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Definiteness of matrices

Definition 1 (Minor, subdeterminant) A minor (or subdeterminant) of the matrix M ∈ Rp×q is the de-
terminant of a quadratic submatrix of M obtained by deleting one or more rows and/or columns of M. The
dimension of the submatrix is the order of the minor.

Definition 2 (Principle minor) A principle minor of the quadratic matrix M ∈ Rn×n is a minor obtained
by deleting rows and columns with the same indices.

Definition 3 (Leading principle minor) Let M ∈ Rn×n and k ∈ {1, . . . , n}. Further, let Mk be the upper
left k × k-submatrix of M obtained by deleting the last n − k columns and the last n − k rows of M. The
determinant of Mk is called k-th leading principle minor of M.

Definition 4 (Definiteness) The quadratic matrix M ∈ Rn×n is called:

• positive definite if and only if xT Mx > 0 for all x ∈ Rn \ {0};

• positive semidefinite, if and only if xT Mx ≥ 0 for all x ∈ Rn \ {0};

• negative definite, if and only if xT Mx < 0 for all x ∈ Rn \ {0};

• negative semidefinite, if and only if xT Mx ≤ 0 for all x ∈ Rn \ {0};

• indefinite else.

Satz 5 The matrix M ∈ Rn×n is positive definite if and only if all leading principle minors of M are positive.
M is negative definite, if and only if all leading principle minors of −M are positive.

Satz 6 The matrix M ∈ Rn×n is negative definite if and only if the signs of the leading principle minors are
alternating, i.e. all uneven leading principle minors are negative and all even leading principle minors are
positive.

Satz 7 The matrix M ∈ Rn×n is positive definite if and only if its symmetric part given by

MS =
1
2

(
M + MT

)
is positive definite.

Satz 8 (Check via Eigenvalues) The symmetric matrix M = M⊤ ∈ Rn×n is

• positive definite if and only if all eigenvalues of M are positive;

• positive semidefinite, if and only if all eigenvalues of M are non-negative;

• negative definite, if and only if all eigenvalues of M are negative;

• negative semidefinite, if and only if all eigenvalues of M are non-positive;

• indefinite else.
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