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ABSTRACT

ARTICLE HISTORY

The physical complexity and the large number of degrees of freedom that can be resolved today by direct numerical simulations of
turbulent flows, and by the most sophisticated experimental techniques, require new strategies to reduce and analyse the data so
generated, and to model the turbulent behaviour. We discuss a
few concrete examples for which the turbulence data have been
analysed by machine learning tools. We also comment on work in
neighbouring fields of physics, particularly astrophysical (and astronomical) work, where Big Data has been the paradigm for some time.
We discuss unsupervised, semi-supervised and supervised machine
learning methods to direct numerical simulations data of homogeneous isotropic turbulence, Rayleigh-Bénard convection, and the
minimal flow unit of a turbulent channel flow; for the last case, we discuss in some detail the application of echo state networks, this being
one implementation of reservoir computing. The paper also provides
a brief perspective on machine learning applications more broadly.
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1. Introduction
Machine learning algorithms, in particular those that apply deep (convolutional) neural
networks [1–5] have changed our everyday life (e.g. crowd-counting, recommendations
in WebPages, Netflix or Amazon). Much of this change has come from the meeting of
Artificial Intelligence (AI) and Machine Learning (ML). While ML is sometimes regarded
as a subset of AI, there are some differences in usage. AI mimics natural intelligence to solve
complex problems and enables decision making; efficiency is not its main driver, and it is
an intelligence capability which we want to build into all machines. Machine learning, on
the other hand, is about improving and maximising performance by means of self-learning
algorithms. Both of them require large databases from which to learn: the more the highquality data that becomes available, the better the results – hence the close connection of
AI and ML to Big Data. This revolution has been spreading to turbulence research and
neighbouring fields such as astrophysics, atmospheric physics and climate science. This
article is a brief assessment via some examples with which the present authors have been
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involved. It is not a comprehensive account of possible directions or a full-fledged review
of existing work but does attempt a few general remarks.
In turbulence, much of the research work is about detecting patterns and correlations.
Our thinking of the physics of turbulence and how we teach it to students is dependent
on these patterns and correlations, and their interactions with each other. The patterns
may be geometrical (large-scale coherent structures, ‘worms’ in the vorticity field, etc) or
statistical (e.g. the so-called 4/5ths law, Lagrangian tetrads, etc). From the 4/5ths law has
been created a whole phenomenology of energy cascades and inter-scale interactions; the
tetrads tell us something about the how vorticity vector is aligned with the rate of strain.
Another example is the pressure/rate-of-strain correlation which contains an important
lore of ideas about the directional isotropization of turbulent energy.
The role of Big Data and its nexus with AI and ML in turbulence is somewhat different
from what is happening in the Big Data world. Much of the latter is about organising the
data, processing it, classifying it, reducing it and marketing it. The focus is usually not on
‘physical understanding’ – which remains to be one of the professed goals in turbulence;
scientific insights cannot be obtained from massive amounts of data without digesting them
through proper analysis. It is conceivable that we may at some future time be able to teach
a turbulence course rooted mostly in the data, but it is not clear that data can supplant
concepts. In the world of complexity at large, within which turbulence belongs, our contention is that understanding is a premium entity; patterns and correlations help us get
there. Modern computing and experimental systems possess the speed, power and flexibility needed to quickly access massive amounts of data, creating such issues as storage,
retrieval and post-processing, etc; turbulence research shares these issues with all Big Data
problems.
In turbulence research, the primary focus in the last few years has been the exploration
of new routes to parametrise unresolved scales in complex flow configurations at high
Reynolds numbers, which still remain inaccessible [6–11]. Some examples are stated here
for concreteness.
(1) As already mentioned, turbulence is replete with statistical laws and correlations
(anomalous dissipation, spectral power laws, log-law, etc); most of the ones we
know now are obtained by inspiration and belaboured data analysis, whose solidification sometimes lingers on for decades. We have created concepts such as energy
transfer across scales, triad interactions, cascades, the existence of an inertial range,
multifractality, etc., but that phenomenology can be explored more accurately and
more readily by ML methods. Those types of analysis can be automated, and the
data can be queried more extensively and with less bias. Intense labour can be
relegated to machines.
(2) New statistical laws will almost certainly be discovered. Some examples of recent
vintage are the role of shape fluctuations in describing anomaly for Kraichnan’s
model [12]; the area rule for circulation and the role of minimal surfaces [13]; and
the connection between ramp-cliff structures and incomplete mixing [14].
(3) Turbulence requires closure because of its strong nonlinearity. This means that we
are interested in the interrelationship between quantities. In the past, we have modelled them using our preconceived notions (as with pressure/rate-of-strain models)
and examined averages, but we should almost certainly look for correlations at a
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deeper level. Data sizes of real turbulence problems are very large, though typically
long time-series can be obtained only in experiments (with their own attendant
limitations). The new quality of ML methods is that one was earlier limited only
to few variables while now higher-dimensional information can be extracted. The
addition of physical invariance properties of the flow as in Ling et al. [6] leads to
more accurate models (also probably to better physics). A comparison conducted
by Fang et al. [15] showed that the model of Ling et al. [6] outperforms the classical linear and quadratic eddy viscosity model. Sotgiu et al. [16] demonstrated that
feed-forward neural network can be employed in flow with heat transfer where the
network is used to find model coefficients in algebraic scalar flux models. Maulik
et al. [17] tackled the turbulence modelling hypothesis in an LES framework differently. They devised a data-driven strategy to dynamically switch between structural
or functional models, from a priori experience for the closure-modelling.
(4) Extreme events and their structure, especially the interrelationship between real
space and spectral space, the relation between geometrical shapes and their functions. The important task of discovering the relation between geometry and
statistics can be accomplished much better via ML methods.
As the scientific community generates vast amounts of data with great effort and
expense, every day by experiment and simulations, as well as observations, in turbulence,
space missions, cosmology, particle physics, material science, many-body problems, etc.,
more and more exciting avenues will be open to us. One such example is the potential to
discover habitable exoplanets and exomoons. Machine learning and AI tools allow us to
interrogate the data more fully.
Machine learning can be classified into three big categories – unsupervised, semisupervised and supervised machine learning [5,18]. Unsupervised machine learning
extracts features in (high-dimensional) data sets without pre-labelled training data.
These techniques are established already and known for decades. They comprise, for
example, clustering such as the k-means or spectral clustering and dimensionalityreduction techniques, such as the well-known Proper Orthogonal Decomposition (POD)
[19] or Dynamic Mode Decomposition (DMD) [20]. The new element is the enormous amount of data that can be handled now. In contrast, supervised machine
learning requires labelled data for the training of the ML algorithm. Needless to say,
semi-supervised learning combines aspects of supervised and unsupervised learning
methods.
In the following, we will discuss some applications to turbulence which involve example cases from these three ML methods. We start with unsupervised and semi-supervised
learning in the next section. Section 3 will be concerned with supervised learning cases –
the focus of this work. The first example stands for a sophisticated pattern analysis in an
extended turbulent convection flow, and the second example is a recurrent neural network
that provides an equation-free model for the prediction of the dynamical behaviour of the
flow. Furthermore, we shed some light on difficulties in using standard ML methods for the
detection of extreme events in turbulent flows. Our examples include examples of turbulent convection problems. Section 4 builds a bridge to ML in astrophysics and astronomy
that have been facing the analysis of big data for many years. The work concludes with a
brief summary and outlook.

4

S. PANDEY ET AL.

2. Unsupervised and semi-supervised learning
Unsupervised algorithms are used to perform cluster analysis, dimensionality reduction, visualisation, and so forth, as discussed above. Applications of semi-supervised ML
to three-dimensional turbulence comprise the use of Generative Adversarial Networks
(GANs) [5] to learn statistical properties of turbulent flows. GANs combine two competing neural networks. The first one, termed (convolutional) generator network, produces
synthetic turbulence samples which are compared by the (convolutional) discriminator
network, the second network, with the training data coming from DNS (or experiment, in
principle). This iterative interaction between both networks proceeds as long as it takes for
the discriminator to become insensitive to the differences between the synthetic data and
the real data. We highlight applications for each case here.
Lagrangian trajectories in turbulent thermal convection: In Schneide et al. [21], unsupervised machine learning techniques in the form of spectral clustering were applied to
three-dimensional turbulent thermal convection in a large-aspect-ratio domain to analyse the time evolution of an ensemble of Lagrangian particles. To this end, the individual
trajectories were composed into a network and their connection to the large-scale organisation of the convection flow at hand – termed turbulent superstructures of convection [22]
– was studied. The set of individually advected Lagrangian particles at an instant of time
was considered as an undirected graph. The vertices of the graph were connected by edges.
The dynamical histories of the Lagrangian particle ensemble up to a certain time were then
encoded into the weights which are assigned to each edge. These weights were calculated
as the inverse of a time-averaged distance of mutual tracer trajectories and set to zero if
this distance exceeded a threshold [23]. This is the graph sparsification step. By solving a
balanced cut problem via an equivalent generalised eigenvalue problem of the Laplacian
matrix of the graph [24], the network was decomposed into k subgraphs or clusters. The
clusters of the graph so obtained were then related to large-scale patterns of convective flow
obtained in the Eulerian frame of reference.
Standard turbulent statistics in homogeneous isotropic turbulence: Convolutional GANs
have been applied recently to homogeneous isotropic box turbulence by King et al. [25].
The authors fed into their scheme two-dimensional slices of three-dimensional data from
the Johns Hopkins turbulence data base [26] and achieved reasonable agreement of the
output in terms of energy spectra, probability density functions of velocity gradient tensor
components, and the anomalous scaling exponents of velocity increment moments in the
inertial range. Recall that this is a static method and ignores all dynamical evolution of
the turbulent flow. Improvement can be made (as was discussed in [25,27]) by utilising
supervised ML algorithms that incorporate dynamical information; this is described in
the next section.
In summary, unsupervised and semi-supervised learning algorithms can be used to
extract new knowledge from existing datasets and facilitate new discoveries. It is clear that
we have merely scratched their potential at this stage.

3. Supervised learning
Supervised ML is used to uncover relationships between a set of measurements and the target variables. It can describe very complex nonlinear relations between measurements and
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the target variables and is superior to traditional algorithms based on fitting of predefined
models. Supervised ML makes use of the fact that it is often easier to train a system, such
as a deep convolutional neural or an echo state network in the present case, with a number of labelled examples of an intended input-output behaviour, than to develop a specific
computer programme to provide the correct answer for all possibilities. In the following
section, we provide three examples of supervised ML algorithms for different tasks.
3.1. Pattern analysis in turbulent Rayleigh-Bénard convection flow
In Fonda et al. [28] we presented an application of a deep convolutional neural network
(DCNN) to extract large-scale patterns in a turbulent and horizontally extended RayleighBénard convection (RBC) system. Specifically, our goal was to quantify the importance of
turbulent superstructures in the heat transport. Turbulent superstructure describe a largescale organisation of convection into patterns with a horizontal extension larger than the
layer height. They evolve only gradually with time. It has been thought that they form the
backbone for the turbulent heat transport [22]. These physical insights into the turbulent
transport mechanisms in the convection layer were used to pre-process the data that enter
the neural network. For example, it is well-known that local maxima of convective heat
flux coincide with local minima and maxima of temperature fluctuations – a property that
remains robust across the whole bulk height.
We analysed data records obtained in a Cartesian domain of aspect ratio 25H: 25H:
H, where H is the convection layer height. The Prandtl number of the fluid was Pr = 7
and the Rayleigh numbers were Ra = 105 , 106 and 107 . We trained a DCNN to reduce
the three-dimensional temperature field to a temporal planar network in the mid-plane
of the convection layer, as illustrated in Figure 1. The resulting planar network is used to
quantify the turbulent heat transport carried by the superstructure. In ref. [28] we also
showed that the network performs better as a standard edge detection method. Defect
points (indicated in the figure) disappear and form new connections with time; they are
the ‘hot spots’, or the points of locally enhanced heat flux. It was shown that the fraction
of heat carried by the superstructure decreases as the Rayleigh number increases; and that
an increasing amount of heat is carried by the small-scale background turbulence rather
than by the coherent large-scale superstructures of convection. Since the area fraction of
the ridge network also decreases with increasing Rayleigh number, the network as a contributor to the turbulent heat transfer remains intact if normalised by the area it occupies.
Figure 2 demonstrates the extraction of ridge patterns by the deep neural network (see
panels b,d), even though the data were quite noisy for the highest Rayleigh number (see
panels c,d).
The DCNN applied here is the U-net [29] that combines a contraction path of a
standard convolutional neural network [5] with a subsequent expansion path of concatenations and up-convolutions that finally create a detailed segmentation map. This specific
architecture is essential for the present application of a large-aspect-ratio RBC because
it requires small sets of manually annotated data for training purposes. The slow evolution of the superstructures in the large-aspect-ratio domain would otherwise require
extremely long simulations of the full RBC flow, over a few tens of thousands of convective
time units, to obtain an appropriate amount of independent training data, as discussed by
Pandey et al. [22].
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Figure 1. The workﬂow scheme illustrates data reduction for three-dimensional convection ﬂow snapshots to the planar network. Data compression is by more than a factor of 100,000 for the largest Rayleigh
number considered here, from a sequence of fully resolved three-dimensional snapshots of the temperature ﬁeld to a ridge pattern that stands for the regions with the on average largest convective heat ﬂux
across the layer. In the right panel, defect points in the network are indicated: open circles for wedge
points which are the end points of the ridges, and open square for defect points marking the merger of
two ridges.

Figure 2. Symmetrized temperature (x, y) as input (a,c) and ridge network as output (b,d) of the Unet, for Rayleigh numbers Ra = 105 in (a,b) and 107 in (c,d). All data are for a Prandtl number Pr = 7. For
the lowest Rayleigh number, we highlighted the defect points; open circles show wedge points at the
end of a ridge and squares show trisector points. Input data to the U-net is the symmetrised temperature
ﬁeld in the midplane, given by (x, y) = |T(x, y, z = 1/2) − 1/2|, as shown in panels (a) and (c).

Figure 3 demonstrates the ability of the DCNN to extract ridge patterns at different
Prandtl numbers. We display cases at Ra = 105 and Pr = 0.7 (top row) and 0.021 (bottom
row). This generalisation can be obtained when additional augmentation methods of the
training data are used, such as the addition of noise. We have also combined data from
different simulations in the training [30]. It can be seen in panels (c) and (f) of the figure
that the ridge patterns become more fragmented and reveal many details, particularly for
the lower Prandtl number data in the bottom row. Although surprisingly robust, our datareduction method approaching a simple dynamic network will reach its limits, especially
for convection data which are characterised by strong fluid inertia.
A possible continuation of this analysis is to build a network-based reduced dynamical
model that provides time series for the heat flux and its fluctuations across an extended
convection layer.
3.2. Statistical prediction in simple turbulent shear flow
To examine the potential of neural networks for the prediction of turbulent dynamics
of shear flows without a detailed use of the underlying dynamical equations, we have
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Figure 3. Ridge extraction for data at diﬀerent Prandtl numbers. (a) Pr = 0.7 and (d) Pr = 0.021. Panels
(b) and (e) show the direct U-net output, and panels (c) and (f) the conversion into binary ﬁles. Both data
records were obtained for Ra = 105 and aspect ratio of 25:25:1.

extended recent investigations of Srinivasan et al. [31] in a simple shear flow consisting
of a 9-mode Galerkin model of Moehlis et al. [32]. The velocity field is given by u(x, t) =

9
k=1 ak (t)uk (x). The modes uk (x) prescribe the spatial dependence of the important
building blocks of the near-wall flow and the 9 real expansion coefficients ak (t) govern
their dynamics. The model, which is also known as the minimal flow unit of a turbulent
shear flow, stands for a cycle of coherent structure formation as supposed to be present in
every shear flow: the non-normal amplification and transient growth of perturbations in
the mean profile in the form of streamwise vortices, the formation of streamwise streaks
and their instability and breakdown, and the reformation of streamwise vortices by nonlinear interactions [33,34]. With these 9 modes, instantaneous velocity fields can be obtained
by Galerkin projection in a domain Lx : Ly : Lz = 4π H : 2H : 2πH with periodic boundary conditions in the streamwise and spanwise directions, x and z, respectively (see also
Figure 4). Free-slip boundary conditions are applied in the wall-normal direction, y.
Rather than integrating the nonlinear Galerkin model so obtained, written for a given
Reynolds number Re as
dak
= Fk (am , t; Re)
dt

with Re =

U0 d
2ν

and

k, m = 1, . . . , 9,

(1)

the objective is now to substitute (1) by a neural network such that one can bypass the solution of the Galerkin model. For this particular study, 100 time series with 4000 time steps
in each series result in total of 400,000 unique data points that were used to train three
different neural networks. We tested subsequently the networks so trained on a completely
new and unseen time-series to assess the generality and robustness of the models. In addition to a multilayer perceptron (MLP) – a standard DNN – and a long short-term memory
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Figure 4. Snapshot with iso-contours of the streamwise velocity ﬂuctuations highlighting the low- and
high-speed streaks, which are the characteristic coherent structures in this ﬂow. The ﬂow Reynolds number is Re = U0 d/(2ν) = 400, where d = 2H is the distance between the walls and U0 is the amplitude
of the sinusoidal laminar ﬂow.

(LSTM) network [35] – a recurrent neural network (RNN) – both of which have been
examined already by Srinivasan et al. [31], we focussed on an implementation of reservoir
computing in the form of an echo state network (ESN) [36–39].
Similar to the other RNNs, the ESN has an input and an output layer, in our case the
9-dimensional state vectors ain (t) and aout (t), respectively. Instead of several hidden layers,
the input layer is connected to a state vector in the reservoir by r(t) = W in ain (t) with the
randomly initialised N × 9 weight matrix W in and N  9. A typical reservoir dynamics
in the training phase is given by
r(t + t) = (1 − α)r(t) + α tanh(Ar(t) + W in ain (t) + ξ 1).

(2)

Here, A is the reservoir – a randomly initialised N × N sparse matrix, α the leakage rate,
and ξ 1 a bias vector containing a chosen constant ξ in each component. While matrices
W in and A remain fixed in the training procedure, the output 9 × N weight matrix, which
is defined via aout (t) = W out r(t) + c with bias c, is updated by a standard optimisation
procedure leading eventually to W ∗out and c∗ . In addition to the training without expensive
back-propagation in a multi-layered convolutional network, reservoir computing methods
thus provide a high-dimensional dynamical system that is driven close to instability with a
spectral radius ρ(A) ≤ 1. Once the training at the output layer is completed, the dynamics
is given by


r(t + t) = (1 − α)r(t) + α tanh Ar(t) + W in (W ∗out r(t) + c∗ ) + ξ 1 .
(3)
Table 1 shows the ESN parameters used for our subsequent analysis, compared to the other
two configurations.
All three neural networks (MLP, LSTM and ESN) are trained locally with 100 time series,
each of them containing 4000 time steps (overall 400,000 data points for each mode).
Depending on the specific network, the input dimension can differ. Table 2 summarises
the optimised models in terms of training and validation loss in the training phase. Here,
the word loss refers to the mean-square error between the actual and predicted values. All
three models achieve an acceptable level of training and validation loss, which suggests that
the models are well-trained and do not suffer from overfitting. Computationally, MLP is
the most expensive method for this problem due to large input dimension combined with
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Table 1. Details on the optimised multilayer perceptron (MLP), long short-time memory (LSTM), and
echo state (ESN) architectures for the 9-mode model by Moehlis et al. [32]. In case of the ESN, we took
a spectral radius ρ(A) = 1.0 and a density of active nodes in the reservoir of D = 0.2. Ridge regression
involves a regularisation term that is added to the cost function. In the present case it has a prefactor of
5 × 10−2 .
Parameter
Input dimension
Output dimension
Hidden layers
Neurons in hidden layers
Reservoir nodes
Activation function
Optimization Algorithm
Counter overﬁtting strategy

MLP

LSTM

ESN

4500
9
4
90
–
Hyperbolic tangent
Adam [40]
Early stopping

90
9
1
90
–
Hyperbolic tangent
Adam [40]
Early stopping

9
9
–
600
Hyperbolic tangent
Ref. [39]
Ridge regression

Table 2. Summary of training and testing results of the three compared neural networks.
Network

Training loss

Validation loss

Training time (minutes)

E(ux ) (%)

E(ux ux ) (%)

E(ux uy ) (%)

MLP
LSTM
ESN

2.0 × 10−5
2.8 × 10−8
2.0 × 10−7

3.1 × 10−5
3.6 × 10−8
2.4 × 10−7

O(102 )
O(101 )
O(100 )

12.24
1.01
3.96

19.95
6.64
22.33

2.94
0.90
0.98

large number of hidden layers. LSTM achieves the lowest loss for both training and test
datasets. Also, the training time is less compared to MLP. However, ESN outperforms both
MLP and LSTM in terms of the training time. The training of the ESN takes a fraction of
a second on normal computer while LSTM training needs a couple of minutes with our
current training size. We recall that the present problem is small with respect to the training data size compared to a typical turbulence problem. We therefore expect that the ESN
will perform better for a system with much larger number of degrees of freedom than the
9 chosen for the present case.
After the training procedure, we performed predictions by utilising a new time series
that is not used during the training phase. These new series (ground truth) are then fed to
the network to start the prediction from trained models. For instance, we need data for at
least 500 time steps in each series to start a prediction in an MLP. This number is smaller in
the LSTM case with only 10 time steps due to its inherent internal memory and feedback.
In contrast, ESN needs only ak (0) to start its prediction. A comparison of the predictions of
a1 and a9 is shown in Figure 5. A visual inspection suggests that trained models are not able
to recreate the exact trend of modes, and the mean-square error is higher than the training
loss. However, the overall result is very close to the actual data, i.e. all three networks give a
nonlinear dynamics that is close to the ground truth. The reason for the remaining disparity
is the highly chaotic nature of the model, which implies a sensitivity with respect to small
round-off errors. Since our aim is to recreate the statistical properties of this dynamical
system, we compare the mean and fluctuation profile of velocity components to quantify
the error. Therefore, after the prediction, the velocity fields were reconstructed by means of
the Galerkin model. We recreated 400,000 data points for the velocity vector in the physical
domain of 20 × 20 × 20. This domain and the field are further used for obtaining the mean
velocity and Reynolds shear stress. The normalised average relative error in the ground
truth (GT) and the predicted value (PR) is calculated following ref. [31]. For example, for
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Figure 5. Comparison of predicted time series for the expansion coeﬃcients obtained from the three
neural networks, MLP, LSTM and ESN, with ground truth (GT). (a) a1 (t) versus time t (b) a9 versus t. The
model was trained with 400,000 data points and results are from a blind test for one of the time series
with 4000 steps.

the mean streamwise velocity profile, this error is given by




E ux (y) =

1
2 maxy∈[−1,1] (|uGT
x (y)|)



1
−1



 GT

ux (y) − uPR
x (y)dy.

(4)

Figure 6 illustrates the mean streamwise velocity profile and Reynolds shear stress profile in the wall-normal direction along with the profile for streamwise and wall-normal
fluctuations. One can clearly notice an excellent prediction capability of LSTM and ESN
on the blind data set in the first and second order statistics. However, none of the three
models accurately predicts the streamwise fluctuation while the agreement for wall-normal
and spanwise fluctuation is excellent, as depicted in Figure 7. The error, quantified by
Equation (4), is shown in Table 2. LSTM achieves the lowest error in the prediction of
mean velocity and Reynolds shear stress followed by ESN. The reduced training time, the
dynamical-systems nature of the reservoir, and the higher accuracy and the robust framework favour however to our view ESN among the three methods. We believe that the error
can be further reduced, e.g. with a deep ESN network.
The dynamics of the reservoir of the ESN is determined by several parameters, the spectral radius (ρ), the leakage rate (α), number of reservoir nodes (N) and density of active
nodes in the reservoir (D). Therefore, we also made an attempt to unveil their effect on
this particular problem. Figure 8 shows the variation of the normalised relative error as
a function of the reservoir parameters. An increase in the number of reservoir nodes or
the density of active reservoir nodes may bring down the training loss, but the normalised
relative error can increase after a minimum, indicating the possibility of overfitting (see
Figure 8(a and d)). Similarly, very low leakage rates or a high spectral radius can lead to
overfitting. In this work, the dynamical reservoir was initialised with an internal weight
matrix randomly, and stayed untrained. Different initialisation strategies can be employed
such as Sparse and Orthogonal Reservoir Matrices (SORM), CyclicSORM, Ring of Neurons and Chain of Neurons [41] to improve the dynamics of reservoir. To summarise, we
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Figure 6. Comparison of predicted values from MLP, LSTM and ESN with the ground truth (GT) for (a)
mean streamwise velocity component proﬁle and (b) Reynolds shear stress proﬁle. Data are obtained
from an average in streamwise and spanwise directions in combination with time.

Figure 7. Comparison of predicted values from MLP, LSTM and ESN with the ground truth (GT) for (a)
streamwise velocity ﬂuctuations, (b) wall-normal velocity ﬂuctuations, and (c) spanwise velocity ﬂuctuations. Data are obtained from an average in streamwise and spanwise directions in combination with
time.

have demonstrated for this specific example that the reservoir computing approach, implemented here as an echo state network, is capable of predicting the low-order statistics in a
simple turbulent flow without expensive training. It is thought that this advantage of the
ESN becomes even more pronounced for examples that contain significantly more degrees
of freedom. Detailed studies of more complex turbulent flows are planned for the future
and will be reported elsewhere.
3.3. Extreme events in homogeneous isotropic box turbulence
Extreme events in nature such as tornadoes, large floods and strong earthquakes are rare
but have disproportionate consequences. The predictability of these events is very limited
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Figure 8. Performance of the echo state network while varying (a) the number of reservoir nodes N,
(b) the spectral radius ρ, (c) the leakage rate α, and (d) the reservoir density D. The results are from the
test dataset and quantiﬁed in terms of normalised relative errors of the streamwise velocity (E(ux )), the
Reynolds shear stress (E(ux uy )), and the mean-square streamwise velocity ﬂuctuation (E(ux ux )). During
these parametric tests, only one parameter is varied while the others are held ﬁxed with default values
of N = 600, ρ = 1, α = 1, and D = 0.20.

at present. If we translate the question to turbulence, we can ask (see ref. [42]) if there
are precursor patterns for extreme events (e.g. in the turbulent energy dissipation). As discussed already, convolutional neural networks (CNN) are very good at recognising patterns
in images, but are they also good in predicting extreme events in turbulence? In particular, is the predictability of these events, limited at present because they occur on small
spatial support and are highly intermittent, any better using ML methods than by conventional methods, as described by Donzis & Sreenivasan [42]? Fonda et al. [43] used a DNS
database of homogeneous and isotropic turbulence in a box with periodic boundary conditions in all three space directions with Taylor microscale Reynolds numbers spanning a
range from 140 ≤ Rλ ≤ 1300, computed with different numerical grid resolutions varying
from 2563 to 81923 points, and started with an aggressive data augmentation to virtually
increase the number of these rare events by two orders of magnitude to train a CNN, with
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the purpose of predicting their occurrence in an independent data set. The predictability
of these events improves only marginally with the use of ML methods. It might be the case
that ML algorithms are not too suited for detecting and classifying extreme and rare events
unless some kind of self-similarity is exploited. At present, such laws of self-similarity are
not understood well enough; neither do we know how to implement such laws, even if
known, in effective ML methods.

4. Machine learning in astronomy and astrophysical turbulence
In turbulence research, each group traditionally generated its own data and analysed them
with its own resources. Data were cheap. The tendency in turbulence as a field, especially
in recent years, has been to push the parameter range constantly, in both simulations and
experiments, and some of them are one of a kind. The situation is beginning to resemble
that in astrophysics and astronomy. There is an enormous amount to be learned by the
experience of those communities. Our goal in this short section is to highlight this point,
which we believe is forward-looking. Although the types of concerns in these fields, and in
neighbouring areas such as cosmology, many-body physics and particle physics are somewhat different from those in turbulence (see, e.g. Carelo et al. [44]), the fact that frontier
turbulence research is being driven by a few large data sets, much as in astronomy and
astrophysics, is a good reason to describe a few examples where supervised and unsupervised learning has been used effectively in these fields. The examples chosen are closer to
the authors’ interests (dynamical phenomena), and are by no means extensive.
Astronomy and astrophysics are experiencing major growths in both the size and
sophistication of data because of new telescopes and satellites. Indeed, astronomy has
become a paradigm for Big Data science because of continuing developments of ground
and space based observatories, including Sloan Digital Sky Survey (SDS), Large Synoptic
Survey Telescope (LSST), the Square Kilometer Array (SKA), Solar Dynamics Observatory
(SDO), Laser Interferometer Gravitational-wave Observatory (LIGO) and its European
counterpart, Galactic Surveyor (GAIA), Chandra X-ray Observatory, Kepler, Solar Orbiter,
Plato, etc. This change naturally calls for new automatic data-mining tools not only to
extract features faster and better, but also to acquire new information and insight. ML
techniques result in huge data compression and accomplish the assigned tasks with great
rapidity and efficiency. ML has been used extensively in astronomy and asteroseismology
for automatically analysing large data sets accurately, e.g. by multilayered neural networks
and convolutional random forest regressors. In effect, ML is used in these areas of research
as a denoising algorithm that reconstructs representative underlying spectra and subsequently classifies them in some convenient way, more easily than manual methods, so that
further physical characteristics can be extracted.
Space observatories like Kepler, stellar and planetary systems beyond our own are now
being characterised en masse for the first time. These characterisations are pivotal for
endeavours such as searching for Earth-like planets and solar twins, understanding the
mechanisms that govern stellar evolution, and tracing the dynamics of our Galaxy. The
volume of data that is becoming available, however, brings with it the need to process this
information accurately and rapidly. While existing methods can constrain fundamental
stellar parameters such as ages, masses, and radii from these observations, they require
substantial computational effort to do so. Machine learning methods can rapidly estimate
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fundamental parameters of main-sequence solar-like stars from classical and asteroseismic
observations.
• The magnetic field of the Sun is very important for determining the space weather
with possible consequences to the Earth. One can map the magnetic field of the Sun
on only one side (frontside), but a proper job of assessing the space weather requires
the magnetic field on the farside as well. Kim et al. [45] construct the farside field by
using ML techniques that learn from part of the data on the frontside field, and whose
accuracy is tested by correlating with the remainder of the data. Taking the whole data
together, the authors successfully monitor the temporal evolution of magnetic fields
of the Sun.
• Crater counting on the Earth’s moon (and other astronomical bodies in the solar
system) is of interest for constructing the dynamical history of the solar system. The
counting has traditionally been done by visual inspection of images, thus limiting the
scope, efficiency, and accuracy of results. In Silburt et al. [46], the authors demonstrate the use of convolutional neural networks to determine the positions and sizes
of craters from the lunar digital elevation maps; this process almost doubled the total
number of crater detections.
• The Kepler mission alone has photographed about 15,000 stars every 30 minutes for
four or so years. Significant work has been carried out on detecting the planets of
these stars (the exoplanets) by monitoring large number of stars. Manual interpretation of potential exoplanet candidates is labour intensive and subject to human error,
the results of which are difficult to quantify. Deep learning has been used for detecting exoplanets (about 4000 such planets have been discovered at this time, many of
them compatible with habitability of life as we know it, although no life has been
discovered so far). One such study using ML for imaging exo-planets is reported by
[47], another by Pearson et al. [48]. It is estimated that there are some 200 billion
stars in Milky Way alone (and some 1023 in the Universe), so the importance of the
machine learning tools is obvious for the future. It is also of interest to note that
Alshehhi et al. [49] have explored the use of convolutional neural networks to detect
exomoons (moons around exoplanets).
• Helioseismology techniques which monitor the acoustic field on the Sun’s surface can
be used by inverse methods to detect the motion of the interior solar plasma. One
of the inverse techniques is the so-called ring-diagram analysis. Alshehhi et al. [50]
have utilised neural networks as a supervised learning method for predicting surface
flows, especially in the context of recently discovered Rossby waves (see Löptien et al.
[51]).
• Verma et al. [52] have demonstrated that artificial neural networks are successful
in determining the evolutionary parameters of stars (the mass, initial helium abundance, initial metallicity, mixing length – assumed to be constant over time – and
the age to which the star must be evolved). They compare the observations for a few
stars with results from other techniques, and declare satisfactory agreement, except
that ML methods are computationally cheaper.
A review of some specific applications in astronomy and related areas can be found in
Baron [53].
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5. Conclusions and outlook
The range of machine learning methods for turbulent flows is broad, from unsupervised clustering algorithms via semi-supervised methods to supervised learning. Deep
convolutional neural or recurrent neural networks can predict low-order statistics in
simple turbulent flows without the knowledge of the underlying mathematical equations of fluid motion, as illustrated by a few examples. The algorithms suggest efficient
strategies to reduce the three-dimensional data records as in cases of the spectral clustering of Lagrangian trajectories or the reduction of the three-dimensional turbulent
superstructures to a planar transport network with slow dynamics.
Recurrent networks, specifically echo state networks, are found to be a promising tool
to model dynamical processes in flows without the knowledge of the underlying NavierStokes or Boussinesq equations and with smaller training effort than other recurrent
networks such as LSTM. Echo state networks (also known as reservoir computing models) can thus serve as simple mesoscale models which describe and predict the sub-grid
scale dynamics in larger-scale or global convection models of the atmosphere or inside
stars. These networks form an interesting application for a further reason. It is known that
the mathematical foundations of DNNs are still poorly developed, although the practical progress made is impressive [54]. Echo state networks are dynamical systems and open
door to mathematical analysis and deeper understanding. A similar aspect was recently discussed by E [55]. For the simple shear flow, the ESN demonstrated a tremendous potential
in terms of reduced training time with high accuracy. The performance can be improved
further by the application of deep ESN. This route and the transformation of these concepts to more complex flows with a larger number of degrees of freedom are currently
under investigation and will be reported elsewhere.
Machine learning analysis in turbulence can benefit significantly from applications of
AI in neighbouring research fields such as astronomy and astrophysics where the stream
of new research data coming from satellites, telescopes, and big sky surveys is significantly
bigger than in fluid mechanics currently.
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