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1. Introduction and Overview

» Motivation
» Deterministic approaches
» Stochastic approaches

» Problem relaxation



Optimization under Uncertainties

» Uncertain Operating Conditions:

e Future product demands, product specifications

e Future supply of raw materials, feed flow and concentration
Availability of utilities (power, steam, ...)
e Atmospheric temperature and pressure

» Uncertain Model parameters:
e Kinetic parameters
e Phase equilibrium parameters
e QOperation-dependent parameters

» Properties of Optimization under Uncertainty:
e Design and operation
e Profit maximization / cost minimization
e Meet the operating constraints
e Consider a future time horizon (hours, days, weeks, ...)
e Decision making without knowledge of exact values of some variables
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State-of-the-Art

University

» Development of
deterministic optimization
approaches

- LP, NLP
- MILP, MINLP
- DNLP, MIDO
» Applications have been

mostly based on
theoretical models

- fixed model parameters
- fixed operating
conditions

- test on labor or pilot
plants

--- Industry

» Complex processes

» Models are often not
available

» Operating conditions
change all the time

» Standard software with
deterministic solution
approaches

Deterministic results are
difficult to transfer!

mm) Optimization under Uncertainty

m.



Deterministic approaches to uncertain systems

» Using the Expected Value
e Base-Case-Analysis
e Too optimistic decisions (aggressive strategy)
e Violating the constraints with a 50% probability

» Using the Bound Values
e Worst-Case-Analysis
e Conservative decisions (no risks, safety with priority)
e Very low profit

» Scenario Analysis
e Study more scenarios
e Relative robust decisions
e Not all cases can be considered



Stochastic Optimization Problem

Problem formulation:

min - f(x,u,§) with x € R”
s.t. g(xx,u&)=0, x(0)=x, ucR
h(X9 X,u,ﬁ) 2 01 g - N(ll’ Z) &,- e mm

Due to the existence of the random variables ﬁ, the problem
cannot be solved directly with the available deterministic
optimization methods.

Special treatments (transformation) will be needed to transfer
the problem to an equivalent deterministic problem (so-called

relaxation).



Optimization with the mean value

Deterministic formulation:

min £ (x,u,&)
st g(xx,u,8)=0, x(0)=x,
h(x,x,u,&)>0

. E is considered as fixed parameter in the problem.

o X,U will be solved by a deterministic method.

. Butin the reality £=¢&,i.e. h(x,x,u,&)>0 wil be
violated with about 50% probability.



Example: the shortest way with random barrier

Deterministic
barrier

Random barrier (expected
barrier constraint, collision
probability = 50%)

)

/|

B.

R. Henrion, (2006), WIAS, Berlin

Random barrier (chance
constraint, collision
probability = 10%)

)




Relaxation of the objective function

min E[f(x,u,&)]Jr a)D[f(X,ll,g)]

where E: expected value
D: variance
w: weighting factor

If f(x,u,&)= f(x,u), relaxation is needed,

because X is dependent on & and thus stochastic.

If f(x,u,€)= f(u), relaxation is not needed,
because E[f(u)]|= f(u) and D[f(u)]=0.

m.



Relaxation of equality constraints

Using a step of simulation:

(D=
g(X,x,u,?’;) =0 —> @
o=

e Model equations should be held for each realization of & .

e With given £ and u model equations can be solved to
obtain x.

e It only makes sense to simulate with stochastic inputs &.

e Model equations are eliminated in the problem formulation.

m.



Relaxation of inequality constraints

e Compensation (recourse):

min  f(x,u) -I—E[S(X,ll, 9)]
st. h(x,x,u,§)=>0

In process optimization problems, it is difficult to define a
suitable compensation function.

e Probabilistic (chance) constraints:

P{h(x,x,u,&) > 0}> a

It means holding the inequality constraints with a
predefined probability level (reliability of being feasible). :



2. Optimization Problems under Uncertainty

» Modeling uncertainties
» Generation of uncertain variables
» Simulation of systems with uncertainties

» Formulation of chance constrained
optimization problems



How to describe uncertainty?

Modeling uncertain variables:

» Uncertain variables behave differently.

» Their stochastic properties can be obtained based on analysis of
historical data or even experiences of experts.

» Then they can be formulated according to expected values, standard
deviations with probability density functions.

E N ; A —
I :
e
to tf; to tf: >
time-independent stepwise oscillating



Normal distribution: &~ N(u,c°)

The Central Limit Theorem:

A random variable ¢ is normally distributed, if it is caused by the
summation of many small random variables.

_ (E-p)° ]
p(&) = @Gexr{ o

P{|£- 1 < o}~ 0,6827

—0< &<

P{| -y < 20}~ 0,9545

F(z):P{é‘ﬁz}:\/%a jexp —(95_’2‘) }dg

I 26 P{|£ - 4 <35}~ 0,9973

05 e i e i ; 1 1

0.8 1t T— o f

u=0o=1 /

.- i




Standardization of normal distribution

§~N(uo®) = & ~N(O 1)

jexp{ (€- ﬂ) } £

G

since F(z)=P{f<z}=

J_a

i | o AT ol e

The probability distribution function (PDF):

F(z2) :P{fﬁz}:d)(z_’uj

O

The function value can be computed by existing Software. m



Multivariate stochastic variables

Consider a vector of random variables: g = [cj1 . -§m]T

Expected values: E=[&-E T
Variances: D=[D()--DE )]
The covariance matrix: b, b, - b
- _ b21 b22 b2m
b by b
where b, =cov(;, &) =El(S - c,,? ) (&, — 9?]-)]
. e. b,,=b,; (X issymmetric)

b, =cov(¢, &) =E[(& - &) 1= D(&) f/b



Correlation between stochastic variables

Correlation coefficient:

o ovgg)  EG-8)¢6-8)]
7 pE)E)  JElE -&)7EleE -]

Wehave 7;=1 and 1<, <1  for iz

«If r,, =0, means cov(s;,&;)=0, &, &, have no correlation.
e Without correlation, the covariance matrix is a diagonal matrix.

If .. >0, means,if & > &. , very probably & > 6?]

_ é _E(é) Ci=1-
VD(S)

Standard form of the variables: &,

..’m

m.



Multivariate normal distribution: &~ N(n, X)

Probability density function:

p(fl,-'nfm)=\/ exp[—%(&—u)ﬁ‘l@—u)}

(277)" det T

Probability distribution function:

Fayeeniz) = P& S 2yeeni &y <23 [0 [ U0 &,)dE - de,

1 T 1
. R NTAT M (- dé ---dé,
\/(Zn)mdetz_'[o j exp[ CGE-WTTE u)} & dé

For two random variables &, ¢, :

n=[w ], =

2
{ O, ’”125152}
2 .
1,010, P m



Multivariate normal distribution: &~ N(n, X)

Linear transformation:

E~NwX) ) n=A&+b > m~N(Ap+b, AZA")

e After a linear transformation the output remains normally distributed.
e Even if € has no correlation, 1 may have correlation.

Stochastic processes:
A time-dependent random variable: ~ £(z), ¢, <t<¢,

e At each time point the value of the variable is uncertain.
e There is a mean value profile.
e Between time points usually there exists correlation.

Approximation with piecewise constant random variables, i.e.
discretization in m time intervals, such that T
s(t)=1&--S,]
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Generation of multivariate normal distribution

e Generation of a vector of uncorrelated standard normally distributed
random variables &, ~ N(0,1).

e Cholesky decomposition of the covariance matrix =L L’.

e Generation of the desired distribution through linear transformation
E=L&; +p.

For example: [¢g [ o’ 7,010, || _ 300 100 140
& i, | | 0.0, o2 || " \|400[ [140 400

480 T T T 480
| | |

440 440

400 400

Feedstrom 2 (kg/h)
Feedstrom 2 (kg/h)

360 360

Il Il Il
260 280 300 320 340 320

] ! ‘ "
260 280 300 320 340
Feedstrom 1 (kg/h) Feedstrom 1 (kg/h) - *



Generation of a stochastic process £()

&(r) will be at first discretized piecewise in time intervals.

It is approximated with a constant random variable in each interval.
e. @O)=[&¢,] and §~ N X)

380

For example: -
Feed flow rate in 60 E'f 340
days with the following g 0l
distribution: 3 3
; 260 |- i
(k) =320-200(k/60-0,5)° pol §
o(k)=20 229 10 20 30 40 50 60
r(k,k+i)=1-0,05{, i=1,---,(60—k) time (day)



Generation of a stochastic process £()

The impact of correlation and standard deviation:

1
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PDF of bivariate normal distribution

P <2,8,<z,}=F(z,z,)=

TT 1 (& —m)’ —2r (& —1)(S, — 1) + (& = 1)" dg,d¢
2(1_1/13) 2 12 (722 1 2

27[0—10'2\/(1 Y Je 01 0,0,

If uncorrelated: 7, =0
(51 ) (52 ) 1 — My Zy— Hy
EXD{ oy }dé J2ro 2 ooexp{ o, }dé ( 0, J(D( 0, j

PDF of bivariate standard normal distribution:

F(z,z,) =

\?2 TO; ~,

D(zy,2,,7,) = J‘J‘p(gl $,)déds, = 72'\/—77’12 II { 2(1— 12)( — 211,616, + &, ):|d§ld§2

—00—00

This function is available in most commercial software. But for m >3
one has to do multiple integration or Monte-Carlo simulation. m



Istribution
f bivariate normal dist
PDF o
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Process simulation under uncertainty

Analysis of influences of uncertain inputs on output variables

distribution of distributionof
uncertain inputs uncertain outputs

L sampling |——>| model ——>

many iterations

This framework is also called Monte-Carlo simulation.

Due to the nonlinearity it is difficult to directly
describe the distribution of the output variables. m



Batch distillation: deterministic optimization

) — ) cHU,.(t.)+c, HU.  (t
max PrOflt(RV,tf)z 1 HF(f) 2 12(f) _e,
Condenser tf
— dx V
1 \ condenser: e S —x
. dt  HU, (2 =)
2 < Y
| dx, v L
3 trays: —t = (YY)t (x_,—x) j=2,---11
% % y dt  HU, "’ v HU, ™ L
=
HF ZF
Column _
reboiler: dx, L (s —x,) + 14 (0 — 110)

distillate vessels dt HU, HU,,

10
total mass balance: dHU,, - _ 4
::11/ dt 1+R,
A h ilibri _ ax; =9 12
phase equilibrium: y,-—1+(a_l)x., J =24,
reboiler ty le 0
~r— purity specification:  xj, <2————<1.0




Batch distillation: deterministic optimization

— — Data predefined in the optimization
Condenser problem formulation:
i condenser: holdup (HUh) 5 mol

> e v I column: holdup of the trays (HU;) 1 mol

3 % % reboiler: start holdup (HU12(0)) 100 mol
( 1 ( ) start concentration x;2(0) 0,5 mol/mol

Column [ il J [ Z J vapor flow (1): 120 mol/h

distillate vessels relative volatility (@): 15

10 product specification:

o 1 distillate vessel 1: Xpr 0,95 mol/mol

;I/ reboiler: xr 0,05 mol/mol

price factor:

— C1, C2, C3 60, 15, 150
12

reboiler

—J +—

—~ uncertain model parameter: &

%Z uncertain operating condition: Xx;,(0) ;




Batch distillation: deterministic optimization

distillate composition

Results of the deterministic 1 B
optimization: g x,(0)=05
© 0,98
£
uncertain variables set at their 5
[ ™~
expected values g o
0,94 ‘
0 1 2 3 4 5 6 7
t[h]
reflux ratio strategy reboiler composition
15 - :
a =15 i > a =15
14 1 x,(0) =05 E x,(0)=05
2 13 i 2 o
2 12 : o
= : £
11 | : g
HF i ZF —i °
10 ' : L




Batch distillation: stochastic simulation

with high uncertainty

25
20 - c (o) =5%
15 1
10 -

P(x-distillate)

0 I I 1
08 0,85 0,9 0,95 1

x-distillate [mol/mol]

25

20 - o (o) =5%

15 -

10 -

P(x-reboiler)

0 : ‘
0 0,05 0,1 0,15 0,2
x-reboiler [mol/mol]

P(x-distillate)

P(x-reboiler)

100

80
60 1
40 1
20

0

0,935

120
100 -

N B O
© O o O O

with low uncertainty

094 0945 095 095 096 0,965
x-distillate [mol/mol]

0,055 0,06

0,04 0,045 0,05

x-reboiler [mol/mol]

0,065

h.



Batch distillation: worst-case operation

700
The profit increases if 500 o R
relative volatility is higher.
500 =
S 40
The products will be purer z Egﬁ?
. . = . . = 300 @
if relativity is higher. o
200 ==
100
:-ewst:\c/);v\e/ﬁa\’/cﬁ:’lcjye of 135 14 145 15 155 16 165
lati latilit
represents the worst-case relative voratity
operation. 15
14 - o =139 !

.. i ) 13 x.(0)=0,5 ]
Optimization with the S j N B
worst-case leads to a x 1] =
conservative operation. T 101 f

9 ]
L ZF
7

L 7 %
t[h]



Chance Constrained Optimization

» The decision should be neither 1 -
conservative nor aggressive. S | aggressive - _constraints
£ \ _ violation
’}E; conservative  qflfiflifl>-
» The restrictions will be satisfied 2
with a desired probability W”
(confidence) level. | n"un"nﬂ
Profit
» The expected value of the A
objective function will be = optimal
Optlmlzed ] E not optimal
L A \ | constraints
» A robust decision is to be violation

l—a—>

achieved (not depending on the a
realization of the uncertain ol
variables). - T profit

m.




Chance constrained optimization problems

"l

5 Yoin SYS Y,
—>| model sl )max |:> P{Ymin Sygymax}za
unoerainty process condham
time : :
independentl\ }, linear steady < }v single
degrenr?dentl/ \>‘ nonlinear —>| dynamic / \>‘ joint

16 types of chance constrained optimization problems
The simplest one: time independent - linear — steady state — single

The most complex: time dependent — nonlinear — dynamic — joint &b



3. Chance constrained linear optimization

» Single and joint chance constraints
» Probability computation for multivariate systems
» Solving the problem with a NLP solver

» Optimal operation of a distillation column with
uncertain feed flow rate



Motivation example: production plan

R :<300kgh . Pt u kgl The deterministic problem:
>R T 1s0e/Kg max  f (u;,u,)=150u, +100u,
2 st u, +u, <300
R,:<400kgh | = 1w | B¢ wkglh 2u, +u, < 400
1 '100€/Kg u, >0, u,>0
U ,
00 L The deterministic solution

(point B):
300

u; =100Kkg/h
| 1, = 200kg/h
. £ =35000 €/h

100 200 300 400 U m

200 —

100 —




Solution under uncertain limits of feed stream

le A
max  f(u,,u,)=150u, +100u, 400 -
St  u, +u,<

1 2 51 300 T
2u,+u, <&,
u, 20, u,=20 >

100

One can not predict which of the

| |
following values will be realized:

[ | | >
100 200 300 400 U

A: &£=230,& =300,u, =70, u, =160, f~ = 26500
B: & =300,&, =400, u, =100, u, =200, ~ = 35000

C: & =360, & =500, u =140, u; =220, £~ = 43000



Chance (probabilistic) constraints

Case 1: single chance constraints

max f(u,,u,)=150u, +100u,

s.t. Plu, +u, <&}>09
P{2u +u,<&,}>09
u, =20, u,20

Case 2: joint chance constraints

max f(u,,u,) =150u, +100u,
<
st Pt a Lugg
2u, +u, <&,

u, 20, u,=>0



Chance (probabilistic) constraints

Case 1: single chance constraints (SCC)
52 A gz A

_ feasible
P{Zl < 51} 47

r>0

z,<¢&,  feasible

2,56

Z

Case 2: joint chance constraints (JCC)

gz A
2, <&, faasible 4 JS%% is more strict than
p z <G 2, L ) '
Lo X » The effect of correlation
z, <&, B .
<o |- r< can only be considered by
z, <& JCC.




Linear chance constrained programming

Case 1: single chance constraints

min  f(u)=c'u
S.t. P{afu+bi2§i}2ai, i=1---,m

Zi:a?u+bl-2§i ::> P{fiﬁzi}Za., i:1,°",m

1

Standardization: q)[ Zi T H j >a,
O.

1

Relaxation to deterministic linear constraints:

z.—u,—o D (a,)=0, i=L1-m

Note: the correlation can not be dealt with.



Linear chance constrained programming

For the example: max f(u,,u,) =150, +100u,
s.t. Plu,+u,<&}>09
P{2u, +u,<&,}>09

G| N | # o 120102 || _ 300 100 2007,
& 1y | 112,010, o, 400 ] | 2007, 400
The relaxed problem:
max  f(u,,u,)=150u, +100u,
st u,+u,<300-10 ®*(0,9)

2u, +u, <400-20 d* (0,9)
u, 20, u,=>0

The solution of the SCC problem: u, =87,2,u, =200, f~ = 33080
The solution with the expected values: u;, =100, u, = 200, f~ = 35000 m



Linear chance constrained programming

Case 2: joint chance constraints

min  f(u)=c'u
st. Pla’u+b >, i=1-ml>a

i

T
Standardization: 7 :ai“+bi_ﬂi > o ~ My =&, 1=1-m

O. O.

l l

Relaxation to one deterministic constraint:
D(zy,--0,2,) :P{fs,i Sz, 1=

e A numerical integration is required.

e The constraint is nonlinear, i.e. a NLP solver has to be used.

e Using NLP gradients have to be computed.
e The effect of correlation is considered.

~,m}2a

7



Linear chance constrained programming

For the example: max [ (u,,u,)=150u, +100u,

<
st plath=e [Sgg
2u; +u, <&,

1 - N Hy 0_12 11,0,0, _N 300 100
52 y7x ’ 1,0,0, 0'22 400’ 2007’12

Define z,=u,+u,, z,=2u,+u, then

2u, +u, <&, <&,

=1-®(z)) —D(z,) + D(zy,2,,17,)

P{ul‘Fug Sé:l }:P{21£§1 }:1_P{§1£21}_P{§2 £22}+P{§ <<

21 2y

Probability function:  @(z,,z,,7,) = j jp(gl,gz)dgldfz P{é<z,6<z,}

—00—00

e s



Linear chance constrained programming

The derivatives:

The gradients:

0D(z,,2,,7;,) _

0z,

OP _ 0P(z,,2,,1,) 0z 4 0P(z,,2,,1,) Oz,

ou, 0z, ou, 0z, ou,
The impact of correlation on the solution:

"2 u U, f
-0.99 89.4 191.7 32584
-0.7 89.4 191.7 32584
0.0 89.2 192.2 32600
0.7 88.5 194.7 32739
0.9 88.0 196.6 32861
0.99 87.4 198.8 33003

A higher correlation leads to a higher profit.

i=12



Computing joint probability of multivariate systems

Prékopa & Szantai, (1978); Prékopa, (1995)

CD(Zl,---,Zm)zP{.fiSZi, i=1,---,m}=?
We define m events: A4, 4,,...,A  with A &<z, i=1...,m

P(A)=P(A4NA,N..nA)=1-P(4, WA, U...UA)
Using the inclusive-exclusive-formula:

P(4 VA, U...UA4,)= > P(4)- D P(ANnA)+ DY P(A4NANA4)

1<i<m 1<i, j<m,i#j 1<i,j k<m,i#j#k
et ()" P(A NA, A

=8, -8, +S8,+--+(-1)"'S

then P(A)=1-8,+8, =S, +--+(-1)"S, 55 _



Computing joint probability of multivariate systems

Approximation of §k based on sampling:

e Monte-Carlo sampling with total number of samples M.
e Counting the number of violations of £, <z, (i =1,...,m) for each sample f .

_ 1 (k
S, ~— L, k=1,
‘ Ng(kj "
Three approximated values of P(A4):
B(d)=v,, B(4)=1-5+v;, B(4)=1-5+85,+v,

if k=0

. N 1
with v, = iZk;, and k' = {O
N3 if &k 0

N
v, = iZmax(ks -1,0)
N =
ks—lj if &k >2

&
v, = WZkS” and  k'=4| 2 |
= 0 if &k <2 m



Computing joint probability of multivariate systems

For example:
P{E<z,i=1--4=PANA,NnA,NA)=1-P(4 A, UA,UA,)

P(4,0 4,0 4,U4,) =|P(4) + P(4,) + P(4) + P(4,)]
P4, A A)+ P(A A A) + P(4 A A,) + P(A, A A,) + P(4, " A4,) + P(4, " 4,)]
+|P(4, 4, mZ)+P(ZmZ NA)+P(4 A, A,)+ P(d, " 4, 4,)]
—P(4,"A,"A,NA)=S~-S,+S,-8S,

k,
A sample &) = (&, W) £ leadsto S = (k]

No. of violations f_ 0 1 2 3 4
SO 0 0 1 3 6
S 0 0 0 1 4
S\ 0 0 0 0 1 m




Computing joint probability of multivariate systems

Approximated value of P(A4) :

P(A4) = 0, P (4) + 0, B(4) + @, P, (4)

The weighting factors o = (w,,w,,»,)" can be gained by solving the
quadratic optimization problem:

min o X,m
st. o,+o,+ow,=1

Wy, Wy, W, =0

where Y, is the covariance matrix of f)o (A), f)l (A), f)z (4) Wwhich can be

7

computed based on the results of sampling.



Computing joint probability of multivariate systems

Diwekar & Kalagnanam, 1997
Hammersley Sequence Sampling (HSS):

Using a quasi-random generator (HSS) to enhance the sampling
efficiency up to a factor of 100.

To generate N samples a vector of random numbers: ¢=[¢,---¢, 1", ¢, €][0, 1]
we need m - 1 primal numbers: R, i=1---m-1

2 [
1) Integer number: n=mn, ... NNy =Ny + MR, +n,R" +...+n R,

where ; _ mod(logRl_ n): mod|(Inn)/(InR,)]
2) Decimal number:
O (n) =0,ngmn, ...n; = noRz‘_l T ani—z +...+ n;Rz‘_l_l

3) A vector of decimal numbers:

2(n) - (Wﬁ (1), (M)reer b (n>j
4) Random vector desired:

c(n)=1-z(n), n=12,....N m



Computing joint probability of multivariate systems

random sampling HSS sampling

1 * & 1 X . ¢
e ® .
.« * oo‘:‘.%
0,8 | o Jas?® 08 - o o+ %0 %eooe
- *® & PS "“
- - e oo °*
0,6 1 * ARG DA 0,6 - - o o
& * % 0: * g, o e ’00:’.’ M
* £ 4 * *
0,4 1 Ps 0.3‘0 PR “? 0,4 0"‘0 oo‘ LN .
> * *ees *
02 | %es®® oo 0.2 1 4g® e
:0‘0: L 4 “"‘ *
0"‘ T T T T 0 ‘.“’ T T .
0 0,2 0,4 0,6 0,8 1 0 0,2 0,4 0,6 0,8 1
&1 €1
1 & 1 79 * .
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Distillation operation under uncertain feed flow

Li et al., AIChE Journal, 2002, 1198-1211.

A common problem:
e Feed flow comes from upstream plants.

e They have different stochastic
distributions.

F. F2 F F e Total flow is small in the night and at
} l l } | weekends.

L Xo D e Itis large on normal working days.

\’ Consequences:

y e Tank level higher than upper bounds:
special vessels are needed.

e Tank level lower than lower bound:
Q the column has to be operated with
S recycle.
) e The column operation is often

Xs B significantly disturbed.




Distillation operation under uncertain feed flow

industrial methanol-water column

Measured feed profiles of an

Tg z¢ F
897 507 8,07 '
° °/°m3/hM~WJM ’ Te
851 424 6,4 ](W\)\W’www‘ﬂ/\/\(
819341 4.8 '
774 264 324,
731 184 16
s3] 1010 .
0 2 4 6 8 10 2 1 1 18 20 h 24
&)
\ 4
ymaX """"""""
y(?)

. %0

min F======""""""77 >

e Feed flow &(¢) is a stochastic process.

e Outflow u(¢) should be as smooth as possible.
e Constraints of the tank level:

upper bound: V... lower bound: Vi

Discretization in the time horizon:

é:l 52 fm
z’ll uZ um
R R N B R R
AL VAL T T T T T T Al
t —t
with At =2 i=1--m



Feed tank with an uncertain inflow rate

Mass balance in each time interval:  y. =y, +¢& —u,, i=1--
Uy : desired outflow rate
Yo initial holdup of the tank
Constraints of holding lower and upper bounds:
Viin SVi S Vinaxr 1=1--,m
Interval 1:  y,+& —u, 2 Yy Vo+ & —U S Voo
Interval 2: Vot G +6; —Uy—Uy 2 Yins Vo +t6+6, —UUp—Uy < Yy

m m m m
Interval m: +Z§i —Zui g +Zé —Zui < Vimax
i=1 i=1 i=1 i=1

7



Feed tank with an uncertain inflow rate

The joint chance constrained optimization problem:
min /(v w8) = (u, —u,)*
i=1

s.L. P{yi(uig)zymin’ i:]'"”’m}
Py, (0,E) < Yo i=1-01,m]

The solution framework:

A\

a
a

vV

NLP Algorithm
Monte-Carlo Probability Gradients
Simulation Computation Computation
Sampling




Feed tank with an uncertain inflow rate

Aim of Optimization: Minimization of the oscillations of the feed
flow to the column under the tank capacity restriction

10 samples of the total feed flow Optimal feed strategy to the column

2 ‘ ‘ ‘ ‘ 0,9
R R 5 s
© ©
o o u
s 2 08 o 0 =
@)
c - —
05 O 075 @ >0.95
0 i i i i
0 0,2 0,4 0,6 0,8 1 0,7
_ 0 0,2 0,4 0,6 0,8 1
Time .
Time

With this determined feed strategy the downstream column
operation becomes a deterministic dynamic optimization problem.

7



Feed tank with an uncertain inflow rate

Aim of Optimization: Minimization of the oscillations of the feed
flow to the column under the tank capacity restriction

Tank level by 10 disturbances (¢ >0.9) Tank level by 10 disturbances (¢ > 0.95)

0,8

Level
Level

0,2

0 0,2 0,4 0,6 0,8 1
Time




Example: Optimal Production =
Planning of a Multi-plant Process

Li et al., Chem. Eng. Tech., 2004, 641-651.

Profit maximization under uncertain Supply and product demand

i — .
2
l —3| Plant2 |[=—

Fl —| Plant 1

k3
—p( Plant 3

Problem definition:

e Planning the production strategy for the next 5 time period.

e There is the possibility to switch over the plants (structure changes).
e The tank capacity is to be chance constrained.

» Expected values and variances of the uncertain variables are given.
» Expected price factors are known.

A mixed-integer linear optimization problem under chance constraints m



Example: Optimal Production =
Planning of a Multi-plant Process

3I;’oroﬁt versus reliability o If « makes a structure
3007 T e change necessary, th_en
5 250 there will be a stepwise
o .
g 20 decrease of the profit.
£ 150 : o :
3 100 e This point is suitable for
50 - K- determining optimal
O I I I :\ / 1 1 1
bs 084 083 002 096 1 decisions for the Production.
Confidence Level
On-periods of the plants Optimal operation strategy at a =10,93
o > 25
.-8 4 -~ Yziy. Y, =iy. ************* ; ‘w ) F2 )
5 1 =) a2 < 12 ) 20 0 ST
D S s T TSR A SETATATAS A CA AT s i 2
4 A v N : :
3 : 5
g 10— Y, —Z)’i,a ——————————————— S -
pa =
O I I I }
0,8 0,84 0,88 0,92 0,96 1

Confidence level

Time Period ;



4. Chance constrained MPC

» Deterministic Model Predictive Control
» Chance constrained MPC for SISO systems
» Chance constrained MPC for MIMO systems

» Feasibility analysis



Deterministic Model Predictive Control

future .
w(?) :

past . y

predicted future controlled variable
SR |
— —¢

k-2 k-1 k k+1 k+2 k+3 kN
u(?) I
L :
future manipulated variable |

Future controlled variable depends on

* the current state (measured or observed)

» the trajectory of future manipulated variable (to be developed)

* the trajectory of future disturbance (to be assumed constant !!!)

7



Chance constrained MPC of SISO systems

Li et al., Automatica, 2002, 1171-1176.

The discrete model:

Alg ) y(k)=B(g u(k)+C(g)E(k)

where  A(g7)=1l+aq +--+a,q "
B(qg")=bg ™ +--+b,q" ym//
Clg)=cq +-+c,q " y ////
The uncertain variable in the time horizon I PP e
&~ Nn, ) i
Input and output constraints: > —
u. <ulk+i)<u,., i=0,---,N-1 %

Yok +0) <y(k+i) <y, (k+i), i=1--- N ;I



Handling the output constraints

The objective function:
N
min f(u) = > [u(k+ j)—u(k+ -
j=1

Single chance constraints:

P{ymin(k+i)gy(k+i)Symax(k_l_i)}za’ i:]"'”!N

+: Easy to be treated (relaxation to linear inequalities).

—: Correlations between the uncertain variables cannot be dealt with.

Joint chance constraint:

Voin (K +) < y(k+1) <y (K +1) )

ymin(k+2)gy(k+2)§ymax(k+2)
P- s>

-

Vmin(E+N) < y(k+N) <y (k+N)|



Relaxation of the joint chance constraint

Variables in the future time horizon:
y=[y(k+1),y(k+2),---, y(k+ N)]'
u=[ulk),ulk+1), -, u(k+ N-1]
&: é:(k)ié:(k+1)11§(k+N_1)]T

The model equation leads to

y=Gu+G,g
where _811 0 o 0 _g21 0 o 0]
G, - g2  8u 0 G, - 2 8xu 0
| &iv &iva 0 8 | 8o E2nva 7 x|

The joint constraint becomes
P{GE2y ., -G}

P{G2§ < Yimax — Glu} 2 a, m



Relaxation of the joint chance constraint

Linear transformation: §'=G,§ thus ¢g'~ N(Gzll, GZZGg)

Standardization:
§"=(G,=G3) : (G,n—-8) thus g~ N(0, X,)
The joint constraint becomes
PE" <z,()}> o,
P <z,w)}> e,
where z,(u) =(G,XG,) ?(-y,, +Gu+G,n)

1
ZZ(u) — (GZZGg) 2 (ymax _Glu _qu)
It means

DLz fwl= D(z,,--,zy)=P{§'<z,i=1...,N}

Dfz, ()] = a,, m



Repeated solution to realize MPC

e Definition of a moving horizon (N time intervals).

e Optimization of u(¢) inside the horizon by SQP.

e Implementing u(¢) only in the first interval.

e Re-optimization based on the realization of the random variables.

(k-2) past horizon (k-1)

u (k-2)
s /] Uy
| ] I I
Lia (1) .
u current horizon (k) G
1 /] | "N |
I I I
—
Ly
. k future horizon (k+1 (5]
Computation u§)| [ (k1) ( Uy
for the future I | I I
horizon L




Example: Chance constrained MPC of a tank

&)

6
l 0 o)= 3t )
j=1
Vimax bememmmemnnn-
St P{inymin, i:l’...,G}Za
t .
| y(1) u(?) P{yiéymax, l=1,°",6}205
Vmin poneneeaanas
Update of the control (deterministic) Update of the output (stochastic)
1,05
1 _
§ o o
B 095 3 E
5 1. pace <
0.9 — . 2 pace —
3. pace i
0,85 |
o 1 2 3 4 5 6 7 8

time



holdup

Example: Chance constrained MPC of a tank

Realized profiles of the stochastic MPC

9 ’ 3<v<7 _3<v<6 outlet
87 y y 2 _I_|—|_ —inlet 3<y<7 =

5 15
7 = Ko}
61 5 o
;] : S

o 1 8
4 2 o
i © c
; 5 — = s
24 z 05 @
Ny i LI_'_‘_'_I_‘ £
0 T 0

T T T
0 4 8 12 16 20 0 4 8 12 16 20 0
time ime 0 4 8 12 16 20
time

Realized profiles with time dependent output constraints

10 2

— inlet flow
15 -

holdup




Feasibility of linear chance constrained MPC

Li et al., AIChE Journal, 2002, 1198-1211.

Feasibility analysis:

e The probability level « is predefined.

e Increasing ¢ leads to shrink the feasible region.

o If a = a,,, (maximum reachable), SQP can not find a solution.
e Calculation of o, is necessary.

e Previous studies used a maximization step.

Solution approach proposed:

e The stochastic variables: §~ N(u,X)
e The output variables: y ~ N(u,, X))

e ¢, .. dependson y(ug)

o Qs maximal if W, = (Vi + Vi) /2

e Thus the required u can be computed.
e Then o

max

can be computed through one run of simulation. gi _



Feasibility of linear chance constrained MPC

Probability profiles in respective to the output variable:

m
Y

ymin 1L ’ ymax

Maximal reachable probability depends on the distribution of uncertain variables

o, =0, r,=r,=1-0j, (i=1---N,j=i+l---,N)

o =0.05 c=0.1 c=0.2

6 =0.05 a,.,, =0.999 a,, =0.965 a,., =0.805

6=0.1 ¢, =10 o, =0.986 &, =0.854 m




Multivariable chance constrained MPC

Li et al., Comput. Chem. Eng., 2000, 829-834

u, (j=L-m) MIMO-System | : n(=L-n)

Prediction of future outputs:
v, (k+i)=y, (k) + }@, j(k+i)+2s1,k+i)
j=1 q=1
+Zsl,j uj(k—i)+2sl’qdq(k—i)
j=1 q=1

Uncertain variables:

e step-response coefficients s .
o future disturbances d, (k+i) m



Multivariable chance constrained MPC

The control problem:

m, N

J(Nu)=min 33 [u, (k+i)—u, (k +i -]

j=1 i=1
subject to joint chance constraints:

( yl,min < yl(k+1) < yl,max \

<y (k+2)<
p) in <YK ina |

\yl,min Syl(k-l_]v) Syl,max/

and deterministic constraints:

uj,min Suj(k) Sul,max
uj,minguj(k—l_l)guj,max . 1

Ujmin Su;(K+N-D)<u, .




Multivariable chance constrained MPC

Relaxation of the joint chance constraints:
: S
Since y, = [AIBZ]LJ +¢, then y,=Gg, +¢

where &, has the distribution

_,U11_ 0'12,1 0,110,202 =" 0110, 8yaN
| iz 1 9119127512 012,2 00208 2N
ul B oo 0 : EZ -
| Ay | 0110 jnan - G120 i nlion O-IZ,N ]
_1
S : r N 2
Standardization of &, : & =(G,X,GT) 2(Gp,-§)
The relaxed constraints: @, (u) =P{& <a,(u)}>q,

D, (u) :P{};; S, (“)}2 & 5% .



Chance constrained MPC of a distillation column

Distillate composition response to reflux flow

Mixture: 016
< I
water/ o E ooul —
methanol Ly < / —
Xo >98% L Y
1 A1 _ _ Jr ‘y - m~— = _ - _ - - - T—=
X8 >98% Ly g O
Model 8 00
i B -> Predictive S oo fff
— Control S /
= —* 2 004 +f —— -
b & 002
cTTTTTTT CTTT T .! : (-‘5 0 T T T T T T T T T
: : 0 30 60 90 120 150 180 210 240 270 300
1 1
Q v ! Time (min)
N 1
— : .
. Bottom composition response to reflux flow
! B
| 0
=
F i E o1
=]
< % 0.2
Se\ NS5 3]
L NN - Xb 5 0.3 7
— <N > 8
AN Sl Ve © 0,4
S N \ 7 @
2N X < .
SN g - N
S3 7 N & 06" — .
Ve AN S -0, -
s A3 75}
éi————————\ﬁ -0,7 T T T T T T T T T -
Q S4 XB 0 30 60 90 120 150 180 210 240 270 300 ]
Time (min)




Chance constrained MPC of a distillation column

Feed flow (L/min)

Bottom composition (mol/mol)

Uncertain feed flow rate

0,45

0,4

035

0,3

0,25

0,2

T
0 200 400 600 800 1000 1200

Time (min)

Realized bottom composition

1

0,996 -
0,992 -
0,988 -
0,984 -
0,98 T T T T T
0 150 300 450 600 750 900
Time (min)

Reflux flow (L/min)

Distillate composition (mol/mol)

Realized reflux flow rate

0,248

0,246

0,244

0,242

0,24 T T T T T
0 150 300 450 600 750 900
Time (min)

Realized distillate composition

1

0,996 f === === - - - mm e mm o — oo

0,992 A

0,988

0,984 | ——— - - mmm o

0,98 T T T T T
0 150 300 450 600 750 9004 R
Time (min)




5. Nonlinear chance constrained optimization

» Probability computation with inverse mapping
» Numerical implementation

» Open loop and closed-loop optimization

» Optimal design of a reactor system

» Optimal operation of a distillation column



Nonlinear chance constrained optimization

Wendt et al., Ind. Eng. Chem. Res., 2002, 3621-3629

@ ———>| nonlinear process —— > @

Nonlinear relation between input ¢ and output )

How to compute the probability p{y < ymax} ?

A direct computation is very difficult.

If there is a monotonic relation, i.e. & To y 1T




Nonlinear chance constrained optimization

This means P{y < ymax}: P{£ <z}

The value at the bound V... = F(2)

Inverse calculation z=F N (ymax)
then P < o= PlE < 2} =  p(e)de

Inverse mapping from output to input:

The probability of the output constraints can be obtained
through computation of the probability of the corresponding
constraints of the input constraints.

m.



lllustrative example

To compute the probability: P{y < 30}
where y=exp(& +&,)

&, &, are normally distributed with correlation. Due to the nonlinear

relation, we can not achieve the distribution of the output y.

since &, T< Y T

P{y <30}=P{&, <& +In30}

We can compute the probability in the input domain:

Ply<30}=[ [p(& &)déds



lllustrative example

Parameters of the uncertain inputs in the illustrative example

Expected value Standard deviation Correlation matrix

3 1.0 0.2 1.0 05
3 2.0 0.3 0.5 1.0

100

0 0,4 0,8 1.2 16 2




Nonlinear chance constraints

For problems with multivariate uncertain inputs:

=F(,$,..¢,,u)  and Ply, <y™}=2

We have to find an input &, that is monotonic with v,

The reverse function:  z__ =F (&, &,y )

then P{y, < ylmax} P{gm < Zmax}

Probability and gradient computation:

00 0 Zmax (61,62 &pg 1)

P, <y )= [ [pl& - &,n8,)dE,dE, , +dé,

—Q0 —Q0

Pl <y} F 3 .

l@u j Ip(gli G m-17 max)ﬁdém—ln.df1 m




Nonlinear chance constraints

Kloppel et al., 2008

Gradient computation using the Implicit Function Theorem:

since max | o
ap{ylﬁiyl } - _J;O' ’ '_J;op(gl’ T é:m—li Z max @' gm—l o d§1

Usually we have the implicit form of nonlinear equations:

g(fl’“"gm—l’zmax’yimaxiu) =0

The gradient can be computed by
O _ [ 02 ( g )

ou OZ 1 ox ou

This can be computed beforehand, so that the computation time

can be reduced. ﬁi




Nonlinear chance constraints

The impact of control variable:

Zimex (3) Zmex (2) Z mex (1)
[© v5 @ @1
u nonlinear

b Y—

process

For problems with joint constraints:

=F(,6,...5,,,u) and P{y!”i” <y, <y

If there exists S T= Vi T then

“ ax :F_l(él"”’gm—l’yimax’u)! Zmin :F_l(éls"ng—l’yimin

00 0 Zmax (£1:62 &g 1)

POy <y b= [ [ [P0 6,)dE,dE,

—00 ~OZnin (§1|§2""§m—1’u)

} 2

)

do;

m.



Nonlinear chance constrained optimization

Computation framework NLP
(a sequential approach): u l I fp% P
e ou’o

The most difficult task to — : -t
solve this problem is the multivariate integration
multivariate integration for rex | min l I
the probability and gradient b1 G i U e Zimin
computation. Newton-Raphson

The maximum reachable probability level:
max o

u, o

s.t. P{yl.mi” <y, < yl.max}z a, i=1---1

u . susu_ .,

The solution of this problem provides &, . Forany o < o ., we have a
nonempty feasible region, i.e. a solution will be ensured. ﬁi



Numerical multivariate integration

Consider standard multivariate normal distribution & ~ N (0, E)

For the numerical integration, collocation on finite elements is chosen to discretize
this density function.

On the collocation points of each integral (zl, oo Z

m

we need to compute D (z,,,z %)= j J‘pm(ésl’“.’ém)déjl'“dé:m
since D, (2,12,,5) = J ®, (20,20, 30) p(&)dé,
where
© _ Z TS k=2 - m and Lo = iy Tl =2 .m

Zp = '71—7'](2’1 , Vi \/1 7’,1\/1

Now we have to compute m-1 dimensional integral

(1) (1)

m 1(2(1) ) (1) Z(l))— j jpm—l(é:Z’. "fm)dfz”'dfm m



Numerical multivariate integration

Continuing this procedure for m—2 steps, we arrive at the 2-dimensional
integral L0n2)_(n-2)

O, (2P, 2D, 20 = j jpzu;ml,é)dfm LdE,

This can be further reduced to

(m 2) (m-2)
— N &

(m— 2)
\/1 ’”12

This last step can be computed using subroutine of available software.

(m 2)

CDZ(Z(m 2) (m=2) Z(m 2))_ J‘ D,

0,(S,-1)dS,

ml’m

—o0~—3

For normal standard distribution P{\é\ <3}~ 0,9973 we can use +o0~+3

To increase the integration accuracy we can

e increase the number of elements
e increase the number of collocation points

A proper compromise between accuracy and expanse has to be found. m



Numerical multivariate integration

Gradient computation:

ob  toD
5um — 5:11 . (51)5151
-
Since (Z(l) ' Zgl)’z(l))_ j(Dm 2(2(2) " (2) 2(2))/01(52)6152
it follows ob . oD
aln;_l — aln;—z (ész)dé:z

Continuing this procedure for m-2 steps we arrive at

7 (m=2)

op, i 0w,

d
au ’ a (5 —1) gm -1
and
0D, (m-1) 82(’"_1)
ou —/01( ) —— ou



Convexity analysis of chance constraints

Quasi-concave function: f(x)

For each pair x;,Xx, € C and Cis convex, with 0< A1 <1

SIAx +A=2)x,]2min[f(xy), f(x,)]
A feature of a quasi-concave function is that the region

{x ‘f(x)Zb,—oo<b<oo}
convex.

Log-concave function:  f(x)

For f(x)>0 and 0<A<1
ST %+ U= 2) %] 2 [ ) L ()

that is In f[Ax,+(1-4)x,]=AIn[f(x)]+@-A)In[f(x,)]

Since [/ () [F ()T 2min[£(x,), f(x,)]

A log-concave function is also quasi-concave.



Convexity analysis of chance constraints

A further feature is that the integration of a log-concave function

g(x) = f(xy) dy

IS log-concave.

Convexity of chance constraints:

We consider multivariate normal distribution

P, (€)=

1
Nl TV S
J 2oy i) EXD{ 2(& n) X8 u)}

Inp, (&) =—%(§—H)T2‘1(€;—u)—|n\/(27r)’” det(z)

Since —%(@—H)TZ‘l(g—u) is concave, p (&) is log-concave, and then

Z1

O, (o2 D) = [ [ oG &) dE,

—00

is log-concave.

m.



Convexity analysis of chance constraints

It means & (z,--,z,,%)=P{ <z, & <z | islog-concave and thus

quasi-concave. Therefore

P <z, ¢, <z, 1> @
builds a convex set.

After a linear transformation the following chance constraint
P{E<Az+b|>a
also builds a convex set.

In the nonlinear case it can be proved that the probability function

F(z)=P{h(z,&)>0, i=1--1}
is quasi-concave, if the functions f (z,£), (i =1,---,/) are log-concave.

Then P{h(z,8)20, i=1-l>a

forms a convex set. m



Example: optimal design of a reactor system

Ki _ ks Ko Ka
A—B—C A—B—C
Cro=1[ |
A0 T+ | Vi Cha T. | Vs Cha2
- Ce: - >, Ce>
i i i —E|IRT, —E,IRT
Uncertain kinetic k, = ke 'R k, = ke kT
parameters in the PR L EIR,
Arrhenius equation: 3 = K€ ) 4 = K€
Expected value Standard deviation Correlation matrix
E, 6665.948 200 1 05 03 0.2]
E, 7965.248 240 05 1 05 01

0.715 0.0215 03 05 1 03
0.182 0 0055 02 01 03 1]

>
3




Example: optimal design of a reactor system

The optimization problem:

Cost minimization of the min f =V, +\V,
reactors under constraint to hold  s¢ Cu+kCpN =1
the product specification. C,,-C,+k,.C,V,=0

CBl + CAl + k3CB1V1 =1

The equality constraints are Crz CB_lEJr/gAZ Cat+kiCprV, =0
the mass balances of both ky = ke
reactors and the Arrhenius k, = ke k"
equations. k, = k, o T

| k4 _ kzoe—EleTz
It leads to an nonlinear PC,, > C% )2

optimization problem under 0< <16
chance constraints. =hube s ﬁi



Example: optimal design of a reactor system

The optimization results:

Cro * " £
ST DT ST DT ST DT

0.50 0.90 3.301 | 3.222 | 3.266 | 2.814 3.624 3.472
0.50 0.95 3.497 3.245 - 3.671 -
0.52 0.90 3.808 | 3.452 | 3.795 | 3.416 3.899 3.706
0.52 0.95 3.854 4.001 - 3.963 -
0.54 0.90 4474 | 3.910 | 4908 | 4.168 4.331 4.019
0.54 0.95 4.701 5.439 - 4.501 -

ST: stochastic

DT: deterministic



Closed-loop optimization under chance constraints

Flemming et al., Ind. Eng. Chem. Res., 2007, 4930-4942

Case 1: deterministic o
¢ Uncertainty is to be

o —— l """"""""""""" compensated by the

—>Q | controller —>| g,(x,, 3, #.8) =0l—— g,(x,,»,y°) =0 —> P{y<»y™}>a  control loop. The
constraint is

deterministic.

Case 2: open loop

_______________________ ig Uncertainty is outside the
K o , ! control loop. The
——>O—>controller ——>| g, (x,,y,u) =0 > 2, (0, 0, &) = 0> p{y¢<y™}>a constraint is to be held
T by an open loop chance
constraint.

Uncertainty has impact

. Tt J,a on both ¥ and y¢. The
2 >0—{controller 5| g (x,3, 76 1, €)= 0 > Pb7<3™z0 constraint has to be held
| "7 by a closed-loop chance

______________ constraint. G;‘! _



Closed-loop optimization under chance constraints

Case 3 (1): open loop

la min E[f(y,yc,u)]
E______________________E > C< > g s.t. g(Xiyinlz/h%):O
@_:ﬁ s B s e P <yE 1> a

Upin SUS U s

The decision variable is u, its constraint is deterministic.
The solution will be realized open loop.

Case 3 (2): closed-loop
l@ min E[f(y,yc,u)]
| ] C _
y—_>0—>controller . : > g(xyyGu,g)=0 E > Py <y S g(X,g/,y ’Cu’é) 0
: : d PYC <y )2a
STttt P{umin SuSumaX}Za
ymin < Y < ymax
Since u is stochastic and has to be chance constrained,

decision variable is y. The solution will be realized by the

closed-loop setpoint. m



Closed-loop optimization of a distillation column

Process description: @ }

» Separation of a water-methanol mixture / \ - ; @
Vi Vil

I“Ll
» Tray column with 20 trays P i ;
» Operation at atmospheric pressure Y —
F‘TF /\I_I/\I— Ll
» Bottom temperature control @ -
» Reflux ratio control 1
. . N
Uncertain variables:

f/EA:
» Tray efficiency J/_@
» Feed properties @
= Q

» Temperature
» Volume flow rate
» Methanol composition




Closed-loop optimization of a distillation column

Aim of the Optimization: Problem formulation:
» Minimization of the bottom
heating energy (operating costs) min T,
» Through minimizing the bottom
temperature st. g(e)=0

P{x;, 0,99 mol/mol{ > a,

Decision variables (setpoints):

» Bottom temperature 7, P{D>61h}>a,
» Reflux ratio r
P{O<P<68KkW}|>a,
Constraints:
90°C<T, <£100°C
» Distillate methanol composition: X;; = 0,99 mol/mol N
» Distillate flow rate: D=61/h 1,0<r<6,0

» Bottom heating energy: 0<P<68kW

m.



Closed-loop optimization of a distillation column

Comparison of stochastic and deterministic results

* deterministic
© stochastic

I
0.23

3 0.992
E
=1
E 0.99
g + deterministic
»~ 0.988 o stochastic
| | | | | | T
0.16 0.17 0.18 0.19 0.2 0.21 0.22 0.23 0.24
X [mol/mel]
7000 ! &
E 6000
o .
5000 » deterministic H
o stochastic
4000 ' I
0.16 0.17 0.18 0.19 0.2 0.21 0.22 0.23 0.24

X‘I.F [mol/mel]

Probability of satisfying
constraints:

| | sto. | det |
D | 9552 | 49,40
X11 | 99,72 | 50,00
P 99,57 | 100,00
oM | 95,00 | 40,14

Objective function
value:

sto. det.
T, (°C) | 96,16 | 92,30
E(P) kW| 5,71 5,04

m.




Application to a process design =
optimization problem
Li et al., FOCAPD, 2004, Proceedings pp. 514-518.

Challenges:

e Distributions of uncertain variables are unknown.

e They are given in certain intervals.

e For safety consideration, a 100% reliability must be guaranteed.
e Design has to be feasible as well as optimal.

e The feasible region is to be identified for design.

For example:

g, =0.08u’-¢& — %52 + %dl ~13<0 * Design Variables: d,,d,
» Uncertain Variables:
g, :—u—£§11/2+id2+£d1+11330
3 20 . 5 . 31 2<¢& <4, 2<&,<4
gy =exp(0.21u) + ¢, + 552 B gdl B %dZ -11=0 » Control Variable: u

What is the feasible region for design?

m.



Application to a process design
optimization problem

Feasible region under uniform

Probability maximization problem COSIEIE
distribution

maX o

4 ; g

u, o v ;‘; K 1

A =1 | A

4L E

st. Plg,wEd)<0>a, =1L
2 z’x f++ £ .'.. ."- v

U, susu_. 1 s B pamrd e

28 w2 E K +' E & =0.9930

ﬁ *
F | |F A{f{ A = + OL=0. 9365

Feature: Feasible region over 100% reliability is not.. [1{l; AL e
dependent on distributions! AT
. 25 15,5 15d,.1'|"5 16 16, 25 16, 5

Reliability levels vs. different design _ _
Feasible region under normal

distribution

4 — il
AP | F J?*
58 3 #
» = R
A gf S| F B
1B 4 & - r
s 4 & = i
’ E K A
34 + Ed = b
FIETA FITTF
3,z ;’; g = i
F 3 3
£ .4 41 ls I +0¢ =0, 999394
2 3 - -
J4F = |7 - 0¢=0. 999885
8 4 BT E 3 = OL=0. 999574
* &é HERES 3
26 el 5 « 0L=0, 999865
a4 L s | Y & O =0. 999556
B Fi = 7 + OL=0, 999547
2,8 il = J;’A |||||||
JFET A HENRER

2 ‘
13 13,23 13,3 13,73 1& 1, 23 18, 3
L]
41



Chance constrained nonlinear dynamic system

Xie et al., LNCIS, 2007, 295-304

Nonlinear dynamic problem The chance constrained problem
min f(.X,“@) min E[f(x,u,&)]+® D[f(x,u,&)]
st g(x,x,u,€)=0, x(1,)=x, s.t.
=h y u, min max -

y=hixug > PYM <y <y il 02
Yomin Y =Y max
u,, <u<u,,, or P{yimi” <y (ug)< yl.max}Z o, i=1--,1
ty <t<t, u, <usu .

Solution strategy:

e Discritization of the dynamic system in time intervals

e Transformation into a NLP problem

e Probability and gradient computation using the inverse mapping

e Solution of the NLP with the sequential approach

7



Chance constrained nonlinear MPC (example)

Aim of the Optimization:

» Minimization of oscillations of the
outflow u(¢)

Uncertain variables:

» Feed flow rate F(¢)
» Feed concentration C,(¢)

Constraints:

» Volume Vi, V() <V
» Concentration C,, <C()<C,,,

Model equations:

V(k)=V (k1) + F(k-1) —u(k 1)
F(k-1)

C(k)=C(k-1)+ [C,(k-1) - C(k-1)]

Kloppel et al.,, 2008
F (t )l C’0 (t )

V Y
,C
Voo ] )
> }—>

Chance constrained NMPC:

min Nz_l[u(k+j) —u(k+j -1

J=0

st. PV <V(k+j)<V. _}1>a
P{C. <C(k+))<C, _ }>a,
u <ulk+j-1)<u
j=1---\N

max

max




Chance constrained nonlinear MPC (example)

Variables in the time horizon: F(t),C, ()
random: F = [F(k)---F(k+N—1)]T l
C, =[C,(k)--Cy(k+ N -1 A9y NS
states: V=[F(k+1)---V(k+N)| v(),C0)
C=[C(k+1)---C(k+N)] 760 B —fp(g)
—>
control:  w=[u(k)---ulk+N-1J

Inverse mapping:  p{y,, <V(k+ )<V, )=PF™(k+j-1)< F(k+j-1) <F™(k+ j-1)}

min —

since FO)T=v()T _ TdF(k)... TdF(k+ j—l)F (ﬁ_(l)F)dF(kﬂ—l)
oo —0 F™ (k+j-1)

where the bounds will be gained from the model equations:

-2 _ j-1
Vin =V (K)+ D Flk+i)+ F™ (k+ j=1) = > u(k +i)
i=0 i=0

Vmax:V(k)+§F(k+i)+Fmax(k+j—l)—jiu(kﬂ) m



Chance constrained nonlinear MPC (example)

The realized profiles of the stochastic MPC

15 -_— 170 : — — — — 512
L 165 | 51 :
# outflow volume concentration
08
Bl 160}
506
155}
i 504
150}
8- 502
s}
. ol
140} -
4+ 4
135} 496
&2 W B E 0k 4 e 8 A a2 1 &5 & 0 12 14 6 18 0

1785 . . . . . . . .
172} b d
s upper boun
1851 130
170
160 A
19} 7
1851 188 = 1295}
150 167 +
145 186 |
129}
40t 185ir
136+ 185 IOW bOUI"Id
i e . 1285}
182} g
125 L

I ¢ i 2 I L L L L L I I I I L L I I
17 175 18 185 19 185 20 2058 21 215 B 7 g 9 10 1" 12 13 14



Optimization of operation policies for a s@
reactive semi-batch distillation process

Arellano et al., FOCAPO, 2003.
Chemical Reaction:

K

educt ester + educt alcohol <k——H> product ester + product alcohol
(A) (B) " (€)

Aim of the Optimization:
Minimization of the batch time

Uncertain Variables:
e Kinetic parameters

e Tray efficiency

e Initial charge

Product Specifications:
e Product alcohol concentration = 98%
e Educt ester concentration < 2%

Optimization Variables:
e Reflux flow rate policy
e Educt alcohol dosage policy

Reboiler/Reactor

A nonlinear dynamic optimization problem under chance constraints &b



The optimization results

Product concentration based on deterministic Optimization

S| e By realizing the deterministic
£ \ optimal policy there will be a
L ’»ﬂg . 50% probability to violate the
- %% : product specifications.

c%7,6"/ 97,‘8% 98,0% 98,2% 98;4%

Produktalkoholkonzentration

Product concentration based on stochastic Optimization

2,3%

By realizing the stochastic
optimal policy there will be
only 4% probability (as
desired) to violate the
product specifications.

: 0% 00 g 80 i %4 3 .
. LN 8 ‘\' .S
. o ,..'.",‘ X .
7,8% 98,0% 98,2% 98,4% 98,6% = .
Produktalkoholkonzentration

2,0%

1,7%

Eduktesterkonzentration

4%

ol



Challenges

Chance constrained optimization and control:

uncertainty

~ time
independent

<

time
dependent

%
3

/

process

linear

steady
state

chance

constraint

N

nonlinear

——| dynamic

/

v’ N\

single

joint

» Consider different distribution of uncertainties

» Consider stochastic objective functions

» Consider mixed-integer problems

» Reduce the computation time



Conclusions

» The process industry nowadays uses deterministic optimization approaches.
» Off-line, on-line process optimization is being carried out.

» Challenging task: Solution of large-scale, complex optimization problems
under various uncertainties.

New Solution Approach

» General Concept to consider uncertain operating conditions as well as
uncertain model parameters.

» Solve the problem with stochastic programming under chance constraints.
» Application to different optimization tasks in the process industry.
» The solution provides optimal as well as reliable decisions.

Future work:
» Application to large-scale problems
» On-line optimization under uncertainty
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