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1. Isothermal irreversible semi-batch reaction

A+B −→ C +D

Batch and semi-batch processes are widely used pharmaceutical industry.
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Here, CA, CB, CC , and CD are the concentrations of species A,B,C, and D; V is
the reactor volume, and CB0 is the feed rate speices B to the reactor.

Initial values:
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V (0) CA(0) CB(0) CC(0) CD(0)
10 L 50mol/L 10mol/L 0mol/L 0mol/L

The specific reaction rate constant is k = 0.0022L/(mol sec) and the feed flow rate
is F = 0.05L/sec = CB0 = 0.05L/sec.

Study the dynamics of the reaction for constant values of u; eg. u = F = 0.05L/sec.

2. A Double Pendulum
The motion of a double pendulum is a typical example of nonlinear dynamics.

Figure 1: A double pendulum system

The following are the data for the double pendulum system in Figure 2

• L1 - length of the first pendulum

• L2 - length of the second pendulum

• m1 - mass of on the first pendulum

• m2 - mass of on the second pendulum

• g -gravitational constant

• θ1 - deflection angle from the vertical

• θ2 - deflection angle the joint from the vertical

The dynamics of the system is given by

θ̈1 =
−g (2m1 +m2) sinθ1 −m2gsin(θ1 − 2θ2)− 2sin(θ1 − θ2)m2

(
L2 θ̇

2
2 − L1 θ̇

2
1cos(θ1 − θ2)

)
L2 (2m1 +m2 −m2cos (2(θ1 − θ2)))

θ̈2 =
2 sin(θ1 − θ2)

(
θ̇1L1 (m1 +m2) + g (m1 +m2) cos θ1 + θ̇2L2m2 cos(θ1 − θ2)

)
L2 (2m1 +m2 −m2cos (2(θ1 − θ2)))

,
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with initial conditions θ1(0) = 0, θ2(0) = 0, θ̇1(0) = π/2 and θ̇2(0) = 0.

• Study dynamics of this system. Simulate the system dynamics by using the RK,
adaptive RK, IRK, the BDF methods.

3. A 4 Tank System
Figure 3 depicts a system with four interconnected water tanks and two pumps.
The process inputs are voltages to the two pumps v1 and v2 and the outputs are the
water levels y1 and y2 in the lower two tanks.

Figure 2: A four tank system (taken from Johansson [1])

Mass balance and Bernulli’s law yield:

dh1
dt

= − a1
A1

√
2gh1 +

a3
A1

√
2gh3 +

γ1k1
A1

v1 (6)

dh2
dt

= − a2
A2

√
2gh2 +

a4
A2

√
2gh4 +

γ2k2
A1

v2 (7)

dh3
dt

= − a3
A3

√
2gh3 +

(1− γ2) k2
A3

v2 (8)

dh4
dt

= − a4
A4

√
2gh4 +

(1− γ1) k1
A4

v1 (9)

Constants and parameters are as given below

Tank 1 Tank 2 Tank 3 Tank 4
Cross-sectional area (in cm2) A1 = 28 A2 = 28 A3 = 32 A4 = 32
Outlet cross-section (in cm2) a1 = 0.071 a2 = 0.057 a3 = 0.071 a4 = 0.057

g γ1 γ2 k1 k2
981 0.50 0.40 3.33 3.34

Study the dynamics of the system for initial values h1(0) = h2(0), h3(0) = h4 = 0
and constant input voltages v1 = 16.6 cm2/s and v2 = 24.6 cm2/s. (Observe that,
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for different values of v1 and v2 we have different state trajectories; i.e. v1 and v2
can be taken as the system’s degrees of freedom).

4. An active suspension system
A vehicle suspension system is designed to grantee drive comfort and safety based
on road, load, tire pressure charactersitcs, etc. In general, suspension systems are
classified as: passive, semi-active and fully active. In contrast to the ubiquitous
passive suspension systems, modern active suspension systems use servo-hydraulic
acutuators to facilitate controllability of a suspension system by supplying and
dissipating energy from the system.

Figure 4 depicts a simplified model of a quarter vehicle suspension system. The
dynamics of the system is given by:

m1z̈1 + k1 (z1 − y)− k2 (z2 − z1)− Fact = 0 (10)

m2z̈2 + k2 (z2 − z1) + Fact = 0, (11)

where Fact represents the force supplied by a servo-hydraulic actuator. It is usually
assumed to be proportional to the rate of change of z2 as Fact = αż2.

Figure 3: A quarter-car active suspension model (see Segla & Reich [2])

Given the following hypothetical data for the constants

Sprung mass m1 400 kg
Unsprung mass m2 55 kg
Spring constant of vibration absorber k1 262713.7 N/m
Spring constant k1 40000 N/m
Actuator damping coefficient α 15000 N sec/m

compute the state trajectories of the dynamic system assuming the road excitation
y is a constant.



5

5. Chua’s circuit
Mathematical models of circuits with reactive elements lead to nonlinear differential
equations. Such nonlinear circuits are highly sensitive to initial conditions. That is,
for a small perturbation (change) of the initial conditions, the output of the circuit
system may display a totally different behavior. Such a behavior is commonly known
as chaos.
The circuit shown in Figure 5 has an inductor L, a linear resistor R, a nonlinear
resistor NR and two capacitors C1 and C2.

Figure 4: Chua’s circuit

The dynamics of this system is given by the Kirchhoff’s current law as:

C1
dVc1
dt

=
VC2−VC1

R
− f(VC1) (12)

C2
dVc2
dt

=
VC1−VC2

R
+ iL (13)

L
diL
dt

= −VC2 , (14)

where VC1 and VC2 are voltage across capacitors C1 and C2, respectively; iL is the
current through L and f(VC1) = iNR

is the current through the Chua’s diode. Given
the following constants of the system

R = 1655Ω, C1 = 450 pF,C2 = 1.5nF, L = 3mH,

study the state trajectories for the initial values

VC1(0) = 0.1V, VC2(0) = 0V, iL(0) = 0A.
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