

(and similarly for Vi). Thus, the ω-language H is regular. Applying Theorem E.21, we obtain2447

that the closure [H] is also regular.2448

We show [H] = [f(L1)] ∩ [f(L2)] which will complete the proof. In other words, we have2449

to show α ∈ [H] ⇐⇒ α ∈ [f(L1)] ∩ [f(L2)] for all α ∈ Γω.2450

First, suppose α ∈ [H]. By the definition of H, there exist i ∈ [n], u ∈ Ui and2451

v1, v2, · · · ∈ Vi with α ∼ f(u) f(v1) f(v2) · · · = f(uv1v2 · · · ). From uv1v2 · · · ∈ Ui V
ω

i , we get2452

uv1v2 · · · ∈ K. Since [K] = [L1] ∩ [L2], there exist βi ∈ Li with βi ∼ uv1v2 · · · for all i ∈ [2].2453

Now Lemma E.19 ensures2454

α ∼ f(uv1v2 · · · ) ∼ f(βi) ∈ f(Li)2455

and therefore α ∈ [f(L1)] ∩ [f(L2)].2456

Conversely, suppose α ∈ [f(L1)] ∩ [f(L2)]. Then there are βi ∈ Li with α ∼ f(βi) for2457

all i ∈ [2]. Lemma E.19 ensures β1 ∼ β2 ∈ L2 and therefore β1 ∈ [L1] ∩ [L2] = [K]. Hence2458

there is γ ∈ K with β1 ∼ γ and therefore, by Lemma E.19, α ∼ f(γ). But γ ∈ K implies the2459

existence of i ∈ [n], u ∈ Ui, and v1, v2 · · · ∈ Vi with γ = u v1 v2 · · · . Hence we have2460

α ∼ f(γ) = f(u) f(v1) f(v2) · · · ∈ [f(Ui)] [f(Vi)]ω ⊆ H2461

and therefore α ∈ [H]. ◀2462

Now we can use the above preparations to demonstrate the hardness of the regularity2463

problem.2464

▶ Proposition E.23. Let (Γ, I) be a non-diagonal independence alphabet. Then RegPdet
ω ((Γ, I),∧)2465

and RegPco−det
ω ((Γ, I), Id) are Π1

1-hard.2466

Proof. To obtain these lower bounds, we reduce from the corresponding problems for2467

the standard independence alphabets in Corollary E.17. So let a, b, c, d, s, and f satisfy2468

Stipulation E.18.2469

Let A1 and A2 be deterministic and B a co-deterministic Büchi-automaton over Σ.2470

Construct, using Lemma E.20 (co-)deterministic Büchi-automata Af
1 , Af

2 , and Bf over Γ2471

with Lω(Af
i ) = f(Lω(Ai)) and Lω(Bf ) = f(Lω(B)). From Lemma E.22, we obtain the2472

following:2473

[Lω(A1)] ∩ [Lω(A2)] is regular iff [Lω(Af
1 )] ∩ [Lω(Af

2 )] is regular.2474

[Lω(B)] is regular iff [Lω(B)] ∩ [Lω(B)] is regular iff [Lω(Bf )] ∩ [Lω(Bf )] is regular iff2475

[Lω(Bf )] is regular.2476

Hence the mappings ((Σ, Is),∧,A1,A2) 7→ ((Σ, Is),∧,Af
1 ,Af ) and ((Σ, Is), Id,B) 7→ ((Σ, Is), Id,Bf )2477

prove RegPdet
ω ((Σ, Is),∧) ≤ RegPdet

ω ((Γ, I),∧) and RegPco−det
ω ((Σ, Is), Id) ≤ RegPco−det

ω ((Γ, I), Id).2478

Now the claims follow from Cor. E.17. ◀2479
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E.3.2.3 Emptiness problem2480

We next show that also the emptiness problem for non-diagonal independence alphabets is2481

hard. Note that, differently from the regularity problem, we consider the Boolean function ¬2482

as opposed to Id when studying co-deterministic regular languages.2483

▶ Proposition E.24. Let (Γ, I) be a non-diagonal independence alphabet. Then EmptPdet
ω ((Γ, I),∧)2484

and EmptPco−det
ω ((Γ, I),¬) both are Π1

1-hard.2485

Proof. To obtain these lower bounds, we reduce from the corresponding problems in Corol-2486

lary E.17(1). So let a, b, c, d, s, and f satisfy Stipulation E.18.2487

We start with EmptPdet
ω ((Γ, I),∧). So let A1 and A2 be deterministic Büchi-automata2488

over the alphabet Σ. For i ∈ [2], construct the deterministic Büchi-automaton Af
i from2489

Lemma E.20(i) with Lω(Af
i ) = f(Lω(Ai)). By Lemma E.19, we can apply Lemma B.42490

which yields [Lω(A1)] ∩ [Lω(A2)] = ∅ iff [f(Σω)] ∩ [Lω(Af
1 )] ∩ [Lω(Af

2 )] = ∅. Since Lω(Af
1 ) =2491

f(Lω(A1)) ⊆ f(Σω), this is the case iff [Lω(Af
1 )] ∩ [Lω(Af

2 )] = ∅. Consequently, the2492

mapping ((Σ, Is),∧,A1,A2) 7→ ((Γ, I),∧,Af
1 ,A

f
2 ) is a reduction of EmptPdet

ω ((Σ, Is),∧) to2493

EmptPdet
ω ((Γ, I),∧).2494

To also prove the hardness of EmptPco−det
ω ((Γ, I),¬), let A be a co-deterministic Büchi-2495

automaton over Σ. Construct, using Lemma E.20(ii) a co-deterministic Büchi-automaton Af
2496

over Γ with Lω(Af ) = f(Lω(A)). From Lemmas E.19 and B.4, we obtain [Σω] \ [Lω(A)] = ∅2497

iff [f(Σω)] ∩ Γω \ [Lω(Af )] = ∅.2498

Since Γω \ f(Σω) is regular, one can construct a Büchi-automaton B with Lω(B) =2499

Lω(Af ) ∪ Γω \ f(Σω). Even more, the languages Γω \ Lω(Af ) and f(Σω) are deterministic2500

regular implying that B is co-deterministic (since the class of deterministic regular languages2501

is closed under intersection). Now we have2502

Γω \ [Lω(Af )] ∩ [f(Σω)] = Γω \ [Lω(Af )] ∩ Γω \
(
Γω \ [f(Σω)]

)
2503

= Γω \
(
[Lω(Af )] ∪ Γω \ [f(Σω)]

)
2504

= Γω \ [Lω(Af ) ∪ Γω \ f(Σω)]2505

= Γω \ [Lω(B)]2506

and therefore2507

Σω \ [Lω(A)] = ∅ ⇐⇒ [f(Σω)] ∩ Γω \ [Lω(Af )] = ∅ ⇐⇒ Γω \ [Lω(B)] = ∅ .2508

Hence, the mapping ((Σ, Is),¬,A) 7→ ((Γ, I),¬,B) is a reduction of the Π1
1-hard emptiness2509

problem EmptPco−det
ω ((Σ, Is),¬) to the emptiness problem EmptPco−det

ω ((Γ, I),¬). ◀2510

E.3.2.4 Rationality problem2511

The above propositions provide lower bounds for the regularity and the emptiness problem.2512

We next prepare the similar result for the rationality problem. The proof relies on Lemma B.52513

whose applicability is assured by the following preparatory result.2514

▶ Lemma E.25. Let (Γ, I), a, b, c, d, s, and f satisfy Stipulation E.18.2515

There is a rational relation R that satisfies conditions (a) and (b) of Lemma B.5.2516

Proof. First, suppose (a, d) ∈ I. For i ∈ [6], we set2517

Si =
{(

U

caic v

)
| U ∼ caic v and v ∈ {b, d}∗

}
2518

and, for all U, V ∈ Γω,
(

U
V

)
∈ R iff2519
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U = U1U2 · · · ,2520

V = V1V2 · · · , and2521 (
Uj

Vj

)
∈
⋃

i∈[6] Si ∪
{(

b
b

)
,
(

c
c

)
,
(

d
d

)}
for all j ≥ 12522

First, we verify that the relations Si are rational (for all i ∈ [6]). By definition
(

U
V

)
∈ Si iff2523

there exists v ∈ {b, d}∗ with V = caic v,2524

(i) proj{a,c}(U) = proj{a,c}(V ), and2525

(ii) proj{b,d}(U) = proj{b,d}(V ).2526

Assuming V = caic v, the first condition is equivalent to proj{a,c}(U) = caic. Hence the2527

statement
(

U
V

)
∈ Si is the conjunction of2528

a regular condition on V (namely V ∈ caic {b, d}∗),2529

a regular condition on U (namely U ∈ caic� {b, d}∗), and2530

a rational condition on the pair U and V (namely proj{b,d}(U) = proj{b,d}(V )).2531

Hence the relation Si is rational.2532

Before we look at the relation R, the following aspect of the relation Si is important.2533

There is some o ∈ Op with f(o) = caic. Since the mapping f fixes the letters b and d, we get2534

Si =
{(

U

f(w)

)
| U ∼ f(w) and w ∈ o{b, d}∗

}
2535

and therefore2536

S :=
⋃

i∈[6]

Si =
{(

U

f(w)

)
| U ∼ f(w) and w ∈ Op {b, d}∗

}
.2537

Now let
(

U
V

)
∈ R. Then U and V factorize into U = U1U2 · · · and V = V1V2 · · · with2538 (

Uj

Vj

)
∈ S ∪

{(
b

b

)
,

(
c

c

)
,

(
d

d

)}
2539

for all j ≥ 1. Since f fixes b, c, and d, this implies Uj ∼ Vj ∈ f(Σ+) for all j ≥ 1 and2540

therefore U ∼ V ∈ f(Σω). This ensures condition (a) from Lemma B.5.2541

To also verify the condition (b) from Lemma B.5, let U ∈ [f(Σω)]. Then proj{a,c}(U) ∈2542

{c, ca1c, ca2c, . . . , ca6c}∞. Hence U factorizes into U = U1U2 · · · with2543

Uj ∈ {b, c, d} ∪
⋃

i∈[6]

(
caic� {b, d}∗)

2544

for all j ≥ 1. Set2545

Vj =
{
Uj if Uj ∈ {b, c, d}
caic proj{b,d}(Uj) if Uj ∈ caic� {b, d}∗ .

2546

such that
(

Uj

Vj

)
∈
{(

b
b

)
,
(

c
c

)
,
(

d
d

)}
∪ S holds for all j ≥ 1. With V = V1V2 · · · , we therefore2547

have
(

U
V

)
∈ R and V ∈ f(Σω).2548

Thus, indeed, the rational relation R satisfies conditions (a) and (b) of Lemma B.5.2549

It remains to consider the case (a, d) /∈ I.2550
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For i ∈ [6], we set2551

Si =
{(

cxyzc

x projb(y) caic z

)
| x, z ∈ {b, d}∗, y ∈ ai

� b∗
}

2552

and S =
⋃

i∈[6] Si. Then a pair of words U and V belongs to Si iff they can be factorized2553

into cxyzc and xprojb(y) caic z with the properties given in the definition of Si, i.e., iff2554 (
U

V

)
∈
(
c

ε

){(
b

b

)
,

(
d

d

)}∗

︸ ︷︷ ︸
=̂(x

x)

((
b

b

)∗(
a

ε

))i(
b

b

)∗

︸ ︷︷ ︸
=̂( y

projb(y))

(
ε

caic

){(
b

b

)
,

(
d

d

)}∗

︸ ︷︷ ︸
=̂(z

z)

(
c

ε

)
.2555

Thus, this rational relation equals Si implying that S is rational. It can easily be checked2556

that
(

U
V

)
∈ S implies that the projections of U and V to {a, c}, {a, d}, and {b, d} are equal,2557

i.e., that U ∼ V holds. Furthermore, then V ∈ {b, d}∗f(Op) {b, d}∗ ⊆ f(Σ+) since f fixes b2558

and d.2559

Furthermore let the relation R over Γω consist of all pairs
(

U
V

)
with2560

U = U1U2 · · · ,2561

V = V1V2 · · · , and2562 (
Uj

Vj

)
∈ S ∪

{(
b
b

)
,
(

c
c

)
,
(

d
d

)}
for all j ≥ 12563

Since
(

Uj

Vj

)
∈ S implies Uj ∼ Vj ∈ f(Σ+) and since f fixes b, c, and d, we get U ∼ V ∈ f(Σω)2564

which ensures condition (a) from Lemma B.5.2565

To also verify condition (b) from Lemma B.5, let U ∈ [f(Σω)]. Then there exists2566

w ∈ Σω with U ∼ f(w). It follows that their projections to {a, c, d} are equivalent as well:2567

proj{a,c,d}(U) ∼ proj{a,c,d}(f(w)) (note that these two projections need not be equal since2568

(c, d) ∈ I). Since f(Σω) is the set of sequences of words caic for i ∈ [6], b, c, and d, and2569

since w ∈ Σω, the word proj{a,c,d}(f(w)) factorizes into words caic with i ∈ [6], c, and d.2570

Depending on whether the number of factors of the form caic is zero, finite (and non-zero),2571

or infinite, one of the following hold:2572

proj{a,c,d}(f(w)) ∈ {c, d}∞.2573

proj{a,c,d}(f(w)) = x0a
i1x1a

i2x2 · · · aikxk with k ≥ 1, ij ∈ [6] for all j ∈ [k], and2574

xj ∈


{c, d}∗cd∗ for j = 0
d∗c{c, d}∗cd∗ for j ∈ [k − 1]
d∗c{c, d}∞ for j = k .

2575

proj{a,c,d}(f(w)) = x0a
i1x1a

i2 · · · with x0 ∈ {c, d}∗cd∗, xj ∈ d∗c{c, d}∗cd∗ and ij ∈ [6]2576

for all j ≥ 1.2577

Since a is dependent from both, c and d and since proj{a,c,d}(U) ∼ proj{a,c,d}(f(w)), also2578

the word proj{a,c,d}(U) has one of these three forms. In other words, is factorizes into words2579

of the form cd∗aid∗c for i ∈ [6], c, and d. Since U belongs to the shuffle of its projection and2580

b∞, it factorizes into U = U1U2 · · · with Uj ∈ {b, c, d} ∪
⋃

i∈[6]
(
cd∗aid∗c� b∗) for all j ≥ 1.2581

We next define Vj such that2582 (
Uj

Vj

)
∈
(
S ∪

{(
b

b

)
,

(
c

c

)
,

(
d

d

)})+
.2583
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This is trivial if Uj ∈ {b, c, d}: just set Vj = Uj . Otherwise, there is i ∈ [6] with Uj ∈2584

cd∗aid∗c� b∗. Hence Uj = x0cxyzcx1 with x0, x1 ∈ b∗, x ∈ {b, d}∗, y ∈ ai
� b∗, and z ∈2585

{b, d}∗. Then set Vj = x0x projb(y) caiczx1. Since
(

cxyzc
xprojb(y)caicz

)
∈ S and x0, x1 ∈ {b, c, d}∗,2586

we found the word Vj as required. Setting V = V1V2 · · · , we obtain that
(

U
V

)
factorizes into2587

factors from2588

S ∪
{(

b

b

)
,

(
c

c

)
,

(
d

d

)}
2589

implying that it belongs to R.2590

Thus, also in case (a, d) /∈ I there is a rational relation R satisfying conditions (a) and2591

(b) in Lemma B.5. ◀2592

Finally, we can also prove the hardness of the rationality problems for any non-diagonal2593

independence alphabet.2594

▶ Proposition E.26. Let (Γ, I) be a non-diagonal independence alphabet. Then the rationality2595

problems RatPdet
ω ((Γ, I),∧) and RatPco−det

ω ((Γ, I),¬) both are Π1
1-hard.2596

Proof. To obtain these lower bounds, we reduce from the rationality problems in Corol-2597

lary E.17(3). Both these reductions are based on Lemma B.5.2598

So let a, b, c, d, and f satisfy Stipulation E.18. Furthermore, set s = 1 if (a, d) ∈ I and2599

s = 2 if (a, d) /∈ I, i.e., (Σ, Is) is the standard independence alphabet with (inc1, d) ∈ Is ⇐⇒2600

(a, d) ∈ I. Then, by Lemma E.19, Equivalence (2) from Lemma B.4 holds. Lemma E.252601

ensures the existence of a rational relation R such that conditions (a) and (b) of Lemma B.52602

hold.2603

Conjunction. After these preparations, we can now reduce RatPdet
ω ((Σ, Is),∧) to the rational-2604

ity problem RatPdet
ω ((Γ, I),∧). So let A1 and A2 be two deterministic Büchi-automata over2605

Σ. Let Af
1 and Af

2 denote the deterministic Büchi-automata with Lω(Ai) = f(Lω(Ai)) that2606

we can compute by Lemma E.20(i). By Lemma B.5, ((Σ, Is),∧,A1,A2) ∈ RatPdet
ω ((Σ, Is),∧)2607

if, and only if, there exists a regular language K ′ ⊆ Γ∗ with [K ′] = [f(Σω)] ∩ [f(Lω(A1))] ∩2608

[f(Lω(A2))]. Note that this latter language equals [Lω(Af
1 )] ∩ [Lω(Af

2 )] since [f(Lω(A1))] ⊆2609

[f(Σω)]. Hence we showed the equivalence of ((Σ, Is),∧,A1,A2) ∈ RatPdet
ω ((Σ, Is),∧)2610

and ((Γ, I),∧,Af
1 ,A

f
2 ) ∈ RatPdet

ω ((Γ, I),∧), i.e., that the mapping ((Σ, I),∧,A1,A2) 7→2611

((Γ, I),∧,Af
1 ,A

f
2 ) is a reduction of the rationality problem RatPdet

ω ((Σ, Is),∧) to the ration-2612

ality problem RatPdet
ω ((Γ, I),∧) which is therefore Π1

1-hard by Corollary E.17(3).2613

Negation. It remains to also reduce RatPco−det
ω ((Σ, Is),¬) to the rationality problem2614

RatPco−det
ω ((Γ, I),¬). So let A be a co-deterministic Büchi-automaton over Σ and Af the co-2615

deterministic Büchi-automaton with Lω(Af ) = f(Lω(A)). By Lemma B.5, ((Σ, Is),¬,A) ∈2616

RatPco−det
ω ((Σ, Is),¬) if, and only if, there exists a regular language K ′ ⊆ Γω with [K ′] =2617

[f(Σω)] ∩ Γω \ [f(Lω(A))], i.e., with [K ′] = [f(Σω)] \ [Lω(Af )].2618

We show that this is equivalent to the existence of a regular language K ′′ with [K ′′] =2619

Γω \ [Lω(Af )] (i.e., ((Γ, I),¬,Af ) ∈ RatPco−det
ω ((Γ, I),¬)). But first, note that the closure of2620

f(Σω) is regular since U ∈ [f(Σω)] iff the projection proj{a,c}(U) belongs to {c, ca1c, ca2c, . . . , ca6c}∞.2621

Now, suppose [f(Σω)] \ [Lω(Af )] is the closure of the regular language K ′. Then2622

K ′′ = K ′ ∪ Γω \ [f(Σω)] is regular and satisfies2623

[K ′′] = [K ′] ∪
[
Γω \ [f(Σω)]

]
2624

= [f(Σω)] \ [L∗(Af )] ∪ Γω \ [f(Σω)] since Γω \ [f(Σω)] is closed2625

= Γω \ [Lω(Af )] since [Lω(Af )] = [f(Lω(A))] ⊆ [f(Σω)] .2626
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Conversely, suppose Γω \ [Lω(Af )] is the closure of the regular language K ′′. Then K ′ :=2627

K ′′ ∩ [f(Σω)] is regular and satisfies2628

[K ′] = [K ′′] ∩ [f(Σω)] since [f(Σω)] is closed2629

= Γω \ [Lω(Af )] ∩ [f(Σω)]2630

= [f(Σω)] \ [Lω(Af )] .2631

Thus, indeed, [f(Σω)] \ [Lω(Af )] is the closure of some regular language K ′ if, and only if,2632

Γω \[Lω(Af )] is the closure of some regular language K ′′. Thus, the mapping ((Σ, Is),¬,A) 7→2633

((Γ, I),¬,Af ) is a reduction of the rationality problem RatPco−det
ω ((Σ, Is),¬) to the rationality2634

problem RatPco−det
ω ((Γ, I),¬) which is therefore Π1

1-hard by Corollary E.17(3). ◀2635

So far, we proved the hardness of GenPω((Γ, I), φ) for any non-diagonal independence2636

alphabets and specific functions φ ∈ {Id,∧,¬}.2637

Using the reductions from Lemma 2.3, these hardness results can be extended to (almost)2638

all sets of functions and independence alphabets.2639

▶ Corollary E.27. Let A ⊆ IndA and Φ ⊆ BF be decidable sets of independence alphabets2640

and Boolean functions, respectively.2641

(1) If A ̸⊆ DiagA and Φ ̸⊆ CONST, then RegPω(A,Φ) is Π1
1-hard.2642

(2) If A ̸⊆ DiagA and Φ ̸⊆ MAX, then RatPω(A,Φ) and EmptPω(A,Φ) are Π1
1-hard.2643

Proof. Let (Γ, I) ∈ A be non-diagonal.2644

(1) Suppose φ ∈ Φ \ CONST. Then RegPω((Γ, I), Id) is Π1
1-hard by Prop. E.23 and can be2645

reduced to RegPω(A,Φ) by Lemma 2.3(1). Hence, also the latter problem is Π1
1-hard.2646

(2) Now let φ ∈ Φ \ MAX and GenP ∈ {RatP,EmptP}.2647

Then GenPω((Γ, I),∧) and GenPω((Γ, I),¬) both are Π1
1-hard by Props. E.24 and E.26,2648

respectively.2649

Lemma 2.3 allows to reduce at least one of these two problems to GenPω((Γ, I), φ) and2650

therefore to GenPω(A,Φ). Hence, also this latter problem is Π1
1-hard.2651

◀2652
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