
Network Algorithms (WS 25/26): 03 – Optimization Methods 1

Network Algorithms
Chapter 3

Optimization Methods

(Dieser Foliensatz wurde von Herrn Prof. Dr. Thomas Böhme inhaltlich ausgearbeitet.)
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Optimization Problems
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Linear Optimization Problems (LOP)
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Solving LOPs With Two Variables Graphically
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Maximum attained in corner

❑ Finding the optimal solution by parallel shifting of the contour lines:
❑ The equality c = f(x, y) defines for arbitrary c the so-called contour lines 

(German: “Höhenlinien”) of the objective function.
❑ By increasing the value of c – which corresponds to a parallel shift of this line – 

up to the point where the line would leave the feasible set, an optimal solution 
can be found. One such solution is always found in a corner of the feasible set.

❑Note:
❑ It is not obvious in which corner the optimal solution can be found.
❑ Depending on the constraints there may be many corners.

 x + y ≤ 2  Û  y ≤ 2 – x
-x + y ≤ 1  Û  y ≤ 1 + x
x, y ≥ 0

Max.  f(x, y) = x + 3 yc = 3
1
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Some Remarks on Notation
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Canonical Form LOPs
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Canonical Form LOPs

Network Algorithms (WS 25/26): 03 – Optimization Methods 8

Standard Form LOPs
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Transformation into Standard Form (1)
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Transformation into Standard Form (2)
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The Structure of the Feasible Set (1)
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The Structure of the Feasible Set (2)
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The Structure of the Feasible Set (3)
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Extreme Points and Basic Solutions (1)
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Extreme Points and Basic Solutions (2)
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Extreme Points and Basic Solutions (3)
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Extreme Points and Basic Solutions (4)
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Extreme Points and Basic Solutions (5)
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Extreme Points and Basic Solutions (6)
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The Simplex Algorithm – Overview (1)
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The Simplex Algorithm – Overview (2)
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The Simplex Algorithm – Overview (3)
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The Simplex Algorithm – Phase 2 (1)
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The Simplex Algorithm – Phase 2 (2)
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The Simplex Algorithm – Phase 2 (3)
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The Simplex Algorithm – Phase 2 (4)
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The Simplex Algorithm – Phase 2 (5)
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The Simplex Algorithm – Phase 2 (6)
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The Simplex Algorithm – Phase 2 (7)
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The Simplex Algorithm – Phase 2 (8)
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The Simplex Algorithm – Phase 1 (1)
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The Simplex Algorithm – Phase 1 (2)
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The Simplex Algorithm – Phase 1 (3)
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Simplex Tableaus (1)
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Simplex Tableaus (2)
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Simplex Tableaus (3)
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Simplex Tableaus (3)
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Simplex Tableaus (4)



Network Algorithms (WS 25/26): 03 – Optimization Methods 39

Simplex Tableaus (5)
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Simplex Tableaus (6)
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Example 1
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Example 2
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Example 3
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Example 4 (1)
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Example 4 (2)
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The Complexity of the Simplex Algorithm
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Duality – Motivation (1)
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Duality – Motivation (2)
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Duality (1)
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Duality (2)
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Recall Some Facts
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Duality (3)
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Duality (4)
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Duality (5)



Network Algorithms (WS 25/26): 03 – Optimization Methods 55

Transforming P
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Duality (6)
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Duality (7)
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Duality (8)
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Duality (9)
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Duality (10)
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Duality (11)
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Branch and Bound – The Basic Algorithm Idea (1)

  The idea of branch and bound methods

 Consider a (hard to solve) optimization problem 
                   
                         minimize f(x)         subject to x ∈ M                         (1) 

  Associate a relaxed optimization problem 

                          minimize g(x)       subject to x ∈ R                          (2) 

    such that 
 M ⊆ R, 
 If x ∈ R, then g(x) = f(x), and 
 (2) can be solved efficiently.
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Branch and Bound – The Basic Algorithm Idea (2)

 Recall:  
– An optimal solution for (1) is an element x*of M such that f(x) ≥ f(x*) for all 

x in M (likewise for (2)).

 Claim 1:  

a) If y* is an optimal solution for (2), then f(x) ≥ f(y*) for all x in M.

b) If y* is an optimal solution for (2) and y*
 ∈ M, then y* is an optimal solution 

for (1) too. 

  Claim 2:  
– Let M = M1  ∪ M2  be a partition of M, and let  x*

k  be the optimal solutions 
for the OPs

                            minimize f(x)    subject to  xk ∈ Mk                           (1k)

 with k {∈ 1, 2}. 

– Then argminx {f(x*
1 ), f(x*

2 )} is an optimal solution for (1).
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Branch and Bound – The Basic Algorithm Idea (3)

 Let R’ be a nonempty subset of R, and consider the optimization problem

  

minimize g(y)    subject to     y ∈ R’                        (R’).

 If (R’) has a solution, then SOLVE(R’) returns a pair (y* ,g(y*)) consisting of 
an optimal solution y* of (R’) and the corresponding value g(y*), otherwise 
SOLVE(R’) returns (nil, ∞).

 If SOLVE(R’) yields an optimal solution y*  ∉ M, then BRANCH(R’, y*)  
returns two disjoint subsets R’1, R’2  of  R’ such that 

M ∩ R’ = (M ∩ R’1 ) ∪ (M ∩ R’2 )
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Branch and Bound – Iterative Implementation

 L  {R}; best  ∞; ybest   ;nil                              // initialization
 while L  ∅ do 

       begin 
          choose B ∈ L;                                                 // according to a specific rule
           (y*, g(y*))  SOLVE(B); 
            if ((y*  ∈ M) and (g(y* ) < best))  then {
                         best  g(y* );
                         ybest   y* ;

                         remove B from L;                 }
            else {
                if  (g(y* ) ≥ best)  then  remove B from L;   //  bounding
                else {                                                         //  branching
                        remove B from L;
                        (B1, B2)  BRANCH(B, y*);                        

                        L  L ∪ {B1, B2};                      } }

        end
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Branch and Bound – Recursive Implementation

 A  M; B  R; best  ∞; ybest   ;nil                     // initialization
 procedure BB(A,B,f,g) 

      begin 
          (y* ,g(y*))   SOLVE(B);
          if (y*  ∈ A)  then {
              if (g(y* ) < best) then {
                  best  g(y* ); ybest   y*; return;  } }

          else {
               if  (g(y* ) ≥ best)  then return;                // bounding
               else {                                                    // branching
                     (B1, B2)  BRANCH(B, y*);                     

                     BB(A, B1, f, g);

                     BB(A, B2, f, g);

                     return;                                    } }
      end 
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Branch and Bound – Termination and Complexity

 Remarks:
 Branch and Bound yields an (exact) optimal solution provided 

there is a constant K (depending on the input) such that all 
subproblems obtained after at most K repetitions of BRANCH 
either have no optimal solution or their optimal solutions are in M.

 Branch and Bound is not (necessarily) efficient – in the worst case, 
all possible combinations of integer values for the components x i of 
vector x will be tried.
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Branch and Bound for Mixed Integer Problems (MIP)

 Consider the MIP (1) 

         minimize      f(x) = c x

         subject to     A x =  b, 

                                x ≥ 0, and 

                                xj is integer for all j ∈ I

         where             x = (x1,…,xn), b ≥ 0, A ∈ ℝ ×m n has rank m ≤ n, and I  ⊆ {1, …, n} 

  Choose as relaxed problem the LOP (2) (called LP-relaxation)

         minimize      f(x) = c x

         subject to     A x = b, 

                                 x ≥ 0

         where              x = (x1, …, xn ), b ≥ 0, and A ∈ ℝ ×m n  has rank m ≤ n
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Branch and Bound for MIP

 SOLVE can be any method to solve LOPs (e.g. the simplex algortihm)

 If (y*, g(y*)) is an optimal solution where y*
k 

 is not an integer (with k being the 
smallest such index), then BRANCH(B, y*) augments new inequalitities to B, 
i.e.

                             

        BRANCH(B, y*) = (B1, B2) 

        where

                     B1 = {y ∈ B | yk  ≤ ⌊ y*
k ⌋ },

                     B2 = {y  ∈ B | yk  ≥ ⌈ y*
k ⌉ }.

        Notation: ⌊ y*
k ⌋ is the greatest integer not greater than y*

k and 

                       ⌈ y*
k ⌉ is the smallest integer not smaller than y*

k 
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Cutting planes for MIP

Consider:

 The MIP (1) 

  minimize           f(x) = c x

  subject to          x ∈ M = { x | A x = b, x ≥ 0, and xj  is integer for all j  ∈ I }

  where               x = (x1, …, xn ) and I ⊆ {1, …, n}

 Its LP-relaxation (2)

       minimize           f(x) = c x

       subject to          x  ∈ R = {x | A x =  b, x ≥ 0 }

       where               x = (x1, …, xn ) 
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Cutting planes for MIP

  A valid cut  for (1) is an equality d x ≤ q such that 
  {x | A x =  b, x ≥ 0, d x ≤ q } ≠ R and
  {x | A x =  b, x ≥ 0, and xj is integer for all j ∈ I, d x ≤ q } =  M.

  Outline of a cutting plane algorithm      

  begin 
         B  R;  
         (y* ,g(y*))  SOLVE(B);
         while (y*  M ) do 
         begin
            compute a valid cut d x ≤ q for B;
            B  { x ∈B | d x ≤ q };
            (y* ,g(y*))  SOLVE(B);
         end;
 end
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Cutting planes for MIP

  There are two kinds of cuts: 
   problem specific ones (e.g. for the knap sack problem), and   
   general purpose ones (Gomory cuts).

  Gomory cuts (here explained for I = {1, …, n})

 Let x = (x1,…,xn ) be a basic solution of the LP-relaxation such that          
      xi  is not an integer (i smallest index if multiple such indices exist).

 Then xi  is a basic variable and from the simplex tableau we know that

               xi   + ∑ aij xj  = bi                                                                                                       (a)

 Equation (a) implies 

       xi   +  ∑ ⌊aij⌋ xj   -  ⌊bi   ⌋ = bi  -  ⌊bi⌋  -  ∑ ( aij - ⌊aij )⌋  xj                         (b)

Note that here aij and bi are the values in the tableau after the 
computation of x, not the values of the original matrix A or vector b 
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Cutting planes for MIP

 For any point x ∈ M the right hand side of (b) is less than 1, and the left hand 
side is an integer.

 Consequently, 

                             bi  -  ⌊bi⌋  -  ∑ ( aij - ⌊aij )⌋  xj    ≤  0                                     (c)

      for any point x ∈ M 

  Furthermore, for the original basic solution x = (x1, …, xn ) it holds that

                             bi  -  ⌊bi⌋  -  ∑ ( aij - ⌊aij )⌋  xj   =  bi - ⌊bi  ⌋

       (because all non basic variables xj = 0), and it is not an integer (because xi 

             and so also bi is not an integer), and therefore 
                             bi  -  ⌊bi⌋  -  ∑ ( aij - ⌊aij )⌋  xj   =  bi  -  ⌊bi⌋  >  0  

        i.e. (c)  excludes x

 Hence, the inequality (c) is a valid cut, and it is called a Gomory Cut.

 Note: to yield standard form again, a new slack variable xn+1 will be introduced

                       - xn+1 +  ∑ ( aij - ⌊aij )⌋  xj   =  bi  -  ⌊bi⌋

                         xn+1 is integer
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Conclusions

❑ Linear Optimization Problems (LOPs) consist of 
❑ finding an optimal (minimal or maximal, respectively) solution to a linear 

objective function under a set of linear constraints for their variables
❑ The simplex algorithm can be seen as a clever application of repeated 

Gauss-Jordan transformation, used to solve LOPs
❑ In most practical applications, its time complexity is linear in 

m = # of constraints and n = # of variables
❑ In the worst case, it can lead to exponentially growing running times 
❑ There are other algorithms that can guarantee polynomial time complexity

❑ (Linear) Mixed Integer Problems 
❑ have additional integer constraints for some of their variables xj, and 
❑ can thus not directly be solved with a solver algorithm for LOPs

❑Methods like “Branch and Bound” as well as “Cutting Planes” 
❑ perform repeated iterations of a solver algorithm on relaxed problems (= without 

integer constraints), 
❑ while adding additional constraints for cutting out solutions that violate the 

integer constraints, 
❑ until they find an optimal solution that fulfills all integer constraints
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