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Optimization Problems

» An optimization problem is given by a set M and a function
f: X —Rwith X O M,

» The usual terminology is as follows:

M is called the feasible set.

f is called the objective function

Elements of M are called feasible solutions.

x* € M is an optimal (maximal) solution if f(x*) > f(x) for
all x e M, i.e.

v

vV vy

f(x*) = max{f(x) | x € M}.

» An optimization method is an algorithm that computes an
optimal solution x* given the input (M, f) if there is any.

> Note that min{f(x) | x € M} = —max{—f(x) | x € M}.
Thus, there is no need to deal with minimization problems
separately.
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Linear Optimization Problems (LOP)

» An optimization problem (M, f) is a linear optimization
problem (LOP) if M C R" for some n € N consists of all
X € R" satisfying a finite set of linear inequalities and/or
linear equations, and f : R” — R is a linear function.

» Example 1:

Maximize
f(x,y) = x+3y
subject to
—X+y <
x+y <
X,y 2
Some Remarks on Notation
» R” is the set of all column vectors X = (xi,...,x,)" with
X1,...Xp € R.

» We write a < b if and only if ax < by for all k € {1,...,n},
and use this notation for row vectors correspondingly.
(Caution: This is not a linear order. For example, neither
(1,2)T <(2,1)7 nor (1,2)7 > (2,1)7 obtains. )

» 0 denotes a zero vector (with appropriately many entries).

» | denotes an identity matrix (with appropriately many rows
and columns).

v

IX]| = \/x12 + -+ - 4+ x?2 denotes the euclidean norm of X.
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Canonical Form LOP’s

Canonical Form:
Maximize
—clx

f(

ot

subject to

l

AX

IA

, X >0

Here, A € R™*" is real matrix with m rows and n columns and
b e R™ is a real column vector with m entries.
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Transformation into Canonical Form

> If there is a variable x, subject to xx < 0 replace every
appearance of x, with —x, and replace x, < 0 with x, > 0.

» If a variable x; is unrestricted, replace every appearance of x
by le_ — X, and let x,j >0, x, > 0. This results in an
equivalent LOP where each variable is non-negative.

» The inequality §’kT>_<’ < by is equivalent to —5[)? > —by, and
the equality 5’[)?: by is equivalent to 5[)? < by and
5’[)? > by. Thus, any LOP can be transformed into an
equivalent LOP in canonical form.
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Standard Form LOP’s

» Standard Form:

Maximize
f(x) = cl'x
subject to
AX = b
and
X>0

Here, A € R™*" is a matrix with rank m and becR™is a
column vector with b > &.

Transformation into Standard Form

» Assume the LOP is given in general form, i.e.the feasible set
M is written as M = {xX € R" | (AX < b) A (X > 0)} such
that Ae R™*" b e R™.

» Clearly,

M={xeR"3IyeR™: (AX+y=b)A(X>S)A(} > d))}.
The additional variables in y are called slack variables.
» Note that the equality AX + ¥y = b can be re-written as

mm(§>:5

» If b does not satisfy b> 3 multiply all rows k with b, < 0 by
(—1).

» Finally, recall that if A € R™*", then rk(A) < m, and that if
rk(A) < m, then the system of linear equations AX = b either
has no solution at all or there are m — rk(A) redundant
equations. Consequently, the assumption that rk(A) = mis
no restriction.
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The Structure of the Feasible Set 1

Definition: A subset X of R" is called

» convex if for any two points x3, xo € X the whole straight line
segment x1x2 = {ax; + (1 —a)xx | « € [0,1]} isin X,

» closed if the limit of every convergent sequence in X is in X
too, and

> bounded if there is K € R such that ||X|| < K for all X € X.
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The Structure of the Feasible Set 2

We recall the following statements.
» The intersection of two convex sets is convex.
» The intersection of two closed sets is closed.

» If f: X — R is continuous and M C X is nonempty, closed
and bounded, then there is a x* € M such that f(x) < f(x*)
for all x € M, i.e. f attains its maximum on M.

> Ifd € R"and t € R, then the set {X€R" | dTX < t} is
convex and closed.

» Linear functions from R” into R are continuous.
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The Structure of the Feasible Set 3

Consider an LOP in standard form.

Maximize f(x) = ¢T X subject to AX = b. X > 0 with A € Rm™*x"
b > o and rk(A) = m.

By the statements from the previous slide we deduce that the

—

feasible set M = {xX € R™*" |(AX = b) A (X > 0) } is convex and
closed. If M is also nonempty and bounded, f attains its maximum
on M.
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Extreme Points and Basic Solutions 1

Definition: Let M be a convex set. A point Xy € M is called an
extreme point of M if X3 cannot be expressed as a convex linear
combination ax; + (1 — a)X with « € [0, 1] of two points
X1,X> € M with xj 7§ X0 7& X5.

We mention the following statements without proof.

—

(A) If the set M ={X € R™*" |(AX=b)AN(X>0) }is
nonempty, then M has at most finitely many and at least one
extreme point,

(B) If M is in addition bounded, then M is the convex hull of its
extreme points Xi, ..., X, i.e. any point X in M can be
expressed as convex linear combination X = fozl o X; with

a1, ...,ax €[0,1] and fozl aj =1,
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Extreme Points and Basic Solutions 2
Theorem (1)

If M is nonempty and bounded, then there is an extreme point
X* € M such that f(x*) > f(X) for all X € M.
Proof.

» Since f is linear and M is closed and bounded, there is a point
Xo € M such that f(xp) > f(X) for all X € M.

» Since M is nonempty and bounded, Xp can be expressed as
convex linear combination

K
X0 = E QX
i—1

of extreme points xi, ..., Xx with ai,...,ax € [0,1] and
Zf'(:l a; = 1. By linearity of f it is

f(X0) = 3K, aif (%) < max{f(%1),...,f(X)}. By
maximality of f(xp) it is f(Xp) > max{f(x1),...,f(Xk)}.
Hence, there is an i € {1,..., k} such that f(xp) = f(x;). O
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Extreme Points and Basic Solutions 3

If M is nonempty and unbounded there need not be an optimal
solution. However, if there is one, a similar but more elaborate
argument can be used to prove the following theorem.

Theorem (2)

If M is nonempty and there exists an K such that f(xX) < K for all

X € M, then there is an extreme point X* € M such that
f(x*) > f(X) for all X € M.
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Extreme Points and Basic Solutions 4

Definition: Let A € R™*" be a matrix with column vectors
Fi,...,dn M={XeR™" |(AX=b)A(X>36)}, Xe M, and
S(xX)={ai | (ie{l,...,n})A(x; #0)}. Then X is called a basic
solution if S(X) is linear independent. Note that linear
independence of S(X) is equivalent to the assertion that there is no
vV # 0 such that AV = 0 with the property that v; £ 0 implies

X 7& 0.

Theorem (3)

Let X € M. Then the following two statements are equivalent.
(a) X is an extreme point of M.
(b) X is a basic solution.

15 /46

Extreme Points and Basic Solutions 5

Proof of Theorem (3).

(a) implies (b): Suppose that X is not a basic solution, i.e. S(X) is
not linear independent. Then there is a vector v # 0 such that
AV = 0 and v; # 0 implies x; # 0 for all i € {1,...,n}. Thus,
there isan e > 0 such that 7 =X +cv >0 and b = X —ev > 0.
Clearly, th, b € M, 7 # X # i, and %171 + %uz = X, i.e. X is not
an extreme point.

(b) implies (a): Suppose X is not an extreme point. Then there are
vectors Vi, v € M such that v} # X # ¥ and an « € (0,1) such
that X = avi + (1 — a)w. It follows that vi # v, A(vh — v») = 0,
and that if the /-th entry of v; — 5 is not 0, then x; % 0. This
implies that S(X) is not linear independent, and so X is not a basic
solution. ]
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The Simplex Algorithm 1

We consider the LOP in standard form (L) as follows.

Maximize
f(xX) = clx
subject to
AX = b
and
X>0
with
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The Simplex Algorithm 2

We know so far:
» M has at least one extreme point.

> Any extreme point of M is a basic solution of (L) and vice
versa.

> (L) has at most () basic solutions.

» If there is an optimal solution of (L), then there is an optimal
solution of (L) that is a basic solution.

» If M is nonempty and bounded, then there is an optimal
solution of (L).

It follows that (at least) if M is nonempty and bounded, there is a
finite algorithm that finds an optimal solution of (L).
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The Simplex Algorithm 3

» The simplex algorithm consists of two parts, called Phase 1
and Phase 2.

» The input of Phase 2 is a feasible basic solution.

» The simplex algorithm stops when either an optimal basic has
been found, or if it has been detected that the objective
function is unbounded on M. In the latter case there is no
optimal solution of (L).

» Phase 1 is needed only if there is no feasible basic solution
known.

» Phase 1 consists in applying Phase 2 to an auxiliary LOP.
Phase 1 stops when a feasible basic solution of (L) has been
found or if it has been detected that M is empty.
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The Simplex Algorithm 4 - Phase 2

> Let X be a feasible basic solution of (L).

» Let T(X) C{a1,...,3,} be a maximal linear independent set
of column vectors of A such that

xx #0 — ax € T()?)

(Note: Since rk(A) = m the set T(X) has m elements.)
» Let B={ke{l,...,n} | ax € T(X)} and
N={1,...,n}\B.
> If T(X) contains column vectors aj such that xx = 0, the

basic solution X is called degenerate, otherwise it is said to be
non-degenerate.

20 / 46



The Simplex Algorithm 5 - Phase 2

» T(X) is a basis of the linear subspace generated by all column
vectors of A. Thus, each column vector a; can represented as
a linear combination of the elements of T(X), and this
representation is unique:

aj = E i jak-

keB

» Clearly, if j € B, then tj; =1 and t,; =0 if k # j.

> Forje Nlet uj =3, gtkjck and d; = u; — ¢j. (Recall that
the objective function f is given by f(X) = 7 X with
c=(ct,...,ca)".)
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The Simplex Algorithm 6 - Phase 2

Let ¥ € R” be an arbitrary feasible solution of (L), i.e.
S yidi=band ¥y > 5. Then

b = E ngk

i=1 keB
n
= Z(Z th,i¥i)ak
keB i=1
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The Simplex Algorithm 7 - Phase 2

Consequently, yx = xx — > _icp tk,iyi for all k € B. We can now
express f(y) = €Ty as follows

¢y = Z iyi
= Z Ckyk+ D> CiYi

keB ieN
= Z C(xk — Z tiyi) + Z CiYi
keB ieN ieN
= Z CkXk + Z(CI - Z Cht,i)Yi
keB ieN keB
= ¢&'x Z diy;
ieN
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The Simplex Algorithm 8 - Phase 2

We distinguish three cases.

Case 1 Itis di > 0 forall i € N. Then f(X) > f(y) for all feasible
solutions y/, i.e. X is an optimal solution. In this case the algorithm
stops.

Case 2 There is an index j € N such that d; < 0 and t,; <0 for
all k € B. Let a > 0. Then the vector Z € R"” with

Xk —atj forke B
zi = Q for k=
0 for k € N and k #

is nonnegative, and

AZ = E Zka, = E Xkak—ag thak+an

keB keB

—

:Zxké’k—aéj+aa_j: Xeadx = AX = b.
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The Simplex Algorithm 9 - Phase 2

Consequently, Z is a feasible solution for all o > 0. Since d; < 0,
al|_>moo f(Z) = al|_>moo f(X) — dja = o0,

i.e. the objective function f is unbounded from above on M. In
this case the algorithm stops.

Case 3 There is an index j € N such that d; < 0 and there is an
index ¢ € B such that t,; > 0. Let

e = min{xx/tx | (k € B) A(tx; > 0)}. Clearly, ¢ > 0. Suppose
that € = xy/t;; and define Z € R" by

Xk — €tk j for k e B
z, = € for k=
0 for ke N and k #

Similarly as in Case 2 it is not hard to see that Z is a feasible
solution. Furthermore, zy = 0 and since t;; # 0, the j-th column
vector 3; of A cannot be expressed as a linear combination of the

column vectors in S(X) \ {a;}. Thus, Z is a feasible basic solution.
25 /46

The Simplex Algorithm 10 - Phase 2

By di<0and e >0, itis f(Z) = f(X) — die > f(X). The
algorithm starts over with the new feasible basic solution Z.

Special care is needed to avoid ‘cycling’. One way to avoid cycling
is to apply Bland’s rule (in Case 3 above)?

Bland's Rule.
> Let j =min{i € N | d; < 0}.
> Let £ =min{s € B | xs/tsj = €}, with € as above.

A proof that Bland's rule indeed prevents cycling can be found in:
J.Matousek and B. Grtner, Understanding and Using Linear Programming,
Springer, 2006.
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The Simplex Algorithm 11 - Phase 1

If the original LOP is given in standard from (L), and no feasible
basic solution is known, an auxiliary LOP can be used to find one.

The Auxiliary LOP
Minimize g(X,y) =Y., yi

subject to

AR+ y=b%>35,7>6.

A feasible basic solution for the auxiliary problem is y = b,X = 6.
Thus, the feasible set of the auxiliary LOP nonempty.
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The Simplex Algorithm 12 - Phase 1

Theorem (4)

(a) The auxiliary LOP has an optimal solution (y*,
(b) The original LOP has a feasible solution if and on/y if y* = 0.
Proof. (a) Since y > &, we have g(X,y) =>_1_,;yi > 0.
Furthermore, the feasible set of the auxiliary LOP is nonempty. It
follows that the auxiliary LOP has an optimal solution.

(b) It is not hard to see that X = Xj is a feasible solution of the
original LOP if and only if X = X,y = 0 is a feasible solution of
the auxiliary one. A feasible solution of the auxiliary LOP with

y = 0 is optimal because g(x, 0) = 0 for all X € R". O
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The Simplex Algorithm 13 - Phase 1

Remark.

If the original LOP is given in general form with b > &, then a
feasible solution of the corresponding LOP in standard form
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Simplex Tableaus 1

Consider a system of linear equations AX = b. Recall from linear
algebra that AX = b can be transformed into an equivalent system

of linear equations AX = b using the following ‘row operations’.
(1) Switching two equations.

(2) Multiplying one equation with a nonzero factor.

(3) Adding a multiple of an equation to another equation.
Here, ‘equivalent’ means that a vector x5 € R” is a solution of

AX = b if and only if it is a solution of AX = b.
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Simplex Tableaus 2

Now suppose, as above, that A € R™*" with rank m, and becR™
Let xXp € R" be a feasible basic solution, i.e. Axy = b, Xg > 0, and
the set S(xp) = {a; | x0i # 0} of column vectors of A is linear
independent. Let T(xp) 2 S(Xp) be a maximal linear independent
set of column vectors containing S(xp), B={i | 8 € T(x)}, and
N ={1,...,n}\ B. Note that |[B| = m because rank(A) = m. In
order to simplify our notation we assume henceforth that
B={1,...,m}.

Using the row operations (1),(2), and (3), the system of linear
equations AX = b can be transformed into an equivalent systems

of linear equations AX = b such that the first m columns of A form
an m X m identity matrix /. Thus A can be written as

(Ag, An) = (I, An). Note that this implies that b = (x)s.

31/46
Simplex Tableaus 3

Let j € N and express the column vector &; as a linear combination
of the column vectors in T(Xp)

3= tijdk.

kEB
Let 7 € R" with

Lk j for i = k
uyi=<¢ —1 fori=j
0 else

Then A7 = &. It follows that A7 = &. From the structure of A we
see that

N

(AN)kj = tr

for all k € B and j € N.
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Simplex Tableaus 4

Since

A 1 fork=1i
K71 0 else

~n

for all i, k € B, it finally follows that (A)x j = tk  for all

k,j e {1,...,n}. Now we extend the system of linear equations

AX = b by appending the equation ¢'X = z

(4)-(2)

This system of linear equation is equivalent to
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Simplex Tableaus 5

In this system of linear equations we add for each k € B the k-th
equation multiplied by —cy to the last newly appended equation
=T

C

X = z. We get
AN._ (b
X = :

¢
where
N 0 fori € B
: C/'_ZkGB Cktk,i forie N
Note that ¢; — ) ;g Cktk,i = —d; (see “The Simplex Algorithm 7'.)
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Simplex Tableaus 6

Producing a new basic solution (Case 3 on ‘The Simplex Algorithm
9'.) can now be described as follows.

Choose j € N such that d; < 0. Choose ¢ € B such that t;; >0
and xg/t;j is minimal. If there are more than one candidate for j
and /, respectively, apply Bland's rule. Multiply the ¢-th equation
by 1/t;; and then, add the resulting ¢-th equation multiplied by
—tyj to the k-th equation for k € {1,..., m} with k # £. Add the

(-th equation multiplied by —& = —d; to the equation ex = z.
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Duality 1

Let Ac R™" ¢ R" and b € R™. Assume there are X € R” and
¥ € R™ such that X > G and y > &, yTA> €T, and AX < b.

Observation *
cTx<yTAx < yTh.

We rephrase this observation in terms of two LOP’s (P) and (D).
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Duality 2

The LOP (P):
Maximize

clx
subject to

AX< band X >0

The LOP (D):
Minimize

y'b
subject to

viA>¢e" andy > &
Duality 3

Our initial Observation * now reads as follows.

Theorem (Weak Duality Theorem (WDT))

(i) If Xo and yj are feasible solutions of (P) and (D), then
cTx<y'b.

(ii) If the objective function €T X of (P) is unbounded from above,
then (D) has no feasible solution.

(iii) If the objective function yT b of (D) is unbounded from below,
then (P) has no feasible solution.

Remarks:
» (P) is called the primal LOP, (D) the dual LOP.

» Note that (i) obtains especially for optimal feasible solutions
of (P) and (D), respectively.

> It is possible that both LOP’s, (P) and (D), don't have
feasible solutions.
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Duality 4

Theorem (Strong Duality Theorem (SDT))

(1) If there are feasible solutions of (P) and its objective function
¢’ X is bounded from above, then (P) and (D) have optimal
feasible solutions x* and y*, respectively, and

e’x* = (y)7h.

(2) If there are feasible solutions of (D) and its objective function
vT b is bounded from below, then (P) and (D) have optimal
feasible solutions xX* and y*, respectively, and

ET**__(y%)Tb
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Duality 5

We want to give a proof of (1) using ideas from the simplex
algorithm. The proof is a modification of the one given in the
book by Grtner and Matousek?. To this end we recall some of the
facts we already know.

(a) If the objective function
set M ={XeR" | AX <
an optimal solution.

of (P) ¢’ X is bounded on its feasible

b,X > 6} and M # (), then (P) has

(b) (P) has an optimal solution x* if and only if the standard
form LOP (P) (see next slide) has one.

(c) If (P) has an optimal solution, then it has an optimal basic
solution too.

?J.Matousek and B. Grtner, Understanding and Using Linear Programming,
Springer, 2006.
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Duality 6

The LOP (P)

Maximize
cTx
subject to
AX=b, x>0
with

A= (A, x=(x2)7, ¢=(¢03).

oy

Note that we do not assume that b >
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Duality 7

Next, we need to reformulate the optimality criterion for basic
solutions of (P). Let X be a feasible basic solution of (P). We let
Ag be the matrix consisting of the columns of A forming the basis
corresponding to X, and Ay the matrix consisting of the remaining
columns. Likewise, we wrlte hB and hN for the vectors con5|st|ng
of the entries of a vector he R”+m correspondmg to Ag and Ay,
respectively. Thus, Ah = ABhB + ANhN Let y be a feasible
solution (P). Note that Ag is an invertible m x m-matrix.
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Duality 8

Since X and y are solutions of (P) we know

Hence

2, 5 A1A B

yB = X — Ag AnyN
and
AT AT (5. _ A AN o)+ 2T 5 ATS N 1 2,
c'y= g (X8 —Ap AN)/N) CNYN = CBXB‘|‘(CN—CBA AN)
Since ¢TX = ; it follows that X is optimal if and only if

(& — 25 A5 An)iw < 0

for all feasible solutions y of (P). Because y > &, we finally get
that X is optimal if and only if

5T A-14 5T

Duality 9

Since EgAglAB = E’BT the inequality EgAglAN > E,C is equivalent
to

AT A—14 _ ST p-1¢p 2 5T 2T A—1 5T &T 5T
CBABA C A (A ,AN) (B,CBA AN) (CB7CN):C .
We recall that &7 = (€¢7,57) and A = (A, ). Hence,

EgAglA > ¢T is equivalent to EgAglA > T and EElAB > T,
Thus, we have proved the following proposition.

Proposition

A feasible basic solution X of (P) is optimal if and only if
cTAZA > ET and ¢zt Ag > o7
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Duality 10

Now we are ready to prove assertion (1) of SDT.

Proof. If (P) is feasible and bounded, it follows from (a) that (P)

has an optimal solution. By (b) and (c) it follows that (P)has an
optimal basic solution X. We let &’ = EgAgl. By the above

proposition & is a feasible solution of (D). Recall that Xg = Agll;.

Hence,
iTb=clAglb=cixg=c"x=¢"x
By the WDT it follows that i is an optimal solution of (P). ]
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Duality 11

The following ‘Dualization Recipe’ is taken from the book by
Grtner and Matousek3.

Primal LOP Dual LOP
Variables X1, X2, eery Xp Y1y Y2,y oo Vm
Matrix A AT
Right hand side b ¢
Objective function max ¢ X min b 7" y
Constraints ith constraint has < yi >0
ith constraint has > yi <0
ith constraint has = yi e R
x;j >0 Jth constraint has >
xi <0 Jjth constraint has <
xi € R Jth constraint has =

3J.Matousek and B. Grtner, Understanding and Using Linear Programming,
Springer, 2006.
46 / 46



