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e );E'Z’ﬁ Optimization Problems

e An optimization problem is given by a set M and a function
f: X - Rwith X > M.

e The usual terminology is as follows:

— M is called the feasible set.
— f is called the objective function
— Elements of M are called feasible solutions.

— x* € M is an optimal (maximal) solution if f(x*) > f(x) for all
x €M, i.e.

f(x') = max{f (x) | x € M},

e Anoptimization method is an algorithm that computes an optimal
solution x* given the input (M, f) if there is any.

e Note that min{f(x) | x € M} = —max{—f(x) | x € M}. Thus, there is
no need to deal with minimization problems separately.

[
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TEEWTK | inear Optimization Problems (LOP)
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* An optimization problem (M, f) is a linear optimization problem
(LOP) if M C IR" for some n € IN consists of all X € IR" satisfying a
finite set of linear inequalities and/or linear equations, and

f :R" = Ris a linear function.

e Example 1:

Maximize
flxy)=x+3y
subject to
-x+y < 1
X+y <
XYy 2
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THENTK - Solving LOPs With Two Variables Graphically

R il 9etze

A

X+y<2 & y<2-X
X+y<l & y<1l+X

X,y=20

Maximum attained in corner
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O Finding the optimal solution by parallel shifting of the contour lines:
0 The equality c = f(x, y) defines for arbitrary c the so-called contour lines
(German: “Hohenlinien”) of the objective function.
O By increasing the value of ¢ — which corresponds to a parallel shift of this line —
up to the point where the line would leave the feasible set, an optimal solution
can be found. One such solution is always found in a corner of the feasible set.

O Note:
O It is not obvious in which corner the optimal solution can be found.
0 Depending on the constraints there may be many corners. .
. " Sl
|
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IO Some Remarks on Notation

 R” is the set of all column vectors x = (xq,...,x,)"

with x4,...x, € R.

e We write 7 < b if and only if a; < by for all k € {1,...,n}, and use
this notation for row vectors correspondingly.

(Caution: This is not a linear order. For example, neither (1,2)7
(2,1)T nor (1,2)" >(2,1)T holds.)

* 0 denotes a zero vector (with appropriately many entries).

* [ denotes an identity matrix (with appropriately many rows and
columns).

x| = \/xf +---+ x2 denotes the euclidean norm of x.
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@;ﬁ Canonical Form LOPs

Canonical Form:

Maximize

subject to

¢

X<b, x>0

Here, A € R"™*" is real matrix with m rows and
n columns and b € IR™ is a real column vector
with m entries.

I@?l
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@;ﬁ Canonical Form LOPs

 If there is a variable x; subject to x; < 0 replace every appearance
of x; with —x; and replace x; < 0 with x; > 0.

 If a variable x; is unrestricted, replace every appearance of x; by
x —x_ and let x{ >0, x; > 0.

This results in an equivalent LOP where each variable is non-
negative.

* In the following, let a; be the k;;, row vector of the matrix A.
The inequality a; X < by is equivalent to —a; X > —by, and the
equality a, X = by is equivalent to (a, x < by and a, x > by).
Thus, any LOP can be transformed into an equivalent LOP in
canonical form.

|
l Sl
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@;‘g Standard Form LOPs

e Standard Form:

Maximize
fx)=2"x
subject to N
Ax=Db
and
>

Here, A € IRmX” is a matrix with rank m and b e IR™ is a column
vector with b >0.

I@?l
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0 ”\9;'22 Transformation into Standard Form (1)

e Assume the LOP is glven in canomcal form i.e.the feasible set M
is written as M = (X e R" | (AX < b (x > 0)} such that A € R"™",
b e R™.

e Clearly,
M={XeR'APeR": (AX+7p = b (X >70) A (¥ >9))).

The additional variables in ¥ are called slack variables.
* Note that the equality AX+7 = b can be re-written as

(All)( ; ) - D.

e If b does not satisfy b> 0, multiply all rows k with by < 0 by (~1).

I@?l
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0 ”\9;'22 Transformation into Standard Form (2)

* Finally, recall that if A € R"™", then rk(A) < m, and that
if rk(A) < m, then the system of linear equations AX = b either has
no solution at all or there are m — rk(A) redundant equations.
Consequently, the assumption that rk(A) = m is no restriction.

e Example for linear dependent (and thus redundant) rows:

1 2 -1 3
31 0 ra 4
4 3 -1 Sl 7
8 6 -2 14
|
I o SI
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The Structure of the Feasible Set (1)

Definition: A subset X of R” is called
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convex if for any two points x;,%, € X the whole straight line
> N - . .
segment X1 X, = {ax;+(1—a)x, |a€[0,1]}isin X,

closed if the limit of every convergent sequence in X is in X too,
and

bounded if there is K € R such that |[x]| < K for all X € X.

I@?l

The Structure of the Feasible Set (2)

We recall the following statements.
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The intersection of two convex sets is convex.
The intersection of two closed sets is closed.

If f:X — Ris continuous and M C X is nonempty, closed and
bounded, then there is a x* € M such that Vx e M : f(x) < f(x")
i.e. f attains its maximum on M.

Ifd e R" and ¢ € R, then the set {x € R" | i’z < t} is convex and
closed.

Linear functions from R" into IR are continuous.
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WX The Structure of the Feasible Set (3)

e Consider a LOP in standard form:

Maximize
f(x)=¢rx
subject to N
AxX=1b
x>0

—

with A e R™", b >0 and rk(A) = m.

e By the statements from the prev1ous slide we deduce that the
feasible set M = {x € IR" |(AX = b) A (X >0) } is convex and closed.

e If M is also nonempty and bounded, f attains its maximum on M.

I@?l
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Eﬁ;‘;@ Extreme Points and Basic Solutions (1)

Definition: Let M be a convex set. A point X, € M is called an extreme
point of M if X, cannot be expressed as a convex linear combination
ax; + (1 — a)x, with a € [0,1] of two points X, X, € M with X =X, # x,.

We mention the following statements without proof.

(A) If the set M = {x € R" |(AX = E) A (X >7) } is nonempty, then M has
at most finitely many and at least one extreme point.

(B) If M is in addition bounded, then M is the convex hull of its
extreme points X1rer X
i.e. any point X in M can be expressed as convex linear combination
X = Z?:l ax; with aq,...,a; €[0,1] and Z?:l a; = 1.

I@?l
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e =Xtreme Points and Basic Solutions (2)

Theorem 1 If M is nonempty and bounded, then there is an extreme point
X* € M such that f(x*) > f(x) for all X € M.

Proof:

Since f is linear and M is closed and bounded, there is a point Xy € M
such that f(Xy) > f(%) for all X € M.

Since M is nonempty and bounded, X can be expressed as convex
. . . - k - f . — —

linear combination xq = Zi:l a;X; of extreme points xq,..., X

with aq,...,a, €[0,1] and Z?:l a; = 1.

By linearity of f itis f(X) = Zle a; f(%;) <max{f(x1),..., f (X))
By maximality of f (%) it is f(Xo) > max{f(xX;),..., f(Xk)}.

Hence, there is an i € {1,...,k} such that f(xy) = f(x;).

(]

|
| |
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e =Xtreme Points and Basic Solutions (3)

If M is nonempty and unbounded there need not be an optimal solution.

However, if there is one, a similar but more elaborate argument (not
given here) can be used to prove the following theorem.

Theorem 2 If M is nonempty and there exists an K such that f(x) < K for
all X € M, then there is an extreme point X* € M such that f(x*) > f(X) for
all X € M.

I@?l
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E'g;';g Extreme Points and Basic Solutions (4)

Definition:
e Let A € R"™" be a matrix with column vectors ay,...,4,,
e M={xeR"|(AX = b (X >0) ), and
e« S()={a;|(ie{l,...,n))A(x; 0)} for x e M.

Then X is called a basic solution if S(x) is linear independent.

Note that linear independence of S(X) is equivalent to the assertion that

there is no v # 0 with the property that v; # 0 implies x; # 0 such that

Av=0.

Theorem 3 Let X € M. Then the following two statements are equivalent.
(a) X is an extreme point of M.

(b) X is a basic solution.
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E”; ' Extreme Points and Basic Solutions (5)

l@?l

Proof of Theorem (3). [Contraposition: (P = Q) & (-Q = =P)]

(a) = (b): Suppose that x is not a basic solution,

i.e. S(X) is not linear independent. Then there is a vector v # 0 with
v; # 0 implies x; = 0 for all i € {1,...,n} such that AV =70.

—_

- - - - - 1= 1 >
Clearly, Uy, Uy € M, uy # x # up, and 5u; + 5upy = X, i.e. X1
extreme point.

Thus, there is an € > 0 such that 1y =x+ev >0 and 11, = x — 723
S No

ot an

(b) = (a): Suppose that X is not an extreme point.

Then there are vectors v;,7, € M such that v, #x # v, and an a € (0,1)
such that x = av; + (1 — a)75,.

It follows that v # V,, A(V; —v,) = 0, and that if the i-th entry of v; — v,
is not 0, then x; #0 (¥, see also next slide).

This implies that S(X) is not linear independent, and so X is not a basic
solution. O

]
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)eTt';g Extreme Points and Basic Solutions (6)

(*) Why does the i-th entry of ¥; — v, is not 0, imply that x; = 0 ?
Suppose that x; = 0:
AsX=av, + (1 —a)v, we obtain:
xi =0=a(vy;—vy;)+va;
= a(vy;—v1,i) =V,
— a= !
(v2,i —v1,i)

We have both v;; > 0 and v,; > 0. Thus, if v,; > v;; then a > 1.
Furthermore, if v, ; < vy ; then a <0. But, we required «a € (0,1).

Therefore, x; = 0 clearly leads to a contradiction, so that x; # 0 whenever
the i-th entry of 7, — v, is not 0. O

|
| |

)

|
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L ”\9;';2 The Simplex Algorithm — Overview (1)

We consider the LOP in standard form (L) as follows.

Maximize
fX)=¢"%
subject to N
Ax=Db
and
x>0
with

Let M = {x e R" | (AX = b) (X >0)}.

I@?l
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);;Ke The Simplex Algorithm — Overview (2)

We know so far:

e M has at least one extreme point.

Any extreme point of M is a basic solution of (L) and vice versa.

(L) has at most (, ) basic solutions.

If there is an optimal solution of (L), then there is an optimal
solution of (L) that is a basic solution.

If M is nonempty and bounded, then there is an optimal solution
of (L).

It follows that (at least) if M is nonempty and bounded, there is a finite
algorithm that finds an optimal solution of (L).

|
| |

)

|
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);;Ke The Simplex Algorithm — Overview (3)

e The simplex algorithm consists of two parts, called Phase 1 and
Phase 2.

e The input of Phase 2 is a feasible basic solution.

e The simplex algorithm stops when either an optimal basic has
been found, or if it has been detected that the objective function

is unbounded on M. In the latter case there is no optimal solution
of (L).

» Phase 1 is needed only if there is no feasible basic solution known.

e Phase 1 consists in applying Phase 2 to an auxiliary LOP. Phase 1
stops when a feasible basic solution of (L) has been found or if it
has been detected that M is empty.

l@?l
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);;Ke The Simplex Algorithm — Phase 2 (1)

* Let x be a feasible basic solution of (L).

« Let T(X) C {d},...,d,) be amaximal linear independent set of column
vectors of A such that

X720 = Ek € T(?C))
(Note: Since rk(A) = m the set T(X) has m elements.)
e« LetB={ke{l,...,n}|a,€T(X)}and N ={1,...,n} \ B.

e If T(X) contains column vectors a; such that x; = 0, the basic
solution X is called degenerate, otherwise it is said to be non-degenerate.

|
l Sl
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);;Ke The Simplex Algorithm — Phase 2 (2)

 T(X) is a basis of the linear subspace generated by all column
vectors of A.
Thus, each column vector Ej can represented as a linear combination
of the elements of T (%), and this representation is unique:

—
aj = Ztk,jak.

keB

* Clearly,if j€ B, thent;; =1and t;; =0if k #j.

* Forje N letu; =) ycptyjcx and d; = uj —c;.

—»T—>

- Recall that the objective function f is given by f(x) =¢x
with € = (cy,...,c,) L.

I@?l
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L ”\9;';2 The Simplex Algorithm — Phase 2 (3)

Let p € R" be an arbltrary feasible solution of (L),
ie )i 1y1a1 —bandy>0 Then

b = Zxkak—zyzaz Z}’z Ztkzﬂk

keB =1 keB
—
= Z(Ztk,i%)ak
keB i=1

Since T(x) is linear independent we know that for all k € B

Xk = Ztkzyz Yk + Ztkzyz

ieN

I@?l
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A ”\9;';2 The Simplex Algorithm — Phase 2 (4)

Consequently, vy = xx — ) ;cn tk,iv; for all k € B.
We can now express f(v) = ¢! p as follows

n

'y = Zci?i

ic1

- Y anY e
keB ieEN

= ch(xk - Ztk,i})i) + Zci%’
keB ieEN ieEN

= chxk + Z(Ci - chtk,i)yi
keB ieEN keB

= ¢'x- Zdi}’i

1eN

I@?l
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);;Ke The Simplex Algorithm — Phase 2 (5)
We distinguish three cases:

Case 1: Itisd; >0 for all i € N.

Then f(X) > f () for all feasible solutions 7, i.e. X is an optimal solution.

In this case the algorithm stops.

Case 2: There is an index j € N such that d; <0 and #; ; <0 for all k € B.

Let a > 0. Then the vector z € R" with

Xk — Aty for k € B
Zx = o for k=
0 forke Nand k #j

is nonnegative, and: (see next slide)

|
l Sl
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T ;\9;';2 The Simplex Algorithm — Phase 2 (6)

.. 1s nonnegative, and:

n

A—»_ - — " = —
zZ= szak = Zxkak - Z k,j%% + aa; =

k=1 keB keB
- - — - - 7
= Zxkak —aa;+aaj = Zxkak =Ax =D.
keB keB

Consequently, Z is a feasible solution for all a > 0. Since d; <0,

lim f(z) = lim f(?c))—d]-a:oo,

a—>o0 a—00

i.e. the objective function f is unbounded from above on M.

In this case the algorithm stops.

I@?l
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);;Ke The Simplex Algorithm — Phase 2 (7)

Case 3 There is an index j € N such that d; < 0 and there is an index
¢ € B such that 4 ; > 0.

Let € = min{x;/t; ; | (k € B) A (t ; > 0)}. Clearly, € > 0.
Suppose that € = x,/t; ; and define z e R" by
Xk — €l j for k€ B
Zx = € fork =
0 forke Nand k #j
Similarly as in Case 2 it is not hard to see that Z is a feasible solution.

Furthermore, z;, = 0 and since tj # 0, the j-th column vector E]- of A
cannot be expressed as a linear combination of the column vectors in

S(X) \ {ag}.

Thus, Z is a feasible basic solution.

|
l Sl
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);;Ke The Simplex Algorithm — Phase 2 (8)

By d;<0and e>0,itis f(z) :f(Fc))—d]-e > f(X).
The algorithm starts over with the new feasible basic solution Z.

Special care is needed to avoid ‘cycling’.

One way to avoid cycling is to apply Bland’s rule (in Case 3 above)!

Bland’sRule :

 Let j=min{i e N | d; <0}.
* Let { =min{s € B| x,/t; ; = ¢}, with ¢ as above.
1: A proof that Bland’s rule indeed prevents cycling can be found in:

J.Matousek and B. Gartner, Understanding and Using Linear Programming,
Springer, 2006.

|
| |

)

|
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);;Ke The Simplex Algorithm — Phase 1 (1)

If the original LOP is given in standard from (L), and no feasible basic
solution is known, an auxiliary LOP can be used to find one.

The Auxiliary LOP

Minimize g (35; ?)) = ;'n:l Yi
subject to R

A feasible basic solution for the auxiliary problem is 7 = E, X=0.

Thus, the feasible set of the auxiliary LOP is nonempty.

|
l Sl
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);;Ke The Simplex Algorithm — Phase 1 (2)

Theorem 4
(a) The auxiliary LOP has an optimal solution (v*,%).
(b) The original LOP has a feasible solution if and only if 7* =

Proof:
(a) Since 7 >0, we have g(x,7) =Y., v; > 0.
Furthermore, the feasible set of the auxiliary LOP is nonempty.

It follows that the auxiliary LOP has an optimal solution.

(b) It is not hard to see that X = X is a feasible solution of the original
LOP if and only if X = X,y = 0 is a feasible solution of the auxiliary one.

A feasible solution of the auxiliary LOP with 7 = 0 is optimal because

—_ —
g(%,0) = 0 for all X € R". O
|
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Tk The Simplex Algorithm — Phase 1 (3)

R i 9etze

Remark.

If the original LOP is given in canonical form with b> 0,
then a feasible solution of the corresponding LOP in standard form

Maximize:
->T—=>
C' X
subject to
AX+1y
x>0
>0
can be obtained as follows:
—_
70,

Network Algorithms (WS 25/26): 03 — Optimization Methods

HEUTK - Simplex Tableaus (1)
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Consider a system of linear equations AX = b.

Recall from linear algebra that AX = b can be transformed into an
equivalent system of linear equations AX = b using the following

‘row operations’.

(1) Switching two equations.

(2) Multiplying one equation with a nonzero factor.

(3) Adding a multiple of an equation to another equation.

Here, ‘equivalent’ means that a Vectg
if and only if it is a solution of AX = b.

Network Algorithms (WS 25/26): 03 — Optimization Methods

—_
o € R" is a solution of Ax=1D

I@?l
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K Simplex Tableaus (2)

Now suppose, as above, that A € R™" with rank m, and beR™

> S
Let ?50 € IR" be a feasible basic solution, i.e. A?c)o =b, xg > 0, and the set
S(xo) = {a; | xo; # 0} of column vectors of A is linear independent.

Let T(X() 2 S(X() be a maximal linear independent set of column vectors
containing S(X,), B={i | 4; € T(Xy)},and N ={1,...,n}\ B.

Note that |B| = m because rank(A) = m. In order to simplify our notation
we assume henceforth that B={1,...,m}.

Using operations (1),(2), and (3), the system of linear equations AXx = b

—

can be transformed into an equivalent system of linear equations AX = b
such that the first m columns of A form an m x m identity matrix I.

Thus A can be written as (Ag, Ax) = (I, An).

Note that this implies that b =(xg)3.

|
| |

)

|
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TN Simplex Tableaus (3)

Let j € N and express the column vector Ej as a linear combination of
the column vectors in T(X;)
—_
=)t

keB

Let 17 € R" with
L, i fori=k
u; = -1 fOI' 1 Zj
0 else

- - -
Then Al =Y jcq . 4idi = Y gepty,jdx —a; = 0.

It follows that A% =3, as 6 does not change during the transformation.
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@;ﬁ Simplex Tableaus (3)

From the structure of A we see that

A

(AN)k,j = ti,i
for all k € Band j € N, because
L = (Aldn) = (IulAn)

and

|
n Sl
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@;ﬁ Simplex Tableaus (4)
Since
1 fork=1
ti =
' 0 else

for all i,k € B, it finally follows that (A); ; =ty ; for all k,j € {1,...,n}.

Now we extend the system of linear equations AX = b by appending the

equation ¢ x = z
A\s (D
P i
This system of linear equation is equivalent to
Ao (F
el |77\ 2

I
38
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TN Simplex Tableaus (5)

In this system of linear equations we add for each k € B the k-th equation

multiplied by —c, to the last newly appended equation ¢’ x = z.

We get N
AV (7
N
where
. 0 forieB
S Ier Y keB Ck i forie N
and

2:Z—chbk

keB
Note that ¢; — ) cpCktri = —d;
(see also “The Simplex Algorithm — Phase 2 (2)’)

I@?l
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@;;Ke Simplex Tableaus (6)

Producing a new basic solution (Case 3 on ‘The Simplex Algorithm —
Phase 2 (7)’) can now be described as follows.

Choose j € N such that d; <0.
Choose ¢ € B such that f;; > 0 and x,/t, ; is minimal.

If there are more than one candidate for j and ¢, respectively, apply
Bland’s rule.

Multiply the ¢-th equation by 1/t,; and then, add the resulting {-th
equation multiplied by —#; ; to the k-th equation for k € {1,...,m} with
k=¢.

Add the ¢-th equation multiplied by —¢; = —d; to the equation X =2

.o 2T—> .
giving ¢ x = 2.

|
| |

)
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e =Xample 4 (1)
g)(ownlﬁfgﬂ_ H . @ @
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WX Example 4 (2)
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; ”\9;2'22 The Complexity of the Simplex Algorithm

* There are examples where the Simplex Algorithm starting with a
specified feasible basic solution will pass through all vertices, and
the number of vertices is exponential in the number n of variables.

* Yet, in practice the Simplex Algorithm is a very efficient approach.
In many relevant cases, its running time is proportional to m+n.

e There are polynomial time algorithms for LOPs.
(Khachian, Karmarkar)

e There are polynomial time variations of the Simplex Algorithm
for special cases, e.g. single-commodity network flow problems.

I@?l
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Duality — Motivation (1)
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Duality — Motivation (2)
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THERTK - Dyality (1)

ochper
R ‘9etze

Let A R™" ¢eR", and b € R™.

Assume there are X € R” and y € R” such thatx >0 and y

and Ax < b.

Observation *

—
T <pTAX <37

>

—
0,

y'A

We rephrase this observation in terms of two LOP’s (P) and (D).
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THETK - Dyality (2)

ochper
R ‘9etze

The LOP (P):

Maximize

subject to

The LOP (D):

Minimize

subject to

N
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THEWTK Recall Some Facts

SRl
R ‘yetze
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(e, ) (m 1) = (em, 1)

|
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TENTK Duality (3)
Our initial Observation * now reads as follows.
Theorem 5 (Weak Duality Theorem (WDT))
(1) If?éo and ;0 are feasible solutions of (P) and (D), then Ix< fTE
(ii) If the objective function ¢! x of (P) is unbounded from above, then (D)
has no feasible solution.
(iii) If the objective function ng of (D) is unbounded from below, then (P)
has no feasible solution.
Remarks:
* (P)is called the primal LOP, (D) the dual LOP.
* Note that (i) holds especially for optimal feasible solutions of (P)
and (D), respectively.
e It is possible that both LOP’s, (P) and (D), don’t have feasible
solutions. .
' hd
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TREWTIK - Duality (4)

R ‘lyetze
Theorem 6 (Strong Duality Theorem (SDT))

(1) If there are feasible solutions of (P) and its objective function ¢’ X is
bounded from above, then (P) and (D) have optimal feasible solutions
x* and v*, respectively, and

7% = 370

(2) If there are feasible solutions of (D) and its objective function ?TE is
bounded from below, then (P) and (D) have optimal feasible solutions
X" and 7", respectively, and

|
| |

)

|
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ramence DUAILY ()

We want to give a proof of (1) of Theorem 6 using ideas from the simplex
algorithm. The proof is a modification of the one given in the book by
Gartner and Matousek!.

To this end we recall some of the facts we already know.

(a) If the objective functjon of (P) ¢T% is bounded on its feasible set
M = {53 e R"| Ax < b,X > ?ﬂ and M = (), then (P) has an optimal
solution.

(b) (P) has an optimal solution X* if and only if the standard form
LOP (P) (see next slide) has one.

(c) If (P) has an optimal solution, then it has an optimal basic solution
too.

1: J.Matousek and B. Géartner, Understanding and Using Linear Programming,
Springer, 2006.

|
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TEEWTIK - Transforming P

R 'yetze
A
(?)
T
Mak C X . -
¢.t.| [Q+2 = b
> :
ST =Y (£
MK ( cl'ufo 2
- T
- X L
ot (A7) (E)=b
-;l—'\
Py
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HENX Duality (6)

The LOP (P)

Maximize
2T
¢ X
subject to
2T 2>
AxX=b, x>0
with

l@?l
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e Duality (7)

Next, we need to reformulate the optimality criterion for basic solutions
of (P).

Let % be a feasible basic solution of (P).

We let Ag be the matrix consisting of the columns of A forming the
basis corresponding to % and A n the matrix consisting of the remaining
columns.

Likewise, we write hB and hN for the vectors consisting of the entries of
a vector h € R™" correspondmg to Ag and Ay, respectively.

Thus, Ah = ABhB +ANhN-
Let ;be a feasible solution (P).

Note that A is an invertible m x m-matrix.

I@?l
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e Duality (8)

— -
Since £ and 7 are solutions of (P) we know
—_

E = Aa@ = ABXAb = AB;B +AN;§N'

Hence,
e e ALl A R
Yp=Xp—Apg ANDN
and
T2 2T 2 A1 r 2 2T2 2T 2T T A1+ 2
¢V =Cp(Xp—Ap ANDN)+ NV = CpXp+(EN —CBAR AN)DN

. 2T3 ‘*T
Since ¢” X = (g Xp it follows that % is optimal if and only if

T 2
(én - ERAZ ANy <0
for all feasible solutions ; of (P). Because 5 >0, we finally get that %is
optimal if and only if

|
| |

)

|
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e Duality (9)

‘1%

Since ¢ Ag Ap = ¢g the inequality CBA Ay > E{, is equivalent to

2T A1 4 _ 2T A-1, 4 4 2T 3T A-1 2T 3T\ _ 2T
Cp BA:CBAB (A A ) (CB,CBA AN)Z(CB,CN):C .
We recall that ¢© = @T, 0Ty and A = (A, ).
Hence, é};A,;lA > ¢l s equivalent to ?EA;A > ¢! and CBA >0oT.

Thus, we have proved the following proposition.

Proposition 1

A feasible basic solution P of (P) is optimal if and only if

A

BA ‘A >2T and ¢ AI_S >57

I@?l
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e Duality (10)

Now we are ready to prove assertion (1) of Theorem 6 (SDT).
Proof.

If (P) is feasible and bounded, it follows from (a) that (P) has an optimal
solution.

By (b) and (c) it follows that (P)has an optimal basic solution 3
We let u! = ?};A;.

By the above proposition # is a feasible solution of (D).

Recall that ;gB = A;Z.

Hence, > 2o 12 e

- A
iTh=2¢L BAp lh=éptp=0¢"2=7"'%
—_

u

By the WDT it follows that 17 is an optimal solution of (P).

O

I@?l
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TREWTIK - Duality (11)

R i 9etze

The following ‘Dualization Recipe’ is taken from the book by Gartner
and Matousek?.

Primal LOP Dual LOP
Variables X1, X0,y Xy V1, Y20 Vi
Matrix A AT
Right hand side b c
Objective function max ¢! x min?‘r?
Constraints ith constraint has < y; =0
ith constraint has > v; <0
ith constraint has = v, €R
x; >0 jth constraint has >
x; <0 jth constraint has <
x; € R jth constraint has =

3: J.Matousek and B. Gértner, Understanding and Using Linear Programming,
Springer, 2006.

|
| |

)

|

Network Algorithms (WS 25/26): 03 — Optimization Methods 61

TEEEMATIK

reveneze Branch and Bound — The Basic Algorithm Idea (1)

U  The idea of branch and bound methods

O Consider a (hard to solve) optimization problem

minimize f(x) subjectto x e M (1)

O Associate a relaxed optimization problem
minimize g(x) subjectto x € R (2)

such that
" MCR,
® |f x € R, then g(x) = f(x), and
B (2) can be solved efficiently.
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TELEMATIK

raveseze Branch and Bound — The Basic Algorithm Idea (2)

O Recall:

— An optimal solution for (1) is an element x’of M such that f(x) = f(x) for all
x in M (likewise for (2)).

O Claim 1:
a) If y"is an optimal solution for (2), then f(x) = f(y’) for all x in M.
b) If y"is an optimal solution for (2) and y"' € M, then y” is an optimal solution

for (1) too.
O Claim 2:
- LetM =M, U M, be a partition of M, and let x’, be the optimal solutions
for the OPs
minimize f(x) subjectto x, € Mx (1)
with k € {1, 2}.

— Then argmin,{f(x’,), f(x’,)} is an optimal solution for (1).
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TEEEMATIK

rneeze Branch and Bound — The Basic Algorithm Idea (3)

I@?l

O Let R be a nonempty subset of R, and consider the optimization problem
minimize g(y) subjectto yeR (R).
Q If (R’) has a solution, then SOLVE(R’) returns a pair (y*,g(y’)) consisting of

an optimal solution y of (R’) and the corresponding value g(y’), otherwise
SOLVE(R’) returns (nil, ).

Q If SOLVE(R') yields an optimal solution y* ¢ M, then BRANCH(R’, y)
returns two disjoint subsets R’,, R’, of R’such that

MAR=MANR,)uUMn R,
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TEEEMATIK : '
rereneze Branch and Bound — Iterative Implementation

" L {R};best— oy, nil /l initialization
" while L # & do
begin
choose B € L; I/ according to a specific rule

(v, 9(y)) < SOLVE(B);
if (y" € M) and (g(y") < best)) then {
best— g(y’);

Yoost & ¥
remove B from L; }
else {
if (9(y’) = best) then remove B from L; // bounding
else { /I branching

remove B from L;

(B,, B,) — BRANCH(B, y);

L— LU{B, B}, }}
end
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TEEEMATIK : '
rerereze Branch and Bound — Recursive Implementation

B A—M; B~ R;best—=;y, ., nil; /I initialization
®  procedure BB(A,B,f,9)
begin
(v".9(y)) < SOLVE(B);
if (' € A) then{
if (9(y") < best) then {
best — g(y'); Yoo < ¥ return; }}

else {

if (g(y’) = best) then return; /I bounding

else { Il branching
(B,, B,) — BRANCH(B, y’);
BB(A, B, 1, 9);
BB(A, B, 1, 9);
return; 1}

en
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T

R f’}l’!ﬁ Branch and Bound — Termination and Complexity

0 Remarks:

O Branch and Bound yields an (exact) optimal solution provided
there is a constant K (depending on the input) such that all
subproblems obtained after at most K repetitions of BRANCH
either have no optimal solution or their optimal solutions are in M.

Q Branch and Bound is not (necessarily) efficient — in the worst case,
all possible combinations of integer values for the components x; of
vector x will be tried.

|
" Sl
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TRCEMATIK .
reveseze Branch and Bound for Mixed Integer Problems (MIP)
O Consider the MIP (1)
minimize  f(x) =c x
subjectto Ax= b,
x 20, and
x;is integer for all j € /
where x=(x, x),b20,Ae R™hasrankm=<n,and/ C {1, ..., n}
O Choose as relaxed problem the LOP (2) (called LP-relaxation)
minimize  f(x) =c x
subjectto A x =Db,
x=20
where X=(X1,....,X,),bz20,and A € R™" hasrank msn
|
" Sl
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; ;‘92:2 Branch and Bound for MIP

O SOLVE can be any method to solve LOPs (e.g. the simplex algortihm)

Q If (v, g(y))) is an optimal solution where y’, is not an integer (with k being the

smallest such index), then BRANCH(B, y’) augments new inequalitities to B,
l.e.

BRANCH(B, y) = (B, B,)

where
B,={y € Bly, =ly\l}
B,={y € Bly, 2|yl }

Notation: | y", | is the greatest integer not greater than y’, and
[ V.| is the smallest integer not smaller than y’,

I@?l
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E@l’i Cutting planes for MIP

Consider:

O The MIP (1)
minimize f(x) =cx
subject to x e M={x|Ax=b,x20,and x; is integer forall j € /}
where x=(x,..,x)and/ c {1, ..., n}

O ts LP-relaxation (2)

minimize f(x) =cx
subject to xe R={x|Ax=b,x20}
where xX= (X, ..., X,)
|
I
l Sl
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TRCEMATIK

rerereze Gutting planes for MIP

Q  Avalid cut for (1) is an equality d x < g such that
" Ix]Ax=b,x20,dx<qg}#Rand
" {x|Ax=b,x20,and xisintegerforallj e /,dx<q}= M.

O OQutline of a cutting plane algorithm

begin
B~ R;
(v".9(y)) < SOLVE(B);
while (y* M ) do
begin
compute a valid cut d x < q for B;
B—{xeB|dx<q}),
(v",9(y)) — SOLVE(B);
end;
end

I@?l
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E@lﬁ Cutting planes for MIP

Q  There are two kinds of cuts:
B problem specific ones (e.g. for the knap sack problem), and
B general purpose ones (Gomory cuts).

O Gomory cuts (here explained for | = {1, ..., n})

m Let x=(x, x,)be a basic solution of the LP-relaxation such that
x; is not an integer (i smallest index if multiple such indices exist).

® Then x; is a basic variable and from the simplex tableau we know that

X; +2 ajX = b (a)
® Equation (a) implies
x, + Tlalx - 1b] =b;- 1b] - X (ay-lasl) X, (b)

Note that here a; and b; are the values in the tableau after the
computation of x, not the values of the original matrix A or vector b

I@?l
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E@QE Cutting planes for MIP
QO For any point x € M the right hand side of (b) is less than 1, and the left hand
side is an integer.
U Consequently,
b- bl - X (aj-la)x, <0 (c)
for any pointx € M

Q  Furthermore, for the original basic solution x = (x,, ..., x,) it holds that
b, - 1bl - X (a;-lasl)x, = b;-1b]

(because all non basic variables x; = 0), and it is not an integer (because x;
and so also b; is not an integer), and therefore

b;- bl - X (a;-lagl)x = b,- Lb] >0
i.e. (c) excludes x
QO Hence, the inequality (c) is a valid cut, and it is called a Gomory Cut.
QO Note: to yield standard form again, a new slack variable x,.1 will be introduced
-Xne1 + 2 (@j-lagl) x, = b,- |b]
Xn+1 IS integer

|
| |
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{@;ﬁg Conclusions

O Linear Optimization Problems (LOPs) consist of

0 finding an optimal (minimal or maximal, respectively) solution to a linear
objective function under a set of linear constraints for their variables

O The simplex algorithm can be seen as a clever application of repeated
Gauss-Jordan transformation, used to solve LOPs

0 In most practical applications, its time complexity is linear in
m = # of constraints and n = # of variables

0 In the worst case, it can lead to exponentially growing running times

0 There are other algorithms that can guarantee polynomial time complexity
O (Linear) Mixed Integer Problems

0 have additional integer constraints for some of their variables x;, and

0 can thus not directly be solved with a solver algorithm for LOPs
O Methods like “Branch and Bound” as well as “Cutting Planes”

0 perform repeated iterations of a solver algorithm on relaxed problems (= without
integer constraints),

0 while adding additional constraints for cutting out solutions that violate the
integer constraints,

0 until they find an optimal solution that fulfills all integer constraints
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