
Group of Process Optimization 
Institute for Automation and Systems Engineering 

Technische Universität Ilmenau 

Systems Optimization 
 

Chapter 5: Solution of unconstrained nonlinear 
optimization problems 

Pu Li 
 

pu.li@tu-ilmenau.de 
www.tu-ilmenau.de/prozessoptimierung 

 

mailto:pu.li@tu-ilmenau.de
http://www.tu-ilmenau.de/simulation
http://www.tu-ilmenau.de/simulation
http://www.tu-ilmenau.de/simulation


2 Multi-dimensional optimization of nonlinear 
problems without constaints 

Problem definition: 

The solution: 

Namely 

The first (necessary) condition at a local 
minimum point      : 

The second (sufficient) condition at the minimum point     
is a positive definite Hessian matrix: 

0)( * ≥Η pxpT



3 The Taylor expansion at  

Since                         , the Hessian matrix is positive definite.  

The Jacobian matrix of the equation system is         . 
The iterative scheme: 

An initial guess point        is required. 

i. e.  

The Newton method: 

From the necessary condition: 

N variables 

N equations 

The Newton method can be used to 
    solve the nonlinear equation system. 



4 Example: The Newton method 



5 The classic gradient method 
(The method of the steepest descend) 

From a given point                    , to get the next point  

The first order Taylor expansion at      :   

When the search direction: 

i. e. 

i. e. 



6 6 The inner product of two vectors 

then 

From the figure 

We have 
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1)                   vorgeben, 

wenn                                 dann 

STOP. 

3)     das folgende Problem lösen: 

4)     neue Variablen berechnen: 

5)     die nächste Iteration: 

2)                      berechnen: 

GOTO  2) 

The classic gradient method 
(The method of the steepest descend) 



8 Example: The gradient method 



9 Graphical description: 



10 The gradient method: 

The Newton method: 

The Marquardt-Levenberg-Verfahren: 
Modification of the Newton method to ensure a positive 
definite Hessian matrix with  

Konvergence:        quadratic        (fast) 

Quadratic aproximation of the objective function 
Search direction:                          (complicated) 

Convergence:          linear           (slow) 

Linear approximation of the objective function 
Search direction:                         (easy) 

Search direction: 

when 

when 



11 The Quasi-Newton method: 
The Hessian matrix is approximed to avoid the direct calculation 
of the matrix. 

We define 

The BFGS formular (Broyden-Fletcher-Goldfarb-Shanno): 

It is ensured that the approximed Hessian matrix is positive definite. 

For the initialization,             , i. e. the first step is calculated by the 
gradient method. 



12 Line search 

(determine the step length): 

Iterative solution: 

Using the Newton method: 

Using the gradient method: 

Using the Quasi-Newton method: 

The one-dimensional problem: 

is to be determine so that 



13 The search strategy (the Wolfe conditions): 

1)   The value of the objective function must be reduced: 

2)   The gradient must be relatively big, i. e. the objective function 
      will no longer considerably descend. 

There is                               , and   

) 
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Graphical description: 



15 Practical implementation of line search 
Quadratia approximation: 

At the mimimum point, it follows  

We find the value      by minimizing          , and this function should 
be convex, namely   
Since 

The parameter  a,  b,  c will be determined at the boundary, i.e. 
at               and              . Here      is an initial guess value.  

(usually            ).   Then we have 10 =α
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It follows 

and then 

Graphical description: 

Practical implementation of line search 
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When                                                                           , the function 
value decreases significantly. In this case, the chosen step should 
be used, i.e.                . 

When                                                                           ,  the 
parameter           . Thus           is convex and a step length will be 
calculated.  
The corresponding functions value                                         will be  
calculated.     

• When the Wolfe condition is satisfied,       will be accepted 
and then the new point will be                                   . 

• When the Wolfe condition is not satisfied,       will be defined 
as the new boundary.    

Practical implementation of line search 
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The search interval will be reduced from iteration to iteration. In 
iteration l we have 

In the interval       , a ,  a new quadratic function will be constructed    
to approximate         . And in this way, a new step length will be 
searched. 
 

Since with a small     , the funktion                          decreases,  
we can always find a value     , so that the function value is 
improved. 

Practical implementation of line search 



19 Example: Optimization of an industrial fixed-bed reactor 
Raw material:      Ethanol  CH3CH2OH  and O2 Produkt:         
Ethanal                CH3CHO, 6000 t/a 
Catalyst:              Silver net, 200 kg  
Reaction: 

CH3CH2OH + O2 

CH3CHO 
CO 
CO2 
CH3COOH 

Important influens factors: 

Consumption of the raw 
matieral for 1 kg product: 

  = 
Ethanol (kg) 
Ethanal (kg) 

Theoretical:        = 1,0455 
Practical:             = 1,17 
Loss:                          = 0,1245 kg/kg (750 t/a) 

Aim of optimization: 

• Reaction temperature T:  500 - 600°C 
• Feed flow F: 1,0  - 3,0 t/h 
• Activity of catalyst     



20 Flow-sheet of the process to produce ethanal 



21 Process modeling 

Normalize the variables: 

Through experiment or based on operation data, it can be 
modeled as follows: 

The optimization problem: 

The solution: 

A black-box model is generated by a least-square method. Since  
    is not measurable, it is at first assumed a constant: 

C 
t/h 
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